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Abstract: In this article, we introduce three general double-series identities using Whipple transfor-
mations for terminating generalized hypergeometric 4F; and 5F; functions. Then, by employing the
left-sided Riemann-Liouville fractional integral on these identities, we show the ability to derive
additional identities of the same nature successively. These identities are used to derive transfor-
mation formulas between the Srivastava—Daoust double hypergeometric function (S-D function)
and Kampé de Fériet’s double hypergeometric function (KDF function) with equal arguments. We
also demonstrate reduction formulas from the S-D function or KDF function to the generalized
hypergeometric function ,F;. Additionally, we provide general summation formulas for the ,F;
and S-D function (or KDF function) with specific arguments. We further highlight the connections
between the results presented here and existing identities.
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1. Introduction and Preliminaries

The generalized hypergeometric series (or function) ,F; (p, 9 € Z>0), which is a natu-
ral generalization of the Gaussian hypergeometric series o Fj, is defined by (see, e.g., [1-6])

F |: ‘ullyz,..:,]lp.} Z:| _ qu(‘ull_”,],{p;vl,...,Vq}Z)

V1, V2,-. /Vq/
4
(1y); o jI_Tl(Vj)n " (1)
SRS (O
]:

(}lkEC(kZL...p), VjE(C\Zg()(jZl,...,t])),

where (&), (¢, 7 € C) is the Pochhammer symbol defined in terms of gamma function I’
(see, e.g., [5], pp- 2,5) , by

_T(C+f7)_{ 1

©r="T@ ~ e+ (@+n-1)

it being understood that (0)y = 1. Here and elsewhere, an empty product is interpreted
as 1, and let C, R, and Z denote the sets of complex numbers, real numbers, and integers,

(1=0,&€C\Zy), @)
(n=neN,ZeC),
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respectively. Additionally, let A>/, A~ 4, A<y, and A/ be the subsets of the set A (R or Z)
whose elements are greater than or equal to, greater than, less than or equal to, and less
than some ¢ € R, respectively. In particular, let N := Z.

If yp € Zgo for some k = 1, ...p, then ,F; series terminates, that is, becomes a
polynomial in z, and converges for all z € C. In case of yy € C\ Z¢ forsomek =1, ...p,
the series , F; in (1) becomes a polynomial of finite order. For the detailed convergence
conditions for ,F; in (1), one can consult, for example, [7], p. 20.

The popularity and usefulness of the hypergeometric function , F;, as well as its gener-
alized versions in one variable , F;, have motivated researchers to explore hypergeometric
functions in multiple variables. Appell [8] initiated the study of hypergeometric functions
in two variables by introducing the Appell functions F;, F>, F3, and Fy as generalizations
of Gauss’s hypergeometric function > F;. Subsequently, Humbert [9] investigated the con-
fluent forms of these functions. A comprehensive list of these functions is available in
standard literature, such as [10]. Kampé de Fériet [11] later expanded upon the work of
Appell, generalizing the four Appell functions and their confluent forms to more general
hypergeometric functions of two variables. Burchnall and Chaundy [12,13] introduced an
abbreviation for the notation created by Kampé de Fériet for his double hypergeometric
functions of superior order. In a slightly modified notation, Srivastava and Panda [14]
(p. 423, Equation (26)) presented the definition of a more comprehensive double hypergeo-
metric function than the one defined by Kampé de Fériet. This convenient generalization
of the Kampé de Fériet function is defined as follows (see, for example, [7], p. 27):

ak [ (ap) 0 (bg); (a)
Fon | (e (B (e

p k
H(aj)r+s H(bj)r H(Cj)s 3)

o j=l j=1 j=1 P
a 75220 4 il L ? ;/
’ H("‘])r-l-s H(ﬁ])r ('Y])s
j=1 j=1 j=1

where, for convergence,

(i) p+g<l+m+1l,p+k<l+n+1, x| <oo, |y < oo,
or
(i p+g=~L+m+1,p+k=¢+n+1, and

x|V =0 4y =0 <1, if p >4,
max{|x|,[y[} <1, if p<L

To gain further insight into the convergence properties of the double series in Equation (3),
which encompasses conditional convergence as well, one can consult the research con-
ducted by Hai et al. [15].

Lemma 1. The following formula holds.

gk [ (ap): (bg);  (ck); — : 'y, x
Fm;n[ (“Z)3 (,BrZ)/ (')’n)} X, ]/:| —Fzzn;m[ (zxg): (’)/n),‘ (ﬁm), Y ] (4)

In particular,

k[ @) (b (@) . ] k| (@) (@) (by)
chmm[ ()¢ (Bu)e (ya)s "}‘Ffw[ (a9): (va)s (Bu)s ™ ] ®

Proof. Observing the following fact is sufficient: Interchanging the summation indices r
and s leaves the quantity on the right-hand side of Equation (3) unchanged. O
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Srivastava and Daoust ([16], p. 199) introduced a generalization of the Kampé de
Fériet function ([8], p. 150) by means of the double hypergeometric series (see also [17,18]):

C[(be) gl (V) s 9]
(cc):6, €+ [(dp)-nl [(dh):n'] ™ *J’)
B

A
o oo jl;[l(aj)mﬁj-&-n(pjjl;[l(bj)mll)jjl;[l(b]/‘)nw”.x Y (6)
=Y X 5 o Py

— = C
m=0n=0 H (Cj)m5j+n£j H (d]‘)mqj H (d;')nq’,
1 j=1 =1 ]

-
Il

where the coefficients

! /
191//1914/ 4’1/, (PA/ lpl//lpB/ lp]//lpB// 51//(5C1
! 1
€1,.--,€C, N1, 1Ds 171,...,77D/

@)

are real and positive. Let

C D A B
Api=1+ (25;*2'7;’) - (219]'+ Z#’j)
j=1 j=1 j=1 j=1
and
C D’ A B/
Ay:i=1+ (Zsﬁ[ﬁﬁ) - (Z<p,~+2¢;>.
j=1 j=1 j=1 j=1

Then

(i) The double power series in (6) converges for all complex values of x and y when
A1 > 0and Ay > 0.

(ii) The double power series in (6) is convergent for suitably constrained values of | x|
and |y| when A1 = 0and A; = 0.

(iii) The double power series in (6) would diverge except when, trivially, x =y =0
when A1 < 0and A, < 0.

The emergence of extensively generalized special functions, such as (3), has sparked
intriguing research into their reducibility. The Kampé de Fériet function, in particular,
has been studied extensively by many researchers for its reducibility and transformation
formulas. Many reduction and transformation formulas for the Kampé de Fériet function
can be found in the literature, as documented in various references, such as [19-42].

Buschman and Srivastava [19] provided insightful remarks on previous studies, specif-
ically [43,44]. They employed a double-series manipulation technique, utilizing Whipple’s
transformation (see [45], Equation (7.1); see also [10], p. 190, Equation (1), [4], p. 90,

Theorem 32):
[X/ 7 ;
JF) B
I+a—p1+a—1;
1 .
:(1_2)70431:2 %’ %’14_“_!8_7’ 4z (8)
l+a—p1+a—y 172

(Dé*ﬁ, a—yEeC\Ze y; |z <1,4z|/{]1 -2} <1, |arg(1 —2)| < 7'[).

Through this approach, they introduced three double-series identities, which incorporated
a bounded sequence of complex numbers. In addition, they [19] demonstrated that the ap-
plication of double-series identities enables the provision of numerous reduction formulas
for the Kampé de Fériet function, whether they are already known or newly discovered.
Subsequently and concurrently, a number of papers have utilized series manipulation
techniques along with, among several others, transformation formulas for ,F; (13) and (19)
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in Chan et al. [21]; the reduction formula for ,F; (15) in Karlsson [46]; a particular case of
Euler’s transformation formula for ;F; (12) in Karlsson [47]; terminating summation for-
mulas for 4F3(1) (Equations (2.3), (2.4), (2.6), Tables 1 and 2, there) and the transformation
formula for 4F3(1) (10) in Karlsson [30]; transformation formulas for ,F; (12) and (13) in
Liu and Wang [48]; transformation formulas for »F; ([22], Equations (2.8) and (2.9)) (cf. [10],
p- 112, Equations (17) and (16), respectively), Whipple’s transformation 3F, (8) and sum-
mation formula for a terminating 3F,(1) [22], Equation (3.2) (see also [49]), and Dougall’s
summation theorem for a terminating well-poised 7F5(1) [22], Equation (3.7) (see also [10],
p- 189, Equation (4).4(8)), [50], p. 244, Equation (III. 14)) in Chen and Srivastava [22]; and
terminating 3F2(%) [51], Equation (1.3) (see also Gessel-Stanton summation theorem [52],
Equation (5.21), and terminating 31-"2(%) [51], Equation (1.4) (see also [53], Equation (1.12))
in Qureshi et al. [51]. These papers have presented multiple or double-series identities,
which have been employed to derive a range of reduction formulas for the Kampé de Fériet
function and other intriguing identities for the , F; functions.

Inspired by the aforementioned papers, especially [19], and utilizing Whipple’s trans-
formation formulas (refer to [45], p. 266, Equation (6.6))

_%’ %—H/Ell_m—B—C,l—m—D;
o 1—m—B,1—m—C, 1HED=m 2rE-Dom,

- 413
(D—E)m 1-m—B,1-m—C,D;

(m S Z}O; B,CeC \ Z)],m; D, 1+E72D7m, 2+E72D7m eC \ Zgo)

©)

and (see [54], p. 537, Equation (10.11); see also [30], Equation (2.5))

—m, X, Y, Z;
U W, X+Y+Z+1—U-W—m;
_(U=X)u(Y+Z+1-U—W—m), (10)
WX +Y+Z+1—U—-W —m)n
—m, W—Y, W—2Z, X;
l-m+X—-UU+W-Y—Z W;

4F3

X 453

<m€%wUﬂMX+Y+Z+1*u7mej
1-m+X-UU+W-Y—-Z WeC\Zg/

our objective is to introduce three double-series identities. These identities incorporating
bounded sequences of complex numbers are derived using series rearrangement techniques
and Pochhammer symbol identities. These issues are further discussed in Section 2. In
Section 3, we employ these general double-series identities to establish three transforma-
tions of Srivastava—Daoust double hypergeometric functions. These transformations are
expressed using Kampé de Fériet functions. By utilizing the left-sided Riemann-Liouville
fractional integral on these identities in Sections 2 and 4, we demonstrate the capability to
iteratively derive further identities of a similar nature. Section 5 further presents various
new transformation formulae, such as Bailey’s quadratic transformation formula, Clausen
reduction formula, Gauss quadratic transformation formula, Karlsson reduction formula,
Orr reduction formula, and Whipple quadratic transformation formula. We achieve this by
using the following formulas.
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Required formulas
Binomial theorem (see, e.g., [6], p. 44, Equation (8)):
(-2 = L = 1R(A; —:2)
1—2z)"= AMp— = 1Fh(A; —; z
= (1)
(lz] <1, A €C, |arg(l —2z)| < m);

Euler’s transformation formula (see, e.g., [3], p. 248, Equation (9.5.3), [1], p. 68,
Equation (2.2.7)):

2Fi(a, By 2) = (1 =2 PR (y—a,v—B;7;2)

(12)
(lz] <1, y € C\ Zgo, |arg(l —z)| < m);

Pfaff-Kummer transformation formula (see, e.g., [3], p. 247, Equations (9.5.1) and
(9.5.2), [1], p. 68, Equation (2.2.6)):

—z
Fi(a, B;v;2)=(1—=2)"%Fla v—B;7v;, —
2Fi(a, Biviz) = ( )21(7571_2) (13)
(Jz| <1, |z|/]1=z| <1, y € C\ Zgo, |arg(l —z)| < m)
and
-z
Pa,;;z:l—z_ﬁl-” L, Y — K Y, ——
2Fi(a, By z) = (1-2) 21(ﬂ’¥ Y 1_Z> 14)
(Jz| <1, |z|/|11—2z| <1, y € C\ Zgo, |arg(l —2)| < 7);
A reduction formula (see, e.g., [4], p. 70, Equation (10)):
1 ) 2y—1
Flrvy—5:2v;z) = —F7—=
“(77 2 77‘) <1+\/1—z) (15)

(Iz] < 1,2y € C\ Zg);

Bailey transformation formula (see, e.g., [55], p. 251, Equation (4.22)):

2

i, Bi2Bz) = (1-2) 8oR (4 p— 45 B+ 1)
(|2l <1, |z]*/{4]1—z|]} < 1, 2B € C\ Zgo, (16)
B+1€eC\Zg, |arg(l—2z)| < 7);

Gauss transformation formula (see, e.g., [10], p. 111, Equation (2), and p. 112, Equation (18)):

21—"1(204, 2ﬁ;a+ﬁ+%;z) zzPl(a,ﬁ;oc+,B+%;4z(1—z)>

(17)
(\z| <1,4z(1-z)| <l a+B+3ie (C\Zgo);
Bailey product formula (see, e.g., [56], p. 383, Equation (7.4)):
ohi(w, By 2)aRh(y =B 1—-B a—p+1;2)
+9-B aty—p+1
— (1 _Z>/5*af’y4p3 0‘/’7*.31 : z /5’ : WZﬁ y 7422 (18)
yoaty—pa—p+1; 17

(|z| <1,4z[/1—z% 7, a=B+1,a+v—BcC\Zg; |arg(l—2)| <7r);
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Letting v — oo on both sides of (8) gives the following transformation formula ([10],
Equation (2).11 (34)) (see also [21], p. 425, Equation (34)):

«, B;

z
1+a—8;

2b =(1+2z)"%h

2 el 4
1+a—6; (HZZ)Z] (19)

(a =B eC\2e s [z <1, 420/ {1 +2P} < 1, |arg(1+2)| < 7),

A number of reduction formulae for the Kampé de Fériet function, for example,

O:p;r - K1, eee) &, ’)/1,...,’)’7,‘
F.r { P X, ]
g5 | _: Bi,e By O1ends Y

K1, Up, Y1seer Y1
= ,F P” x| ,F
P |: 181/ (Y ‘qu :| ne |: 51/ ooy 55/ y:|

(20)

(see, e.g., [7], p. 28, Equation (31));

11| K1, e, Ky Vo O N1,...,0p, V+0;
F”’{ 1 &p Z,Z]:p+1pq|: 1 p Z]

7:0,0 Bl Bg: - - B, .- Bg;
(B1,--- Bg € C\Zgo; |2| <1 (p=1))

(see, e.g., [8], pp- 23, 155, Equation (25), [57], p. 33, Equation (1.5.1.7));

(21)

p21| @y e, p s AN U VI =AY —
Fq:l;O ﬁl ﬁq . v . 2,2

_ ay, ..., 0, V5= AF, U — ] (22)
= zF 1 z
p+24q+ ﬁlz---/,qu ¥

(Bi,--- By v €C\Zeo; 2| <1 (p=19); |2 <o (p<q—1))
(see, e.g., [7], p- 28, Equation (34));
p22| @1, 0p g b g h—1;
Fﬂlil;1 [ Bi,Bg: §+h— %; g+h—1; 2

_ ... dp, 28,20 =1, 8+ h—1; (23)
PRI By, By g+ — L 2g 202

(Bi By g+l =3, 28 +2h—2€ C\Zeo; |2l <1 (p=19))

(see, e.g., [30], p. 34, Table 3(Ic), [7], p. 29, Equation (38));
A summation formula for 3F, (see, e.g., [58], p. 540, Entry (114)):

3b

_% —n§+1 A:
’ o 2B —2A —1),(2 -1
1] — —m (2B Jm(2B+m — 1)y (24)

(B)m(B —A- %)m

B,3+A-B—m

(me€Zs0B 3+ A-B—mB-A~-}eC\Za);

The following generalized summation formulae for  Fy:



Fractal Fract. 2023, 7, 700 7 of 26
Generalized Kummer first summation theorem (see [59], p. 828, Theorem 3):
F C,D; | 2" 2PT(D—m)(1+C—D+m)
1 4ic—D+m; | T(DT(C—2D+m+1)
(25)

T ( C+kJ2rm+1 _ D)

% kg’)(_l)k<k) F(C+k5m+1)

(m €Zsy, D-Ce C\Z2m+1/ R(D) < HTm)’

Generalized Kummer first summation theorem (see [59], p. 828, Theorem 4):

2k

C,D; | 2™*r(1+C-D-m)
1+C—D—m; - I(C-2D-m+1)

w1 (26)
Xf(}g)r(ﬁkz +1 D)

= r<C+kEm+l)

(Ti’lGZ}o, C—DEC\ngflr Pngm(D)<1_%)’

Generalized Kummer second summation theorem (see [59], p. 827, Theorem 1):

C,D;
14+ C+D+m);

B oD-1T < C+D-2|-m+1 ) r ( C—D2—m+1 )

o F(D)F(C—Dz—m-i-l)

()

= (C+kgm+1)

(mEZ>0, %(1+C+D+m)€(C\Z<o);

N|—

2F

(27)

Generalized Kummer second summation theorem (see, e.g., [58], p. 491, Entry 7.3.7.2):

2“%(%)
I(D)

C,D,'1
lA+C+D—-m);*

2k

(28)
m r(Lfk
(meZ>0, %(1+C+D—m)6<C\Z<o>;

Generalized Kummer third summation theorem (see [59], p. 828, Theorem 5):

_2m=CT(C —m)T(D)
T T(Or(D-0C)

F C,l—C—I—m,'1
21 D;z

r(B=gs) )

r(e )

(m € Zzo, D € C\ Zgo);
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Generalized Kummer third summation theorem (see [60], Equation (20)):

2o g (o

D+C+k
k=0 I‘(%)

D—C+k
C,1—-C—m; i1 2 )

D2 (30)

21

(7’}’[ S Zgo, D e (C\Zgo)/

which is the corrected version of [59], p. 828, Theorem 6.

Lastly, in Section 6, we derive a set of summation theorems with arguments of 1, —1,
-3 -band -4
Remark 1. It is intrigquing to compare Entries 131 and 132 in ([61], p. 583) with the summation
Formulas (29) and (30).

One can find the specific instances of Equations (29) and (30) in [62] (Equation (6) along with
Table 3) for the values of m equal to 0, 1, 2, 3, 4, and 5.

The numerator parameters — % and ="t1 of the 5Fy on the left side of Equation (9) both yield
negative integers if m is even and odd, respectively. The 5Fy and 4F3 on the left and right sides of
Equation (9) exhibit properties of being Saalschiitzian and nearly poised, respectively.

Wolfram’s MATHEMATICA has implemented the ,, F; function as hypergeometric PFQ, which
is appropriate for performing both symbolic and numerical computations.

2. Three General Double-Series Identities

This section demonstrates three general double-series identities that involve bounded
sequences by primarily utilizing Whipple transformations (9) and (10).

Theorem 1. Let {‘I’(y)};"zo be a bounded sequence of complex (or real) numbers such that

Y (0) # 0. Additionally, let « + B, v, 6 € C\ Z<o. Then the following general double-series
identity holds true:

0 (“)m+n(ﬁ)m+n(7+§*1)m+n ('YTJF‘S)HH_H (_422)111(42)1’!
rrt;O;q;()T(zm+n) (’Y)ern(“ +,B)m+n(fs)m+n m!n! (31)

v v I (Y 4+ = Dmrn(@)m(B)m (@)n(B)n 2"
_m;On;O‘P( ) (&4 B)msn (7)m()n m!n!’

provided that both sides of the double series are absolutely convergent.

Proof. Let Z1(z) be the left member of (31). By using a double-series manipulation,

i icb(m,n): i i O(m,n —2m), (32)
m=0n=0 n=0m=0

where ® : Z>g X Z>9 — C is a bounded function, and provided that both sides of the
double series are absolutely convergent, we obtain

e e e I o I s

I MN‘S

1 ( 33
; o+ Bl (@) i (2] 9
Recall the following Pochhammer symbol identities:
_1)k
(AM)pk = (( D~ (A (k=0,1,...,n). (34)
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Setting A = 11in (34) gives
(—1)kn!
(n—k)!= =P (k=0,1,...,n). (35)
Additionally,
Nz =22 (3) (%) (neZs). (36)

Using (34)—(36) in (33), and expressing the inner sum in the resultant double series in terms
of ,F; in (1), we have

- - (@)n(B)n(y +0 —1),,2"
E1(z) = Y(n 1
V&)= L0 o @ -
—4 Ay 1-a—B-n1-5—n
X 5Fy 1w 1—p—n, 302 20, 1
Applying Whipple transformation (9) to (37), with the aid of
Mmtn = AN)m (A+m)y,  (m, n € Zxp) (38)
and (35), we obtain
o = @)n(B)n(y +0—1),z" —n,a, B,1—6—n;
1 Y(n F 1
11;] (@+B)n(@unt  *Pll-a-—n1-p-n1;
_y )n(B)u(y+6—1)nz
BP S e )
. f ()" @B =0 =
= (1= =n)u(1 =B —n)u(y)mm! (n—m)!
Finally, using the following double-series manipulation,
(e} n [ee] [ee]
Y. ) ®(mn)=Y ) ®mn+m), (40)
n=0m=0 n=0m=0

where ® : Z>g X Z39 — C is a bounded function, and provided that both sides of
the double series are absolutely convergent, and (34) on the right-hand side of (39), we
prove (31). O

Theorem 2. Let {¥(p)}S j—o be a bounded sequence of complex (or real) numbers such that

¥ (0) # 0. Additionally, let B+ 6, v € C\ Zxo. Then the following general double-series identity
holds true:

5 5 w4y CD @B (O (7~ 1)y 2

m=0n=0 22m (7)711(/5+ )m(ﬁ+g+1)m min (41)
_ oy m4n (Vmsn(@)m(B)m (a)n(8)n 2"
B 7 e W o o o P

provided that both sides of the double series are absolutely convergent.

Proof. Let E,(z) be on the right-hand side of (41). A similar process of the proof of
Theorem 1 with the aid of the identities (32) and (34)—(36) gives

—ntl
- (a)n 2" 2~z By
Ba(z) = ) ¥(n) 5Fy

n=0 n! ’Y/ 1 —&—n, @/ ‘B+g+1 ;

(42)
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Applying Whipple transformation (9) to the right-hand side of (42) with the aid of (34)
(k = n), we find

w2z -n,ua B, l1—y—n;

Eo(z) = i ‘I’(n)<7 F
(43)

O P Pt P O PP e
(

n! = (T—a—n)u(1—06—n)u(y)mm!

Employing the double-series manipulation (40) to the last member of (43) and using (34)
and (35) in the resultant expression, we obtain the desired identity (41). [

Theorem 3. Let {¥(p)}S> 1~ be a bounded sequence of complex (or real) numbers such that

¥ (0) # 0. Additionally, let « + A, a +0, B+ A, v € C\ Zgo. Then the following general
double-series identity holds true:

i iq, m+n>(—1)m (@+B+A+0—Domin(@)m(y — Blm 2"

== (0 + )+ A)u(7)m m! n!
SR (“"‘.B"'/\""T_1)m+n(/\+/3)m+n(“+/3_7+‘7)m 44
=L L Y et Amin @ + (B + A “
m—+n
X (@) (7= a)n (A~

provided that both sides of the double series are absolutely convergent.

Proof. LetZ3(z) be the left-hand side of (44). Using the following double-series manipulation,

Zo Zod>(m, Z 2 (m,n — (45)

where @ : Z>o X Z9 — C is a bounded function, and provided that both sides of the
double series are absolutely convergent, we obtain

o v (D" (@a+B+A+0—Dmsn(@)m(y — B)mz"
Ha(z) = Y(n . 46
= Y O Ll ) (= ! 4o
Applying (35) and (36) to (46) and denoting the resultant expression in terms of , F; in (1),
we derive

- > x+B+A+o—1),z"
Z3(z) = ) v E AT D
n=0 (47)
><4F3[ —na+p+A+oc—1+n,a v—p; 1].

v, e+ A a+o;

Employing Whipple transformation (10) in (47), we find

Sy Ao Du (v (A

3(z) =) ¥(n) n (&4 A)n(7)n

_n,all_‘B—/\—n,tX—l—ﬁ—')"“‘T?
><4F3[ l4a—vy-—nl-A-nato 1}
0o _ _ n
RGO MG S CR R S
z (& +A)u(7)n

i (_Tl)m(ﬂé)m(l_ﬁ_A_n)m(“+ﬁ_7+a)m
P i e P

n=0

(48)

X
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Using (35) for (—n),, in the double series in (48) and employing the following double-series
manipulation,

i i d(m,n) = i i ®d(m,n+m), (49)
n=0m=0 m=0n=0

where ® : Z>g X Z>9 — C is a bounded function, and provided that both sides of the
double series are absolutely convergent, we prove the desired identity (44). [

3. Transforming Srivastava-Daoust functions to Kampé de Fériet function

This section establishes three main transformations between the Srivastava—Daoust
function in (6) and Kampé de Fériet function in (3) by utilizing the results in Section 2.

Theorem 4. The following transformation formulas hold true:

00((dp) : 2,1, [a:1,1],[B:1,1], [ =L - 1,1, [0 - 1,1): -
FE++34:0?00< ? () : 210 [7: 1, 1) Ja+ B 1AL 0 1] ¢ -+ - 4‘7‘2’4Z>
_ 22[ @p),y+6—-1: apB; wap; .
- FED-:jlll%'lZ[ P (eE)/“—'—,B ’Y/ 5’ z, Z:|/ (50)
FD+1:3;0(KdD) 21 [w: L] [BrA] [0 1] [y —wi 1] -5 2 Z)
£ ((ee) :2,0) s [y 2], (5 2 1, (B el 5

_ D+4122 (dp),y: wapB; w,; )
- FE+1:1;1 (eE)/§ + ,B . v; v Z,zZ|, (51)

20(l(dp) L1, [a+B+A+0—-1:21]: w:1],[6:1],[y=B:1]; -;
FDE%%O( ’ [(ep) :1,1] : [oc—i-)t:l],[a—l—(le],[’y:l];,‘_Z'Z)

:FDJFM;Z{ (dp),a+B+A+oc—1LA+B:a+p—v+o0,0 A yv—u z}, (52)

E+2:1;1 (eE),'y,a—i—)\ : a+0; /\‘f'ﬁ}Z/

where
z€Roo, R(E) >0;e1,ep,...,e5, 6, v, 0+, a+A a+0, B+, +A e C\Zg,

provided that the other constraints for parameters and variable would follow from those in (3) and (6)
so that the identities here are meaningful.

Proof. Setting

¥(n) = =

D
I1
(d1)u(d2)p--(dp)u _ j=1
(e1)u(e2)pu--(eg)u 15[ (n € Zxo)

on both sides of the general double-series identity (31), we obtain

2 - m n
) jzl(dj)2m+n (“)m+n (ﬁ)ern <7+§ 1)m+n (W;b‘)m-&-n(_élzz) (42)
m=0n=0 ﬁl(ej)2m+n (V) mtn(@ 4+ B)msn(0)pyn m! n!
=

o El(dj)m+n(7+5—1)m+n(0€)m(lB)m (&) (B)n 2"
=) 2’] . ,
m—0 n—0 q(ej)m+n(a + Bt (7)m () m! !
]:
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which, upon expressing in terms of the Srivastava—Daoust function (6) for its left side and
Kampé de Fériet function (3) for its right side, leads to (50).

Likewise, identities (51) and (52) can be demonstrated, but specific details have been
omitted. O

4. Application of Fractional Calculus

This section demonstrates that the identities presented in Sections 2 and 3 can be
converted into one another by employing the Riemann-Liouville fractional integrals. To do
this, recall the left-sided Riemann-Liouville fractional integral and its related formula (see,
e.g., [63], Equations (2.2.1) and (2.2.10), respectively):

(15.f) () = r(lf;) /0 : e f (:;15 dt (z € Rsp; R(E) > 0), (53)
and
(15 t *1)( ) = 57(1)6) 141 (2 € Rog; R(E) > 0, R(y) > 0). (54)

Replacing z by t in the identities in Theorems 1, 2, and 3, and applying the left-sided
Riemann-Liouville fractional integral (53) to both sides of the resultant identities, with
the aid of (54), we obtain the following identities, respectively. Here, we provide only a
detailed proof of Theorem 5.

Theorem 5. Let {¥(u) 1i—o be a bounded sequence of complex (or real) numbers such that
¥ (0) # 0. Additionally, let « + B, v, § € C\ Z<o;, z € R-g, R(E) > 0. Then the following
general double-series identity holds true:

(D2mn (@) mtn(B)mtn (VH 1)m+n (%H)Wrn —4z2)" (4z)"
)
(

(‘: + 1)2m+n ('Y)m+n (D‘ + ,B)m+n( )m+n m!n! (55)

(Dmtn (746 = D) mgn (@) (B)m (@) (B)n 2™+
m=0n=0 (&4 Dmtn (@4 B)mtn(7)m(6)n il

provided that both sides of the double series are absolutely convergent.

Proof. Replacing z by t in (31), we obtain

(@)t (Bt <7+§5*1 ) m-n (ﬂYTﬂs)me (—4)m4n g2mtn

i i‘l’ (2m +n)

m=0n=0 (')/)ern (“ + ﬁ)ern (5)m+n m! n! (56)
Sy (v +6 = Dmin (@) (B (&)n(B)n t™*"
m=0 ; m+n) ((X"f',B)m-‘rn( ) ((S)n m!n!'

Applying the left-sided Riemann-Liouville fractional integral (53) to both sides of (56),
we find

© X ()41 (B)mtn (%) i (WT—M)an (—4)m4" (Ig+t2m+”) (z)
HZ;Or;)T(zm+n) (')/)m-‘rn(“"'_ﬁ)m-‘rn((s)m—&-n m!n!

(57)

_e (746~ Duin (@Bl @a(B)n (B:") )
B mZ::Ong:OlF(m—’_n) (@ =+ B)msn(7)m(9)n m!n! )
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Using (54) in (57), we derive
o1 +0
i i Y(2m+n) (rn B (wrz >m+n <’YT>m+n (—4)m4" Z2mnts r2m+n+1)
m=0 n=0 (V) mtn e + B)mtn (8) mtn m!n!'T(2m+n+1+¢)

_ i i ¥(m +n) (v +6 = Vpin (@) (B)m (&)n(B)n T(m~+n+1)zm+n+¢

m=01=0 (@ + B)m-tn(7)m(0)n T(m+n+1+&)mnl

(58)

Dividing both sides of (58) by z¢ and using (2) in the resultant identity, we obtain the
desired identity (55). O

Theorem 6. Let {¥(u) j—o be a bounded sequence of complex (or real) numbers such that

Y (0) # 0. Additionally, let B+, v € C\ Z<o; z € Rso, R(E) > 0. Then the following general
double-series identity holds true:

) 2m+n

S m n ( 1)m (1)2m+n( )m+n(:8) (5
mEOrtZ:O‘P 2 ’ 22m (§+1)2m+n m(ﬂ; )m(ﬁ+(5+1) m!n!

— SRS m4n (1)m+n(7)m+n() ( ) ( n() ZMTn
7m§Or;)lF( * )(§+1)m+n (,B+5)m+n(’Y) (’)/)n mln!l’

(59)

provided that both sides of the double series are absolutely convergent.

Theorem 7. Let {¥(u ) o be a bounded sequence of complex (or real) numbers such that

¥ (0) # 0. Additionally, let a+A a+0o, B+A veC\Zc; z € Rog, R(E) > 0. Then the
ollowing general double-series identity holds true:
g & Y

5 5 oy D Wi (1 A+ 0= D@y = Bl 2

m=0 n=0 (& + Dmtn (& + ) m (@ +A)m()m m! n!
_ SRR " (Dmgn (@ +B+A+0—Dpsn(A+ B)min(@+B— 7+ 0)m 60
mZ::()n;OT(m ) (€ + Dmtn (V) mtn (@ 4 A)mgn (& + 0)m (B + A)n 0

Zm+n
X (@)m (7 — a)n (A)n

m!n!’

provided that both sides of the double series are absolutely convergent.

By employing the identical procedure used to derive the identities in Theorem 4, we
extend our analysis to the outcomes presented in Theorems 5-7, leading to the subse-
quent theorem.

Theorem 8. The following transformation formulas hold true:

Lo1,1), (22 1,1) 2 1
E41:2,1][(er) - 2 mll][ AL I I 4)

p+222| (dp),L,y+é—-1: a,pB; a,p; )
FE+211 |: §+1,(€E),1X+ﬂi Y 5 Z,2, (61)

D230 ([(ab):2,11,[1:2,11,[a:1,11: B 0] [y —a:1]; - )
BRSO\ g+ 1:2,0) [(ee) :20] s [y 1] [0 1) (B )

E+4:0,0

Gr.

7

FD+500<[(¢:1D):2,1],[1:2,1],[« 1, 1] B:1,1], [

D+2:2;2 (dD)rlrf}/: lxrﬁ; 0(,(5; .
~ Teaaai [ E+1(ee) 6+ v v ) ©2)
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FD+2:30 ([(dD):1,1],[1:1,1],[tx+,3+)\—|-(7—1:2,1]: [a:l],[&:l],["y—ﬁ:l];;_ZZ)
E+1:30 E+1:1,1),[(ep): L1 : [a+ A1), ja+o:1],[y:1];-; ~
B (dp),La+B+A+o—TLA+B:a+B—v+o,a Ay —
FED-:FS31212|: P C_’_l ( ) ’Yr“—’_)\ &40 /\+,B Z:| (63)
where

z€Roo, R(E) >0;e1,ep,...,65, 6, v, 0+, a+A a+0, B+, B+A e C\Zg,

provided that the other constraints for parameters and variable would follow from those in (3) and (6)
so that the identities here are meaningful.

5. Certain Instances of Transformations (50)-(52)

This section demonstrates that certain special cases of transformations (50)—-(52) result
in the Bailey quadratic transformation, Clausen reduction formula, Gauss quadratic trans-
formation, Karlsson reduction formula, Orr reduction formula, Whipple quadratic transfor-
mation, and several new transformations, which are given in the following examples.

Example 1. Putting D = E = 0and 6 = a +  — v + 1 in (50) and using the double-series
manipulation (see, e.g., [64], p. 4, Equation (12))

1) m, n ) p
Zoq>(m+n)fn|fﬂ - Z%)cp(p)(“;,y), (64)
R fnl & .

where ® : Z>o — C is a bounded function, and provided that both sides of the series are absolutely
convergent, we obtain a product formula for ,Fy:

a+/3 atpH1 .
+F [ , B, 2

v, a+pB, (x+ﬁ rY+1
_ &, ,B/ o, ‘B
_zFl{ 7; Z} 2F1[ atp—7+1; }
(a+B a+p—7+1,vyeC\Zg; |z| <1,4|z(1—2)] <1).
Identity (65) is due to Bailey ([56], p. 382, Equation (6.1)) (see also ([4], p. 275, Prob. 8)).

7 4z(1 - z)]
(65)

Setting v = Hﬁ L in (65) and replacing o and B by 2« and 2 gives a formula for the square
of 2Fu: ,
2w, 2B, x + f3; 2w, 2B;
F, 4z(1—2z)| =< 2F , 66
a2 ) e

which, upon using Gauss transformation Formula (17), yields

2F 20, 2B, 0465 41—y = LR Y g1 2) y 67)
20 +2B, a+ B+ 3; «

Replacing 4z(1 — z) by z in (67) yields the well-known Clausen formula in [65] (see, e.g., [2], p. 86,
Equation (4), [50], p. 75, Equation (2.5.7)).

Puttinga =a,p=0=bandy=a+b+ % in (88), and using the procedure illustrated in
Example 13, we also acquire the Clausen formula.

Example 2. Putting D = E = 0and v = 6 = w in (50) and using (64), we obtain

Fl.o; ZZ—:; g 'B' }—ZH{“ a:g 4z(1 - z) (68)
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(a+peC\Z; |z| <1,4z(1-2)| <1).
Applying the reduction Formula (21) to the left-hand side of (68), we obtain
20—1,28; | x—13, B N
oF { o+ B z} = 21—][ ot B 4z(1 —z) (69)

(a+BeC\Zcy; |z| <1,4z(1-2)| <1),

which, upon replacing o by a 4 %, corresponds to Gauss transformation Formula (17).

Example 3. Putting D = E = 0and v = o 6 = B in (50) and using (64) gives the first equality
of the identity

100 at+pr—;—; a+B; (70)
=(1- Z)lf”‘*/g

N 1. e at+p-1 atpf,
pra et p -l pra z,z}:zFll 22 7 4z(1—z)

(a+BeC\Zco |z| <1,4]z(1—2)] <1).

Applying the reduction Formula (21) to the leftmost member of (70) yields the second equality
of (70). Interestingly, the identity where p = a + 1 in [48] (Equation (2.10)) is equivalent to the
second equality of (70).

Example 4. Putting D = E = 0and 6 = 2a + 2 — v + 1 in (50) and using (64), we acquire a
reduction formula for the Kampé de Fériet function in (3):

122 20 +2B: a, B; «, B 2 2

WL at By 2a428—0+1 (71)
_ &, B, a+ B+ 1; B
BFZ[ 724 2p—y+1 20 Z)]

(a+B, 7 20+2—7v+1€C\Zcy; |z| <1, 42z(1 —2)| < 1).

Example 5. Putting D = E = 0and v = f in (50) and using (64), we attain a reduction formula
for the Kampé de Fériet function in (3):

. o—1: NN ‘B & ﬁ-‘r(s ,B+5—1 .
F1.1,2 ,B + ’ 7 P , — L 7 s 2 7 4z(1 — 72
1:0;1 Y R 5 z,z 302 +B, 6 z( z) (72)

(a+B,6€C\Zco; 2] <1,4]z(1—-2)] <1).
Setting 6 = w in (72) leads to identity (70).

Example 6. Putting D = E = 0and 6 = v+ 1 in (50) and using (64), we gain a reduction
formula for the Kampé de Fériet function in (3):

1:2;2 2’7 o ﬁ; &, ﬁ; — &, IB’ Y + %; _
F1;1;1[ X+ B Y v+l Z,Z} —3F2[ at By +1; 4z(1 z)} (73)

(DC+,B,'Y€(C\Z<Q; ‘Z| <1, 4‘2(1—Z)| < 1)
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Setting v = a + B — % in (73) and using a particular case (Table 3, 1a) of the known

. p:2;2
general reduction formula 1-"‘7:1;1

transformation formula:

2,2] = py3Fyi2lz] in [30], Equation (3.2), we derive the following

32{ 20, 26,20+ —1; }

_ a, p;
0c+/3+%,21x+2/3—1; : _Zpl[ 42(1_2)] 74)

a+ B+ 3
(a—l—ﬁ—{—%,ZtX-l—Z,B—lGC\ZgO} |z| <1, 4|z(1 - z)| <1>~

Example 7. Putting D = E = 0and § = v — B and using the binomial theorem (11), we obtain a
product formula of o F;’s:

(1_2)70441:3{ 0‘/,8/’770‘1')/718/: —z2 }
' (75)

(7 €C\ Zey; |2| < 1, |22/ {41 — 2|} < 1),

which is a known formula due to Bailey [56], p. 382, Equation (6.3).
Applying Pfaff-Kummer transformation Formula (13) to the second o Fy on the right-hand side
of (75), we obtain a product formula of o F;’s:

4F3[ o B,y —a,v—p; ;Zz}

7 atl. 4(1—z)
7 2/ 2 7 (76)
=,F [ a','[;i Z}zﬂ{ a,’[i; %}

(veC\Zeos 2l <1, 2P/ {41 — 2]} <1, 2/ - 2] < 1),

which is another known formula due to Bailey [56], p. 383, Equation (7.2).

Example 8. Putting D = E = 0 and v = B in (51) and using the binomial theorem (11), we
deduce a reduction formula for the Kampé de Fériet function in (3):

2

5 _
L 4(1;)1 (77)

-1 . o, 14 5 — x, ,B ,

F1.1,2 |: ﬁ 7 7 Yy 7 7 (] Z) o F
1:0;1 . . . 321 B+d B+o+
‘B +d6: —; ,B, 5 5

(B B+0€C\Zeoi |2l <1, 22/ {411 —2[} < 1, |arg(1—2)| < 7).

Setting 6 = B — 2w in (77) and, via (5), using (22) in the resultant identity, we obtain a transfor-
mation formula for o Fy:

20, p—w; 1\ a, p—20; _2
26 26— 2 =27 B—a+i; ) (78)

(2/3—20c, B—a+3ieC\Za; |zl <1, |22/{41 — 2|} <1, |arg(1 —z)| < 7[),

which is a particular case of Bailey transformation Formula (16).
In view of (4), the reduction Formula (77) equals

1:2;1 B: a6 o« _ . a, B—wa, 6 _2
Fl:l;O{ B+ B z,z| = (1-2z2) angl @, /3+g+1; 4(122)] (79)
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(,B, B+38€C\Ze; 2| <1, |2]2/{4]1 —z|} <1, |arg(1 —z)| < n),

which is interesting to compare with the following known formula (see [27], Equation (2.2)):

21| a: B—€ 7 € _ x, p—€,6—¢€ _
alo{ﬁ: 5 ;Lz]—(l—z)aaﬁ[ 6o, L;] (80)

(B, 6 € C\ Zco; 2] <1, |2| /|1 —z| < 1, |arg(1 — 2z)| < m).

Example 9. Putting D = E = 0and 6 = B in (51) and using the binomial theorem (11), we
obtain a reduction formula for the Kampé de Fériet function in (3):

LB owp - a, .
F111212{ 22: ,li,. ,li,. z,z} =(1-2) 0!3132[ ., ,84-113 (1_22)} (81)

(26, +13, 7 € C\ Zoj |2l < 1, 212/ {411 — 2]} < 1, |arg(1 - 2)| < ).

Setting v = P in (81) and the reduction formula of the Kampé de Fériet function (21) to the
right-hand side of transformation (81) gives Bailey transformation Formula (16).

Additionally, as in obtaining (74), setting v = a + B+ % in (81), and using a particular case
(Table 3, 1e) of the known general reduction formula ([30], Equation (3.2)), we obtain the following
transformation formula:

{2a,a+ﬁ;
2b

2+ 26, Z} =(1-z)" 2F1[ o B 2 } (82)

a+p+y 47
(uc+/3+%, 20 +2B € C\ Zeg; |2| <1, |212/{4]1 — 2|} <1, |arg(1 —z)| < 7'().

Example 10. Putting D = E = 0and § = 27y — 2a — B and using the binomial theorem (11), we
attain a reduction formula for the Kampé de Fériet function in (3):

pl22 Yioa B w2y —20—p; 2 2
2y —2a: v 7
(1 a B2y —20—p;

= 35{ 7,y —a+ g A0

(83)

(2')/—20&, y—a+l v eC\Zey 2| <1, |2I2/{4]1 - 2|} < 1, |arg(1 —2)| < 7[).

Example 11. Putting D = E = 0and 6 = B — 1 in (51) and using the binomial theorem (11), we
acquire a reduction formula for the Kampé de Fériet function in (3):

F1.:2.;2[ Yiow B o p— z, z]
HAL2-1: oy 7

(84)
— (1—2)%E o, =1, v—a;, _p
352 %/3—%? 4(1—2)

(-4 v €C\Zaoj 2l <1, 22/ {411 —2[} < 1, |arg(1—2)| < ).

Setting v = 25 — 1 in (84) and using the reduction Formula (20), we obtain a product formula
for oFy’s:
-1,26—a—-1 _p
2ﬁ—Lﬁ—l;MP@}

=3 5" 2|aR[ "y 4

(1 — Z)ia 3F2[ & ﬁ
(85)
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(B-% € C\Zaoi 2l <1, 22/ {411 2|} <1, |arg(1 - 2)| < ),

Example 12. Putting D = E = 0 and § = 2y —2ax — B — 1 in (51) and using the binomial
theorem (11), we gain a reduction formula for the Kampé de Fériet function in (3):

122 Yo B 06,27—206—5—1;22

2y —20—1: v 6)
1 oN—a o, B, 2y—-2a—-B—-1, _p
=(1-z)"%3F vy —a—1; ¥

('y, y—a—L1eC\Zy 2| <1, |212/{4]1 — 2|} < 1, |arg(1 —2)| < 71).

Setting v = 2a + 1 in (86) and using the reduction Formula (20), we deduce a product
formula for o Fy’s:

o, B, 20 —B+1, _p» }

o\ &
(1-2) 3F2{ 20c+1,zx+%; 4(1-z)

(87)
u, B; z

=2F1[ 2+ 1; }zFl[ R Z}

200+ 1;
(43 €C\Zeos |2l <1, 2P/ {41 2|} <1, |arg(1 —2)| < 7).

Example 13. Putting D = E = 1,dy = 0 + B, and e; = vy in (51) and using the reduction
Formula (20), we obtain a reduction formula for the Srivastava—Daoust function in (6):

oo P21 (o1 [p:1) 60 1) [y—acl) - o
1:3,0 [’)/ 12, 1] : [’)’ : 1], [@ . 1]/ [% : 1]’ =7 v

:21:1[ “',[;:: 2}21‘"1[ “'56 z].

Settingaw =a,B=b,6=b—1,andy=a+b— } in (88) gives
i i (20 = Vomsn (@) mn (b = D (=1)™ (2)2" ™
0 1 1 _1 M1y
n=0m=0 (a+b 2)2m+n <ﬂ+b Z)m(4) m!n!

ab—1; z}
a—l—b—%,‘ ’

a, b;

=R 4,y 2R
which, upon utilizing the double-series manipulation (32) and then the Pochhammer symbol

identity (34), yields

i (2b —1)n(a)n(2)" 31:2[ —5, 5 b -1 1]

— _1 1 a+b—3i1—a—n;
n=0 (a+b 2) n! 2 (89)

ab-—1; z}
a+b—1;

Applying the summation theorem for 3F,(1) (24) to the 3F,(1) in (89), we attain a product formula
foroFy’s:

2a,2b—1,a+b— a, b;

1; _ ab-—1;
31:2{ 2a+2b—2,a+b—%; Z} _zpl[ a+b-—1 Z}ZH[ a+b—%; Z} (90)

(2a+2b—2,a+b—% € C\ Zy; |2| <1),
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which is due to Orr [66] (see also [50], p. 77, Equation (2.5.13)).

Example 14. Puttinga = a+3, B =b—3%,6 = b+ 3%, andy = a+b+ % in (88) and
performing the identical procedure as demonstrated in Example 13, we arrive at a known formula
(see [30], p. 34, Tuble 3(1d)):

2a,2b+1, a+b; a+3,b—3; a+3,b+5;
3 2[ ] :2F1[ 2 1 Z} 2F1[ 2 1 1)

20+2b,a+b+3%; ° A+ b+ a+b+ 1
(20+2b,a+b+% € C\Zays |2 < 1).

Example 15. Puttinga = b, =a+1,0 =a,andy =a+b+ % in (88) and following the
same procedure shown in Example 13, we obtain a known formula (see [30], p. 34, Table 3(Ic)):

32[ 2b,2a+1,a+b; }:21[ a+1,b; 2}21[ a, b; z} ©2)

2a+2b,a+b+%;z a+b+3; a+b+3;
(m+aha+b+%eC\Z@A4<1)

Example 16. Putting D = E =0, B = «, and v = 20 + A 4+ 0 — 1 in (52) and using the
binomial theorem (11), we attain a product formula for o Fy’s:

20+A+0—1 2a+A+0.
oA a, 0 +A+o0c—1 _
(1 _ Z)l 20—A 174F3 [ , &+ A+ ’ 2 7 2 4z :l

a+o,a+A20+A+0—1; (1-2)?
1—A, a Aa+A+o—1;
n+0; Z}ZH[ a—+A; Z}

(93)
=2h [

(x40, a4+A20+A+0—1e€C\Zg;
lz| <1, |z]*/{4]1 —z|} < 1, |arg(1 — 2)| < 7).

Example 17. Putting D = E = 0, v = A+ B, and 0 = 1 — B and using the binomial
theorem (11), we obtain a product formula for o Fy’s:

(1- Z)“A4F3{

x,a—A—B+1;
a—p+1;

a A a+A a+A41.
7 7 2 7 2 7 —4z
a—ﬁ+La+m5+m(lﬁ}

z]zﬁ[ /\"B_git z]

(94)
=,k [

(x=B+1a+A p+AeC\Z;
lz| <1, [z|*/{4]1 —z|} < 1, |arg(1 — z)| < 7).

Setting A = v — B in (94) and utilizing Euler transformation (12) in the o F; on the resultant
identity, we obtain a product formula for o Fy’s due to Bailey [56], p. 383, Equation (7.4):

a—p+lat+y—p o 1727

:2F1{ & ,‘[;: Z} 2F1[ 17}(@%1?; z}

+7—B aty—p+1
(12)[%_“_74133[ 0 y=p ° g B, 72,5 ;42 ]

(95)

(rva=B+1at+y—peC\Z;
lz| <1, |z]*/{4]1 —z|} < 1, |arg(1 — 2)| < 7).
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Example 18. Putting D = E = 0 and B = « in (52) and using the binomial theorem (11), we
acquire a reduction formula:

p2z[ 20+A+o—1: o 20—+ Av—mzﬂ]

o T toi a A 96)
= (1 _ 2)1_2“_)‘_‘74[?3 x, Y —a, 21x+/\2+071l 20¢+2/\+¢7; .
a+Aato,y (1-27

(v,a+0,a+A€C\Ze; |z| <1, |2°/{4]1 — 2|} < 1, |arg(1 — 2)| < 7).

Example 19. Putting D = E = 0and v = « + B+ A in (52) and using the binomial theorem
(11), we gain a reduction formula:

ﬂﬁla+ﬁ+A+a—LA+ﬁ:am—A;A;L4

21,0 a+B+A,a+A:  ato; —;
a4-BHAFo—1  atBrAto. ] ©7)
2 7 2 7 —4z

a+BH+A ato; (1727

=(1- Z)lftxfﬁf/\faapz [ &,

(k+B+A a+A a+0eC\Zg;
lz| <1, [z|*/{4]1 —z|} < 1, |arg(1 — z)| < 7).

Applying the reduction Formula (22)) to the left-hand side of (97), we obtain a transformation
formula for 3Fy:

2 7 —4z
K+ B+A ato; 027

- A+B a+B+A+0-1,0;
_35{ a+ﬁ+&a+0}4

a+B+A+0—1 a+B+A+o,
(1 _ Z)l—lx—‘B—)L—(T?)PZ l &, 2 7 ‘|

(98)

(k+B+A a+0eC\Zgy;
lz| <1, |z]2/{4]1 —z|} < 1, |arg(1 — 2)| < @),
which is a transformation formula of the type in (8) due to Whipple.

Example 20. Putting D = E =0and o = v —a — B — A+ 1 in (52) and using the binomial
theorem (11), we deduce a reduction formula:

Fl22 B+A: a, 1—-A; /\,’Y—Dé;zz
Ll a4+ A y—B—A+1; B+A;
7 ot . (99)
— (1 _ 2)774F3 &, 27 "2 s Y= ,B/ 7422
a+Ay—B—A+1, 7y (1-2)

(+A y—B—A+1 79 B+AeC\Zy;
lz| <1, |z]*/{4]1 —z|} < 1, |arg(1 — 2)| < 7).

Example 21. Additionally, we can derive numerous reduction and transformation formulas by
specializing the parameters in (52). For instance,

(i) Putting(D=E=0,A=v—B)or(D=E=0,0=1-p)in(52) and using the binomial

theorem (11), we can derive reduction formulas for F11::12512 of the similar type in (99).

(i) Putting(D=E=0,0=00r(D=E=0,=00r(D=E=0,A=00r(D=E=0,
¥ = «) in 52 and using the binomial theorem (11) and the reduction Formula (22), we can
attain certain transformation formulas of the type (8) due to Whipple.
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Example 22. (i) It is interesting to recall a transformation formula for the Kampé de Fériet
function (see [67], Equation (3.3)):

122 b: a,c da,c; }

P [ ctcd: b b Y (100)
Y —a(q —d p122 b: a,c da,d; .
-0 a-pH R a0y T e )

which can be used to provide some suitably altered formulas of (71), (73), (81), (83), (84), (86),
(96), and (99). Additionally, Karlsson [46] (see also [30,47], [68], Equation (15)) presented a
reduction formula from F ;12 12 with equal variables and two more parameters per variable
having certain relations to a single variable 2 F; 1.

(i)  Liu and Wang provided a number of reduction formulas for Flljol;lz [z,z| in [48] (Equations (2.4),
(2.11), (2.12), (2.13)), which are found to be distinct from (72) and (77).

6. Summation Formulas for Kampé de Fériet and 1 1F,

This section demonstrates specific general summation formulas for the Kampé de
Fériet and ,1F, with specified parameters and arguments 1, —1, %, —%, —%, and —11—6,
among many others.

Instance 1. Puttinga =a, f =0, v = M%H, and z = % in (65) and using (27)

and (28), we obtain the following general summation formula for 4F3(1):

o b ot atbil. 2b*11"<a+b;r]+1>1’(”7h;]+1)
Lhii1 atbgi1. 1| =
atbtj+1 atb—j+1, bt

7 2 F(b)l“(”b%“)

4B

a+b,

101
- (101)

O g )

where j € Zy.
Instance 2. Puttinga =a,f=1—a+j,y=0bandz = % in (65) and using (29), we gain

F all_a—i_j/%/%;l
3 b1+ 2% -b

_[oraprey &y )

_{ T(a)T(b—a) 7;0(71) (r)r(b+g+r_]~) (102)
2(a— T2+ —b) J iy T 24j—b—atr

{ i i (i)r(z(”gf““)O ’

where j € Zxy.
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Instance 3. Puttinga =a,=1—a+j,v=2a—j+k and z = —1in (76) and using
(25) and (29), we attain

E a,1—a+ja—j+k3a—2j+k—-1; | [ 22202
43 20— j+k, 2K, B2 8 | T T(1 - a+j)
k+1 ;
T(1—a+j—KkI(2a—j+k) i (k)%““ﬁ* 1+ﬂ])}
[(3a—2j+k—1) = r<u+r5k+l> (103)

(g () 15

F(@)(a—j+k = (3ﬂ*fz+f+k _ ]-) ’

where j, k € Z>o.
Instance 4. Puttinga =a, 3 =1—a—j,v=2a+j+i,and z = —1in (76) and using
(25) and (30), we acquire

E a,1—a—ja+j+k3a+2j+k—1 | [ 2k2F2042
ik a4k, By 1k 4| S\ Famasy

JTO—a—j—0TQa+tj+k) i<_1>,<k>r(w—l+a+f)}

I(3a+2j+k—1) = r r(a+r5k+1> (104)
k
} {z e T (204 j+K) i () r( =) }
Tla+j+k) = (3u+]+r+k)

where j, k € Zx.
Instance 5. Puttingae =a,p=1—a+j,v=2a—j—k and z = —1in (76) and using
(26) and (29), we derive

Q0|

E a,1—a+ja—j—k3a—-2j—k-1;
473 7_,1_]'_]{,2”%]*7‘,”2“27*]*";

{2k2+211 2]1"(2a_]_ i()r(w_l"'”—])}

I'(3a—2j - = r(%) (105)
2j7“r( _ ) (2 R j . T a—jtr—k
R o (e

where j, k € Zxp.
Instance 6. Puttinga =a,p=1—a—j,v=2a+j—k and z = —1in (76) and using
(26) and (30), we obtain

o=

E al—a—ja+j—k3a+2j—k-1,
453 2a—|—j—k, 2a+2]7k, 1+2a2+]7k;

_{2k2+2a+2]1“(2a+]_ i()f’(wzkﬂ—l—f—a‘i‘])}

[(—1+43a+2j— F(a+r5k+1) (106)

. j +jtr—k
R TR N G )
Masj=F A \r) () )
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where j, k € Zxy.
Instance 7. Puttinga =a,0 = =b,y=14+a—b+j,and z = —1in (88) and using
(25), we obtain

Faas [2b:2,1],[a:1,1] : 1], M=b+j:1] - 4
120\ la—brje2]: [ra-bejea) (B2 o O

{ZiZ”l"(b—j) (1ta—b+j) AT (S5 —0) }2 (107)
il Lt ())

T(O)T(a—2b+j+1) & r(=i

where j € Zxg.
Instance 8. Puttinga =a,0 = =b,y=14+a—b—j and z = —1in (88) and using
(26), we obtain

FZZO( [2b:2,1],[a:1,1]: b:1,1-b—j:1];, —; 1_1>

120\ [14a-b—j:21]: [I+a-b—j:1), (21 —; ~ ¥

_ {Zizbr(l +a—b—j) i <]> F(L?“ - b) }2 (108)
r=0

IFa—2b—j+1) r r<ﬂ+’;f+1)

where j € Zxy.
Instance 9. Puttinga =a,0 = =b, v = Hafﬂ’ﬂ, and z = % in (88) and using (27),
we gain

F220< 2b 12 1]b[ﬂ L1]: . [bé 1], [%‘1]; -5 1 1)
1:2,0 [ +LI+ +j . :2, 1] [ +u—2|— +j : 1}, [2b27+1 . 1], _ 167 2
2 109
zb_ll—.(lJra;LbJr]')l—-(lea;b*j) j ] F(%) ( )
= T _1 r T T AN 7
roreg 5V ) ()

where j € Zxy.
Instance 10. Puttinga =a,6 =B =0,y = H“fwﬂ, and z = % in (88) and using (28),
we attain

=
NI

ARSI L wrill S )
a — a - 7
(= L:2,1]: | 2 L:1], [2b2+1:1]' -

gb-p(LHatboly i (b
_{W;()W

(a+72]+1) } ’
where j € Zxy.

Instance 11. Puttinga =a, 6 =f=1—a+jy="b,andz = % in (88) and using (29),
we acquire

(110)

1:20 [b:2,1]: [b:1], [%Il]; - e

20T (a — )T (b) ¢ N\ (=) 2
-Prmel B Ore )

ZUhEFEj S Z>O~

F220< 2-20+2j:21),[a:1,1]: [1—a+j:1],[b—a:1]; - 1)

(111)
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Instance 12. Puttinga =a,0 =f=1—a—j,y=b,andz = % in (88) and using (30),

we derive
F2:20 2-2a-2j:21],[a:1,1]: 1—a—j:1],[b—a:1];, - ;1
1:20 [b:2,1]: [b:1], [%il]} - e
i\ Y 2 (112)
2 i= ar I /i (h z+)
= Z +r 7
5

where j € Zxy.

Instance 13. Puttinga = 5, B = %, and z = % in (66) and using the classical Kummer
second summation theorem (the case m = 0 of (28)), with the aid of a duplication formula for the
gamma function (see, e.g., [5], p. 6),

r(%) I(2z) = 22711 (z) r(z + %), (113)
we obtain )
1 a+b+1
3F2[ it LZii 1] F(Z)FW . (114)

7. Concluding Remarks

In this article, we introduced three general double-series identities using Whipple
transformations for 4F3 and 5F; functions. By employing the left-sided Riemann-Liouville
fractional integral on those results in Sections 2, in Section 4, we showcased the potential
to systematically derive additional identities of a similar nature through iterative pro-
cesses. These identities were then utilized to derive transformation formulas between
the Srivastava—Daoust double hypergeometric function (S-D function) and Kampé de
Fériet’s double hypergeometric function (KDF function) with equal arguments. We also
demonstrated reduction formulas from the S-D function or KDF function to the ,F; func-
tion. Furthermore, we provided various general summation formulas for the ,F; and S-D
function (or KDF function) with specific arguments. By following the steps presented in this
article, additional reduction and summation formulas of similar types can be derived. We
anticipate that these transformation and summation formulas, as well as those deducible
from the same steps, will have applications in diverse fields, such as mathematical physics,
statistics, and engineering sciences.
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