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Abstract: In this research, we obtain the sufficient conditions that guarantee that the set of solutions
for an impulsive fractional differential inclusion involving a w-weighted -Hilfer fractional derivative,
Dg tv "P’w, of order i € (1,2), in infinite dimensional Banach spaces that are not empty and compact.
We demonstrate the exact relation between a differential equation involving D(‘;’f P of order ne (1,2)
in the presence of non-instantaneous impulses and its corresponding fractional integral equation.
Then, we derive the formula for the solution for the considered problem. The desired results are
achieved using the properties of the w-weighted y-Hilfer fractional derivative and appropriate
fixed-point theorems for multivalued functions. Since the operator Dg/’f P includes many types of
well-known fractional differential operators, our results generalize several results recently published
in the literature. We give an example that illustrates and supports our theoretical results.

Keywords: differential inclusions; non-instantaneous impulses; w-weighted -Hilfer fractional
derivative; measure of non-compactness

1. Introduction

A differential inclusion is a generalization of the concept of a differential equation
where the right-hand side is a multivalued function. Differential inclusions arise in many
situations, including differential variational inequalities, optimization problems, and certain
non-smooth mechanical systems, such as stick-slip oscillations. Moreover, it can be used
to understand and interpret discontinuous ordinary differential equations, such as the
functions that model Coulomb friction in mechanical systems and ideal switches in power
electronics. For applications of differential inclusions, we refer the reader to [1,2].

Differential equations and differential inclusions, whose order is fractional, have many
applications in many branches, such as medicine, engineering, physics, fluid mechanics,
and polymer science [3-10].

Impulsive differential problems are appropriate models for describing processes which
at certain moments change their state rapidly and which cannot be described using classical

Copyright: © 2024 by the authors.

differential problems. If this change occurs instantaneously, it is called an instantaneous
Licensee MDPI, Basel, Switzerland.

impulses, and if the change continues for a period of time, it is called a non-instantaneous

impulse. One of the examples is the motion of an elastic ball bouncing vertically on a

surface. The moments of the impulses are the times when the ball touches the surface
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10/). For more applications, we refer the reader to [11-13]. For papers concerning the existence
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of solutions or mild solutions for different kinds of impulsive differential equations and
inclusions, we refer the reader to [14-24]. In the literature, there are two types of problems
that contain non-instantaneous impulses. The first one keeps the lower limit of the fractional
derivative at zero. The second one switches it at the impulsive points. In this work, we will
adopt the second type.

There is more than one concept to define fractional differentiation, and some of them
generalize the others. Therefore, it is useful to study fractional differential equations
and fractional differential inclusions that contain a fractional differential operator that
generalizes many other fractional differential operators. This is our goal in this work. In fact,
in this work, we establish conditions which guarantee that the set of solutions to differential
inclusions containing thew-weighted p-Hilfer fractional derivative, D& tv ¥ (Definition 3,
below), in the presence of non-instantaneous impulses is not empty and compact. We
consider a general infinite dimensional Banach space. Note that differential inclusions are a
generalization of differential equations. It is acknowledged that thew-weighted -Hilfer
fractional derivative, DO f oy generalizes the following well-known fractional derivatives:

i—The y-Hilfer derivative (w(t) = 1;¢ > 0);

ii—The Hilfer-Katugampola derivative (w(t) = 1;t >

iii—The Hilfer derivative (w(t) = 1;t > 0, ¢(t) = t);

iv—The Hilfer-Hadamard derivative (w(t) = 1;¢t > 0,y (t) = logt,t > 0);

v—The Katugampola fractional derivative (w(t) = 1;t > 0,9(t) = t#,p > 1L,v =1);

vi—The p-Caputo derivative (w(t) = 1;t > 0,0 = 1);

vii—The p-Riemann-Liouville derivative (w(t) = 1;t > 0,0 = 0);

viii—The Hadamard derivative (w(t) = 1;t > 0,¢(t) = logt,t > 0,0 =1);

ix—The Caputo derivative (w(t) = 1;t > 0,9(t) = t, v = 1);

x—The Riemann-Liouville derivative (w(t) = 1;+ > 0,9(t) = t,v = 0).

To formulate the problem that we study in this paper, we assume that £ = [0 b, E is a Ba-
nach space; o € (1,2),v € [0,1],y =0 +2v —0v, w: £ — ]0,00[w (o) = w(g) JPi£—R
is a strictly increasing continuously differentiable function where ¢’ (s) # 0; for any s € £,
F:£x E — Py(E) (the family of non-empty convex and compact subsets ofE), m € N
is fixed; Ly = {0,1,2,...,m},L;1 = {1,2,...,m},s0 =0 < k1 <51 <k <sp < -+ <
Km < S$m < Kpy1 = band g;, g7 : [ki,s;] x E — E;i € Ly are two continuous functions; and
X9, x1 € E are two fixed points.

Here, we derive the formula of solutions for the below-mentioned w-weighted y-Hilfer
differential inclusion of the order ¢ and of the type vin the existence of non-instantaneous
impulses:

0,9(t) =t,02>1);

Dgw (0) € F(0,x(0)), a.e.,0 € (si,ki11],i € Lo,
x(k;) = gi(Ki, x (K, )),i € Ly, .
(Q) gilo, x(x;7)), 0 € (xi,8i],i € Ll/

lim 12, ""w(g Jx(e) = xo, lim gty (g, " w(0)x(0)) = 1,
lim (0()12;7x(e)) = (506 )i € L

Jim gt de( w(0)lo,"x(e)) = & (si,x(s7)),i € Ly,

1)

Then, we prove the compactness of the solution set and that it is not empty, where

DZ’Z;“”" is the w-weighted y-Hilfer derivative whose orderis o € (1,2) and typeis v € [0, 1]

and the lower limit at s; and I J’w’

lower limit of s;.
In order to further demonstrate the importance of this work, we will mention some
recently published works that are concerned with studying differential equations or dif-

ferential inclusions containing fractional differential operators that are special cases of
oW
Dy

is the w-weighted y-integral of the order 2 — o with a
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For works on differential equations with Riemann-Liouville derivatives, we refer the
reader to [25]; for those with Caputo derivatives, we refer the reader to [21]; for those with
Katugampola derivatives, we refer the reader to [26]; and for those with Hilfer fractional
derivatives, we refer the reader to [27-30].

Differential equations containing Hilfer-Katugampola fractional derivatives are con-
sidered in [31-35].

Asawasamrit et al. [36] studied non-instantaneous impulsive differential equations
involving y-Caputo fractional derivatives of the order « € (0, 1) and with Riemann-Stieltjes
fractional integral boundary conditions.

Differential equations concerning the -Hilfer fractional derivative Dg rgﬂ/J, ce(0,1),
v € [0,1], without impulses are studied in [37-40], with instantaneous impulses in [41] and
with non-instantaneous impulses in [41-45]. Also, Sitho [46] studied implicit fractional

integro-differential equations with the y-Hilfer fractional derivative Dg’g"p

', without im-
pulses and ¢ € (1,2),v € [0,1]. Dhayal et al. [47] studied the stability and controllability
of impulsive ¢-Hilfer fractional integro-differential equation. Afsfari et al. [48] studied
the boundary value problems via -Hilfer fractional derivatives on b-metric spaces and
showed that the solution set exists and it is positive.

Weighted differential equations with Atangana—Baleanu fractional operators are stud-
ied in [49], while weighted differential equations with Caputo-Fabrizio fractional deriva-
tives are studied in [50].

Very recently, Alshammari et al. [51] studied differential equations involving weighted
y-Caputo-Fabrizio fractional derivatives, and Benial et al. [52] considered a w-weighted
y-Riemann-Liouville fractional derivative of the order h(&), where h(&) : [0,b] — (1,2].

In all these works, except [45,47], the problems were investigated in finite-dimensional
Banach spaces.

The following summarizes the main contributions of this paper.

i—A new type of differential inclusion (Problem (1)) involving the w-weighted -
Hilfer differential operator D;’;, Z’lp’w of the ordero € (1,2)and of the type v in the existence
of non-instantaneous impulses and in infinite dimensional Banach spaces is formulated.

ii—The relationship between Problem (1) and the integral equation correlated with it
is derived (Lemma 5).

iii—The formula of solutions for Problem (1) is formulated (Definition 5).

iv—The conditions to ensure that the set of solutions for Problem (1) is not empty and
compact are obtained (Theorem 1).

v—An example is given to illustrate that our results are applicable (Example 1).

vi—Our method can help researchers to generalize the majority of the aforementioned
works to the case where the nonlinear term is multifunctional in the existence of impulsive
effects and the dimension of the space is infinite.

vii—Since it is possible to obtain a wide class of fractional differential operators from

D;’;, Z’lp’w (as we cited above), therefore, one can generalize all the above-cited papers to the

case where the considered fractional differential operator is replaced by Dsg].’, Z”’b’w and the

dimension of the space is infinite, and these can be considered as suggestions for future
research work as a result of this paper.

viii—One can derive a broad class of fractional differential equations and inclusions
as a particular case of Problem (1).

The paper is divided into the following sections. The second section presents some of
the concepts that will be used to obtain the main results. We end this section by obtaining the
exact relationship between Problem (1) and the corresponding fractional integral equation
and then derive the representation of the solution for Problem (1). In the third section, we
prove the existence of the solution and the compactness of the set of solutions. Finally, we
give an example to illustrate that our results are applicable.
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2. Preliminaries and Notations

Hereafter, we use the following notations:

—P..(E) := {Z C E : Z is not empty, closed, or convex}.

—Py(E) := {Z C E : Z is not empty, compact, or convex}.

—Py(E) :=={Z C E : Z is not empty or bounded}.

—N is a set of natural numbers.

—Yy=0+2v—0v. B

—£k = (Sk, K1), £k = [sk, Kk1] (k € Lo), Ty = (ki,51] and T; = [x;, 8] (i € Lq).

—AC(£,E) is the Banach space of absolutely continuous functions from £ = [0, b] to E.

—LEY((0,b),E), p > 1 is the Banach space of all Lebesgue measurable functions f
such that fw(lp’)% € LP((a,b),E) when p € [1,00) and fw € L®((0,b),E) when p = oo,
where )

11l (fo If(x >||.Plpl(x) x)7,ifp € [1,00),
LY (0b)E) ||fw||L°°( O,b),E)flfp = oo.
—Cuy([a,b],E) :={x € C((0,b],E) : wx € C([a,b],E)}.
—Ca—p0(la, b, E) = {x € C((a,b], E) : ((.) — (a))* "x(.) € Cu([a,b], E)}.

PCyyyuw(£E) = ={x:[0,0] = E (p() - lP( ))2 "x(.) € Co(£, E),
xir, € C(T,E), 1_>s+( ¥(t) — p(s))> "x(t)and
lirrk x(t)exist,k € Lg,i€i€ L]{}

—For any function f : [0,b] — E, define

k
DEFf(e) = DD (1) = w7l () s ) (F() k=N - {1}
where w1 (t) = ﬁ;t € [0,bland
0 = w(ODP (1) = -1 9 (o) k € N
frpw(t) = w(t) Dy f(t) = [Wa] (f(Hw(t)), k € N.

—ACYW(£,E) == {f:|ab] = E, fwe AC(£,E)}.
—For any n € N let,

AC™(£,E) = {f £ — E, D} """ f € ACY(£,E),D}"""f € L ((0,b), E)}.

Ly,
—Cl B E) = {x € Coyyu(£E) : Dy x € Co g y(£,E)}.
—Forany n € N — {1}, let

C B E) = {xe izl (£E): D}"""x € Coy (£ E)}.

2— 'ytpw
C; ’)/I/J‘LU(£ ) = {x 6 C27'y,1p,w(£/ E)/Dg,’tl/)’wx € szr)/,lp,w(ﬁ, E)}

—C3 B E) = {x € Conp(£,E), DG % € Cogy(£,E)}.

PC) . pw(EE) = {x € PCoyyu(£ E),D +tx|£ € Coo,pw(f E) k € Lo}
0,
chvalpw(ﬁ E) _{XGPCZ ‘71{71"('£ E) D wpx\ﬁ € G 'yl,b(ﬁkr )kGLO}.
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The spaces Cy (£, E), Co—y,y,w(£ E), PCoyyw(£,E) and C5 ww(ﬁf E) are Banach spaces
with the norms

[¥llc, (g.6) 7= sup [[w(e)x(e)]l,

QG

1xlle, 68 = sup 1(¥() = 9(0)* "w(0)x(o)ll,

QE

1l pe, .y 0(e,0)= max{ sup (¥(e) = 9 (s1))* " [[w(0)x(0)llg, sup [Ix(0)l[¢},

0k 0€Ty
keNy keNy
k=n—1
xlly o e0) = k_zl 107" %lles ey + D8I, ey
and
|[x[| acnpao (g ) = ||Dn71'lp’wxw||Ac(£,E)-

Definition 1 ([53]). Let « > 0. The w—weighted Riemann—Liouville fractional integral whose
order is o and which has a lower limit of 0 for a function f € Ly (£, E) in regard to  is given by

-1
U270 = " [ @~y WO syt

Lemma 1 ([53], Theorem 2.4). If f € LZ,’w(/E,E),l < p < oo, > Oand B > 0, then
Imlpwlﬁlpwf_ tx+/51pwf
0,0 0,0 OQ

Definition 2 ([53]). Let n € Nand « € (n — 1, n). The w-weighted Riemann—Liouville fractional
derivative whose order is « and which has a lower limit of a for a function f with respect to ¢ is
defined by:
(D )le) + = D" (I " f)(e)
Fmg De " (9(e) = 9(9)" ™Y/ () f(s)w(s)ds, ¢ > a

given that the right-hand side is well-defined.

Lemma 2 ([53], Proposition 1.3). i—If « > 0 andp > 0, then

I (w1 (0) (9(0) — p(a))P !
= w0 (9(o) — 9(a) P Vo € [a b,

ii—If B > 0and o < B, then

Dy (w1 (o) (y(0) — $(a))P~
= r{;@ (o) ((0) - W))ﬁ“vge[a bl.

Lemma3. If f € Co_0([a,b], E), then limy sl [w(0) Ing ">~ ¥ £ (0)|| = 0.

Proof. From the assumption that f € C;_, (£, E), we have that there is a positive real
number M satisfying the following:

() f(0)|| < M(y(0) —y(a))" > Vo € £.
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Thus, from Lemma 2, we obtain

lim||w(0) Ing" """ £ (0)|]

0—a ae

= lim ity (@) = 96) " () (9(0) — p(@) " (5)ds
= Mlim|1,"* " 07 () (p(@) — (@) (o)

= Mzzmmz—;znw*l(e)w(e) —(a)) T (o)

0—a

= 0.

The proof of the next lemma can be derived using the steps used in the proof of the
case when E = R ([53], Theorems 3.3-3.6).

Lemma4. Let f € LI} ([a,b], E).
i—Ifa > B > 0, then, for any o € [a,b],

DRI I (o) = Ing PV £ (0).

ii—D " 10" f(e) = f(0). Ve € [a,b].
iii—Ifax € (n —1,n)and I:,Z,g“’lp’wf € AC"¥™([a,b],E), then, for anyo € [a,b],

lag™ (Dad™ )(e) k o
1 —(a))* " . —k _
= fl@) - (@) & R lim ()" (@@ f(0).

Definition 3 ([53]). Let n € N, a €|n — 1, n[. The w-weighted -Caputo fractional derivative
whose order is « and which has a lower limit of a for a function f with respect to  is defined as:

k=n—1 _wl(a k
(DEP) =Dy (flo) — y, OO g o)),

k=0
given that the right-hand side is well-defined.
In the following, we recall some properties for IggJ “, D'x A and CD'X pLa
Lemma 5 ([53], Theorems 4.2,4.3,4.5). Let n € Nand a« € (n —1,n)
i—If f € AC"¥%([a,b],E), then, for a.e.,

(‘Dag™f)le) = 125”“’@25”%(@
= ,x fQ P(s))" 1 (s)w(s) Dy £ (s)ds.

ii—

Dyy ™ (w(0) (w(a) — () (0) = 0;Vk € {0,1,...,n — 1} @3)
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Definition 4 ([53]). The w-weighted -Hilfer derivative whose order is o and is of the type v and
has a lower limit of a for a function f : [a,b] — E is defined as

D@ : =iy l’?,éfff% IS ()
- 192 Dy I " f(0) 4
B D (),

given that the right-hand side is well-defined.

Remark 1. If f € C) 20 [a, D], E), then Dw’lp’wf(q)exzsts and consequently, by (4), Dy’ YL (o)
exists. Therefore, CJ_ vww([a’ b,E) C C". ,.(la bl E). Likewise, PC]_ lew([a, b], ) C

2—ypw
Cgv'ylpw([a/b]/ )

Definition 5. A function x € PCy_ .,y (£, E) is a solution for Problem (1) if x(¢) = gi(0, x(x; )),
Vo € (xj,si];i € Ly, Dgf’f’élp’wx(g) exists for 0 € (sg, kx41];k € Lo and x verifies (1).

Lemma 6. i—Assume that x: £ — E, x € PC%*W,#J,W(QE) and f € szw(E,E),p > 1. Ifxand
f satisfy the following w-weighted p-differential equation of the order o and the type v :

Di7y"x(0) = f(0), 0 € (sixisal i € Lo,
x(k;) = gili, x(x)),i € Ly,
x(0) = gilo, x(x)), 0 € (i), € L1/ .
ngggog“” w(o)¥(0) = o, lim 5t Iy, " w(0)x () = 31, 5)
lim (w(0)I*"7x(q)) = gl(sn ( i )),i€ Ly,
0—s;
QZ@@%(W(@)IO;W(Q)) 85 (si,x(s;)) i € Ly,
Then,
_ v—2 _ -1
w-1(o )<¢<e>( np(o%) %o +w-1(0) (IP(Q)TEP’Y()O)) »
o f(0), 0 € (s0,51),
x(0) = 8i(0,x(x;7)), 0 (Klrsl] i€l (6)
<e>%g1<si,x<si )
s — .
+w071 () WL gr (s, x(s7)) + 174 f(a), @ € (51, Kigal, i € La.
ii—If f € PCZ( ,W)w(ﬁ E), then the function x, defined in (6) belongs to PC,) _ v w0 (Er E)-

ng,vgw x(0)exists for 0 € (sg, kx1+1], Vk € Lo, and it is a solution of (5).

Proof. i—Suppose that x € PC3 (£,E), f € LY (£,E); p > 1. Also suppose that (5) is

2—y,p,w
verified and let i = 0. Then,

Doy x(e) = f(0),0 € £o. @)
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Since C2 1, »(£0, E) € AC?¥% (£, E),then Igrgwp’wx € AC?¥(£y, E). Therefore, by
applying I, o, Q “ to (7) and using Lemma (1), (2) and (4), we obtain, for ¢ € (0, %],

5 f) = Iy (D" %)) = oy LG DY x (o)
— I’Yll’wD’Y‘le x(0)
'Yil . pu—
= (o) —w (o) MR lim (o) (w(@) P x(e))

w01 ( o) Q=9 2-
W (@) ey lim (w(@) 177 x(e)).

Therefore, for ¢ € (0,x1],

— -2
xo) = w (@G

8)
— v oW
T (o) AN 1R ().

Leti > 2. Then,
o,0,,w
D" x(0) = f(o)-

Since Cz Ww(ﬁz, E) C AC*¥%(E;, E) then, I..;¥"'x € AC2¥ (£, E). Therefore, by
applying I Si/Q “ to (7) and using Lemma (1), (2) and (4), we obtain, for ¢ € (s;,x;41],1 € Ly,

x(e) = w (o) Moy i, (@(@P77x()
1 () LYY tim ((0) 2 7x(0)) + 1547 f(0)
= w” <e><‘"m*1)gz<su< )
a1 (o) WU D e (5, x(s7)) + I8 £(0).

Hence, (6) is satisfied.
ii—Assume that (6) is verified and let ¢ € (0, Kl]. Then,

— 72
x(@) = w (o) —xo

_ 71 W
o (o) U + I (@),

©)

Note that1 < o <y <2and v(2 — ) < 1. Applying Dgol‘g on both sides of (9) and
considering (3) and Lemma (1) and (ii) of Lemma (4), it follows, for ¢ € £y = (0, 1], that

Dy x(e) = DIy (o)

o 2w 22—y, p,w ;0,p,w
= Dy Io,g Io,g f(o)

2,p,w 2—0(2—0),,
Dgtpwlo,gv( U)tpwf(e)

Ly, Lyw 1w 1-v(2—0),p,
_ Dglpw(DglprO,g]wI(),Qv( cr)lpw)f(g)

Lyw1—v(2—0),p,w
- DQ¢ Iy, oy f(o)
= o)

Since f € PCZ(ZW‘;)W(;E E),D (2 7 lpwf‘ 6 € Coqypwl(fo, E), hence, D&gp’wxwo

€ Cz_%l/,,w(ﬁo, ). This implies that x‘ﬁ € C2 vlpw(fdo, ). Therefore, by Remark (2),
Dg’g’lp’wx(g)exists for ¢ € £y. We will show that ng’w’w (0) = f(0),Yo € £p. Let

0 € £y. Since f € PCZ(Z,y ;)w(;{,E) it follows that DSO(ZQ 7 lpwf‘l{ € Co—ypw(£o, E), and then
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Lyp,w 1-0(2— 1-0(2—
DQIPWIOQW( 7 wwf‘ﬁo € Co—ypw(£o, E), and hence, ISOQU( 7 1pwflﬁo € Cl_ 7¢w(£0' ).

Therefore, as a result of (2), (4) and (9), we obtain, for ¢ € £,

Dy x(e) = Iy "Dy x(@) = Iy "Dy " fle)

= (o) (@) I tim (w(o) 2 £ ().

Using Lemma (3), we obtain 1irr(1) (w(0)I'~*2=9) £(9)) = 0. Thus, Dg’g’w’wx(g) = f(o0),
0~ '

for any ¢ € £). Likewise, it can be shown that Dg{f]g’lp’wx(g) exists for ¢ € £;,i € Ly and
D" x(0) = f(@), ¢ € (siyxisa]. D

As a result of Definition (5) and Lemma (6), we drive the next corollary.

Corollary 1. The function x : £ — E is defined by:

w1 (o) LYy + 101 (o) (LN,
+Ig% " f(0), 0 € (s0,%1),
x(0) = gz(Q, x(xk;)),0 € (51/25] i€ Ly, (10)
w (g >%gl<su (57))
o (@) DTN g (o, x(s)) + ITHF(0), 0 € (sivmisal i € Ly,

Here, f € C;)(j;g,)w (£,E) with f(e) € F(o,x(0)),a.e., is a solution for Problem (1).
Remark 2. The solution function x defined in (10) has these properties:

i—x € PCy_ (£, E).

ii—uxis not continuous at s;, Vi € L.

0"0 w a,p,w

iii—If w(g) = 1,0 € £and v = Lthen v = 2, D/’ Y x(0) = D,lg x(0);0 €
(si, kix1],i € Ly, and x becomes continuous at s;,Vi € L.

To verify the third property in Remark (3), we give the following corollary, which is a
direct consequence from Corollary (1):

Corollary 2. Suppose that w(o) = 1,0 € £v = 1 and there is f € Cz(mp)w(f E) with
f(o) € F(o,x(0)), a.e.. Then, the function

o+ HQ O,

(
+I5%" f(0), 0 € (s0,%1],
x(0) = ¢ gilo,x(x;)),x € (xi,8i],i € Ly,

gi(si, x(s; >)>

OO or s, x(57)) + 4 Fl) 0 € (il € Ly,
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is a solution for the next -Caputo differential inclusion in the presence of non-
instantaneous impulses:

DN x(0) € F(a,x(0)), a.e.0 € (si, k11,7 € Lo,
x(Ki :gi(Ki/x( i )/ZELl

x(0) = gi(Q,x(Kfz),tdE (i, si],1 € Ly,

*(0) =, eli’%ﬂ ¥'(0) do x(e) = x1,

. 1 4
Qlizqsfl/)(e)de x(@) = 8} (siy (7)1 € L.

Definition 6 ([54]). A function «yg : P,(E) — [0,00)is called a measure of non-compactness
(MNC) on E if, for Q € P,(E),
7E(Q) = 1E(C0Q),

where o) is the convex hull of Q).

The MNC+is said to be the following:

i—Monotone if ()1, € Pb(E), 0, CO = ’)/E(Ql) < ’)’E(Qz)

ii—Non-singular if y£(6Q)) = éyg(coQ}), 6 € [0, c0).

ili—Regular if y£(Q)) = 0 <= Qis relatively compact.

One of the most important examples of MNC is the Hausdorff MNC, x g, which is
defined by:

Xe(Q) = inf{e > 0 : Qcanbecoveredbyafinitenumberofopenballswithradius < €}.
XE is monotone, non-singular, and regular.

Definition 7 ([55]). Let v be an MNC on E and U € P..(E). A multivalued function
Y : U — Py (X) is called yg—condensing if there is p € (0,1) such that

Te(Y(Q)) < Bre(Q),VQ € By (E).

For more about the measure of non-compactness, we refer the reader to [56,57].
Now, the function xpc, (£ : Po(PCa—qpw(£ E)) — [0,00), defined by

gk) maXXc(T E)(Z T; )}

XPCy_y(£,E) (Z) := max {lgagé Xc@or) (2 T

is a Hausdorff measure of non-compactness on PCy_,y,» (£, E), where Xc(g, p) is the Haus-
dorff MNC on C(£, E),

Zg o ={z" €C(E,E):2°(0) = (¥(0) — ¥(sx)* "z(0) 0 € £,
z*(sg) = Qhr? z*(0),z € Z},

and
Zg={z" € C(T, E) : 2" () = 2(0), 0 € T;, 2" (x;) = z(x"),z € Z}.

The following next lemmas describe fixed points. We will need them to derive
our results.

Lemma 7 ([55], Corollary 3.3.1). Let U € Pec(E) andY : U — Py (X) be x-condensing with a
closed graph, where x is a non-singular measure of non-compactness defined on subsets of U. Then,
Y has a fixed point.
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Lemma 8 ([55], Prop.3.5.1). Let U € P, (E) and Y : U — Py (X) be x-condensing on all
bounded subsets of U, where x is a monotone measure of non-compactness defined on E. If Y has a
closed graph, and the set of fixed points for Y, Fix(Y)is a bounded subset of E, then it is compact.

3. Existence of Solutions for Problem (1)

This section is devoted to demonstrating the existence of solutions for Problem (1).
Let p > 5= > 1be a fixed real number and, for any z € PCoy ) let

Sﬁ(./x) ={f¢€ Lg;lp(ﬁ,E) : f(0) € F(o,2(0)),a.e.foro € £},

and

v(2—0)p . (2—0)
Stiny | = Af €S} o f € PG L (£ E)}.

Theorem 1. Suppose that F : £ x E — Py (E) and g;, 8} : [k, si| X E — E;i € L1. We assume
the following conditions:
(Fy) Forany z € PCy_ y (£, E), the multivalued function ¢ — F(0,z(0)) is measurable,

and the set SZ((%Q)U)’p is not empty.

(Fy) Thereis a ¢ € LY (£,R") such that, for any z € PCo (£ E),

| Flo,z(e)) I = sup |lyll < ¢(e)(1+ [|z(e)[|),and for almost ¢ € Uger, (si, Kit1]-
y€F(oz(0))

(Fs) If 2w € PConyu(£E), 2w — 2 € PCoyu(£,E) fu € Spi2 )" and fu — f
€ LV (£,E), then f € S3277.

(Fy) Thereisag € Ly’ (£,R™") such that, for any bounded subset D C PCy_., ., and any
k € Ly, we obtain

Xe(F(0,2(0)) :z € D)) < (9(0) — ¥(s1))* "s(e)xe{(2(0) : z € D}, a.e.q € £,

and

(¥(b) — ()"

F(U’) HGHL;V)@,R*)

<1, (11)

where ) is the Hausdorff measure of non-compactness on E.
(Hy) Foranyi € Ly, g; : [«;,s;] X E — E has uniform continuity on bounded sets, and, for
any o € £, g; (0,.) maps every bounded set to a relatively compact subset. We thus have hy > 0
with
I'gi(e,u)) | < hill wll,Ye € (ki 5], andVu € E.
(Hp) For any i € Ly, g : [xi,s;] x E — E is given such that it maps bounded sets to
relatively compact sets, and we thus have h} > 0 with

187 (e u) || < hill ull,Ve € (ki si], andVu € E.

Then, the set of solutions to Problem (1) is non-empty and relatively compact in PCy_, y (£, E)
provided that

((5) = $(0)" Il 1
I'(o)

hy ¥(b) —¥(0)
T(y—1) NG

where hy = Y\=0 h; and hy = Y128 h?.

hy +

hi + <1, (12)
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Proof. Due to (F;), for any z € PCy_ 1, the set S;((.z;)‘ﬂ'l"

multivalued function ® : PCy_ yw — Pec(PCa—y,y,w) can be defined as follows: x € O(z)
if and only if

is not empty. Therefore, a

(

( ] i€l (13)
%gxsu (s7))

)+ 158 (@)@ € (sixigal i € Ly,

where f € SZ((%;)U)'p .

Note that, as a result of Lemma (5) and Corollary 2, the function x given by (13), which
belongs to PC) - (£,E) € PCyyw(£ E), ng’f]é‘p’wx(g), exists for 0 € (sg, xx11], Vk € Lo,
and it is a solution to Problem (1). Next, by applying Lemma 6, we show that ® has a fixed
point. Because the values of F are in P (E), one can prove that the set of values of © is
convex. For every n € N, let D, = {x € PC_q yw(£,E) : || x ||pC27%¢,IU(£,E) <mn}.

Step 1. We illustrate that there exists an 1 € N with @(Dy,) C Dj,,. Assume that, for
every n € N, there exist x, zy € PCy—,y,w(£ E) with x, € O(zy), || zn ||PCz < nand

—rpw T
Il xn || PCy_yy, > M- According to the definition of ®, we can find fn € Szizz’n‘; ¥ 1 € Nsuch

that

w”(g)%xo + wil(g)%xl
+155" fal0) 0 € (0,x1),
gi(0,zn(x;)), 0 € (Kllsl] i€l (14)
w*(e)%& (51,20 (5 )
+w71(g)%gi (s1,2n(s7)) + Igr0 ™ fu(0), 0 € (si, ki1, i € Ly

T
From (F,), it follows that

(@)l < ¢(@)(1 +n),ace. (15)

If o € (s, k1], we obtain from (14) and (15) that

(@~ ln @Il
< T %%Hfi”fw (e) ‘\’(7 ||x||
+ufo ($(0) = 9(s)" 1/ (s) p(s)w(s)ds
< F S ol + wo (e) “’3(‘5 >||x||
+W( (b) — p(0))" L [y (s)ds
< x|l +w (o) “’3(;;’ >||x1||
+ 20 ((b) — (0)) gl -
Then,
($(0) — 9(0)* "llw(e)xu(0)|
< %onu+w-1<e>"’<b3<f<°>||x|| (16)
O = 9O) 0l v 050,
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Let ¢ € (x;,si],i € L. Hence, from (Hy), we obtain
[xn (@] = 18i (0, 2n (1)) < hil |20 (k)] < Mal|znllpc, . (c8)- (17)
If 0 € (si,Ki11],i € Ly, it yields from (Hj) and (Hy) that

(¥(0) = 9(s:)* "l xu(0)]
b)—=9(0

—1
f-u(v_(i)) hllzallpc, ., , (5 E) +w_1(9)%
—1 —
T @ 0) = 9Ol oy

hal|zallpc, ., , (5 E)

IN

which gives us

((e) = (s:))* " lfw(e)xu(o )(U;) o
(1 hillznllpc, w,w(ﬁE) + r(ﬁ hallznllpc, ., , (£ E) (18)

T(y 1
+ %3) (@(0) = 9(©0)" Il 10

IN

The inequalities (16)—(18) imply that

< ol {10 || + LB () D31l + | zallpe, 0 (£/E)

A PCoqyw(EE) = T(y—1)
+r( 1)thZTlHPC2 vpw(EE)
+ 40 )(A,) hal|zullpc, plEF)
+i! <¢<b>—¢< >> E
<l g 4 IO | 4y 4

N 3&3’( iy + G2 (9(b) = pOI @l 1 5

Thus,

[xol $(b)—p(0)
n < oty llxoll + HRRE

)
+"’<3m“ nhy + S5 @ 0) = 9(0) Il 1w 0 g

_nhy

H'xl” +nhl + r(,)/ 1)

Dividing this inequality by n and taking the limit as n — co, we have

hy

1/]([7) — (l)(()) (lp(b) - l/J(O))U_l ‘ ‘§9| |L%U’lp((0,h),R+)
T(y—1) I'(y) '

hy + (o)

1<+

This contradicts (12). Therefore, there exists a natural number 7 such that @(D,,) C

O(Dy,)-
Step 2. The graph of O is closed on Dy,,.
Let (xn)n>1, (zn)n>1 be two sequences in D,,, with x, — x,z, — z in Dy, and x, €

O(zn);n > 1. Then, we have f,, € S (( )) such that (14) is satisfied. Using (15), we obtain

[fu(@)]l < @(e)(1+ng), and consequently, {f1},~; is weakly compact in LEY(E,RY).
Applying Mazur’s lemma, one can find a subsequence, {fy, },, converging strongly to

fe Ly (E,R™). Using the Lebesgue convergence theorem, we obtain

lim Ig)lgwfn(g) = lim © @ N ¥(5))7 1P (5) fu(s)w(s)ds

n—r00 n—oo T(0)

= IZYf(0), Yo £

SOQ
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Moreover, Conditions (Hy) and (Hy) imply lin, egi(0,zu(x; ) = gi(0,z(e)) and
limy ooki(si, zn (%)) = ki(si,2(@)), Vo € £. Therefore, lint, x4 (0) = x(0), where

¥—2 _ -1
1) GO 2y o1 (g) LR PO
Ialp W

1
+lsgo f@),0 € (0,51,
gi(e,z(x;)), 0 €

Y
v
Q
(o) 0 (Kusl] i€ Ly,
X =
D= 01 (g WD ()
0)—y(

)—(s;
I(y-1

#?'”gi (s51,2(57))
+IS8 f(0), 0 € (si,xi11)i € L.

Note that Assumption (F3) implies f(0) € F(o,z(0)), a.e., and hence, that x € ©O(z).
Step 3. For every k € Ly and i € L1, we set

Mg = {y:y:&— Ey(e) = (p(@) — (sx)* "w(o)x(e), 0 € £,
y(se) = Jim, y(0),x € O(2),z € Dy},
and o
H\f = {x* € C(T,E) :y(t) =x(t),t € (k;,8i)],
x*(k;) = x(x),x € O(z),z € Dy, }.

Here, we show the equicontinuity of {H@} ; k€ Ly and Hlf; i € L in the Banach

space PCo_pw(£ E).
Casel. Lety € H%. Then, there exist z € D, and x € ®(z) such that, for ¢ € (0,x1],

we) = ()= #(0) Tw(k ! (o)UY x,
! () LN 1 178 (o))
= g+ WOy 4 (p(g) - (0)* (@) IR F(0),

where f € S;(( 2) ) and y(0) = li%1+y(g). Therefore,

Q—>
—(0
ve) = i+ (fr)(vlf( ))xl
v _
+ (YO 2 ((q) — 9(s))” "¢/ (5)f(s)w(s)ds.

Let o € (0,x1] and 6 > 0 with 0 + 6 € (0, x1]. We thus have

| y(e+9) —ylo) |l
9(e+0)—wloll .

= T7)
+||w Q+5(¢(Q_|_§) lp(s))"_llp’(s)w(s)f(s)ds
_% J2 (o) — (s)7 "' (s)w(s) £ (s)ds||

< lpterd)—vlal,

I'(7y)

+||Q+5r—7) f“‘s( (0+0) — ()7 "¢/ (s)w(s) f(s)ds|
+||% fo Q—|—5 ¥(s))" llPl(S)w(S)f(S)ds
(lp(‘w—fo ()7 ! (s)w(s) £ (s)ds|
+||L fo P(s) 1 (s)w(s) f(s)ds
_WT J& (o) — ))" ! (s)w(s)f(s)ds| -
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Then,

| y(e+6)—ylo) |
[9(e+0)—p(a)] .
T(7) X1

SO ok (g1 5) — (o) S s
+|Q+5—¢H | X

IN

I(y) vt (19)
||f0 Q+(5 —9(s )) P (s)w(s)f(s)ds
— o (v )) ’(S)W(S)f( )ds||
4@ (@+5) $(0 )) _ (@(@=9(0)*
T(7) (o)
| Jo (pe) —(s)) "¢/ (s)w(s)f(s)ds||.

Since ¢ > 1,1 is continuous and ||f(s)|| < ¢(s)(1 + ng), Relation (19) implies that
%irr(l) Il y(t+0) — y(t) || = 0 independently of y.
—
Case 2. Letx* € Tj;i € Lyand 0+ 6, 0 € (xj,5;]. Then, since g; is uniformly continuous
on bounded sets, we have

lim [|x*(¢ +6) — x* (o)l lim [|x(¢ + ) — x(o)l|

= hmllgle+5x( ) —8ile+9d,x(x7))| =0,

and
Jim [ (s +8) = () | = fim tim | x(0x+8) —x() || = 0.
Case 3. Lety € H\E' Then, there are z € Dy, and x € ®(z) such that, for t € (s1, %),
_ _w(s:))T 2 _
v(o) = (¥(e) —9(0))* "w(o)w (o) LU —gi(si2(s; )
-1
+o7 (g >%g;ﬁ<si,z<sm 55 f ()]
= gilsi2(s7)) + LeECgx (s, 2(57))
+(9le) — 9(0) Tl I Flo),
where f € S v(2 )U) and y(0) = lim, 04 y(0). Therefore,

y(@ = silsz(s) + LA Ten(s; 2(s)
9(s

+ WTVONTT 1 (5(0) — p(s)) 9/ (5) f(s)w(s)ds ]

Because o > 1, v > 1, and  is continuous, using a similar argument as in Case (1),
we can show that }ig}) | y(o+6) —y(o) || = 0independently of y.
Finally, by repeating the same arguments, it can be proved that }ig;l) ly(e+9)—ylo) || =0
forany y € H@,k =2,...,m
Step 4. Set Ky = Dy, Ky = ©(K;,—1);n > 1. In this step, we will show that
lim xpc, . ) (Kn) =0, (20)

n—oo

where xpc, p(EE) (Ky) is the measure of noncompactness on PCo_ y«(£ E). Letn € N

be fixed and let € > 0 be arbitrary small. Applying Lemma 5 in [58], there exists a sequence
(xr),>1 in Ky = ©(K,,_1) such that

XPCypuw(6B)(Kn) < 2{Xpe, ., (ep)%r 7 21}t

21
max{%%ﬁxcw@,is)(zlﬁﬂ maXXc(T E)( lf)} te 1)
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where Z = {x, : r > 1},

= {I" € C(£,E) : " (0) = ($(e) — (sk))*"
lim+ h*(0),h € Ky},

05

g
W (sk) =

and

Zg = {n" € C(T,E) : h*(0) = h(e), 0 € Ty, h" (ki) = h(x;"),h € Ky}

Tw(o)h(e), 0 € £,

Now, from Step (3), the sets Z@, ke Ly Z f,,i € L; are equicontinuous, and, conse-

quently, (21) becomes

where
Y=

XPCy_po(eE) (Kn) < max{Y1, Y2} +e,

maxmax 1 {((e) — (s))* w(o)xr(e) : 7 > 1},
€Lo ok

Y, = maxmaxx{xr(g) r>1},
i€ly ocT;

and x is the measure of compactness in E.
Now, for any r G N, let z, € K,,_1 with x, € ©(z;). According to the definition of ©,

there are f, € sY F(

x(0)

Let ¢ € £¢. Set

1 (0)

where

M (o)

Due to (F), fors €

)

. we thus have r € N such that

_ -2 _ -1
wfl(Q)(lP(Ql)ﬂ(’;/i(%) %o +w’1(e>(¢(g)rép7(§))) x

SOQ f"( ) Q€£OI.
gi(0,z(x; ), 0 € Tj,i € Ly,

—(s;))7 2
w (@) P —gi (51,2005 )

a1 (o) WA g5, 2, (s;))

+I0" fr(0),0 € £, € L.

= (o) - ¢go>)2*”w<q>x{15';;”'“’fr<e> :r € N}
_ (1/1(9);1!’)0)) YQz(Q),

= [ 9@~ 9 Y Ol fi(s)ds 7 e N,
0

, 0], the following holds:

x{fr(s) = =1} <xe(UrenF(s,2:(5)))

c(s)(w(s) — 9(0))* "w(s)x{z(s) : r € N}
c()x{(#(s) — (0))* Tw(s)z(s) : r € N}

S()XPCy (e, E) (Kn-1)-

INIA A

Since o > 1, this yields

M (0)

)7” 1f0 x{fr( )ds : 1 e N}

VANRPVAY
w/c

l/’(
= lP(b)U 1XPC2 o (EE) (Kn 1)||€||L3¢;¢(£,R+)'

1

) ch2 papo( £E )fo w(s)ds

(22)

(23)
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Therefore,

(@) < yiﬁ?)}::zjji K 24
1(0) < T(0) XPCy_ypu(£E)( ”‘1>||gHL3¢;‘P(£,R+)' (24)

Next, since, for any ¢ € £, gi(0) and g7 (0) map bounded sets to relatively compact
sets, we obtain Y, = 0. For ¢ € £;,i € Ly,

(o) —y(s)" >
[(y—1)

Moreover, using the same arguments as when ¢ € £y, one can show, for ¢ € £,k € Ly,

x{w (o) 8i(sivze(sy)) :r > 1} =0, (25)

that

(P(0) — (s1))* "wl)x{leh  frle) reN}p
o,
S w(br)(a) XPCsy o (£E) K016l | 10 o)

From (22)—(26), one has

(26)

XPCy g0 (£E) (Kn)

< P (Ko1)|Ic]] VneN
= T(0)  APCoypu(£E) \Bon=11611 Ly (o p)s :

Then,
XPCy_1yy(£,E) (Kn)

1-y+0
< (M6l o))" Apcie ) (Kn), Vi > 1.

(27)

Equations (11) and (27) imply that (20) is achieved.

Step 5. By applying the Cantor intersection property, the set K = N,cnK; is not
empty and compact. Then, the multivalued function @ : K — Ksatisfies the assumptions
of Lemma 6, and consequently, ® has a fixed point x € K. By using a similar arguments
as in Step 1, one can demonstrate that the set of fixed points of ® is bounded. Then, by
Lemma 7, the set of solutions for Problem (1) is compact in PCy .,y (£, E). O

Remark 3. If thereis h € PCy_y,y (£ E) such that f(o) = Iv(liﬂ)’lph(g),VQ € £,k € Lo,

5i+.0
then X R )
DL (o) = Dyt I (o) = o), Vo € £,k € L,
and this implies that [ € PCZ(EJ/ l‘;,)w(E,E). Therefore, Condition (F;) will be satisfied if the

following assumption is verified:

(F1)" Forany z € PCy_ y (£, E), the multivalued function ¢ — F(¢,z(g)) is measur-
able, and there is f € Lf,;lp(I,E) and h € PCy_,yw(£ E) with f(¢) € F(o,z(0)),a.e. and
f(o) = Ik (o), Vo € £k € Lo.

Indeed,

Dv(2—(7),¢,wf(Q) _ Dv(Z—U),l/J,wIV(Z—U),lp,wh(Q) _ h(Q)

Sk0 Sk,Q Sk,Q

Then, f € s;&)a),p_

4. Example

In this section, we give an example to show that our results are applicable.

Example 1. Let Ebe a Hilbert space, let Q) be a non-empty convex compact subset of E,b =3,
£=100,3,m =15 =0x =1,8 =2,k =3,0 = %,v = le' Then, v(2—0) = %
Yy=0+2v—0v = % and let 2 —y = %, w: £ —]0,00[, P : £ — R be a strictly increasing

7
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continuously differentiable function with ¢’ (s) # 0 for any s € £and A = sup{||x|| : x € Q}.
We define a multifunction F : £ X E — Py (E) such that, for any z € PC% 1pw<£’ E),

nQ,0€ (1,2], (28)
4
nw=(0)(p(e) — $(0))8|(0)[|Q, 0 € (2,3],
where 7 > 0. Letz € PC g (£, E). Obviously, the multivalued function ¢ — F(.,z(.)) is
measurable. Moreover, we define f;,h; : £ — E by

w1 (o) ($(0) — $(0))¥[12(0)[|Q, 0 € [0,1],
(0,z(0)) =

nw,o € (1,2],

701 (0) (¥(0) — 9(0))¥[[2(0)|w, 0 € [0,1],
f2(0) = A
nw=(0)(¥(e) — ¥(2))8z(0)||w, ¢ € (2,3],

and

g
AN
—
IS
SN—
—
<
—
P}
S—
\
<
—
o
S—
S—
~
~—~
-
&
P}
m
=)
=

hy(0) = nw, o€ (1,2],
5

=
Py
oo:/_):
~— N
SI
-
—
Y=
N—
—
<
—
e}
SN—
|
<=
—
S—
SN—
=
IS
m
—
N
<)

where w € Q) is a fixed point. Obviously, f(0) € F(o,z(0)),a.e., and, by the first assertion
of Lemma 2, we obtain

57 ha(e) = Mt B ot (o) (ple) — (0))?)
= llulle(w @) (p(0) ~ () )io € [0,1],

and
12

5o = M W) (0) - w2))
= o)) - p@) e e (23]

Therefore, f;(0) = Isk(é U)’w’whu(g),VQ € £,k € {0,1}, and hence, by Remark 3, (F;)
is satisfied. In addition, for any y € F(o,z(0)), one has

o€ (1,2,

w1 (0) (¥(0) — ¥(0))SA[[2(0)|], ¢ € [0,1],
(o)l < nA 2 3
“L(0)(¥() — ¥(2))5A[2(0)]], ¢ € (2,3].

Then, (F;) is verified with
@ (o) ($(0) ~ 9(0))¥A,0 € [0,1],
¢(o) = 77?\ 0€(L,2], . (29)
o) (ylo) —¢(2))%A,0 € (2,3].
Note that
1ol pey = fo )w s)y'(s)d

mﬁ'@%+ﬁw@W@%
§1p (S) (30)



Fractal Fract. 2024, 8, 144

19 of 22

Now, let D be a bounded subset of PC, (£ E), 21,22 € D, ¢ € (0,1], and x €
F(0,z1(0)). Then,

101 (0) (¥ (0) — $(0))¥||z1 (0)]le*, ¢ € [0,1],
x=1 nw,o¢€(1,2], (31)

0 () (¥(e) — ¥(2))F |21 (0)]]e*, ¢ € (2,3,

where e* € ). Set

w1 (o) ((a) — $(0))¥[|22(0)[|e*, 0 € [0,1],
y=4 nw,e€(12], (32)

7w (0) () — 9(2)¥[|22(0) e, ¢ € (2,3].

From (31) and (32), it yields that y € F(o,22(0)), and if ¢ € [0,1] U (2, 3], then

[x =yl < o~ (@) (9(e) — $(0))3 e [[lllz1 ()| — lIz2(e) 11} if ¢ € (0,1]

and

[l =yl < o~ (@) (w(e) = $(2)3 e | [lllz (| = llz2(e) 111 if ¢ € (2,3].

As a result,

h(F(0,z1(0)), F(0,21(0)) < nAllz1 — z2llpc, g s (33)

and for almost ¢ € £,k =0,1,

xe(F(e,z(e)) : zeD)) (34)
< (9(0) = ¥(s1)* "s(@)xe{(z(0) : z € D}.

Therefore, both (F3) and (F) hold, where ¢(0) = #7A; 0 € £. Next, let ¢ : [1,2] x E - E,
g5 : [1,2] x E = E as follows:

g1(e,x) =nY(x),g1(e, x) = 1Y*(x), (35)

where Y and Y* are the projection operators on () and Y. Note that ||g71 (0, x)|| < An||x]]
and ||g1(0,x)|| < An||x||,V(0,x) € £ x E. Thus, Conditions (H;) and (H;y) are satisfied
whenh =h = Ay.

As a consequence of Theorem (1), Problem (1) has a solution where ¢ = %, V= %, F,g
and g* are given by (28) and (35) provided that
7
8
$(3)° <1, (36)

eIl 1e
r(%) Ly (ERY)
and )
Mpoy0) +¢(3)2||¢|IL30,¢ )
(2 r(i 17 r(&) ’
(3) T(®) 5

where ¢(¢) = Ay and [|g@]|, 1y is given by (30). By choosing values of A, p and 7 small

A+

(37)

enough, Inequalities (36) and (37) will be verified.

5. Conclusions

It is known that the w-weighted p-Hilfer fractional derivative, Dg', Z’lp'w, is a general-
ization of several fractional differential operators. In this work, we were able to construct
sufficient conditions that make the solution set of the differential inclusion (the nonlinear
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part is a multivalued function) includes Dg'zlp’w of the order y € (1,2) in the presence

of non-instantaneous impulses in Banach spaces of infinite dimensions is not empty and
compact. To achieve this goal, we found first the relationship between a differential equa-
tion involving Dg’fé’lp’w of the order y € (1,2) and its corresponding integral equation.
Then, using a suitable fixed-point theorem for multivalued functions, the existence of the
solution for the considered problem was proven. Moreover, our technique can be used
to generalize all the works mentioned in the introduction section to the case where the
considered fractional differential operator is replaced by Dg', Z’lp’w
space is infinite.
We suggest the following direction for future research.
I—Study the existence of S-asymptotically w-periodic solutions for Problem (1).
II—Study the topological properties of the set of solutions to Problem (1).
[ITI—Extend the recent work conducted in [21,25-37] when the considered fractional
differential operator is replaced by D;’Z’lp’w and the dimension of the space is infinite.
IV—Generalize this work to the case where the right-hand side contains the infinitesi-

mal generator of a strongly continuous cosine family and the nonlinear part.
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