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Abstract: Very recently, a different generalization of real-valued neural networks (RVNNs) to mul-
tidimensional domains beside the complex-valued neural networks (CVNNs), quaternion-valued
neural networks (QVNNs), and Clifford-valued neural networks (ClVNNs) has appeared, namely
octonion-valued neural networks (OVNNs), which are not a subset of ClVNNs. They are defined on
the octonion algebra, which is an 8D algebra over the reals, and is also the only other normed division
algebra that can be defined over the reals beside the complex and quaternion algebras. On the other
hand, fractional-order neural networks (FONNs) have also been very intensively researched in the
recent past. Thus, the present work combines FONNs and OVNNs and puts forward a fractional-
order octonion-valued neural network (FOOVNN) with neutral-type, time-varying, and distributed
delays, a very general model not yet discussed in the literature, to our awareness. Sufficient criteria
expressed as linear matrix inequalities (LMIs) and algebraic inequalities are deduced, which ensure
the asymptotic and Mittag–Leffler synchronization properties of the proposed model by decompos-
ing the OVNN system of equations into a real-valued one, in order to avoid the non-associativity
problem of the octonion algebra. To accomplish synchronization, we use two different state feedback
controllers, two different types of Lyapunov-like functionals in conjunction with two Halanay-type
lemmas for FONNs, the free-weighting matrix method, a classical lemma, and Young’s inequality.
The four theorems presented in the paper are each illustrated by a numerical example.

Keywords: fractional-order neural networks (FONNs); Mittag–Leffler function; synchronization
analysis; octonion-valued neural networks (OVNNs); time delays

1. Introduction

In the last few years, there has been an increasing interest in neural networks with
values in multidimensional domains. Thus, the first type of such neural networks that have
appeared are CVNNs, which are the 2D generalization of the classical RVNNs, defined on
the complex number algebra. Afterwards, QVNNs appeared, which are defined on the 4D
algebra of quaternions. Both types of networks are a part of the larger family of ClVNNs,
which can be defined on any Clifford algebra of dimension 2n, where n ≥ 1.

Recently, a different type of generalization of CVNNs and QVNNs was proposed,
namely OVNNs, which are defined on the 8D algebra of octonions. It is easy to see that the
algebra of octonions is not a particular case of Clifford algebra because all of the Clifford
algebras are associative and the algebra of octonions is not associative. Nonetheless, the oc-
tonion algebra possesses the property of being a normed division algebra, which, together
with the complex and quaternion algebras, are the only ones that can be defined over the
reals. It is this interesting property that gave rise to the idea of defining OVNNs, first in
their feed forward variant, in [1]. Additionally, octonions have interesting applications
in signal processing [2–4], salient object detection [5,6], and hyperspectral fluorescence
data fusion [7], but also in physics, for example, in electrodynamics [8], fluid dynamics
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[9], and gravitational field equations [10]. Taking these applications into account, it was
natural to extend neural networks to the octonion domain in order to increase the expres-
siveness of the networks and their representational power. The dynamics of recurrent
neural networks defined on the algebra of octonions was firstly studied in [11,12]. More
recently, other papers have appeared that discuss dynamic properties of OVNNs, for ex-
ample, [13–16]. We can observe an increasing interest in studying OVNNs in the last two
years, which means that the domain of OVNNs is captivating the attention of the research
community and that more papers will appear in the very near future.

On the other hand, fractional calculus discusses different ways to define real or
complex orders in the context of differential and integral operators. Even though it appeared
long time ago, fractional calculus did not have any important applications until recently,
when it was proved that some natural phenomena can be better expressed using fractional
derivatives or integrals [17,18]. Thus, fractional calculus has proved more effective in
describing systems in fields such as physics, electromagnetics, acoustics, mechanics, heat
transfer, biology, chemistry, economy, and finance.

It was also proved that fractional-order systems have the interesting property of
infinite memory. This means that the use of a fractional derivative or integral could also
provide an enhancement for neural networks. Thus, FONNs were defined for the first time
in [19]. Over the years, many papers studying different dynamic properties of FONNs have
appeared. Recently, the asymptotic stability and synchronization properties of FONNs
were discussed, for example, in [20–27]. Then, the equivalent of the exponential stability
and synchronization from integer-order neural networks, namely Mittag–Leffler stability
and synchronization, were discussed in [28–33]. Finite-time stability and synchronization
have been the focus of the papers [34–39]. Other dynamic properties were also studied,
for example, dissipativity, in [40–45], etc. As such, it can be said that FONNs constitute a
domain of research in their own right, with recently gained popularity.

Combining the two directions discussed above, the current paper aims to study
the synchronization property of FONNs with values in the octonion algebra, namely
FOOVNNs. To the best of our knowledge, this type of model has not been studied before
in the existing literature. There exist, however, papers discussing fractional-order CVNNs
(FOCVNNs), for example, [32,37,46–49], and also papers dealing with different dynamic
properties of fractional-order QVNNs (FOQVNNs), for example, [29,35,42–44,50]. As such,
the current research presents a model that generalizes the models proposed in these papers.

When defining the recurrent neural network model to be studied, it is essential to
also add different types of delays to the model, because delays appear naturally when
implementing neural networks in practice. The most classical types of delays are the time-
varying delays. Then, distribution delays exist, which are determined by the dispersion
of conduction velocities along the neural network’s paths. When they appear together with
time-varying delays, distributed delays are called mixed delays. FONNs with this type of
delays have been discussed in the recent literature, for example, in [21,26,31,39,47,51–56].

A different and equally interesting family of delays are the neutral-type delays, which
actually dramatically change the dynamics of the system, giving rise to neutral-type systems.
In these systems, it is assumed that past derivative information affects the current state. It is
natural that this type of delay was also added to neural network models, because they have
been seen to appear when VLSI circuits are used for implementing neural networks. FONNs
with neutral-type delays were the focus of the following recent papers: [20,21,26,57–59].

Taking into account all the above considerations, the most important highlights of the
paper are as follows:

1. For the first time in the literature, to our knowledge, an FOOVNN with time-varying,
distributed, and neutral-type delays is put forward, combining fractional calculus
with octonion algebra.

2. The asymptotic and Mittag–Leffler synchronization properties are studied for the
proposed model, and sufficient criteria are given both in terms of LMIs and of algebraic
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inequalities by decomposing the OVNN system of equations into a real-valued one,
in order to avoid the non-associativity problem of octonion algebra.

3. To accomplish synchronization, we use two different types of state feedback con-
trollers, two different types of Lyapunov-type functionals in conjunction with two
Halanay-type lemmas specific to FONNs, as well as the free weighting matrix method,
a classical lemma, and Young’s inequality.

4. Each of the four theorems formulated in the paper is illustrated by one numerical example.
5. The model is general, and can be particularized for fractional-order CVNNs (FOCVNNs)

and fractional-order QVNNs (FOQVNNs), for which the corresponding results do not
exist in the literature, to our knowledge, for such general models.

Thus, the rest of the paper is organized as follows: Section 2 is dedicated to presenting
the algebra of octonions, the definitions related to fractional calculus, the proposed model,
its decomposition into a real-valued system, and the assumption and lemmas that are used
in the proofs of the paper. Then, Section 3 contains the main results of the research: four
theorems expressed in the form of LMIs and algebraic inequalities for the asymptotic and
Mittag–Leffler synchronization of the proposed FOOVNN model using two types of state
feedback controllers and two types of Lyapunov-like functions. Each of the four theorems
is illustrated by a numerical simulation in Section 4. Finally, the conclusions of the paper
are drawn in Section 5.

Notations: R—real numbers, R+—positive real numbers, O—octonion numbers,
|| · ||—L2 norm, | · |—L1 norm, RN (ON)—real-valued (octonion-valued) N-dimensional
vectors, RN×N (ON×N)—real-valued (octonion-valued) matrices of dimensions N × N,
A < 0—matrix A is negative definite, AT—transpose of matrix A, and λmin(A)—smallest
eigenvalue of matrix A.

2. Preliminaries

We start by giving details about the algebra of octonions, mainly based on [11,12]. The
set of octonions is defined as:

O =

{
o =

7

∑
q=0

oqeq

∣∣∣∣∣oq ∈ R, ∀0 ≤ q ≤ 7

}
,

where eq represent the unit octonions, ∀0 ≤ q ≤ 7. On this set, we define the octonion
addition by o + p := ∑7

q=0(o
q + pq)eq and the scalar multiplication by αo := ∑7

q=0(αoq)eq.
The multiplication of octonions is defined by the multiplication table of the octonion units:

× e0 e1 e2 e3 e4 e5 e6 e7

e0 e0 e1 e2 e3 e4 e5 e6 e7

e1 e1 −e0 e3 −e2 e5 −e4 −e7 e6

e2 e2 −e3 −e0 e1 e6 e7 −e4 −e5

e3 e3 e2 −e1 −e0 e7 −e6 e5 −e4

e4 e4 −e5 −e6 −e7 −e0 e1 e2 e3

e5 e5 e4 −e7 e6 −e1 −e0 −e3 e2

e6 e6 e7 e4 −e5 −e2 e3 −e0 −e1

e7 e7 −e6 e5 e4 −e3 −e2 e1 −e0

For each octonion o ∈ O, its conjugate is defined as o := o0e0 −∑7
q=1 oqeq. Then, we

define the norm of octonion o as |o| :=
√

oo =
√

∑7
q=0(oq)2 and its inverse as o−1 := o

|o|2 .
With all these operations, it can be proved that O is a normed division algebra. Actually,
there exists a famous result by Hurwitz, who showed that the real, complex, quaternion,
and octonion number sets with their respective operations are the only normed division
algebras over the real numbers.



Fractal Fract. 2023, 7, 830 4 of 28

As can be seen from the multiplication table, we have that eqel = −eleq 6= eleq if q 6= l,
q 6= 0, l 6= 0, which means that, like the algebra of quaternions, the above-defined algebra
of octonions is not commutative. Moreover, we can observe that (eqel)em = −eq(elem) 6=
eq(elem) if q, l, m are non-zero, different, and eqel 6= ±em. This tells us that, unlike the
algebra of quaternions and other Clifford algebras in general, the algebra of octonions is
also not associative.

On the other hand, we introduce the basics of the calculus with fractional order.

Definition 1 ([60]). The fractional integral of order α for an integrable function x : [t0, ∞)→ R
is defined as:

Iα
t0

x(t) =
1

Γ(α)

∫ t

t0

(t− s)α−1x(s)ds,

where t ≥ t0, α > 0, and Γ(·) is the gamma function, defined by:

Γ(τ) =
∫ ∞

0
tτ−1e−tdt,

for Re(τ) > 0, where Re(·) represents the real part.

Definition 2 ([60]). The fractional Caputo derivative of order α for a function x ∈ Cn([t0, ∞),R)
is defined by:

Dα
t0

x(t) =
1

Γ(n− α)

∫ t

t0

x(n)(s)
(t− s)α−n+1 ds,

where t ≥ t0 and n is a positive integer, with n− 1 < α < n. Moreover, when 0 < α < 1, we
have that:

Dα
t0

x(t) =
1

Γ(1− α)

∫ t

t0

ẋ(s)
(t− s)α

ds.

Definition 3 ([60]). The Mittag–Leffler function is defined by:

Eα(z) =
∞

∑
p=0

zp

Γ(pα + 1)
,

where α > 0 and z ∈ C. When α = 1, we have that E1(z) = ez.

Now, we are ready to introduce the model that will represent the drive system. Assume
we have the following OVNN with neutral-type, time-varying, and distributed delays:

Dα
0 oi(t) = −cioi(t) +

N

∑
j=1

aij f j(oj(t)) +
N

∑
j=1

bij f j(oj(t− π(t))) +
N

∑
j=1

gij

∫ t

t−ε
f j(oj(s))ds + hiDα

−γoi(t− γ) + Ii, (1)

∀i ∈ {1, . . . , N}, ∀t ∈ [0,+∞), where o(t) = (o1(t), . . . , oN(t))T ∈ ON represents the vector
of states at t ∈ [0,+∞), C = diag(c1, . . . , cN) ∈ RN×N represents the self-feedback weight
matrix, A = (aij)1≤i,j≤N ∈ ON×N is the weight matrix without delay, B = (bij)1≤i,j≤N ∈
ON×N is the weight matrix with delay, G = (gij)1≤i,j≤N ∈ ON×N is the distributed de-
lay weight matrix, H = diag(h1, . . . , hN) ∈ ON×N is the neutral-type weight matrix,
f j : O→ O represent the activation functions, ∀j ∈ {1, . . . , N}, and I = (I1, . . . , IN)

T ∈ ON

is the external input vector. The time-varying delays are π : R+ → R+, and we assume
the existence of π > 0 with π(t) ≤ π, ∀t ∈ [0,+∞); the distributed delay is ε > 0, and the
neutral-type delay is γ > 0. We denote ς := max{π, ε, γ}. Additionally, suppose that the
functions f j can be written in the form f j(o) = ∑7

q=0 f q
j (o)eq, ∀o ∈ O, where f q

j : O → R,
∀j ∈ {1, . . . , N}, ∀0 ≤ q ≤ 7.
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For System (1), the initial condition is given as:

oi(t) = νi(t), ∀t ∈ [−ς, 0],

where νi ∈ C([−ς, 0],O), ∀i ∈ {1, . . . , N}, and the norm on C([−ς, 0],ON) has the definition
||ν|| := ∑N

i=1 sup[−ς,0] |νi(t)|.
On the other hand, in order to study synchronization, we will correspondingly define

the response system as:

Dα
0 pi(t) = −ci pi(t) +

N

∑
j=1

aij f j(pj(t)) +
N

∑
j=1

bij f j(pj(t− π(t))) +
N

∑
j=1

gij

∫ t

t−ε
f j(pj(s))ds + hiDα

−γ pi(t− γ) + Ii − ui(t), (2)

∀i ∈ {1, . . . , N}, ∀t ∈ [0,+∞), and p(t) = (p1(t), . . . , pN(t))T ∈ ON represents the vector
of states at t ∈ [0,+∞), and u(t) = (u1(t), . . . , uN(t))T ∈ ON represents the control input
vector at t ∈ [0,+∞).

For System (2), the initial condition is given by:

pi(t) = υi(t), ∀t ∈ [−ς, 0],

where υi ∈ C([−ς, 0],O), ∀i ∈ {1, . . . , N}.
Now, by denoting ri(t) = pi(t) − oi(t), ∀i ∈ {1, . . . , N}, ∀t ∈ [0,+∞) and also

considering Relations (1) and (2), the expression of the error system is given as:

Dα
0ri(t) = −ciri(t) +

N

∑
j=1

aij f̃ j(rj(t)) +
N

∑
j=1

bij f̃ j(rj(t− π(t))) +
N

∑
j=1

gij

∫ t

t−ε
f̃ j(rj(s))ds + hiDα

−γri(t− γ)− ui(t), (3)

∀i ∈ {1, . . . , N} and ∀t ∈ [0,+∞), where f̃ j(rj(t)) = f j(rj(t) + oj(t)) − f j(oj(t)), ∀t ∈
[0,+∞), ∀j ∈ {1, . . . , N}.

The initial conditions of System (3) now have the following form:

ri(t) = ψi(t) = υi(t)− νi(t), ∀t ∈ [−ς, 0],

where ψi ∈ C([−ς, 0],O), ∀i ∈ {1, . . . , N}.
At this point, we will transform the System of Equations (3) into 8 real-valued systems.

In order to do this, each equation in (3) can be written as the following 8 equations:

Dα
0r

q
i (t) = −cir

q
i (t) +

N

∑
j=1

7

∑
l=0

aql
ij f̃ l

j (rj(t)) +
N

∑
j=1

7

∑
l=0

bql
ij f̃ l

j (rj(t− π(t))) +
N

∑
j=1

7

∑
l=0

gql
ij

∫ t

t−ε
f̃ l
j (rj(s))ds

+
7

∑
l=0

hql
i Dα
−γr

l
i(t− γ)− uq

i (t),

∀0 ≤ q ≤ 7, ∀i ∈ {1, . . . , N}, and oql , ∀0 ≤ q, l ≤ 7 represents an element of matrix mat(o),
defined by:

mat(o) :=



o0 −o1 −o2 −o3 −o4 −o5 −o6 −o7

o1 o0 −o3 o2 −o5 o4 o7 −o6

o2 o3 o0 −o1 −o6 −o7 o4 o5

o3 −o2 o1 o0 −o7 o6 −o5 −o4

o4 o5 o6 o7 o0 −o1 −o2 −o3

o5 −o4 o7 −o6 o1 o0 o3 −o2

o6 −o7 −o4 o5 o2 −o3 o0 o1

o7 o6 −o5 −o4 o3 o2 −o1 o0


.
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If we now denote vec(o) := (o0, o1, . . . , o7)T , System (3) will have the following ex-
pression:

vec(Dα
0ri(t)) = −civec(ri(t)) +

N

∑
j=1

mat(aij)vec( f̃ j(rj(t))) +
N

∑
j=1

mat(bij)vec( f̃ j(rj(t− π(t))))

+
N

∑
j=1

mat(gij)
∫ t

t−ε
vec( f̃ j(rj(s)))ds + mat(hi)vec(Dα

−γri(t− γ))− vec(ui(t)),

∀t ∈ [0,+∞) and ∀i ∈ {1, . . . , N}.
Finally, by denoting:

ř(t) := (vec(r1(t))T , . . . , vec(rN(t))T)T ∈ R8N , f̌ (ř(t)) := (vec( f̃1(r1(t)))T , . . . , vec( f̃N(rN(t)))T)T ∈ R8N ,

Č := diag(c1 I8, c2 I8, . . . , cN I8) ∈ R8N×8N , Ǎ :=
(
mat(aij)

)
1≤i,j≤N ∈ R8N×8N ,

B̌ :=
(
mat(bij)

)
1≤i,j≤N ∈ R8N×8N , Ǧ :=

(
mat(gij)

)
1≤i,j≤N ∈ R8N×8N ,

Ȟ := diag(mat(h1), . . . , mat(hN)) ∈ R8N×8N , ǔ(t) := (vec(u1(t))T , . . . , vec(uN(t))T)T ∈ R8N ,

System (3) becomes:

Dα
0 ř(t) = −Čř(t) + Ǎ f̌ (ř(t)) + B̌ f̌ (ř(t− π(t))) + Ǧ

∫ t

t−ε
f̌ (ř(s))ds + ȞDα

−γ ř(t− γ)− ǔ, ∀t ∈ [0,+∞). (4)

The following assumption regarding the activation functions has to be made:

Assumption 1. The activation functions f j satisfy, ∀o, o′ ∈ O, the following Lipschitz conditions:

|| f q
j (o)− f q

j (o
′)|| ≤ lq

j ||o− o′||,

∀0 ≤ q ≤ 7 and ∀j ∈ {1, . . . , N}, where lq
j > 0 represent the Lipschitz constants. We denote

Ľ := diag(l0
1 , . . . , l7

1 , . . . , l0
N , . . . , l7

N) ∈ R8N×8N .

In order to conduct our proofs, the following lemmas will also be needed:

Lemma 1 ([61]). If x ∈ C1([t0, ∞),RN) and P ∈ RN×N is a positive definite matrix, then

Dα
t0
(xT(t)Px(t)) ≤ xT(t)PDα

t0
x(t) + Dα

t0
x(t)T Px(t), ∀t ≥ t0,

where 0 < α < 1.

Lemma 2 ([53]). Let V : [t0 − ρ, ∞)→ R+ be bounded on [t0 − ρ, t0] and continuous on [t0, ∞).
If there exist φ, vh, ∀h = 1, . . . , m such that

Dα
t0

V(t) ≤ −φV(t) +
m

∑
h=1

vh sup
−ρh≤ω≤0

V(t + ω),

where 0 < α < 1, vh > 0, φ > ∑m
h=1 vh, ρ = max{ρ1, . . . , ρm}, then limt→∞ V(t) = 0.

Lemma 3 ([62]). For any vectors X, Y ∈ RN and any positive definite matrix Q ∈ RN×N ,
the following inequality holds:

XTY + YTX ≤ XTQX + YTQ−1Y.
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Lemma 4 ([36]). If x ∈ C1([t0, ∞),R) and p ≥ 1, then

Dα
t0
|x(t)|p ≤ p|x(t)|p−1sign(x(t))Dα

t0
x(t), ∀t ≥ t0,

where 0 < α < 1.

Lemma 5 (Young’s Inequality). Let u > 0, v > 0, r > 1, s > 1 and 1
r + 1

s = 1, then the
inequality

uv ≤ 1
r

ur +
1
s

vs,

holds, with equality if ur = vs.

Lemma 6 ([63]). Let V ∈ C([t0, ∞),R), which satisfies

Dα
t0

V(t) ≤ −φV(t), ∀t ≥ t0,

where 0 < α < 1 and φ > 0. Then,

V(t) ≤ V(t0)Eα(−φ(t− t0)
α), ∀t ≥ t0.

3. Main Results

The assumption that 0 < α < 1 will be made in the remaining part of the paper.
The state feedback control technique will be used to study the synchronization between

Drive System (1) and Response System (2). The control input is given, in this case, by the
following expression:

ui(t) = ki1ri(t) + ki2ri(t− π(t)) + ki3

∫ t

t−ε
ri(s)ds + ki4Dα

−γri(t− γ), (5)

and ki1, ki2, ki3, ki4 ∈ R+, ∀i ∈ {1, . . . , N} represent the control gain parameters. We can
now write System (3) as:

Dα
0ri(t) = −(ci + ki1)ri(t)− ki2ri(t− π(t))− ki3

∫ t

t−ε
ri(s)ds +

N

∑
j=1

aij f̃ j(rj(t))

+
N

∑
j=1

bij f̃ j(rj(t− π(t))) +
N

∑
j=1

gij

∫ t

t−ε
f̃ j(rj(s))ds + (hi − ki4)Dα

−γri(t− γ), (6)

∀i ∈ {1, . . . , N}.
In matrix form, we can write System (6) as:

Dα
0 ř(t) = −(Č + Ǩ1)ř(t)− Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t))

+B̌ f̌ (ř(t− π(t))) + Ǧ
∫ t

t−ε
f̌ (ř(s))ds + (Ȟ − Ǩ4)Dα

−γ ř(t− γ), (7)

where Ǩ1 := diag(k11 I8, k21 I8, . . . , kN1 I8) ∈ R8N×8N , Ǩ2 := diag(k12 I8, k22 I8, . . . , kN2 I8) ∈
R8N×8N ,

Ǩ3 := diag(k13 I8, k23 I8, . . . , kN3 I8) ∈ R8N×8N , Ǩ4 := diag(k14 I8, k24 I8, . . . , kN4 I8) ∈
R8N×8N .

Theorem 1. System (1) and System (2) are asymptotically synchronized under Controller (5) if
the subsequent LMI is true:

Ω :=
(
Ωi,j
)

1≤i,j≤10 < 0, (8)

where Ω1,1 = (2 + φ)P + ĽT R1 Ľ− P(Č + Ǩ1)− (Č + Ǩ1)P, Ω1,2 = −(Č + Ǩ1)NT
1 , Ω1,3 =

−PǨ2− (Č + Ǩ1)NT
2 , Ω1,6 = PǍ+ (Č + Ǩ1)NT

3 , Ω1,7 = PB̌+ (Č + Ǩ1)NT
4 , Ω1,8 = −PǨ3−
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(Č + Ǩ1)NT
5 , Ω1,9 = (Č + Ǩ1)NT

6 , Ω1,10 = (Č + Ǩ1)NT
7 , Ω2,2 = −N1 − NT

1 , Ω2,3 =
−N1Ǩ2 − NT

2 , Ω2,6 = N1 Ǎ + NT
3 , Ω2,7 = N1B̌ + NT

4 , Ω2,8 = −N1Ǩ3 − NT
5 , Ω2,9 =

N1Ǧ + NT
6 , Ω2,10 = N1(Ȟ − Ǩ4) + NT

7 , Ω3,3 = −v1P + ĽT R2 Ľ − N2Ǩ3 − Ǩ3NT
2 , Ω3,6 =

N2 Ǎ + Ǩ2NT
3 , Ω3,7 = N2B̌ + Ǩ2NT

4 , Ω3,8 = −N2Ǩ3 − Ǩ2NT
5 , Ω3,9 = N2Ǧ + Ǩ2NT

6 , Ω3,10 =
N2(Ȟ − Ǩ4) + Ǩ2NT

7 , Ω4,4 = −v2P, Ω5,5 = −v3P, Ω6,6 = −R1 − N3 Ǎ − ǍT NT
3 , Ω6,7 =

−N3B̌− ǍT NT
4 , Ω6,8 = N3Ǩ3 + ǍT NT

5 , Ω6,9 = −N3Ǧ − ǍT NT
6 , Ω6,10 = −N3(Ȟ − Ǩ4)−

ǍT NT
7 , Ω7,7 = −R2−N4B̌− B̌T NT

4 , Ω7,8 = N4Ǩ3 + B̌T NT
5 , Ω7,9 = −N4Ǧ− B̌T NT

6 , Ω7,10 =
−N4(Ȟ − Ǩ4) − B̌T NT

7 , Ω8,8 = −N5Ǩ3 − Ǩ3NT
5 , Ω8,9 = N5Ǧ + Ǩ3NT

6 , Ω8,10 = N5(Ȟ −
Ǩ4) + Ǩ3NT

7 , Ω9,9 = ǦT PǦ − N6Ǧ − ǦT NT
6 , Ω9,10 = −N6(Ȟ − Ǩ4) − ǦT NT

7 , Ω10,10 =
(Ȟ − Ǩ4)

T P(Ȟ − Ǩ4)− N7(Ȟ − Ǩ4)− (Ȟ − Ǩ4)
T NT

7 , and P ∈ R8N×8N is a positive definite
matrix, R1, R2 ∈ R8N×8N are diagonal positive definite matrices, N1, . . . , N7 ∈ R8N×8N are any
matrices, and φ, v1, v2, v3 are positive real numbers.

Proof. Define the following Lyapunov-like functional:

V(t) = ř(t)T Př(t).

Using Lemma 1 and taking the fractional-order derivative of the function defined
above, along the trajectories of System (7), we obtain:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς)

≤ Dα
0 V(t) + φV(t)− v1V(t− π(t))− v2V(t− ε)− v3V(t− γ)

≤ ř(t)T PDα
0 ř(t) + Dα

0 ř(t)
T Př(t) + φř(t)T Př(t)− v1ř(t− π(t))T Př(t− π(t))

−v2ř(t− ε)T Př(t− ε)− v3ř(t− γ)T Př(t− γ)

= ř(t)T P
[
−(Č + Ǩ1)ř(t)− Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t))

+B̌ f̌ (ř(t− π(t))) + Ǧ
∫ t

t−ε
f̌ (ř(s))ds + (Ȟ − Ǩ4)Dα

−γ ř(t− γ)

]
+

[
−(Č + Ǩ1)ř(t)− Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t))

+B̌ f̌ (ř(t− π(t))) + Ǧ
∫ t

t−ε
f̌ (ř(s))ds + (Ȟ − Ǩ4)Dα

−γ ř(t− γ)

]T
Př(t)

+φř(t)T Př(t)− v1ř(t− π(t))T Př(t− π(t))− v2ř(t− ε)T Př(t− ε)− v3ř(t− γ)T Př(t− γ)

= −ř(t)T P(Č + Ǩ1)ř(t)− ř(t)T PǨ2ř(t− π(t))− ř(t)T PǨ3

∫ t

t−ε
ř(s)ds + ř(t)T PǍ f̌ (ř(t))

+ř(t)T PB̌ f̌ (ř(t− π(t))) + ř(t)T PǦ
∫ t

t−ε
f̌ (ř(s))ds + ř(t)T P(Ȟ − Ǩ4)Dα

−γ ř(t− γ)

−ř(t)T(Č + Ǩ1)Př(t)− ř(t− π(t))TǨ2Př(t)−
(∫ t

t−ε
ř(s)ds

)T
Ǩ3Př(t) + f̌ (ř(t))T ǍT Př(t)

+ f̌ (ř(t− π(t)))T B̌T Př(t) +
(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT Př(t) + Dα

−γ ř(t− γ)T(Ȟ − Ǩ4)Př(t)

+φř(t)T Př(t)− v1ř(t− π(t))T Př(t− π(t))− v2ř(t− ε)T Př(t− ε)− v3ř(t− γ)T Př(t− γ). (9)

If we take Q = P−1 in Lemma 3, we obtain:

ř(t)T PǦ
∫ t

t−ε
f̌ (ř(s))ds +

(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT Př(t)

≤ ř(t)T PP−1Př(t) +
(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT PǦ

(∫ t

t−ε
f̌ (ř(s))ds

)
, (10)



Fractal Fract. 2023, 7, 830 9 of 28

ř(t)T P(Ȟ − Ǩ4)Dα
−γ ř(t− γ) + Dα

−γ ř(t− γ)T(Ȟ − Ǩ4)Př(t)

≤ ř(t)T PP−1Př(t) + Dα
−γ ř(t− γ)T(Ȟ − Ǩ4)

T P(Ȟ − Ǩ4)Dα
−γ ř(t− γ). (11)

Now, Inequality (9) becomes:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς)

≤ −ř(t)T P(Č + Ǩ1)ř(t)− ř(t)T(Č + Ǩ1)Př(t)− ř(t)T PǨ2ř(t− π(t))− ř(t− π(t))TǨ2Př(t)

−ř(t)T PǨ3

∫ t

t−ε
ř(s)ds−

(∫ t

t−ε
ř(s)ds

)T
Ǩ3Př(t) + ř(t)T PǍ f̌ (ř(t)) + f̌ (ř(t))T ǍT Př(t)

+ř(t)T PB̌ f̌ (ř(t− π(t))) + f̌ (ř(t− π(t)))T B̌T Př(t)

+ř(t)T Př(t) +
(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT PǦ

(∫ t

t−ε
f̌ (ř(s))ds

)
+ř(t)T Př(t) + Dα

−γ ř(t− γ)T(Ȟ − Ǩ4)
T P(Ȟ − Ǩ4)Dα

−γ ř(t− γ)

+φř(t)T Př(t)− v1ř(t− π(t))T Př(t− π(t))− v2ř(t− ε)T Př(t− ε)− v3ř(t− γ)T Př(t− γ). (12)

Assumption 1 allows us to ascertain the existence of positive definite diagonal matrices
R1 and R2 for which the following inequalities are valid ∀t ∈ [0,+∞):

0 ≤ ř(t)T ĽT R1 Ľř(t)− f̌ (ř(t))T R1 f̌ (ř(t)), (13)

0 ≤ ř(t− π(t))T ĽT R2 Ľř(t− π(t))− f̌ (ř(t− π(t)))T R2 f̌ (ř(t− π(t))). (14)

On the other hand, there exist any matrices N1, N2, N3, N4, N5, N6, N7 such that the
subsequent identity is true:

0 =

[
Dα

0 ř(t)
T N1 + ř(t− π(t))T N2 − f̌ (ř(t))T N3 − f̌ (ř(t− π(t)))T N4 +

(∫ t

t−ε
ř(s)ds

)T
N5

−
(∫ t

t−ε
f̌ (ř(s))ds

)T
N6 − Dα

−γ ř(t− γ)T N7

]
×
[
−Dα

0 ř(t)− (Č + Ǩ1)ř(t)

−Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t)) + B̌ f̌ (ř(t− π(t))) + Ǧ

∫ t

t−ε
f̌ (ř(s))ds

+(Ȟ − Ǩ4)Dα
−γ ř(t− γ)

]
. (15)

By taking the transpose of Identity (15) and adding them both, as well as Inequalities
(13)–(14) to (12), we have that:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς) ≤ ζT(t)Ωζ(t),

where Ω is given in (8), and

ζ(t) =
[
ř(t)T Dα

0 ř(t)
T ř(t− π(t))T ř(t− ε)T ř(t− γ)T f̌ (ř(t))T

f̌ (ř(t− π(t)))T
(∫ t

t−ε ř(s)ds
)T (∫ t

t−ε f̌ (ř(s))ds
)T

Dα
−γ ř(t− γ)T

]T
.

Condition (8) tells us that Ω < 0, so we can conclude that:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς) ≤ 0.
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The conclusion limt→∞ V(t) = 0 is drawn after applying Lemma 2. From λmin(P)||ř(t)||2
≤ ř(t)T Př(t) = V(t), we deduce that Systems (1) and (2) are asymptotically synchronized
using Control Scheme (5), which is what we needed to prove.

For the next theorem, no neutral-type delay will be considered for Systems (1) and (2),
meaning that they will only possess mixed delays. Consequently, the neutral-type term
will also not be present in the expression of the controller.

Theorem 2. System (1) and System (2) are asymptotically synchronized under Controller (5) if
the following algebraic inequalities are true, ∀i ∈ {1, . . . , 8N}:

−ωiρ(či + ǩi1) + ωi(ρ− 1)ǩi2 + ωi(ρ− 1)ǩi3ε + ωi(ρ− 1)
8N

∑
j=1
|ǎij|ľj + ľi

8N

∑
j=1
|ǎji|ωj

+ωi(ρ− 1)
8N

∑
j=1
|b̌ij|ľj + ωi(ρ− 1)

8N

∑
j=1
|ǧij|ľjε + φωi < 0

ωi ǩi2 + ľi
8N

∑
j=1
|b̌ji|ωj − v1ωi < 0

ωi ǩi3ε + ľi
8N

∑
j=1
|ǧji|ωjε− v2ωi < 0, (16)

where ρ, ωi, ∀i ∈ {1, . . . , 8N}, φ, v1, v2 are positive real numbers with ρ > 1.

Proof. Define the following Lyapunov-like functional:

V(t) =
8N

∑
i=1

ωi|ři(t)|ρ.

Using Lemma 4 and Assumption 1, and taking the fractional-order derivative of the
function defined above, along the trajectories of System (7), we obtain:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς)

≤
8N

∑
i=1

(
ωiρ|ři(t)|ρ−1sign(ři(t))Dα

0 ři(t) + φωi|ři(t)|ρ − v1ωi|ři(t− π(t))|ρ − v2ωi|ři(t− ε)|ρ
)

≤
8N

∑
i=1

(
ωiρ|ři(t)|ρ−1sign(ři(t))

[
−(či + ǩi1)ři(t)− ǩi2ři(t− π(t))− ǩi3

∫ t

t−ε
ři(s)ds +

8N

∑
j=1

ǎij f̌ j(řj(t))

+
8N

∑
j=1

b̌ij f̌ j(řj(t− π(t))) +
8N

∑
j=1

ǧij

∫ t

t−ε
f̌ j(řj(s))ds

]

+φωi|ři(t)|ρ − v1ωi|ři(t− π(t))|ρ − v2ωi sup
−ε≤ς≤0

|ři(t + ς)|ρ
)

≤
8N

∑
i=1

(
−ωiρ|ři(t)|ρ(či + ǩi1) + ωiρ|ři(t)|ρ−1ǩi2|ři(t− π(t))|+ ωiρ|ři(t)|ρ−1ǩi3

∫ t

t−ε
|ři(s)|ds
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+ωiρ|ři(t)|ρ−1
8N

∑
j=1
|ǎij|ľj|řj(t)|+ ωiρ|ři(t)|ρ−1

8N

∑
j=1
|b̌ij|ľj|řj(t− π(t))|

+ωiρ|ři(t)|ρ−1
8N

∑
j=1
|ǧij|ľj

∫ t

t−ε
|řj(s)|ds + φωi|ři(t)|ρ − v1ωi|ři(t− π(t))|ρ − v2ωi sup

−ε≤ς≤0
|ři(t + ς)|ρ

)

≤
8N

∑
i=1

(
−ωiρ(či + ǩi1)|ři(t)|ρ + ωiρǩi2|ři(t)|ρ−1|ři(t− π(t))|+ ωiρǩi3ε|ři(t)|ρ−1 sup

−ε≤ς≤0
|ři(t + ς)|

+ωiρ
8N

∑
j=1
|ǎij|ľj|ři(t)|ρ−1|řj(t)|+ ωiρ

8N

∑
j=1
|b̌ij|ľj|ři(t)|ρ−1|řj(t− π(t))|

+ωiρ
8N

∑
j=1
|ǧij|ľjε|ři(t)|ρ−1 sup

−ε≤ς≤0
|řj(t + ς)|ρ

+φωi|ři(t)|ρ − v1ωi|ři(t− π(t))|ρ − v2ωi sup
−ε≤ς≤0

|ři(t + ς)|ρ
)

. (17)

The application of Lemma 5 yields that:

|ři(t)|ρ−1|ři(t− π(t))| ≤ ρ− 1
ρ
|ři(t)|ρ +

1
ρ
|ři(t− π(t))|ρ,

|ři(t)|ρ−1 sup
−ε≤ς≤0

|ři(t + ς)| ≤ ρ− 1
ρ
|ři(t)|ρ +

1
ρ

sup
−ε≤ς≤0

|ři(t + ς)|ρ,

|ři(t)|ρ−1|řj(t)| ≤
ρ− 1

ρ
|ři(t)|ρ +

1
ρ
|řj(t)|ρ,

|ři(t)|ρ−1|řj(t− π(t))| ≤ ρ− 1
ρ
|ři(t)|ρ +

1
ρ
|řj(t− π(t))|ρ,

|ři(t)|ρ−1 sup
−ε≤ς≤0

|řj(t + ς)| ≤ ρ− 1
ρ
|ři(t)|ρ +

1
ρ

sup
−ε≤ς≤0

|řj(t + ς)|ρ,

∀i, j ∈ {1, . . . , 8N}, ∀t ∈ [0,+∞).
With these inequalities, (17) has the following form:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς)

≤
8N

∑
i=1

(
−ωiρ(či + ǩi1)|ři(t)|ρ + ωiρǩi2

[
ρ− 1

ρ
|ři(t)|ρ +

1
ρ
|ři(t− π(t))|ρ

]

+ωiρǩi3ε

[
ρ− 1

ρ
|ři(t)|ρ +

1
ρ

sup
−ε≤ς≤0

|ři(t + ς)|ρ
]
+ ωiρ

8N

∑
j=1
|ǎij|ľj

[
ρ− 1

ρ
|ři(t)|ρ +

1
ρ
|řj(t)|ρ

]

+ωiρ
8N

∑
j=1
|b̌ij|ľj

[
ρ− 1

ρ
|ři(t)|ρ +

1
ρ
|řj(t− π(t))|ρ

]
+ ωiρ

8N

∑
j=1
|ǧij|ľjε

[
ρ− 1

ρ
|ři(t)|ρ +

1
ρ

sup
−ε≤ς≤0

|řj(t + ς)|ρ
]

+φωi|ři(t)|ρ − v1ωi|ři(t− π(t))|ρ − v2ωi sup
−ε≤ς≤0

|ři(t + ς)|ρ
)

=
8N

∑
i=1

([
−ωiρ(či + ǩi1) + ωi(ρ− 1)ǩi2 + ωi(ρ− 1)ǩi3ε + ωi(ρ− 1)

8N

∑
j=1
|ǎij|ľj + ľi

8N

∑
j=1
|ǎji|ωj

+ωi(ρ− 1)
8N

∑
j=1
|b̌ij|ľj + ωi(ρ− 1)

8N

∑
j=1
|ǧij|ľjε + φωi

]
|ři(t)|ρ
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+

[
ωi ǩi2 + ľi

8N

∑
j=1
|b̌ji|ωj − v1ωi

]
|ři(t− π(t))|ρ +

[
ωi ǩi3ε + ľi

8N

∑
j=1
|ǧji|ωjε− v2ωi

]
sup
−ε≤ς≤0

|ři(t + ς)|ρ
)

.

Conditions (16) allow us to conclude that:

Dα
0 V(t) + φV(t)−

m

∑
h=1

vh sup
−ρh≤ς≤0

V(t + ς) ≤ 0.

The conclusion limt→∞ V(t) = 0 is drawn by applying Lemma 2. From (mini ωi)

∑8N
i=1 |ři(t)|ρ ≤ ∑8N

i=1 ωi|ři(t)|ρ = V(t), we deduce that Systems (1) and (2) are asymp-
totically synchronized on the basis of Control Scheme (5), which is what we needed to
prove.

Remark 1. Theorems 1 and 2 give sufficient conditions expressed in terms of LMIs and algebraic
inequalities, respectively, for the asymptotic synchronization of FOOVNNs with neutral-type,
time-varying, and distributed delays. The asymptotic synchronization of FOCVNNs with different
types of delays was discussed in the literature, for example, in [37,46,47,49,64,65]. The same
property was studied for FOQVNNs with different types of delays, for example, in [44,50,66].
The asymptotic synchronization of delayed FOOVNNs was never before discussed in the existing
literature, to the best of our knowledge. As such, our model is more general than the ones presented
in the existing research, and thus, the results obtained are not directly comparable with the available
results. However, our obtained results can be particularized for delayed FOCVNNs or FOQVNNs.
Theorem 3. Systems (1) and (2) are Mittag–Leffler synchronized under Control Scheme (5) if the
subsequent LMI is true:

Ω :=
(
Ωi,j
)

1≤i,j≤8 < 0, (18)

where Ω1,1 = (2 + φ)P + ĽT R1 Ľ− P(Č + Ǩ1)− (Č + Ǩ1)P, Ω1,2 = −(Č + Ǩ1)NT
1 , Ω1,3 =

−PǨ2− (Č + Ǩ1)NT
2 , Ω1,4 = PǍ+ (Č + Ǩ1)NT

3 , Ω1,5 = PB̌+ (Č + Ǩ1)NT
4 , Ω1,6 = −PǨ3−

(Č + Ǩ1)NT
5 , Ω1,7 = (Č + Ǩ1)NT

6 , Ω1,8 = (Č + Ǩ1)NT
7 , Ω2,2 = −N1−NT

1 , Ω2,3 = −N1Ǩ2−
NT

2 , Ω2,4 = N1 Ǎ + NT
3 , Ω2,5 = N1B̌ + NT

4 , Ω2,6 = −N1Ǩ3 − NT
5 , Ω2,7 = N1Ǧ + NT

6 ,
Ω2,8 = N1(Ȟ − Ǩ4) + NT

7 , Ω3,3 = −v1P + ĽT R2 Ľ− N2Ǩ3 − Ǩ3NT
2 , Ω3,4 = N2 Ǎ + Ǩ2NT

3 ,
Ω3,5 = N2B̌ + Ǩ2NT

4 , Ω3,6 = −N2Ǩ3 − Ǩ2NT
5 , Ω3,7 = N2Ǧ + Ǩ2NT

6 , Ω3,8 = N2(Ȟ −
Ǩ4) + Ǩ2NT

7 , Ω4,4 = −R1 − N3 Ǎ− ǍT NT
3 , Ω4,5 = −N3B̌− ǍT NT

4 , Ω4,6 = N3Ǩ3 + ǍT NT
5 ,

Ω4,7 = −N3Ǧ− ǍT NT
6 , Ω4,8 = −N3(Ȟ− Ǩ4)− ǍT NT

7 , Ω5,5 = −R2−N4B̌− B̌T NT
4 , Ω5,6 =

N4Ǩ3 + B̌T NT
5 , Ω5,7 = −N4Ǧ − B̌T NT

6 , Ω5,8 = −N4(Ȟ − Ǩ4)− B̌T NT
7 , Ω6,6 = −N5Ǩ3 −

Ǩ3NT
5 , Ω6,7 = N5Ǧ + Ǩ3NT

6 , Ω6,8 = N5(Ȟ − Ǩ4) + Ǩ3NT
7 , Ω7,7 = ǦT PǦ − N6Ǧ − ǦT NT

6 ,
Ω7,8 = −N6(Ȟ− Ǩ4)− ǦT NT

7 , Ω8,8 = (Ȟ− Ǩ4)
T P(Ȟ− Ǩ4)−N7(Ȟ− Ǩ4)− (Ȟ− Ǩ4)

T NT
7 ,

and P ∈ R8N×8N is a positive definite matrix, R1, R2 ∈ R8N×8N are diagonal positive definite
matrices, N1, . . . , N7 ∈ R8N×8N are any matrices, and φ is a positive real number.

Proof. Define the following Lyapunov-like functional:

V(t) = řT(t)Př(t).

Using Lemma 1 and taking the fractional-order derivative of the function defined
above, along the trajectories of System (7), we obtain:

Dα
0 V(t) + φV(t)

≤ ř(t)T PDα
0 ř(t) + Dα

0 ř(t)
T Př(t) + φř(t)T Př(t)

= ř(t)T P
[
−(Č + Ǩ1)ř(t)− Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t))

+B̌ f̌ (ř(t− π(t))) + Ǧ
∫ t

t−ε
f̌ (ř(s))ds + (Ȟ − Ǩ4)Dα

−γ ř(t− γ)

]
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+

[
−(Č + Ǩ1)ř(t)− Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t))

+B̌ f̌ (ř(t− π(t))) + Ǧ
∫ t

t−ε
f̌ (ř(s))ds + (Ȟ − Ǩ4)Dα

−γ ř(t− γ)

]T
Př(t)

+φř(t)T Př(t)

= −ř(t)T P(Č + Ǩ1)ř(t)− ř(t)T PǨ2ř(t− π(t))− ř(t)T PǨ3

∫ t

t−ε
ř(s)ds + ř(t)T PǍ f̌ (ř(t))

+ř(t)T PB̌ f̌ (ř(t− π(t))) + ř(t)T PǦ
∫ t

t−ε
f̌ (ř(s))ds + ř(t)T P(Ȟ − Ǩ4)Dα

−γ ř(t− γ)

−ř(t)T(Č + Ǩ1)Př(t)− ř(t− π(t))TǨ2Př(t)−
(∫ t

t−ε
ř(s)ds

)T
Ǩ3Př(t) + f̌ (ř(t))T ǍT Př(t)

+ f̌ (ř(t− π(t)))T B̌T Př(t) +
(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT Př(t) + Dα

−γ ř(t− γ)T(Ȟ − Ǩ4)Př(t)

+φř(t)T Př(t). (19)

If we take Q = P−1 in Lemma 3, we obtain that:

ř(t)T PǦ
∫ t

t−ε
f̌ (ř(s))ds +

(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT Př(t)

≤ ř(t)T PP−1Př(t) +
(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT PǦ

(∫ t

t−ε
f̌ (ř(s))ds

)
, (20)

ř(t)T P(Ȟ − Ǩ4)Dα
−γ ř(t− γ) + Dα

−γ ř(t− γ)T(Ȟ − Ǩ4)Př(t)

≤ ř(t)T PP−1Př(t) + Dα
−γ ř(t− γ)T(Ȟ − Ǩ4)

T P(Ȟ − Ǩ4)Dα
−γ ř(t− γ). (21)

Now, Inequality (19) becomes:

Dα
0 V(t) + φV(t)

≤ −ř(t)T P(Č + Ǩ1)ř(t)− ř(t)T(Č + Ǩ1)Př(t)− ř(t)T PǨ2ř(t− π(t))− ř(t− π(t))TǨ2Př(t)

−ř(t)T PǨ3

∫ t

t−ε
ř(s)ds−

(∫ t

t−ε
ř(s)ds

)T
Ǩ3Př(t) + ř(t)T PǍ f̌ (ř(t)) + f̌ (ř(t))T ǍT Př(t)

+ř(t)T PB̌ f̌ (ř(t− π(t))) + f̌ (ř(t− π(t)))T B̌T Př(t)

+ř(t)T Př(t) +
(∫ t

t−ε
f̌ (ř(s))ds

)T
ǦT PǦ

(∫ t

t−ε
f̌ (ř(s))ds

)
+ř(t)T Př(t) + Dα

−γ ř(t− γ)T(Ȟ − Ǩ4)
T P(Ȟ − Ǩ4)Dα

−γ ř(t− γ)

+φř(t)T Př(t). (22)

Assumption 1 allows us to ascertain the existence of positive definite diagonal matrices
R1 and R2 for which the following inequalities are valid ∀t ∈ [0,+∞):

0 ≤ ř(t)T ĽT R1 Ľř(t)− f̌ (ř(t))T R1 f̌ (ř(t)), (23)

0 ≤ ř(t− π(t))T ĽT R2 Ľř(t− π(t))− f̌ (ř(t− π(t)))T R2 f̌ (ř(t− π(t))). (24)

On the other hand, there exist any matrices N1, N2, N3, N4, N5, N6, N7 such that the
subsequent identity is true:
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0 =

[
Dα

0 ř(t)
T N1 + ř(t− π(t))T N2 − f̌ (ř(t))T N3 − f̌ (ř(t− π(t)))T N4 +

(∫ t

t−ε
ř(s)ds

)T
N5

−
(∫ t

t−ε
f̌ (ř(s))ds

)T
N6 − Dα

−γ ř(t− γ)T N7

]
×
[
−Dα

0 ř(t)− (Č + Ǩ1)ř(t)

−Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t)) + B̌ f̌ (ř(t− π(t))) + Ǧ

∫ t

t−ε
f̌ (ř(s))ds

+(Ȟ − Ǩ4)Dα
−γ ř(t− γ)

]
. (25)

By taking the transpose of Identity (25) and adding them both, as well as Inequalities
(23)–(24) to (22), we have that:

Dα
0 V(t) + φV(t) ≤ ζT(t)Ωζ(t),

where Ω is given in (18), and

ζ(t) =
[
ř(t)T Dα

0 ř(t)
T ř(t− π(t))T f̌ (ř(t))T f̌ (ř(t− π(t)))T

(∫ t
t−ε ř(s)ds

)T (∫ t
t−ε f̌ (ř(s))ds

)T
Dα
−γ ř(t− γ)T

]T
.

Condition (18) tells us that Ω < 0, from which we obtain that:

Dα
0 V(t) + φV(t) ≤ 0.

From Lemma 6 we obtain that:

V(t) ≤ V(0)Eα(−φtα),

or, equivalently,

λmin(P)||ř(t)||2 ≤ ř(t)T Př(t)

≤ ř(0)T Př(0)Eα(−φtα)

≤ λmax(P)||ř(0)||2Eα(−φtα)

≤ λmax(P)||ψ̌||2Eα(−φtα),

and, finally,

||ř(t)|| ≤

√
λmax(P)
λmin(P)

||ψ̌||(Eα(−φtα))
1
2 .

This means that Systems (1) and (2) are Mittag–Leffler synchronized on the basis of
Control Scheme (5), which is what we needed to prove.

We will now employ a different state feedback controller to obtain another condition
for the Mittag–Leffler synchronization between Drive System (1) and Response System (2),
for which the controller will be given by:

ui(t) = ki1ri(t) + ki2sign(ri(t))|ri(t− π(t))|+ ki3sign(ri(t))
∫ t

t−ε
|ri(s)|ds + ki4sign(ri(t))

∣∣∣Dα
−γri(t− γ)

∣∣∣, (26)

where ki1, ki2, ki3, ki4 ∈ R+, ∀i ∈ {1, . . . , N}, represent the control gain parameters. In this
case, System (3) will have the form:



Fractal Fract. 2023, 7, 830 15 of 28

Dα
0ri(t) = −(ci + ki1)ri(t)− ki2sign(ri(t))|ri(t− π(t))| − ki3sign(ri(t))

∫ t

t−ε
|ri(s)|ds

−ki4sign(ri(t))
∣∣∣Dα
−γri(t− γ)

∣∣∣+ N

∑
j=1

aij f̃ j(rj(t)) +
N

∑
j=1

bij f̃ j(rj(t− π(t)))

+
N

∑
j=1

gij

∫ t

t−ε
f̃ j(rj(s))ds + hiDα

−γri(t− γ), (27)

∀i ∈ {1, . . . , N}.
In matrix form, we can write System (27) as:

Dα
0 ř(t) = −(Č + Ǩ1)ř(t)− Ǩ2sign(ř(t))� |ř(t− π(t))| − Ǩ3sign(ř(t))�

∫ t

t−ε
|ř(s)|ds

−Ǩ4sign(ř(t))�
∣∣∣Dα
−γ ř(t− γ)

∣∣∣+ Ǎ f̌ (ř(t)) + B̌ f̌ (ř(t− π(t)))

+Ǧ
∫ t

t−ε
f̌ (ř(s))ds + ȞDα

−γ ř(t− γ), (28)

where Ǩ1 := diag(k11 I8, k21 I8, . . . , kN1 I8) ∈ R8N×8N , Ǩ2 := diag(k12 I8, k22 I8, . . . , kN2 I8) ∈
R8N×8N ,

Ǩ3 := diag(k13 I8, k23 I8, . . . , kN3 I8) ∈ R8N×8N , Ǩ4 := diag(k14 I8, k24 I8, . . . , kN4 I8) ∈
R8N×8N , and � represents the elementwise vector product.

Theorem 4. Systems (1) and (2) are Mittag–Leffler synchronized under Control Scheme (27) if the
subsequent LMIs are true:

Č + Ǩ1 − |Ǎ|Ľ > 0, Ǩ2 − |B̌|Ľ > 0, Ǩ3 − |Ǧ|Ľ > 0, Ǩ4 − |Ȟ| > 0. (29)

Proof. Define the following Lyapunov-like functional:

V(t) =
1
2
ř(t)T ř(t).

Using Lemma 1 and taking the fractional-order derivative of the function defined
above, along the trajectories of System (28), we obtain:

Dα
0 V(t) = Dα

0

(
1
2
ř(t)T ř(t)

)
≤ ř(t)T Dα

0 ř(t)

= ř(t)T
[
−(Č + Ǩ1)ř(t)− Ǩ2sign(ř(t))� |ř(t− π(t))| − Ǩ3sign(ř(t))�

∫ t

t−ε
|ř(s)|ds

−Ǩ4sign(ř(t))�
∣∣∣Dα
−γ ř(t− γ)

∣∣∣+ Ǎ f̌ (ř(t)) + B̌ f̌ (ř(t− π(t)))

+Ǧ
∫ t

t−ε
f̌ (ř(s))ds + ȞDα

−γ ř(t− γ)

]
= −ř(t)T(Č + Ǩ1)ř(t)− |ř(t)|TǨ2|ř(t− π(t))| − |ř(t)|TǨ3

∫ t

t−ε
|ř(s)|ds

−|ř(t)|TǨ4

∣∣∣Dα
−γ ř(t− γ)

∣∣∣+ ř(t)T Ǎ f̌ (ř(t)) + ř(t)T B̌ f̌ (ř(t− π(t))) + ř(t)TǦ
∫ t

t−ε
f̌ (ř(s))ds

+ř(t)T ȞDα
−γ ř(t− γ)

≤ −|ř(t)|T(Č + Ǩ1)|ř(t)| − |ř(t)|TǨ2|ř(t− π(t))| − |ř(t)|TǨ3

∫ t

t−ε
|ř(s)|ds

−|ř(t)|TǨ4

∣∣∣Dα
−γ ř(t− γ)

∣∣∣+ |ř(t)|T |Ǎ|Ľ|ř(t)|+ |ř(t)|T |B̌|Ľ|ř(t− π(t))|
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+|ř(t)|T |Ǧ|Ľ
∫ t

t−ε
|ř(s)|ds + |ř(t)|T |Ȟ|

∣∣∣Dα
−γ ř(t− γ)

∣∣∣
= |ř(t)|T(−(Č + Ǩ1) + |Ǎ|Ľ)|ř(t)|+ |ř(t)|T(−Ǩ2 + |B̌|Ľ)|ř(t− π(t))|

+|ř(t)|T(−Ǩ3 + |Ǧ|Ľ)
∫ t

t−ε
|ř(s)|ds + |ř(t)|T(−Ǩ4 + |Ȟ|)

∣∣∣Dα
−γ ř(t− γ)

∣∣∣. (30)

Using Conditions (29), Inequality (30) becomes:

Dα
0 V(t) ≤ −|ř(t)|T(Č + Ǩ1 − |Ǎ|L)|ř(t)|

≤ −λV(t),

where λ = 2λmin(Č + Ǩ1 − |Ǎ|L). From Lemma 6, we obtain:

V(t) ≤ V(0)Eα(−λtα), ∀t ∈ [0,+∞),

which is equivalent with:

1
2
||ř(t)||2 ≤ 1

2
||ř(0)||2Eα(−λtα)

≤ 1
2
||ψ̌||2Eα(−λtα), ∀t ∈ [0,+∞),

yielding
||ř(t)|| ≤ ||ψ̌||[Eα(−λtα)]

1
2 , ∀t ∈ [0,+∞).

This means that Systems (1) and (2) are Mittag–Leffler synchronized using Control
Scheme (27), which is what we needed to prove.

Remark 2. Theorems 3 and 4 give sufficient conditions expressed in terms of LMIs using two types
of state feedback controllers for the Mittag–Leffler synchronization of FOOVNNs with neutral-type,
time-varying, and distributed delays. The Mittag–Leffler synchronization of delayed FOCVNNs was
discussed in the literature, for example, in [32,67]. The same property was studied for FOQVNNs
with different types of delays, for example, in [29,35,68]. The Mittag–Leffler synchronization of
delayed FOOVNNs has never been presented in the literature, to our knowledge. Again, our model
is more general than the ones discussed in the existing research, and thus, the results obtained are
not directly comparable with the available results, but they can be particularized for FOCVNNs or
FOQVNNs with neutral-type, time-varying, and/or distributed delays.
4. Numerical Examples

In all of the experiments, we take α = 0.75.

Example 1. Define the following two-neuron FOOVNN with neutral-type, time-varying, and dis-
tributed delays:

Dα
0 oi(t) = −cioi(t) +

2

∑
j=1

aij f j(oj(t)) +
2

∑
j=1

bij f j(oj(t− π(t))) +
2

∑
j=1

gij

∫ t

t−ε
f j(oj(s))ds + hiDα

−γoi(t− γ) + Ii, (31)

∀i ∈ {1, 2} and ∀t ∈ [0,+∞).
System (31) will be taken as the drive system, and the response system will be the following

system:

Dα
0 pi(t) = −ci pi(t) +

2

∑
j=1

aij f j(pj(t)) +
2

∑
j=1

bij f j(pj(t−π(t))) +
2

∑
j=1

gij

∫ t

t−ε
f j(pj(s))ds+ hiDα

−γ pi(t− γ) + Ii − ui(t), (32)

∀i ∈ {1, 2} and ∀t ∈ [0,+∞). If we denote ri(t) = pi(t) − oi(t), taking (31) and (32) into
account, the expression of the error system is given as:
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Dα
0ri(t) = −ciri(t) +

2

∑
j=1

aij f̃ j(rj(t)) +
2

∑
j=1

bij f̃ j(rj(t− π(t))) +
2

∑
j=1

gij

∫ t

t−ε
f̃ j(rj(s))ds + hiDα

−γri(t− γ)− ui(t), (33)

∀i ∈ {1, 2} and ∀t ∈ [0,+∞), where f̃ j(rj(t)) = f j(rj(t) + oj(t))− f j(oj(t)), ∀t ∈ [0,+∞) and
∀j ∈ {1, 2}.

In order to realize synchronization between Systems (31) and (32), we will use the following
state feedback controller:

ui(t) = ki1ri(t) + ki2ri(t− π(t)) + ki3

∫ t

t−ε
ri(s)ds + ki4Dα

−γri(t− γ), (34)

and ki1, ki2, ki3, ki4 ∈ R+, ∀i ∈ {1, 2} represent the control gain parameters.
With this controller, System (33) can be written in matrix form as:

Dα
0 ř(t) = −(Č + Ǩ1)ř(t)− Ǩ2ř(t− π(t))− Ǩ3

∫ t

t−ε
ř(s)ds + Ǎ f̌ (ř(t))

+B̌ f̌ (ř(t− π(t))) + Ǧ
∫ t

t−ε
f̌ (ř(s))ds + (Ȟ − Ǩ4)Dα

−γ ř(t− γ). (35)

The choice of parameters is the following:

C =

[
3 0
0 4

]
,

A =

[
a11 a12

a21 a22

]
,

a11 = −0.7e0 + 0.9e1 − 0.2e2 + 0.4e3 + 0.2e4 + 0.8e5 + 0.3e6 + 0.9e7,

a12 = 0.3e0 + 0.9e1 − 0.2e2 − 0.2e3 + 0.5e4 + 0.8e5 + 0.8e6 − 0.9e7,

a21 = −0.2e0 − 0.4e1 + 0.2e2 − 0.2e3 + 0.3e4 + 0.2e5 − 0.5e6 + 0.2e7,

a22 = 0.4e0 + 0.3e1 + 0.1e2 + 0.4e3 − 0.2e4 − 0.8e5 + 0.8e6 + 0.9e7,

B =

[
b11 b12

b21 b22

]
,

b11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

b12 = 0.8e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.8e7,

b21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.7e6 + 0.9e7,

b22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.8e4 − 0.9e5 − 0.8e6 + 0.7e7,

G =

[
g11 g12

g21 g22

]
,

g11 = −0.2e0 + 0.4e1 + 0.5e2 + 0.3e3 − 0.6e4 + 0.2e5 − 0.4e6 + 0.5e7,

g12 = 0.3e0 + 0.5e1 + 0.2e2 − 0.5e3 + 0.3e4 + 0.1e5 − 0.2e6 + 0.3e7,

g21 = 0.1e0 + 0.3e1 − 0.2e2 + 0.1e3 + 0.2e4 + 0.1e5 + 0.3e6 + 0.4e7,

g22 = −0.3e0 + 0.1e1 + 0.2e2 + 0.5e3 + 0.4e4 − 0.2e5 − 0.1e6 + 0.5e7,

H =

[
h1 0
0 h2

]
,
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h1 = 0.1e0 + 0.4e1 + 0.3e2 − 0.5e3 + 0.2e4 + 0.3e5 − 0.4e6 + 0.5e7,

h2 = −0.2e0 + 0.1e1 + 0.2e2 + 0.3e3 + 0.5e4 − 0.3e5 − 0.4e6 + 0.2e7,

f j(o) =
1

20
√

2

7

∑
q=0

f q
j (o)eq =

1
20
√

2

7

∑
q=0

1
1 + exp(−oq)

eq, ∀o ∈ O, ∀j ∈ {1, 2},

from which we deduce that the activation functions satisfy Assumption 1, and Ľ =[
0.025I8 0

0 0.025I8

]
. The control gain matrices are the following:

K1 =

[
0.1 0
0 0.2

]
, K2 =

[
0.2 0
0 0.3

]
, K3 =

[
0.3 0
0 0.2

]
, K4 =

[
0.4 0
0 0.3

]
.

Additionally, π(t) = 0.4| cos t|, ε = 0.3, γ = 0.01, hence, π = 0.4, ς = max{π, ε, γ} = 0.4,
φ = 4, v1 = 2, v2 = 2, and v3 = 2. Based on the above parameters, we conclude that the
hypotheses of Theorem 1 are satisfied, and the LMI is solved to give R1 = diag(1.196I8, 2.3816I8)
and R2 = diag(2.5154I8, 2.6213I8) (in order not to clutter the paper, the values of the other matrices
are not provided). Thus, Systems (31) and (32) are asymptotically synchronized using Control
Scheme (34).

Figures 1 and 2 depict the trajectories of octonion states ř1 and ř2 of System (35), with
8 initial points.

Example 2. In the second example, we realize the synchronization between Systems (31) and (32)
based on State Feedback Controller (34), but this time with the subsequent parameters:

C =

[
0.2 0
0 0.3

]
,

A =

[
a11 a12

a21 a22

]
,

a11 = −0.7e0 + 0.9e1 − 0.2e2 + 0.4e3 + 0.2e4 + 0.8e5 + 0.3e6 + 0.9e7,

a12 = 0.3e0 + 0.9e1 − 0.2e2 − 0.2e3 + 0.5e4 + 0.8e5 + 0.8e6 − 0.9e7,

a21 = −0.2e0 − 0.4e1 + 0.2e2 − 0.2e3 + 0.3e4 + 0.2e5 − 0.5e6 + 0.2e7,

a22 = 0.4e0 + 0.3e1 + 0.1e2 + 0.4e3 − 0.2e4 − 0.8e5 + 0.8e6 + 0.9e7,

B =

[
b11 b12

b21 b22

]
,

b11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

b12 = 0.8e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.8e7,

b21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.7e6 + 0.9e7,

b22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.8e4 − 0.9e5 − 0.8e6 + 0.7e7,

G =

[
g11 g12

g21 g22

]
,

g11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

g12 = 0.9e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.7e7,

g21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.8e6 + 0.9e7,

g22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.9e4 − 0.9e5 − 0.8e6 + 0.7e7,
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Figure 1. State trajectories of octonion components of ř1 in Example 1. Different colors are used for
the 8 initial points. The eight graphs depict the components řq

1, 0 ≤ q ≤ 7, with respect to time.
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Figure 2. State trajectories of octonion components of ř2 in Example 1. Different colors are used for
the 8 initial points. The eight graphs depict the components řq

2, 0 ≤ q ≤ 7, with respect to time.
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H =

[
h1 0
0 h2

]
,

h1 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

h2 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.9e4 − 0.9e5 − 0.8e6 + 0.7e7,

f j(o) =
1

2
√

2

7

∑
q=0

f q
j (o)eq =

1
2
√

2

7

∑
q=0

1
1 + exp(−oq)

eq, ∀o ∈ O, ∀j ∈ {1, 2},

from which we deduce that the activation functions satisfy Assumption 1 and Ľ =[
0.25I8 0

0 0.25I8

]
. The control gain matrices are the following:

K1 =

[
5 0
0 6

]
, K2 =

[
0.1 0
0 0.1

]
, K3 =

[
0.2 0
0 0.2

]
.

Now, we take π(t) = 0.3| sin t|, ε = 0.05, γ = 0 (no neutral-type delay), from which we have
π = 0.3, ς = max{π, ε, γ} = 0.3, ωi = 1, ∀i ∈ {1, . . . , 16}, ρ = 1.5 > 1, φ = 1.6, v1 = 3.5,
and v2 = 4.5. All the hypotheses of Theorem 2 are now satisfied, thus allowing us to conclude
that Drive System (31) and Response System (32) are asymptotically synchronized using Control
Scheme (34).

Example 3. For the next example, we again study the synchronization between Systems (31) and
(32) based on State Feedback Controller (34) with the following parameters:

C =

[
4 0
0 5

]
,

A =

[
a11 a12

a21 a22

]
,

a11 = −0.7e0 + 0.9e1 − 0.2e2 + 0.4e3 + 0.2e4 + 0.8e5 + 0.3e6 + 0.9e7,

a12 = 0.3e0 + 0.9e1 − 0.2e2 − 0.2e3 + 0.5e4 + 0.8e5 + 0.8e6 − 0.9e7,

a21 = −0.2e0 − 0.4e1 + 0.2e2 − 0.2e3 + 0.3e4 + 0.2e5 − 0.5e6 + 0.2e7,

a22 = 0.4e0 + 0.3e1 + 0.1e2 + 0.4e3 − 0.2e4 − 0.8e5 + 0.8e6 + 0.9e7,

B =

[
b11 b12

b21 b22

]
,

b11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

b12 = 0.8e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.8e7,

b21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.7e6 + 0.9e7,

b22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.8e4 − 0.9e5 − 0.8e6 + 0.7e7,

G =

[
g11 g12

g21 g22

]
,

g11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

g12 = 0.9e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.7e7,

g21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.8e6 + 0.9e7,

g22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.9e4 − 0.9e5 − 0.8e6 + 0.7e7,
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H =

[
h1 0
0 h2

]
,

h1 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

h2 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.9e4 − 0.9e5 − 0.8e6 + 0.7e7,

f j(o) =
1

20
√

2

7

∑
q=0

f q
j (o)eq =

1
20
√

2

7

∑
q=0

1
1 + exp(−oq)

eq, ∀o ∈ O, ∀j ∈ {1, 2},

from which we deduce that the activation functions satisfy Assumption 1 and Ľ =[
0.025I8 0

0 0.025I8

]
. The control gain matrices are the following:

K1 =

[
0.2 0
0 0.1

]
, K2 =

[
0.2 0
0 0.3

]
, K3 =

[
0.3 0
0 0.1

]
, K4 =

[
0.4 0
0 0.3

]
.

The delays are taken as π(t) = 0.4| cos t|, ε = 0.5, and γ = 0.03, from which we have
π = 0.4, ς = max{π, ε, γ} = 0.5, φ = 4.5, v1 = 2.7, v2 = 2.2, and v3 = 2.3. All the hypotheses
of Theorem 3 are now satisfied, and the LMI is solved to give R1 = diag(1.5005I8, 1.6806I8) and
R2 = diag(1.7819I8, 1.8129I8) (in order not to clutter the paper, the values of the other matrices
are not provided), thus allowing us to conclude that Drive System (31) and Response System (32)
are Mittag–Leffler synchronized using Control Scheme (34).

Example 4. For the last example, the same Systems (31) and (32) are considered as drive and
response systems, respectively, but this time, a different feedback controller will be used to achieve
synchronization:

ui(t) = ki1ri(t) + ki2sign(ri(t))|ri(t− π(t))|+ ki3sign(ri(t))
∫ t

t−ε
|ri(s)|ds + ki4sign(ri(t))

∣∣∣Dα
−γri(t− γ)

∣∣∣, (36)

where ki1, ki2, ki3, ki4 ∈ R+, ∀i ∈ {1, 2} represent the control gain parameters. With this
controller, System (33) can be written in matrix form as:

Dα
0 ř(t) = −(Č + Ǩ1)ř(t)− Ǩ2sign(ř(t))� |ř(t− π(t))| − Ǩ3sign(ř(t))�

∫ t

t−ε
|ř(s)|ds

−Ǩ4sign(ř(t))�
∣∣∣Dα
−γ ř(t− γ)

∣∣∣+ Ǎ f̌ (ř(t)) + B̌ f̌ (ř(t− π(t)))

+Ǧ
∫ t

t−ε
f̌ (ř(s))ds + ȞDα

−γ ř(t− γ). (37)

The parameters will now be the following:

C =

[
1 0
0 2

]
,

A =

[
a11 a12

a21 a22

]
,

a11 = −0.7e0 + 0.9e1 − 0.2e2 + 0.4e3 + 0.2e4 + 0.8e5 + 0.3e6 + 0.9e7,

a12 = 0.3e0 + 0.9e1 − 0.2e2 − 0.2e3 + 0.5e4 + 0.8e5 + 0.8e6 − 0.9e7,

a21 = −0.2e0 − 0.4e1 + 0.2e2 − 0.2e3 + 0.3e4 + 0.2e5 − 0.5e6 + 0.2e7,

a22 = 0.4e0 + 0.3e1 + 0.1e2 + 0.4e3 − 0.2e4 − 0.8e5 + 0.8e6 + 0.9e7,
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B =

[
b11 b12

b21 b22

]
,

b11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

b12 = 0.8e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.8e7,

b21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.7e6 + 0.9e7,

b22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.8e4 − 0.9e5 − 0.8e6 + 0.7e7,

G =

[
g11 g12

g21 g22

]
,

g11 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

g12 = 0.9e0 + 0.5e1 + 0.3e2 − 0.5e3 + 0.8e4 + 0.9e5 − 0.9e6 + 0.7e7,

g21 = 0.3e0 + 0.2e1 − 0.2e2 + 0.1e3 + 0.8e4 + 0.9e5 + 0.8e6 + 0.9e7,

g22 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.9e4 − 0.9e5 − 0.8e6 + 0.7e7,

H =

[
h1 0
0 h2

]
,

h1 = −0.4e0 + 0.7e1 + 0.2e2 + 0.5e3 − 0.9e4 + 0.9e5 − 0.8e6 + 0.9e7,

h2 = −0.5e0 + 0.5e1 + 0.2e2 + 0.4e3 + 0.9e4 − 0.9e5 − 0.8e6 + 0.7e7,

f j(o) =
1

2
√

2

7

∑
q=0

f q
j (o)eq =

1
2
√

2

7

∑
q=0

1
1 + exp(−oq)

eq, ∀o ∈ O, ∀j ∈ {1, 2},

from which we deduce that the activation functions satisfy Assumption 1 and Ľ =[
0.25I8 0

0 0.25I8

]
. The control gain matrices are the following:

K1 =

[
2 0
0 1

]
, K2 =

[
3 0
0 4

]
, K3 =

[
5 0
0 2

]
, K4 =

[
7 0
0 5

]
.

The delays are π(t) = 0.3| sin t|, ε = 0.4, γ = 0.02, so π = 0.3 and ς = max{π, ε, γ} = 0.4.
The LMI hypotheses of Theorem 4 are easily verified to be true; thus, we can conclude that Systems
(31) and (32) are Mittag–Leffler synchronized using Control Scheme (36).

Figures 3 and 4 depict the trajectories of octonion states ř1 and ř2 of System (37), with
8 initial points.
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Figure 3. State trajectories of octonion components of ř1 in Example 4. Different colors are used for
the 8 initial points. The eight graphs depict the components řq

1, 0 ≤ q ≤ 7, with respect to time.
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Figure 4. State trajectories of octonion components of ř2 in Example 4. Different colors are used for
the 8 initial points. The eight graphs depict the components řq

2, 0 ≤ q ≤ 7, with respect to time.
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5. Conclusions

The very general FOOVNN model with neutral-type, time-varying, and distributed
delays was discussed in this paper, to our awareness, for the first time in the literature.
Sufficient criteria expressed by LMIs and algebraic inequalities were deduced, guaranteeing
the asymptotic and Mittag–Leffler synchronization of these FOOVNNs by means of two
different state feedback control schemes. The octonion-valued system of equations was
transformed into a real-valued one, in order to avoid the non-associativity problem of the
octonion algebra. Two types of Lyapunov-like functions were used in conjunction with two
Halanay-type lemmas designed specifically for FONNs. Additionally, in order to reduce the
conservativeness of the obtained conditions, the free-weighting matrix method, a classical
lemma, and Young’s inequality were employed. Each of the four theorems formulated in
the paper was illustrated using a numerical simulation.

The methods used in the present work are general enough that they can be applied to
study other types of dynamic properties for other types of FOOVNNs, which constitute
promising future work directions. Additionally, the theorems put forward in the study can
be particularized for FOCVNNs and FOQVNNs, for which the respective results do not
exist in the literature for models with so many types of delays.
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