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Abstract: We here investigate the dynamic behavior of continuous and discrete versions of a fractional-
order predator-prey system with anti-predator behavior and a Holling type IV functional response.
First, we establish the non-negativity, existence, uniqueness and boundedness of solutions to the
system from a mathematical analysis perspective. Then, we analyze the stability of its equilibrium
points and the possibility of bifurcations using stability analysis methods and bifurcation theory,
demonstrating that, under specific parameter conditions, the continuous system exhibits a Hopf
bifurcation, while the discrete version exhibits a Neimark—Sacker bifurcation and a period-doubling
bifurcation. After providing numerical simulations to illustrate the theoretically derived conclusions
and by summarizing the various analytical results obtained, we finally present four interesting
conclusions that can contribute to better management and preservation of ecological systems.

Keywords: Caputo fractional derivative; memory effect; supercritical Hopf bifurcation; Neimark-Sacker
bifurcation; period-doubling bifurcation
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1. Introduction

The study of predator—prey systems can be traced back to the 18th century. However,
the establishment of predator-prey systems in the modern sense is primarily attributed to
the work of Alfred J. Lotka and Vito Volterra in the early 20th century. They independently
proposed models for predator—prey systems and conducted in-depth research on their
dynamical behavior. Their research laid an important theoretical foundation for the dynam-
ics of predator—prey systems. Lotka—Volterra systems describe the interactions between
predator and prey, and quickly became a hot topic in dynamical research. Even today,
studying the dynamical relationship between predator and prey remains an important
subject. To comprehend the intricate dynamical properties presented in predator—prey sys-
tems, numerous researchers have dedicated themselves to studying predator-prey models
in depth. During the course of their research, they have found multitudes of fascinating
dynamical properties among various systems. Berryman [1] pointed out that the original
Lotka—Volterra predator-prey equations were built around the principle of mass action,
and equations derived in this way lead to the paradoxes of enrichment and biological
control. Wang and Chen [2] established the condition for the permanence of populations
and sufficient conditions under which positive equilibrium of the model is globally stable.
References [3,4] investigated the complex dynamical behavior of discrete predator—prey
systems. Qi and Meng [5] found that in a predator—prey system with prey refuge and
the fear effect, the survival rate of prey can be improved by increasing the strength of
the refuge, decreasing the cost of fear or reducing the intensity of white noise. Blasius,
Rudolf, et al. [6] found through experiments that a long-term cyclic persistence exists in a
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simple predator—prey model. Mukherjee [7] and Qiu and Guo [8] investigated the complex
dynamics of a predator—prey system with the fear effect and a predator—prey system with
prey taxis, respectively. Although we may subconsciously assume that prey are inherently
disadvantaged in a predator—prey system, there are many instances where prey can resist
predation and cause harm to predators, even leading to the death of the predator. The exis-
tence of such scenarios underscores the significance of determining which entities hold the
advantage of prey in a predator—prey system [9].

The anti-predator behavior of prey is widely observed in the natural world. Many
scholars have conducted research on the anti-predator behavior of prey and have identi-
fied two main ways in which prey exhibit such behaviors: (1) through morphological or
behavioral changes [10,11], or (2) by actively attacking the predator [12-14].

In 1987, Ives and Dobson [15] proposed the following system to simulate anti-predator
behavior (1):

= ax(1-§) - p— HEY,
{ dy_ by (1.1)
dt = " I+ax Y
where the meanings of all parameters are presented in Table 1.
Table 1. Biological meanings of all parameters in system (1.1).
Parameter Meaning
x Prey population density
y Predator population density
x>0 Natality of prey population
k>0 Carrying capacity of the environment to prey
>0 Cost incurred by the prey as a result of anti-predator behavior
>0 Effects resulting from the anti-predator behavior of prey
%, g>0,a>0 Holling II functional response function
b>0 Conversion rate of prey consumed by predator
d>0 Death rate of predator population

The prey requirements in anti-predator behavior (2) are higher, as they not only
demand that adult prey can resist predation by predators but also require adult prey to
have the ability to kill the juveniles of the predator. However, there have been few studies on
anti-predator behavior (2). In 2015, Tang and Xiao [16] proposed a system to simulate anti-
predator behavior (2), and considered the following Holling type IV functional response
function system:

du __ U buv

dar _au( _f) T htu?’ (12)
dv _ cbuv N ’
T = e dv — guv,

where the meanings of all parameters are given in Table 2. It is worth noting that the
Holling type IV functional response function used in this paper was originally proposed by
W. Sokol [17] and has been widely applied in predator—prey systems for several decades. It
primarily describes a nonlinear interaction between a predator and its prey. The predation
rate of the predator adjusts to changes in the population density of prey, exhibiting a
saturation tendency.



Fractal Fract. 2023, 7,722 3 of 33

Table 2. Biological meanings of parameters in systems (1.2) and (1.3).

Parameter Meaning
u Prey population density
v Predator population density
a>0 Natality of prey population
k>0 Carrying capacity of the environment to prey
b>0 Predator’s capture rate
c>0 Conversion rate of prey into predator
hi#’ h>0 Holling type IV functional response function
d>0 Death rate of predator
g>0 Mortality rate of predator due to the anti-predator effects of prey
0<a<l1 Order of fractional-order derivative

The concept of fractional derivatives can be traced back to the 18th century, and the
mathematician who first proposed fractional derivatives was Liouville [18]. In the 20th
century, the mathematician Riesz made the initial reference to the concept of fractional
derivatives and conducted research on their properties in reference [19], combining the
studies of Liouville and Riesz to establish the Riesz-Liouville definition of fractional
derivatives that is used today. Subsequently, the mathematician Caputo introduced the
Caputo definition of fractional derivatives in reference [20].

Definition 1. Denote
§DEf(t) =T D(t), a >0,

where f) denotes the derivative of f with order I, 1 is the nearest integer value of a, and 9 is the
operator of the Riemann—Liouville integral of q order:

(=) h () d.
Jh(t) = () ,

where T'(q) is Euler’s Gamma function. The alpha-order Caputo differential operator is the term
used to describe the operator § D¥.

From a biological perspective, considering a fractional-order predator-prey system
makes logical sense; for most organisms in the natural world, their current behaviors are
influenced by historical context. In fractional calculus, the rate of change at any given
moment, i.e., the fractional-order derivative, depends on the population density over a
certain period of time. Therefore, fractional-order predator—prey systems have unique
advantages in describing memory effects within populations. Over the past two decades,
owing to the advantages of fractional derivatives in studying various ecological systems’
memory effects, numerous mathematicians have turned their attention to investigating
fractional-order ecological systems, finding many interesting dynamical properties pre-
sented in them [21-28]. At present, a relatively comprehensive research framework has
been established for mathematical models of integer-order ecosystems, while the study
of fractional-order ecosystems is still in its early stages. Hence, the authors of this paper
intend to introduce the Caputo fractional derivation to system (1.2) and extend it to a
fractional-order ecosystem. We intend to employ the Caputo definition of fractional deriva-
tives to analyze how anti-predator behavior and the Holling type IV functional response
function in a fractional-order ecosystem will impact the dynamics of the system. As a result,
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we introduce the following fractional-order predator—prey system with a Holling type IV
functional response and anti-predator behaviors:

SDfu(t) =au(l—4%) — h;f;}” 13

C _¢b
gDfo(t) = ;;J;Uz —dv — guv,

where the meanings of all parameters are presented in Table 2. For the method of introduc-
ing the Caputo fractional differential equation into an ecosystem model, reference [29] may
be consulted.

There is a current lack of comprehensive dynamic analysis methods for continuous
fractional-order predator—prey systems. For example, in the literature [30], the analysis of
fractional-order systems has mainly focused on Hopf bifurcations, while more extensive
research has been dedicated to analyzing integer-order cases.

In references [31,32], the authors, respectively, conducted dynamical analyses of dif-
ferent discretized predator-prey models and found that discrete predator—prey models,
in comparison to their continuous counterparts, exhibit a greater variety of dynamical
behaviors and hold advantages in numerical simulations. In reference [33], the authors
employed the piecewise constant approximation (PCA) method to discretize a continu-
ous fractional-order predator—prey system and analyzed the dynamical properties of and
discussed the types of bifurcations present in this system. Their work motivates us to
consider the discrete counterpart of system (1.3). In recent years, many researchers have
studied the dynamical behavior of discrete fractional-order predator-prey systems and
have discovered numerous intriguing dynamical properties within these systems [34-36].

Hence, in order to better understand the properties of system (1.3), we here also con-
sider discretizing system (1.3) for further dynamical analyses and comparing its properties
with the continuous model (1.3), finding that there are many differences in dynamical
properties between system (1.3) and its discrete version (1.6). This sufficiently shows that it
is very helpful to consider the same problems from different angles.

We use the PCA method to discretize model (1.3), and the specific steps are as follows:

Assume that the initial conditions of system (1.3) are u(0) = up and v(0) = vy.
The discretized version of model (1.3) is given as

(gD bu((gDo([5)
CD‘Y = au (1 kp ) h+’;([%])ﬂz ’
. b ([ 1) ([£)
§Do() = b — do((g) — su((he(lg)

First, let t € [0,p), then é € [0,1). Thus, we obtain

b
SDu(t) = aug(1—52) — hbfsg’

OCD?v(t) = C:lfiiou%o — dvy — guvp. (1.4)
The answer to (1.4) is simplified to
() =+ ) o (1) — 10)
= Uy + al"t?)(auo(l — %) - :sz%),
v1(t) = 0o + ]“(ij_ozg — dvg — gugvp)
=y + aIf?a) (Zbiozg — dvg — guovp).

Second, let t € [p,2p), so f) € [1,2). Then,
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C _ u buyv
SDfu(t) = abul( -2 - h+1u%’ w3
§Dyo(t) = Chilu? —dvy — guq01.
After simplifying (1.5), we can obtain the following solution
Uy buivy
up(t) = (o) + Jo (aur (1 — ?) Ch+ u%)
_ (t—p)" upy by
—L[l( ) (xr(a) (aul(l k) h+u%)’
chbuqvy
v1(t) = v1(p) + ]g(th 2 — dvy — guyv1)
_ (t—p)" cbugoy
= Ul(P) [XF(DC) (h T2 doq gulvl)'
where 5= ﬁ / pt (t— )% 'dt, 0 < & < 1. After n repetitions, we obtain
_ (t = np)® wa(np),  bu(np)on (np)
M?Z+1(t) - un(np) + ar(ﬁ() (aun(np) (1 k ) h +un(71p)2 )/
(£=np)*  cbuy(np)on(np) B
e (1) = o) + B (TR ) — o (np) — g (mp)on(np)),
where t € [np, (n+1)p). For t — (n+ 1)p, the system above becomes
t1 =+ oy (o (1 — 42) — B2y ),
(0)* ¢ cbuyo ! (1.6)
Un+1 = Un + {4 ( g 40— §HnOn)-

The overall structure of this paper is described as follows: In Section 2, some pre-
liminaries are provided for some definitions, lemmas and theorems that will be used to
analyze the dynamical properties of systems (1.3) and (1.6). In Section 3, the well-posedness
of system (1.3) is analyzed. In Section 4, the existence and stability of the equilibrium
points of systems (1.3) and (1.6) are investigated, respectively. In Section 5, we demonstrate
that, under certain parameter conditions, system (1.3) exhibits a Hopf bifurcation, while
system (1.6) exhibits a Neimark—Sacker bifurcation and a period-doubling bifurcation. In
Section 6, numerical simulations are performed to validate the results of our theoretical
analysis. In Section 7, interesting conclusions are drawn based on some findings in the
previous sections.

2. Preliminaries

In this section, we primarily introduce the definition and some conclusions of Caputo
fractional derivatives that are necessary for our subsequent research.

Definition 2 ([37]). Under the definition of Caputo fractional derivatives, the fractional derivative
of function f(&) € AC"(]0,+o0], R) is given as

. Z e
ngf(cf) - /0 T(n— a];(g (_ 29)04—114—1 de,

where w represents the order of the fractional derivative.
When n = 1, the fractional derivative ng f(¢) takes the form of

o ¢ 0
50H@ = | e
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Definition 3 ([37]). The Mittag-Leffler function M;, when the order i of M; is positive, is defined as

P SR Y .

as the sequence converges.

Definition 4 ([38]). Let Q(u,v) be a fixed piont of system (1.6) with multipliers Ay and A,.

(1) If |M] < 1and |Ay| < 1, the fixed point Q(u,v) is called a sink, and the sink is locally
asymptotically stable.

(ii) If [A1| > 1 and |Ay| > 1, the fixed point Q(u,v) is called a source, and the source is locally
asymptotically unstable.

(iii) If [A1] < 1and |Ap| > 1 (or |Aq]| > 1and |Ay| < 1), the fixed point Q(u,v) is called a saddle.
(iv) If either |A1]| = 1 or |Ay| = 1, the fixed point Q(u,v) is called non-hyperbolic.

Lemma 1 ([39]). For §D¢f(¢) € AC([0,E],R), if f(&1) = Oand f(o) > 0 (all §o € [0,81)),
then ((J:Dgf((:l) <0.

Lemma 2 ([40]). For the fractional-order system

§DEY(8) =2(8,Y), £ >0,
with initial condition Y(0) = (1(0),v(0)), where 0 < & <1, Z:[0,+00) x T = R", T C R,
if Z(&,Y) fulfills the local Lipschitz condition for Z € Ry,
1Y) = Z@E V)l < A- Y =TI,

then the system has a unique solution on [0, +00) X T, and

n
1Y (Y1, Y2, 93, - Yn) = Y1, 52,53, ¥n) | < Y lvi = Fil,
~

fori=1,2,3,...,n,y;,7 € R

Lemma 3 ([41]). Let F(A) = A% + BA + C, where B and C are two real constants. Suppose Aq
and Ay are two roots of F(A) = 0. Then, the following statements hold.

(i) IfF(1) > 0, then

i.1) [A] < land |Ay| < 1ifand only if F(—1)
2) Ay = —land Ay # —1ifand only if F(—1) = 0and B # 2;
) |/\1| < land |Ay| > 1ifand only if F(—1) < 0;

)
)

>0and C < 1;

|A1| > 1and [Ay| > 1ifand only if F(—1) > 0and C > 1;
A1 and Ay are a pair of conjugate complex roots and |A1| = |Ap| = lifand onlyif =2 < B < 2

ii) If F(1) = 0, namely, 1 is a root of F(A) = 0, then the another root A satisfies |A| = (<, >)1if
nd only if |C| = (<, >)1.

iii) If F(1) < 0, then F(A) = 0 has one root lying in (1, 00). Moreover,

iii.1) The other root A satisfies A < (=) — 1ifand only if F(—1) < (=)0;

(i
(i.
(i.
(i.
(.
a
(16))L1 Az——lgfandonlyzfl:( 1)=0and B=2.
(i
a
g
(iii.2) The other root —1 < A < 1ifand only if F(—1) > 0.

Theorem 1 ([42]). The Laplace transform of § Dgf(g) s

1’171 . .
Z[SDEf(@)] = 6°F(9) — L e r0)
Z
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where F(9) = Z[f(&)] ,a € (n—1,n),n € Z.
Theorem 2 ([43]). Assumewa >0, > 0and K € C"*", then

9*—B
o — K’

L[ E, (KEY)] =

for Re(®) > HKH%, where Re(0) is the real part of complex number © and E, g is the Mittag—
Leffler function.

Theorem 3 ([44]). For the following fractional-order system
§DEf(2) = 8(f(2)), f(0) = fo e RN, a € (0,1),

where f(¢) = (f1(8), £2(2), f3(2),-- .. fu(@))" € R"and g = (81,82,83,---,8n)" : R" —
R™. If ¢(f*) = O, then f* is an equilibrium point. Set J(f*) as the Jacobian matrix | =
g—? = Wforf = f*. If the characteristic values A;(i = 1,2,3,...,n) of J(f*) meet
larg(Ay)| > % (i =1,2,3,...,n), then f* is locally asymptotically stable.

Theorem 4 ([45]). We say that a fractional-order system undergoes a fractional Hopf bifurcation if
there exists a critical value B = B. such that the following conditions are satisfied:

1. A (Be) and A (Be) satisfy |arg(Ai(Be))|= 5, (i = 1,2);
2. larg(Ai(Be))|# 5, (i =3,4,5,...,n);

3. f5larg(Ai(B))llp=p.# 0, (i = 1,2),
where A represents the eigenvalues of the Jacobian matrix of the system.

3. Analysis of the Well-Posedness of System (1.3)

In this section, we consider the uniqueness, non-negativity and boundedness of the
solutions of system (1.3).

Theorem 5. For the initial condition (11(0),v(0)) € A, system (1.3) has a unique solution U (t) =
(u(t),v(t)) € Aforallt > 0, where A = {(u,v) € R? : max{|ul, |vs.|} < 1, min{|u|,|vs.|} >
72}

Proof. Consider the time interval [0, t1], f; < 4o0. Construct a mapping G(U) = (G1(U),
Gy(U))T, where U = (u,v)T and

{ Gi(U) =au(l—%) - hbﬂ’Z,

G (U) = ij_”if’z —dv — guv.

For U, U € A, we have

|G(U) —G(O)|
=[G (U) = G (U)] + |G2(U) — G2 (1)
u buv il biiv
- ’”““‘@‘m‘”ﬁ( i) h+ﬁ2‘
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+|—Cbuv g — oo P ito)|
h+ u? g h+ 2 8

. a . . buv(h + @) — bt (h + u?
<=+ -+l =)+ [ GO

| cbuv(h + @1?) — cbiit(h + u?

T
it )i+ @) | +d|v — 3] + g|luv — D]

- a - -
=alu — | +%|u+u||u—u|
bhu(v —9) + bho(u — i) bu*i(v — 8) — buiiv(u — i) |

(h+u?)(h+ a2) (h+u?)(h+ a2)
+d|v— 9|+ glu(v — ) +d(u — i1)|
2ay;  b(1+c)(hy2a+93)

+ (140

< (@+8m+ |u — i
( k (h+73)? )
b(1+¢c)(hr2 +73)
+@d+gm+ |v — 9
( R
= Lylu—i|+ Loo— 3| < L|U - U],
N . o 2a7; b(1+c)(hya+73) _

where L = max{Ly, Ly} with Ly = a+gy + =2 + ——" 2> and L, = d+g71 +

(h+3)?
b(1+c)(hy2+93) 0
(h++3)?

Hence, G(U) conforms to the local Lipschitz condition, and system (1.3) has a unique

solution by Lemma 2.

Theorem 6. All solutions of system (1.3) initiating from (1u(0),v(0)) € R are non-negative and
bounded in the region W, where

0 a 2
W= {(u(t),v(t) ER?F)HOgu(t)JrQ < k(;dd)}

Proof. First, let us prove the non-negativity of the solution. Assume that there exists a
constant y(> 0) that satisfies

u(t) >0,te€(0,u),

u(p) =0,
u(u™) <0.

We can easily find that § D} u(t)|, = 0, and derive u(u") = 0 from Lemma 1, which
obviously contradicts u(u") < 0. Thus, u(t) > 0 for any t € [0, +0c0). Similarly, we can
prove v(t) > 0 for Vt € [0, +00).

Now, construct a function X(t) = u(t) + @, which will help us prove the bounded-
ness of the solution. The Caputo fractional derivative of X(t) with order « is

SDEX(t) = au(t) — ——— — —2 ——
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Then,
CDEX(F) + dX () = au(t)(1 ”;{t)) g“(tzv(t) - du(t)
<HEE e - @D, fhy
Mo 0
ka+d)?

GDEX(t) +dX(t) < ==

Applying Theorem 1 and taking the Laplace transform on both sides of the above
inequality at the same time, one has

2
2[SDEX(1) +dX(1)] < g[%].
This leads to )
OF(8) — 0 1X(0) + dF(8) < %k(”‘l;ad),

where F(¢) = £[X(t)]. Hence,

k(a+d)? 91
FOVS oty T ovra

0).

By using the inverse Laplace transform on both sides of the above inequality, we may derive

lgzx—l

] +X(o)$—1[ﬁlx —J

1
-1 < -1
2O < T2 g
19—1 1904—1
< —1
=Xt <TZ [19“+d 19“+d}’

] +X(0)27]

2
where T = k(”;ld) . From Theorem 2, one obtains

X(t) < TtaEa,a-&-l(_dta) + X(O)Ea,l(_dta)‘

According to the properties of the Mittag—Leffer function, we get

Eut(—df®) = —df*Eq g 11 (—dt) + ——

r@’
ie.,
1 o o o
_E[Ea,l(_dt ) - 1] =t Ea,a+1(_dt )/
which displays
T T
X(t) < (X(0) — E)Ea,l(—dt“) +
Note that E, 1 — 0 when t — oo. Thus, we have X(#) < % for large t, i.e., X(t) < k(ij;;)z

for large t. Accordingly, all solutions of system (1.3) are bounded in the region
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a 2
W= {(u(t),v(t)) € R2 0 < u(t) +@ < k(;dd)}

The proof is over. O

4. Local Stability of Systems (1.3) and (1.6)

In this section, we first identify the equilibrium points of systems (1.3) and (1.6), which
are the same, then analyze their local stability.

4.1. Existence of an Equilibrium Point

We first can easily observe that the two points Qy(0,0) and Qi (k,0) always are equi-
librium points of systems (1.3) and (1.6).

Next, we consider the positive equilibrium points of systems (1.3) and (1.6). It is
evident that the positive equilibrium solutions of systems (1.3) and (1.6) satisfy the follow-
ing equations:

bv  _
(=% = gz =0 4.1)
chu g _ '
oz —d—gu=0.

By performing a transformation on the second equation, we find that the component
u of positive equilibrium point (1,v) meets the following equation

p(u) = gu® + du® 4 (gh — cb)u +dh =0, 4.2)
while the positive component v = #(1 — {)(h + u?). Therefore, the problem of finding
positive equilibrium points of systems (1.3) and (1.6) is transferred to that of solving the
positive solutions of Equation (4.2). It is easy to derive

!

p (u) = 3gu® 4+ 2du+ gh — cb, p’ (1) = 6gu + 2d. (4.3)

Obviously, p” (1) > 0 always holds for u > 0. This implies p' (1) is monotonically
increasing for u > 0. Now, consider the solutions of p(u) = 0 according to the following
two cases.

Case 1: gh — cb > 0. Then, p' (1) > 0, indicating that p(u) is monotonically increasing.
Again, p(0) = dh > 0. Therefore, there are no positive solutions of p(u) = 0 for gh —cb > 0,
which then implies that system (1.3) has no positive equilibrium points.

Case 2: gh —cb < 0. Then, p/(u) = 0 has a unique positive solution, denoted by .,

—d d2—3g(gh—cb . / . . . .
where u, = —*~ ng (gh—cb), Furthermore, since p (1) is monotonically increasing, we

can conclude that p(u) is monotonically decreasing in the interval (0, u. ), whereas it is
monotonically increasing in the interval (u,, +o0). Thus, the function p(u) has a minimum
atu = u, for u € (0, c0). Substituting u. into (4.2), we obtain

plu) =271g2 [R® + 3(3hg® — 3bcg — d*)R + 3(d* + 3bcdg + 6dhg?)]

! 2
:W [ — 2R3 4+ 3(d2 + 3bcdg + 6dhg2)] _ ﬁ(Rg B R3),

where R = \/d? —3¢(gh — cb) and Ry = \3/%(012 + 3bcdg + 6dhg?). Then, we can discuss
the positive solution of p(u) = 0 in view of the following three subcases:

Subcase 1. p(u.) > 0 <= R < R;. This means that the equation p(u) = 0 has no
positive roots.

Subcase 2. p(u,) = 0 <= R = Ry. This indicates that there is only one positive solution
u, of the equation p(u) = 0.
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Subcase 3. p(u,) < 0 <= R > Ry. This means that there are two positive roots of the
equation p(u) = 0, denoted by 17 and u,. Namely,

_ —d + V/R(cos(§) — V/3sin(§))
38

_—d+ VR(cos(§) + V/3sin(3))
38

U

7

Us

7

where 0 = arccot(]), | = 2dR22R_338T (J € (—1,1)) and T = d(gh — cb) — 9ghd. Evidently,
0 <up <ux <up.

Denote the two positive equilibria as Q;(u;, v;) if u; < k,i = 1,2. Summarizing the
above analysis, we can obtain the following result.

Theorem 7. Let R, Ry, us, uq, up be, respectively, defined in Case 2 and Case 3. For the existence
of an equilibrium point of systems (1.3) and (1.6), the following statements hold.

1. Regardless of the value of the parameters, systems (1.3) and (1.6) always have a trivial

equilibrium point Qu(0,0) and a boundary equilibrium point Qi (k,0).

2. When gh — cb > 0, systems (1.3) and (1.6) do not have positive equilibrium points.
3. When gh — cb < 0, we further have the following conclusions.

(a) If Ry > R, then systems (1.3) and (1.6) do not have positive equilibrium points.

(b) If Ro = R, then, for 0 < k < u,, systems (1.3) and (1.6) do not have positive
equilibrium points; for u, < k, systems (1.3) and (1.6) have one positive equilibrium
point Qu (U, V).

(c) If Ro < R, then, for 0 < k < uy, systems (1.3) and (1.6) do not have positive
equilibrium points; for uy < k < uy, systems (1.3) and (1.6) have only one positive
equilibrium point Qq(u1,v1); for uy < k, systems (1.3) and (1.6) have two positive
equilibrium points Q1 (uq,v1) and Qo (up,v7).

Next, we analyze the stability of these equilibrium points of systems (1.3) and (1.6).

4.2. Stability Analysis of Equilibrium Points of System (1.3)
The Jacobian matrix of system (1.3) at any equilibrium Q(u, v) is as follows

_2u\ _ _bo 2bu?y _ _bu
Je(u,0) = a( k ) h+u? + (h+u?)? h+u?
A beo(h—u?) v beu g4 oy ’
(h+u2)? 8 h+u? 8

4.2.1. The Stability of the Trivial Equilibrium Point Q(0,0)

Theorem 8. The trivial equilibrium point Q(0,0) is a saddle.

Proof. Substituting the trivial equilibrium point Qy(0, 0) into the Jacobian matrix J.(u,v),

we ()btai“
0 - d ’

and it is easy to see that the Jacobian matrix J.(Qp) has two eigenvalues: Ay = a > 0 and
Ay = —d < 0. Since [arg(A1)| = 0 < &F and |arg(A2)| = 7 > &%, the trivial equilibrium
point Qp is a saddle. O
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4.2.2. The Stability of Boundary Equilibrium Point Qy(k, 0)

cbk

Theorem 9. The boundary equilibrium point Qi (k,0) is a stable node for d > e

is a saddle for d < hcfllzz — gk.

— gk, while it

Proof. Substituting boundary equilibrium point Qy(k, 0) into the Jacobian matrix J.(u,v),

we have
-
]c Q = .
(Qx) 0 B g g

h+k2

Now, consider the following two cases:

Case 1: d < hcfllzz — gk. Then, we obtain the two eigenvalues of the Jacobian matrix

Je(Qr): M = —a < 0and Ay = hcfllzl — gk —d > 0. Therefore, |arg(A1)| = m > %F and

larg(Az)| = 0 < &F. Thus, the boundary equilibrium point Qy is a saddle.

Case 2: d > hcfllzz — gk. Then, the two eigenvalues of the Jacobian matrix J.(Qy) are
cbk

M = —a <0and Ay = ;37 —d—gk < 0. Asaresult of |arg(A1)| = m > 4 and

larg(Az)| = m > &F, the boundary equilibrium point Qy is a stable node.
O

4.2.3. The Stability of Positive Equilibrium Points Q;(u;,v;) (i = 1,2)

2
Theorem 10. The positive equilibrium point Q1 (uy,v1) is stable for k > h;?]ul

2
k< h;r%; the postive equilibrium point Qy(up, vy ) is always a saddle point.

and unstable for

Proof. For a better comprehension, let us begin to analyze the stability of the positive
equilibrium point Qy (13, v2).
Substituting the equilibrium point Q (15, v2) into the Jacobian matrix J. (1, v), one obtains

2
Uz 2bu27]2 hu2
—a— + -
Je(Qs) = k (h+u3)? h+u3
c 2) — b h— 2 7
v (h—u5) — ov 0
n+g)r 802

from which we can easily derive the following result:

~ bupvy (bc(h —u3)

= —9g). 44
From (4.2), we can deduce
_ beup,
= o +d 5. (4.5)
Substituting (4.5) into (4.4) obtains
1e(@a)] = B2 LD g 28 — agind — o). (46)
2

Let q(up) = bed — 2g%u3 — 4gdud — 2d%u,. Since p' (1) = 0, p(ux) < 0 and q(up) is
monotonically decreasing for up > 0, we can obtain
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q(u2) < q(uy) = bed — 28%u,> — 4gdu,> — 2d%u,
= g(dh — Zgu*3 — du*z)
< g(—Zgu*3 —du,? — gu*3 —du? — (gh —cb)u,)
= qu.(—3gu.> — 2du, — gh +cb) = 0.

4.7)

This verifies that |J.(Qz)| < 0holds if Q5 exists, which reads A1A; < 0. Accordingly,
M > (<)0 = |arg(Ar)] < (>)%5Fand Ay < (>)0 = |arg(Aq)] > (<)*F. Thus, the postive
equilibrium point Q5 (uy, v7) is always a saddle.
Similarly, for the postive equilibrium point Qq (11, v1), we have
q(uy) = bed — 2¢%u — 4gdu? — 2d%u,
> ¢(dh —2gu,> — du.?) (4.8)
> qu (—3gu.? —2du, — gh +cb) = 0.

Thus, |J.(Q1)| > 0, which reads A1A; > 0. In order to determine the signs of A;
and A, we need to further consider the sign of the trace of matrix J.(Q;). Note that the

. 2bu?
trace of Jo(Qq) is tr(Je(u1,v1)) = —at + ﬁ Note that C:fu? — dvy — guyv; = 0and
01 = %( — ”71)(11+u%).80,
2au? h+ 3u? h + 3u?
tr(J.(uq,v1)) = L (k— Lys (=,<)0e k> (<) —1L,
2
Therefore, we can conclude that if k < h;sfl, then Ay < 0(= |arg(Aq)| > %F) and
h+3u%

Ay < 0(= [arg(A2)| > %F); thus, system (1.3) is stable at Q1 (u1,v1). If k > =51, then
M > 0(= |arg(A)| =0 < &) and Ay > 0(= |arg(A2)| = 0 < %F); hence, system (1.3) is
unstable at Q1 (u1,v1). O

For readers’ convenience, we summarize the stability of the equilibrium points of
system (1.3) in Table 3.

Table 3. The stability of the equilibrium points of system (1.3).

Point Conditions Properties

Qo(0,0) saddle
d> thzZ — gk stable
d <32 —8k saddle

k < h;‘j’f% unstable

Q1(u1,01) o

k> I stable
Q2 (uz,v2) saddle

4.3. Stability Analysis of the Equilibrium Points of System (1.6)

The Jacobian matrix of system (1.6) at any equilibrium point Q(u, v) is as follows:

N 2u bv 2bu?v * bu
U (01— %) — 5z + i) i (— i)
“ bev(h—u? n il

Ja(u,v) =




Fractal Fract. 2023, 7,722 14 of 33

The characteristic polynomial of the Jacobian matrix J(Q) reads

F(A)=A2—-DPA+Q,

where
5 o* _au 2bu?v?
P=2t e % T o)
A o* _au 2bu?v? 0**buv be(h — u?) B
Q=1+t % o)) T Tar s 2 g 9

_ e _ buy_(be(h—u? - 2biPy?
Denote A = %/ M = h_,f_l;]z ( (C}l(+u2u)2) - g)' and () = _% + (h—fug)Z'

4.3.1. The Stability of Trivial Equilibrium Point Q (0, 0)

Theorem 11. The following statements about the trivial equilibrium point Qg(0,0) of system (1.6)
are true.

1. Ifd < %, then Qy(0,0) is a saddle.

2. Ifd = 2%, then Qy(0,0) is non-hyperbolic.

3. Ifd > %, then Qy(0,0) is a stable node.

Proof. Substituting the trivial equilibrium point Q(0,0) into the Jacobian matrix J;(u, v),
we obtain

1+ Aa 0

Ja(Qo) = ,
0 1—Ad

and it is easy to see that the Jacobian matrix J;(Qp) has two eigenvalues: Ay =1+ Aa > 1
and [A;| = [1—Ad| < (=,>)1ford < (=,>)%. By using Definition 4, we can derive
Theorem 14. O

4.3.2. The Stability of Boundary Equilibrium Point Qy(k,0)

Theorem 12. The following conclusions for the fixed point Qy(k,0) of system (1.6) are true.
1. Ifa< %, then,

(a)  Ford < ;&5 —gkord > % + £ — gk, Qi(k,0) is is a saddle;
(b)  Ford= h“f’;z —gkord =%+ hﬂ’:’]zz — gk, Qx(k,0) is non-hyperbolic;
(c) For hc+b11§2 —gk<d< % + hcfllzz — gk, Qk(k,0) is a stable node, i.e., a sink.

2. Ifa= %, then Qx(k,0) is non-hyperbolic.
3. Ifa> %, then,

(a) Ford < bk gkord > % + bk _ gk, Qk(k,0) is an unstable node, i.e., a source;

n+kz h+k2
(b)  Ford= hc-fgz —gkord =%+ h‘f]]zz — gk, Qk(k,0) is non-hyperbolic;
(c)  For hib’]iz —gk<d< 2+ hﬂl:’,iz — gk, Qi (k,0) is a saddle.
Proof. Substituting boundary equilibrium point Qi (k, 0) into the Jacobian matrix J;(u,v),
we have
1—Aa —Ak,
h+k?
Ja(Qx) =
0 1+A(%: —d—gk)

Now, consider the following three cases.

Case 1: @ < %. Then, the two eigenvalues of the Jacobian matrix J.(Qx) satisfy |A;| =

|1 —Aa| <Tand|Ay| = |1+A(hcflliz —d—gk)| > 1ford < hi’]’zz —gkord > %—l—h‘f;ﬁz — gk,
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so Qi (k,0) is a saddle; [Ay| = 1 ford = h‘:f_’lliz —gkord =2+ hCJl:]IEZ — ¢k, then Qi (k,0) is

non-hyperbolic; and |A;| < 1 for hcj-ﬂlé —gk<d< 2+ hcfiz — gk, thus Q(k, 0) is a stable
node, i.e., a sink.

Case 2: @ = %. Then, one eigenvalue of the Jacobian matrix J-(Qy) meets [A1]| = |1 — Aa| = 1.
Thus, Qk(k, 0) is non-hyperbolic.

Case 3:a > 2. Then, the two eigenvalues of the Jacobian matrix J.(Q) meet [A1| = |1 — Aa| > 1

and |[A;| = |1+A(h‘f]’§2 —d—gk)| > 1ford < hcfllzz —gkord > 2 + hcf,’zz — gk, then Qi (k,0)

is an unstable node, i.e., a source; [A;| = 1 ford = hcfrﬂl:z —gkord = % + hcfr”]zz — gk, then
Qk(k,0) is non-hyperbolic; and |A;| < 1 for hc+b1€2 —gk<d < 2+ <k _ ok, then at this
time, Q(k,0) is a saddle.

h+k2
The proof is over. [

4.3.3. The Stability of Positive Equilibrium Points Q;(u;,v;) (i = 1,2)
be(h—u?)
(h+u?)?
2.2
g), (i) = -+ (iT;ZSZ (i = 1,2). Then, the results for the positive fixed points Q;(u;,v;)

Theorem 13. When the positive equilibrium Q; (u;, v;) (i = 1,2) exists, let Q1 (i) = Zi’;@ (

(i =1,2) of system (1.6) summarized in Tables 4 and 5 are true.

Proof. Substituting the positive equilibrium points Q;(u;, v;)(i = 1,2) into the Jacobian
matrix J;(u,v), one can see

i bo; 2bufo; bu;
L A1 - 3) - 2 + i) A= 7m)
Id(Qi) = bev; (h—u?) beu;
A(W—gvi) 1+A(h+u112 —d —gui)

We first analyze the stability of the positive equilibrium point Q5 (13, v2). By comput-
ing J;(Qz), we can obtain its characteristic polynomial

E(A) =A2—DA+ Oy,

where
152—2+A(—QZ2+(2T%§)2),
Ga=1a(- (ﬁ%z) szié <b{'}f$§>%z) ~8).
Denote 0:(2) = %24 (l’(ﬁ;%”)%) —g)and 0(2) = — %2 + (Zhbjfg)%z Then,

B(1) = A%204(2), F(—=1) = O1(2)A% + 20 (2)A + 4.

From (4.7), we know that )1(2) < 0; hence, F,(1) < 0, which shows that F;(A) =0
has one root lying in (1, ). For the value of F,(—1), we consider the following three cases
for discussion:

0, (2) /R 10.2)
Case1: 0 < A < 20 0?(22()2) 402 Then, F(—1) > 0. Lemma 3 reads that [A4| > 1
and |A;| < 1, which shows that Q; is a saddle.
L L(2) SR
Case 2: A = —2@ 0?(22()2) 402 Then, F(—1) = 0. This shows that Q, is non-
hyperbolic.
L 0,(2)/E@) 402
Case 3: A > —2( 0?(22()2) 43 Then, F(—1) < 0. Lemma 3 tells us that [A;] > 1 and
|A2] > 1, so Qs is an unstable node.
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Next, we discuss the stability of the positive equilibrium point Qj (11, v1). Similarly,
after calculating J;(Q1), we obtain its characteristic polynomial

F(A) = A —DPiA+ Oy,
where

au;  2buo?

Pr=2+A(-—+-—2L1L),
( k (h—l—u%)z)
A au;  2buiv? 5 bujoy  be(h—u?)
1A, O .
Q=tral= Tt ey T e e

be(h—u?)
(h+u?)?

2.2
—g)and (1) = — %2 + 29 Then,

b
Let (1) = ;L3 ( ()2

2
h+ug

Fi(1) = A2 (1), B (—=1) = O (1)A2 420 (1)A + 4.

From (4.8), we know that (;(1) > 0, so F;(1) > 0. Note also that Q1 > (=, <)1 <=
A>(=,<) STEB . Now, consider the following three cases for discussion.

Case 1: (03(1) — 40 (1) < 0. This implies that F; (—1) > 0. Thus, we consider the following
three subcases for discussion:

Subcase 1. A < —8?8; Then, Q; < 1. Lemma 3 reads |A| < 1and |A;| < 1. Thus, Q; isa
stable node, i.e., a sink.

Subcase 2. A = —QZ( ) Then, Q7 = 1.

M (1)
%(1) Then, Q; > 1. Thus, |A{| > 1, |Az] > 1, and hence Q; is an
unstable node, i.e., a source.

;i (1)

Case 2: (5(1) — 401 (1) = 0. Consider the following three subcases:
8; Then, F;(—1) > 0,01 < 1. Hence, |A1| < 1,|Az| < 1,and so Qy is

a stable node, ie., a smk

Subcase 2. A = 8) Then, F;(—1) = 0. Thus, Q; is non-hyperbolic.

Subcase 3. A > — 3(3 Then, F;(—1) > 0 and O; > 1. It follows from Lemma 3 that
|A1] > 1and |A;| > 1. Thus, Qs is an unstable node, i.e., a source.

Case 3: Q5(1) — 40 (1) > 0. Then, Qp(1) > 21/ (1) or Mp(1) < —2,/Q4(1). Consider
the following two subcases:

2 _ A
Subcase 1.05(1) > 2,/0;(1). Then, A > 0 > —2VGAO o5 (1) > 0,01 > 1,
which, in view of Lemma 3, 1rnp11es |A1] > 1 and |A;| > 1. Thus, Q; is an unstable node,
i.e., a source.

Subcase 2. (1) < —2/O4(1). We further consider the following five subsubcases.

2 A
Subsubcase 1. 0 < A < —2 1) o Q )4 (1) Eg Then, Fi(—-1) > 0,Q; < 1,
indicating [A1] < 1, |A2| < 1. Hence, Q1 isa stable node, i.e., asink.
/ 2
Subsubcase 2. A = Q?(l) —4 () Then F1(— ) = 0 and so Q; is non-hyperbolic.

O (1) -2 = /R —40, (1)
Subsubcase 3. —21) 0?(21()1) ) A < Dt Q ) Then, F(-1) < 0.

In light of Lemma 3, |A1] > (<)1, |A2] < (>)1. Thus, Q1 1s a saddle
_ SO (1)~
Subsubcase 4. A — —2(1)* 0?(21()1) A1) Then, F;(—1) = 0 and so Q; is non-hyperbolic.

Subsubcase 5. A > ~2(UYBEDANA) %) en, F(—1) > 0,0; > 1and so

|A1] > 1, |[A2| > 1. Therefore, Q; is an unstable node, i.e., a source.
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The proof is finished. O
Table 4. Properties of the fixed point Q1 (11, v1) of system (1.6).
Conditions Eigenvalues Properties
A< - Ml <1, A <1 sink
03(1) —40(1) <0 A= 78?8; Al =1or Ay =1 non-hyperbolic
A> —8?8; A1l >1, A > 1 source
A< -2 Ml <1, A <1 sink
02(1) —40,(1) =0 A=— gﬁ}; M| =1or|Ayf =1  non-hyperbolic
A> 78?8; A1l > 1, A > 1 source
O2(1) — 404 (1) >0 M(1) > 2/ (1) [A] > 1A > 1 source
A <~ A00) Ml <1 A <1 sink
A= 20 VQ?(%()U%QN]) [A1] = (#)1, [A2] # (=)1  non-hyperbolic
M(1) < 2/ (1) —20)- O?(gl()n—ml(l) < A< Z2RO+ Qsll(gl()l)—ml(l)’ M) < ()1 |As] > (<)1 saddle
5 = “2O B0 M| # (=)1, [Aa] = (£)1  non-hyperbolic
A > —20- Vni%lgl)74ﬂl(l> A1) > 1, A2 > 1 source
Table 5. Properties of the fixed point Q; (13, v;) of system (1.6).
Conditions Eigenvalues Properties
_ _ 2(0)—
A < Z2@=V B 2) =4 (2) [A] > 1, A2 < 1 saddle
M (2)
_ —/02(2)— .
A= 20 00(22()2) 40 (2) Al >1, Ay =1 non-hyperbolic
1
_ —./02(2)—
A> —2@) 00(22()2) 40 (2) A1l > 1, A > 1 source
1

5. Bifurcation Analysis

In this section, we, respectively, analyze the existence of bifurcations in the positive
equilibrium point Q; (11, v1) of systems (1.3) and (1.6).

5.1. Bifurcation Analysis of the Positive Equilibrium Point Q1 (uq,v1) in System (1.3)

In Section 3, we see that the Jacobian matrix of system (1.3) at the positive equilibrium
point Q1 (u1,v7) is as follows:

2bu?v b
_ U1 191 _ by
% + (h+u?)? h+u?
](Ql) = 2
cbvy(h—uj) - 0
2z~ 81

The characteristic equation of the Jacobian matrix J(Qj) is given by
22 (- uy Zbu%m ) buq (

. cboy (h — u?)
ko (h+u3)? h+ uf

(h+u3)?

—gvy) =0. (5.1)
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Substituting v1 = 4 (1 — %) (h + u?) into Equation (5.1), we have

2kuy — 3u? — h uy cb(h—u?)

)Lz — aul(W)/\+ﬂul (1 - ?)( (h + u%)Z

—g)=0. (5.2)

Take k as the bifurcation parameter of system (1.3). If k takes a critical value, kg > 0,
such that the corresponding eigenvalues are Ay, = re'?, where v = %7, then a bifurcation
occurs. Now, we look for kg such that Ay, satisfies Equation (5.2).

Substituting Ay, into (5.2), we can obtain the following equation:

, 2kouy —3u? —h, cb(h — )
22T — quy (UL 2T T el gy 1—— — L _g)=0.
Namely,
2kouy — 3ut —h
12 (cos(27) + isin(2)) — auy (m)r(wsy + isiny)
uy cb(h—u3?)
1- (U oy =
+tlu1< kO)( (h+u%)2 g)

Hence,

2kouy —Bu%—h
ko(h+u2)

2k0u173u17h . _
RoUid) Jrsiny = 0.

)rcosty +auq (1 — T ) (Cb(h ) g) =0,

r2cos(27y) — auy ( (h+u3)? (5.3)

r2sin(2y) — auq (

Since we are interested in non-zero solutions for r in (5.3), from the second equation

of (5.3) we can derive r = auy (M) After substitution into the first equation
cosyko (h+u3)
of (5.3), one has
2kouy — 3ut — h\ o —a*u? cb(h —u?)
1—-—)(—=—¢) =0.
( ko(h-l-ul) ) 4c052'y+au1( kO)( (h+u1) g)
So,
2kouy —3uy —h2 > cb(h — 1)
av (—————— dcosPy(1— My (T ,
namely,
wlk% — woko 4+ w3 =0, (5.4)
where

wy = 4au3 — dcosy (cb(h —u3) — g(h +u?)?),
wy = 4au? (3uf + h) — 4cos®y uy (cb(h — u3) — g(h + u3)?),
w3 = auy (3u? +h)? > 0.

au13

Yo > 0. After a lengthy and tedious calculation, we can c1a551fy the followmg three cases
for further discussion:

Case 1: cos’y > 9. Then, we have w; < 0. Due to kg > 0, we can obtain
k — (4)27\/(4]%74(01&13

0 2wq :

Case 2: cos®y = 7. Then, w; = 0. Noticing kg > 0, we can obtain ky = %Z



Fractal Fract. 2023, 7,722

19 of 33

Case 3: cos?y < 9. Then, we have w; > 0 and w, > 0. Calculate w2 4wyws to ob—
tain w? — dwyws = 16u1c0s?y[uycosy?(cb(h — u?)— g(h +u?)) + a(3u? + h)(u3 + h)] >
wrE+/ w5 —4wiws

2w1

In any case, the critical value ko always exists. Next, we prove that system (1.3) satisfies
the conditions of Theorem 4 at the positive equilibrium point Q; (11, v1).

From the existence of ko, we see that |arg(A;(ko))| = %F(i = 1,2); hence, the first
condition in Theorem 4 holds true. The Jacobian matrix of system (1.3) has only two
eigenvalues; thus, we do not need to consider the second condition in Theorem 4. Next,
we focus on proving that system (1.3) satisfies the third condition of Theorem 4. Take the
derivative of Equation (5.2) with respect to k to obtain

Then, we can derive that kg has two values:

dA 2uy 3uf +h | dA 3uf +h
2222 - & a1
R i e D P e
b —1?) (5.5)
Lllxll c —uz
U o) =0.
2 hrap 9
Thus,
auy (3u3+h) au? ;cb(h—u?)
A _ kz(thu%) B kT( (h+u )2 - ) 56
E o 3aud+auh—2aku? ( ’ )
2\ 4 SHtamh ek

k(h+u?)

It suffices for us to verify Ay, = rel's . Substituting k = ko and Ay x, = el into the
right-hand side of (5.6) obtains

auy (3u?+h) au? cb(h—u?)
dA B k%(h-«—luz) re’ — 1721( (h+u) -3)
dkl|. . 3aud+auyh—2akou?
k=k 2reir + W
3ui+h b(h
7ﬂZéEh’fu%)) r(cosy + isiny) — aul (C(h(ﬂu)l) -g) (5.7)
o .. 3aul+au1h—2akou%
2r(cosy + isiny) + Rl
I 2L
Y3+ i

where
auy (3u? + h) aul cb(h —u?)
=(—5——5—rcos — U
=G 7 & (e )

3aud + auyh — 2akou? . auy(3u? +h)

X (2rcosy + 212sin? ,
(2rcosy ko(h + 2) ) K2(h + 1) i
a(3u? +h)(3u +h —2kouy) 2 ,cb(h—u?) 5 .
= — auirsiny,
¥2 =( K(h+ )2 ko oz —§)marsiny
3aus + aurh — 2akou? ]
3 =2rcosy + kol + u%) , P4 = 2rsin7y.

Denote A(k) = m(k) +in(k), thenarg(A(k)) = arctan(}.). By differentiating arg(A(k))
with respect to k, we get

mn —nm' W(m,n)

ﬁarg(/\(k)) = A A (5.8)
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where W(m,n) = | n/
m n
Therefore,
W (m(ko), (ko))
arg(MK))| = — S m
dk k=ko A (ko)
_ 1 m(ko) n(ko)
[Atko) 2| (ko) ' (ko) (5-9)
1 rcosy  rsinty ‘
- Alko) |2 1 )
MF| Hem wm
We can easily deduce that when kq exists, |A(kg)|?# co holds true.
Next, we prove the conditions under which W(m, n)(kg) # 0 holds true.
In fact,
rcosy  rsiny
Wonmko) =1y
R R
1
= ———(rcosyyy — rsinyypy) # 0
93+ ¥
<= cosyPp —sinyPp; # 0 (5.10)
cb(h —u?)
<4 —_— —
uyrcosy ( (EREE g)+
cb(h — u?) 3aud + auyh — 2akgu? 3u? +h
(i) g A2ty o T 20
(h+u1) ko(h+ul) ko(h—l—ul)

<= ko # kp,

where

2r2(3u? + h) (h + u2)? — uy (cb(h — u2) — g(h + u?)) (3aus + auh)
ky = ! . . ! . GBI
uq (cb(h —u?) — g(h+u?)) (4rcosy(h + u?) — 2au?)

This is true by adding the assumption ky 7# kj. So, summarizing the above analysis,
one has the following results.

Theorem 14. Suppose that all parameters in system (1.3) are positive. Let Ry, R, ko, ky, be defined
as above. If gh — cb < 0, Rg < R, uy < k, ko # ky, then system (1.3) undergoes a fractional Hopf
bifurcation at the positive equilibrium point Qq (u1,v1).

5.2. Bifurcation Analysis of the Positive Equilibrium Point Q1 (uq,v1) in System (1.6)

In this subsection, we study the bifurcation problems of system (1.6) at the pos-
itive equilibrium point Qq(u1,v1) by using the center manifold theorem and local
bifurcation theory.

5.2.1. Neimark-Sacker Bifurcation at the Fixed Point Q1 (u1,v1)

From Case 1 in the proof of Theorem 13 for the stability of the positive equilibrium
point Q1 (u1,v1), we see that the dimension numbers for the stable manifold and unstable
manifold of system (1.6) at the positive equilibrium point Q1 (11, v1) change when A varies
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in the vicinity of A (correspondingly, p varies in the vicinity of pp) for A < — %(1) and
03(1) — 404 (1) < 0, where

@)

2(1)
O (1)’

Ay == — 00 = (T(1+a)Ag)s. (.12)

Thus, a bifurcation, to be shown to be Neimark—-Sacker, may occur. Let

_ 4
NSg, = {(a,b,c,d,g,h,k,oc,p) ERL|A < —m,ﬂﬁ(l) —4M(1) < 0}-

To analyze the Neimark-Sacker bifurcation, we perform the following.

Let x, = u, — 11, Yn = vy — v1, which transforms the fixed point Q;(u1,v1) to the
origin O(0,0). Assume that p* is a small perturbation of p with [p*| < 1. After shifting and
perturbation, system (1.6) takes the following form:

{ tup1 = %+ L (a(y + ) (1 — Lopady Moty

Vst =y G (L) gy, 01) — gl + ) (v -+ 01).

(5.13)

B+ (xp+uq)?

Using the Taylor series expansion of system (5.13) at O(0,0) to the third order results
in the following system:

Xp11 = €10%n + €01Yn + €20%5 + €11XnYn + €Yy
+e30%;) + €21X3Yn + €12%nY5 + €03y + 0(037),

Yns1 = C10%n + Co1Yn + Co0%5 + C11%u¥n + L2y
+030%5, + {1X5Yn + C12Xuyn + Cosy + 0(p3),

(5.14)

where p; = /2 + 12,

2

o =y (00— G~ =0 = g ()
2u2(3u? —h
€30 :F(“ +q§lzzl% +h)3( ”115%’2]1 ) _ 5u%),€03 =0,
2_p
4 T +{;?Z% o 3(uu%1+ h ) ea =0
10 Zr(iaill) (u%bfr h(l - u%zlfh) —-8)fn =1~ r(;):l)(degm - u%cilh)’
20 :F(oc —T—alb)c(uul%v:- h)2’€02 =06 = F(ocpj- 1) (u%bj—h(l B u;fh) -8)
30 T +p:)b(c;§+h)2 (u%hfh +4uf(1—2uf) —1),5p3 =0
{1 :F(oc +p1”‘)b(c;%1+h)2 (ungh —3),012 =0.

The characteristic equation of the linearized equation of system (5.14) is

A2+ Pr(p*)A + Q1 (p*) =0,
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where Pi(p") = 24 A(p)2(1), Qulp*) = 1+ A(")Da(1) + A*(p")u (1),
Ap*) = (FP(ZQ) . Noting that A(0) = Ag and P2(0) —4Q;(0) = A2(Q3(1) — 40, (1)) < 0,

the two roots of the characteristic equation are

—P(p") £i\/401(0°) — P} (")
» .

Ap(p") =
Moreover,
(1A120)D)] oo = v/ Q1) g =1,
(Pl e,
dp* =0 2T ()

It is obvious that /\312(0) # 1,fori =1,2,3,4. Thus, the transversal and nondegenerate
conditions hold for a Neimark-Sacker bifurcation to occur.
In order to derive the normal form of system (5.14), let

0 €01
T = ,
p l-—w

) * ive *)_ P2 (o
where w = _P1(2p ),V — 4Q1(p2) Pilp ). Then, we have

Change the variables to
(xy)' =T, V)",

then, system (5.14) changes to the following form:

u . w —p\(u N F(U,V)+o(p3) ’
1% wow ) \V G(U, V) +o0(p3)
where p; = /%2 + 12

F(U, V) = 120x* + 111xy + 1ooy? + 1130x° + 721%°Y + 1712xy° + 103>,
G(U, V) = 002 4 011y + ooy + 030%> + 01 %%y + 1oxy> + O03y°,
x=enV,y=plU+(1-w)V,

1 1 1
_en(w-1) U () Y £ S eu(w=1)  en

1120 2 1= ’
He€o1 H He€ol H He€o1 H
e30(w —1 en(w—1 en(w—1
o= 2@ o ew@=D)  be, _enlw=1) | o
H€o1 H He€o1 H He€o1 M
eplw—1
o = 12( )+@,
He€o1 H

€20 €11 €02 €30 €03 €21 €12
O = —,000 = —,011 = —,030 = —,003 = —,0p1 = —,01p = —.
€ €01 €01 €01 €01 €01 €01
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Furthermore,

Fuul(0,0)= 27021, Fuv| (0,0)= mi€otpt + 2020 (1 — w),
Fyv|(00)= 2102€01 + 2111€01(1 — w), Fuuul 0,0)= 61031,
(00)= 221€011> + 61703p* (1 — w),

(0,0)= 27216511 + d12€01 (1 — W) + 6703(1 — w)?,

vav|(0,0)= 4(1— w)3 + 61730681 + 417216%1 (1 —w) + 6112601 (1 — w)z,

Fuuv

Fuvy

Guul(00)= 26021, Guv | (0,0)= 11€011 + 200214(1 — w),

Gvvl(0,0)= 2002601 + 2611€01 (1 — @), Guurur|(0,0)= 66031°,

Guuv|o,0= 26510112 + 6003p% (1 — w),
Guvvlo0)= 205163, 1 + 4012e01 (1 — w) + 6031 (1 — w)?,
Gvvvl(00)=4(1 — w)® + 60306, + 46021651 (1 — w) + 6012601 (1 — w)?.

To determine the stability and direction of the bifurcated closed orbit of system (1.4),
the following discriminating quantity L should be calculated and not to be zero, where

(1—2A1)A3

L:_Re( 1- A\

1
T20T11) - §|T11 2 — |702|* + Re(A2m21), (5.15)

1 .
Ty = g[FXX — Fyy +2Gxy +i(Gxx — Gyy — 2Fxy)ll(0,0),

—_

711 = = [Fxx + Fyy +i(Gxx + Gyy)] |(0,0)f

—

T2 = z[Fxx — Fry —2Gxy +1(Gxx — Gyy + 2Fxy)]l(0,0),

—_

T = 6 [FXXX + Fxyy + Gxxy + Gyyy + i(Gxxx + Gxyy — Fxxy
— Fryy)]l(0,0)-

We now come to the following conclusion as a result of the analysis derived above.

Theorem 15. Suppose that the positive equilibrium point Q1 (uy1,v1) of system (1.6) exists. Let
the parameters (a,b,c,d,g,h,k,a,p) € I\/ITGQ1 and Ay and pg be defined as in (5.12). If the
parameter p varies in a vicinity of pg (correspondingly, A varies around Ag) and L # O, then system
(1.6) undergoes a Neimark—Sacker bifurcation at the equilibrium point Qi (uq,v1). Moreover,
if L < (>)0, a stable (an unstable) smooth closed invariant curve can be bifurcated out and the
bifurcation is supercritical (subcritical).

5.2.2. Period-Doubling Bifurcation at the Fixed Point Q1 (u1,v1)

From Case 3 in the proof of Theorem 13 for the stability of the positive equilibrium point
Q1(u1,v1), one can see that the dimension numbers for the stable manifold and unstable
manifold of system (1.6) at the equilibrium point Q1 (u1,v1) change when A varies in the
vicinity of Ay (correspondingly, p varies in the vicinity of pg) for (1) < =2,/ (1), where

_ 2(1) —
Ay — (1) £ 1/O35(1) — 4 (1) 00 = (I(1 +06)A0)%- (5.16)

04(1) ’
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Hence, a bifurcation may occur. Noting that A; = —1 and |Ay| # 1 for A = Aj, we
show that this bifurcation is a period-doubling one. Let

PDg, = {(a,b,c,d,g,h,k,uc,p) € R |M(1) < —2,/01(1)}.

To analyze the period-doubling bifurcation of system (1.6) at the fixed point Q1 (11, v7),

_ /OZ(1)—
it suffices for us to consider Ay = %0+ 0?(21()1) M) The proof for the case
- /2=
Ay = el 0?(21()1) () completely similar and will be omitted here. Now, pro-

ceed in the following way.

Let x, = uy — 11, Yn = vy — v1, which transforms the fixed point Q;(u1,v1) to the
origin O(0,0). Consider p* as a small perturbation of p, i.e., p* = p — po, with |p*| < 1.
After the perturbation, system (1.6) takes the following form:

T(a+1) h+(xn+up)? (5.17)

o (Ut ilunbon) gy, 4 1) — g (0 + 1) (9 + 01)).

{ Xpi1 = X + (p+0*)" (a(xn —|—M1)(1 _ (Xn';c‘ul)) _ b(xn+”1)(y'l+vl)),

Yni1 = Yn + Ty

Set p;, 1 = p; = p*, then (5.17) can be seen as

) XnTU b(xy n
Xp+1 = Xn + %D{:cif) (ll(xn + u]) (1 — ( ;(r 1)) — (Xh_:_(l;i)_,'(_yul—;zvl))r
yust =y o+ G (PGt —d(y, +on) — g+ ) (g + 1)) (B18)

* %
pn+1 = Pus

Taylor expanding system (5.18) at (x,, vn, pj;) = (0,0,0) results in

Xn €100 €010 O\ [x, M(xn, Y, 0%) + 0(03)
Yo | = | o Zoo O | ¥n | | Nxuym,05) +0(03) |/ (5.19)
[ 0o 0 1/ \p 0

where p3 = /22 + y2 + pi?,

M(xu, Yn, py) =€200%2 + €020Y% + €020} + €110XnYn + €101X00" + €011y}

+ e300%;, + €030V, + €00303 + €210X5Yn + €120%u Y

+ €021Y20; + €012Ynp}” + €201X50% + €102X00° + €111 XnYnp}s
N (X, Yos 03) =C200%% + Co20y2 + L0020y + C110Xnyn + G101%np™ + Cot1ynp)

+ Z300%3 + 030y + Loosy + C210%5n + {120Xn Y

+ 0a1y205 + Cor2ynpyy” + Lao1X2p; + 102X} + 111Xyl

o~ 2u4 h—u? p“buq

=14+ ———(a(1— =) —bv1(-—5—=)), = — /

ewo =1+ Fr gy =50 ”1((u§+h)z)) 0T T+ )2 1 h)
o* oy buivg a

=——(Bh—ul)—5—=—7), =0,
€200 = Tla 1) (( ”‘1>(u{+h)3 K)o

el —ap*Puy) uy buy P u? —h
€002 = —21_‘(“4_1) (ﬂ( k 1)—"_1,[%—"—]’1), €110 = r(a_'_l)((u%_i_h)Z)r
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w1 bo; | 2ulv 2u4 wo® buy
€101 = T(a+1) (u%—i—h( u% —1)+a(1- T))’ €011 = 7F(a+l)(u%+h)/
“b 2u?(3u? — h
€300 = I +P1)(Zl% AR ( u1t(l%12 ) ) _ 5u%), €030 = 0,
€003 = a(3a&?:;f;p“3 (aul(% -1)+ j%uf;l),
e = I = s (a1 - ),
- a(1—a)p* 2buy P ap* b(u? — h) ,
2T (a + 1) (u? + h) T(a+1)(u?+h)?
100 —F(Zaill) (u;ih(l - u%zbfh) —8), Cono =1~ F(Dfil)(d +gu1 — MI%C—T—lh)
{200 :F(zx iaf)cg%)i Mk Co20 =0, Zoo2 = W(d —gquy — u%cfh)
S110 :F(txpj- 1) (u%bj—h(l a u?—lo—%h) —8),Gn = lliq(()::zf) (u%bj- h(l B u%zt—ll—lh) —-8)
o1 ZF?:Zo;ll) (ul%cj_lh —d—guy), {300 = & +Pf)b(65%1+ )2 (uglfh +4u3(1-2u3) - 1),
Co30 =0, ooz = a(Ba&Zi;lz))p“?) (d+ guy — Lgcj-lh)
{210 :F(zx f:)b(CEJF 2 <ugbfh —3),0120 = 0,801 =0,
Co12 ZW(degm - %),&01 = apl’i‘(;l;cw?)m (uglfh —-1),
G102 _0((121?(z)£a1)201 (8- u%b—(i:- h( a u?—li-lh))'

wp*1 be 2u?

G111 :r(“+1) (u%+h(1 - u%—}-h —g))_

Take

€010 €010
T = ,
—1—¢€100 A2 —e€100

which is invertible. Now, using the transformation

(o))

system (5.19) becomes

{ ﬁn+1 = _ﬂl’l + M(xn/]/n/PZ)/ (5 20)

Opy1 = A20p + N(xnryn/ PZ)
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System (5.20) has a center manifold W¢(0,0,0) at (0,0) in the neighborhood of p* = 0,
which can be deduced using the center manifold theorem and is essentially expressed
as follows:

W<(0,0,0) = {(ﬁn,ﬁn,p*) € R® 0y = ity + 12itnp” + 0( (|| + IP*)Z)}

where
. _€010((1 + €100)€200 + €0105200) + 20 (1 + €100)> — (1 + €100) (€110(1 + €100) + €010110)
1 - ,
o — (1+ €100) (€011 (1 + €100) + €0108011) (1 + €100) (€101 + €0108101)
eo1o(1+ A2)? (1+A2)2 '

So, system (5.20) restrained on the center manifold W¢(0,0,0) has the following form:

Tt = — 1T+ 01T + Oailp” + 05720" + B4iinp™> + 6573 + (|| + 0°1)?) = Z (1, p7),

where
o, —"12((A2 = m)eaon = 12la00)  Go2o(1+11)* (14 171)((A2 = 71)€nso — #28110)
! 1+ A, 1+ Ay 1+ A, ’
g, — M2 —mewn —mion  (1+m) (A2 —m1)eon — 28011
1+ A, 772(1 + )\2) !
0. — (A2 — €100)71€101 — €0108101 n (A2 — €100)€011 — 1128011) (A2 — €100) 171
3 1+ A 6010(1 +)\2)
(1 —€100) ((A2 — €100)€111 — €0108111) n €010 ((A2 — €100)€201 — €0108201)
1+ Ay 1+ Ay
 Zo1(1 —e100)? | 2e100772((A2 — €100)€200 — €0108200)
14+ A, 14+ Ay
~ 2802012(1 + €100) (A2 — €100) n n2((A2 — €100)€110 — €0108110) (A2 — 1 — 2€100)
14+ A, 14+ A, !
o, —"12((A2 = €100)€101 — €010G101) n ((A2 — €100)€011 — €0105011) (A2 — €100) 772
4 1+/\2 6010(1 +)\2)
n 2€010772((A2 — €100)€200 — €0104200) n 2002072(1 4 €100) (A2 — €100)
1 + /\2 1 + /\2
n 172(A2 — 1 —2e100) ((A2 — €100)€110 — €0108110)
T+ 4 /
0 _ 2e01011((A2 — €100) €200 — €0105200) L (A2 =1 —2e100) ((A2 — €100)€200 — €0104200)
> 1+ Ay 2+ Ay
n 2002071 (A2 — €100) (1 + €100) n 13 ((A2 — €100)€300 — €0105300)
1+ Ay 1+ Ay
172(1 4 €100) ((A2 — €100) €210 — €0108210)

1+ A

In order for the period-doubling bifurcation to occur, the two determinating quantities
¢1 and &> must both be nonzero, where

& = #7  19z2Z
'~ \Gaop* " 29p* oir?

1937 19%Z.»
) (0,0)-

o &= (55w + G

Finally, the outcome of the analysis above is as follows.
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Theorem 16. Suppose that the positive equilibrium point Q1 (11, v1) of system (1.6) exists. Let the
parameters (a,b,c,d, g, h,k,a,p) € bel and Ay and pg be defined as in (5.16). If the parameter
o varies in a neighbourhood of pg (correspondingly, A varies around Ng) and ¢1&» # 0, then system
(1.6) undergoes a period-doubling bifurcation at the equilibrium point Q1 (uq,v1). Furthermore,
for & > (<) 0, the period-two orbit that bifurcates from Qq(uy,v1) is stable (unstable).

6. Numerical Simulation

In this section, we perform numerical simulations of the dynamical behavior of sys-
tems (1.3) and (1.6) using Matlab, aiming to provide readers with a more intuitive under-
standing to the dynamics of systems (1.3) and (1.6) .

In Figure 1, the parameter values in system (1.3) are c = 0.015,k = 0.3,2 = 0.1, b = 0.9,
d=03,h=02 ¢g=01and « = 0.98. Figure 1a displays the trajectories of system (1.3)
starting from different points. Although it can be observed that system (1.3) exhibits a
saddle at the origin, it is not entirely clear. To provide a more clear representation of the
behavior of system (1.3) at the origin, we constructed streamline plots, depicted in Figure 1b.
From Figure 1b, it is evident that system (1.3) possesses a saddle at the origin.

In Figure 2a,b, the parameter values of system (1.3) arec = 0.9,k =10,b = 02,2 = 3,
h=09d=02 g =02and a« = 0.98, which satisfy d > ;ff’k‘z — gk. Figure 2a shows
that the behavior of system (1.3), regardless of whether it starts from the point (30,10),
(30,12) or (30,14), will eventually converge to the point (10, 0). Figure 2b demonstrates
how the populations of prey and predator change over time when starting from the point
(30,10). We can observe that as time increases, the population of prey tends to 10, while
the predator becomes extinct. In Figure 2¢, the parameter values of system (1.3) are ¢ = 0.6,
k=1b=05a=01h=06d=0.1,¢=0.1and a = 0.98, which satisfy d < ;%5 — gk.
We can clearly see that system (1.3) exhibits a saddle at the boundary equilibrium point
(1,0).

For the positive equilibrium point of system (1.3), we are interested in its bifurcation
behavior. In Figure 3, the parameter values of system (1.3) are c = 0.6, b = 0.5, a = 0.1,
h=06,d=01,g=0.1and « = 0.98. Figure 3a,b shows that the positive equilibrium
point Qj (11, v1) is stable and unstable when k = 1 and k = 10, respectively. Furthermore,
we can see from Figure 3b that when k crosses the critical value, a stable limit cycle emerges,
indicating the occurrence of a supercritical Hopf bifurcation in system (1.3).
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predator

Figure 1. (a) shows the trajectories of system (1.3) starting from points (0.8,0.4), (0.7,0.3)
and (0.6,0.35), respectively; (b) represents the streamline plots of system (1.3) at the origin.

14 For the point (30,10)

- . . v 30 . .
—(30,10) i -~ prey
12 (30,12) { 251 --- predator
10 |—(30,14) ‘
20
S8 g
3 =15
(5 =
5 6 3
10
4 1
2 5H\
0 0 N -
5 10 15 20 25 30 0 1 2 3 4 5
prey time t
(a) (b)

predator

Figure 2. (a) The properties of system (1.3) at the boundary equilibrium point (10,0) for d > hcf—iz —gk;

(b) the quantities of prey and predators starting from the point (30, 10) over time; (c) the properties
of system (1.3) at the boundary equilibrium point (1,0) for d < % —gk.

With values of « = 0.75,b = 09,4 = 02,k = 3,h = 5,¢c = 0.7,d = 0.2 and
g = 0.1, Figure 4 is the bifurcation diagram of system (1.6) starting from the point
(uo,v9) = (0.6,0.1), and we can clearly observe that system (1.6) undergoes a period-
doubling bifurcation at the critical value. With values of « = 0.75,b = 09,04 = 0.2,k = 3,
h=5,c=1,d =0.2,¢g = 0.1, Figure 5 is the bifurcation diagram of system (1.6) starting
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from the point (19, v9) = (0.5,0.1), and it is clear that system (1.6) undergoes a Neimark-
Sacker bifurcation at the critical value.

0.14 0.15
0.14
0.13
0.13
>0.12 >0.12
0.11
0.11
0.1
0.1 0.09
0.02 0.03 0.04 0.05 0.02 0.03 0.04 0.05 0.06
X X
(a) (b)

Figure 3. The existence of a supercritical Hopf bifurcation of system (1.3) with the parameter values
c=06b=05a=01h=06d=01,¢=01anda =098 fork =1 (a)and k = 10 (b).

Figure 6 depicts the phase diagram of system (1.6) starting from the point
(19, v9) = (0.5888,4.324) with parameters « = 0.75,b = 09,4 = 0.2,k =3,h =5,c =1,
d = 0.2, = 0.1. We can observe that as p increases, the equilibrium point gradually
transitions from a stable focus to an unstable focus, and a stable limit cycle emerges.

5

45

4+

35

3

5251

8 8.5 9 9.5 10 10.5 1" 1.5 12

Figure 4. The existence of a period-doubling bifurcation of system (1.6) with the k taking values from
8to11.6.
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33

32

31F
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28|
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26
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24 L . L . L . L
10.6 10.7 10.8 10.9 1" 1.1 1.2 1.3 11.4

P

Figure 5. The existence of a Neimark—Sacker bifurcation of system (1.6) with the k taking values from
10.6 to 11.4.
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7. Conclusions

In this paper, we propose a fractional-order predator—prey model with a Holling type
IV functional response and anti-predator behavior. According to the discrete and contin-
uous versions, from two different perspectives we analyzed their dynamical behavior in
detail, including the feasibility, existence and stability of equilibrium points and the possi-
bility of local bifurcations. Our main aim is to provide readers with a better understanding
of the dynamics of the system. As there is currently a lack of effective ways and methods to
study the dynamics of fractional-order differential systems, in this paper, we propose an
effective way to consider this problem from different angles—both continuous and discrete.
This is the novelty of this paper. Indeed, we find that there exist some differences in the dy-
namics of the system between the continuous version and the discrete version. Numerical
simulations also illustrate corresponding theoretical results. By analyzing the dynamical
behavior of systems (1.3) and (1.6), respectively, we can deduce the following conclusions:

(1) By analyzing the stability of the equilibrium point Qg (0,0) and conducting numer-
ical simulations, we can determine that the equilibrium point Q(0,0) is a saddle point.
This implies that under any conditions existing in nature, the simultaneous extinction of
predator and prey does not occur.

(2) Through the study of the dynamical behavior of the boundary equilibrium point
Qk(k,0) and numerical simulations, we have found that when d is large, it leads to the
extinction of predator. In this case, the prey population tends towards a stable density.
On the other hand, when d is small, the extinction of the predator does not occur, and the
prey population tends to a stable state. This indicates that when a detrimental condition
for the survival of predator and prey arises in nature, the predator may tend towards
extinction, while the prey population, although it may decrease, does not tend towards
extinction. Instead, it stabilizes at a certain level.

(3) Based on the analysis and numerical simulations of the positive equilibrium point
Q1(u1,v1), we can draw the following conclusions: When the parameter k exceeds a critical
value, the system exhibits a stable limit cycle. This implies that the interaction between
predator and prey leads to periodic oscillations. The presence of this limit cycle indicates
that the system exhibits rich dynamic behavior, and under specific conditions, the pop-
ulations of predator and prey undergo periodic fluctuations. Therefore, we can achieve
a steady coexistence state and eliminate the limit cycle by reducing the environmental
carrying capacity to the prey.

(4) Through the bifurcation analysis used in this paper, we find that the analysis
methods for bifurcation problems are applicable to other types of fractional differential
systems. It is well known that the current analysis methods for bifurcation problems
in fractional-order dynamic systems are not well developed. Thus, in order to better
understand the dynamics of this system, we discretize the fractional-order system to study
its dynamics from a different angle. A richer set of dynamical properties is obtained,
indicating that investigations after discretizing this system are indeed more valuable
and helpful to understanding the properties of this system.
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