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Abstract: In this article, we examine variational inequalities of the form ⟨A(u), v − u⟩+ ⟨F (u), v − u⟩ ≥ 0, ∀v ∈ K

u ∈ K,
, where A is a generalized fractional Φ-Laplace oper-

ator, K is a closed convex set in a fractional Musielak–Orlicz–Sobolev space, and F is a multivalued
integral operator. We consider a functional analytic framework for the above problem, including
conditions on the multivalued lower order term F such that the problem can be properly formu-
lated in a fractional Musielak–Orlicz–Sobolev space, and the involved mappings have certain useful
monotonicity–continuity properties. Furthermore, we investigate the existence of solutions contingent
upon certain coercivity conditions.
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1. Introduction

We are concerned in this article with variational inequalities driven by a generalized
fractional Φ-Laplacian, perturbed by a multivalued lower order term, over a closed convex
set in a fractional Musielak–Orlicz–Sobolev space.

The study of variational inequalities traces its origins back to the calculus of variations,
yet its systematic development only began in the 1960s, initiated by the works of Fichera [1]
and Stampacchia [2,3], which was motivated by problems in mechanics, like obstacle prob-
lems in elasticity—the Signorini problem, and Potential theory (the study of set capacities).
Following the groundbreaking contributions of Lions and Stampacchia in [4], the explo-
ration of variational inequalities gained momentum, evolving into a significant domain
within nonlinear analysis, calculus of variations, optimization theory, optimal control and
various branches of mechanics, mathematical physics and engineering.

The principal operators involved in variational inequalities span a wide range, de-
pending on the modeling necessities; they range from Laplacians and p-Laplacians to more
complex, nonlinear operators of Leray–Lions types, etc. Our focus in this paper is on
multivalued variational inequalities, which encompass, as special instances, variational
inequalities containing Clarke’s generalized gradients of locally Lipschitz functionals, usu-
ally referred to as variational hemi-variational inequalities. Such inequalities typically
emerge in the context of mechanical problems characterized by nonconvex and potentially
nonsmooth energy functionals. This situation arises particularly when nonmonotone, mul-
tivalued constitutive laws are considered, as illustrated in studies like [5,6]. Variational
inequalities with general multivalued terms, which are not Clarke’s generalized gradients,
do not generally have variational structures. For further details on variational inequalities
related to those discussed here, readers are referred, e.g., to [5,7,8], and the references cited
therein, which provide extensive discussions on this subject matter.

On the other hand, since the seminal articles by Caffarelli, Salsa and Silvestre [9,10],
there has been a surge in research interest surrounding nonlocal problems, particularly
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those involving fractional operators, including fractional Laplace operators of different
types, and the corresponding fractional Sobolev type spaces. These problems have garnered
attention due to both their intriguing theoretical abstract structures and their practical
applications in diverse fields, including fluid mechanics, mathematical finance, phase
transitions, optimization, anomalous diffusion, materials science and image processing
(see, e.g., [11–13] and the references therein).

Recently, Azroul, Benkirane, Shimi and Strati [14,15] and de Albuquerque, de Assis,
Carvalho and Salort [16] studied equations driven by the s-fractional Φx,y-Laplacian op-
erator (−∆Φx,y)

s and properties of its associated generalized fractional Musielak–Sobolev
spaces Ws,Φx,y(Ω). The operator (−∆Φx,y)

s is defined by

(−∆Φx,y)
su(x) := 2 lim

ε→0

∫
RN\Bε(x)

ax,y

(
|u(x)− u(y)|

|x − y|s

)
u(x)− u(y)
|x − y|s

dy
|x − y|N+s ,

where s ∈ (0, 1), Φx,y(t) =
∫ |t|

0 τax,y(τ)dτ is a generalized N-function, and a : Ω × Ω ×R
is a Carathéodory function, which is symmetric with respect to x and y. The appropriate
function space for such problems is the generalized fractional Musielak–Sobolev space
Ws,Φx,y(Ω) associated with the fraction s and the generalized N-function Φx,y. The frac-
tional Φx,y-Laplacian operator (−∆Φx,y)

s and its associated fractional Musielak–Sobolev
space Ws,Φx,y(Ω) extend several concepts and functional frameworks in the literature.

In this paper, we are concerned with variational inequalities of the form

∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)(Dsv(x, y)− Dsu(x, y))dµ

+
∫

Ω
f (x, u)(v − u)dx ≥ 0, ∀v ∈ K

u ∈ K,

(1)

where K is a closed convex set in the fractional Musielak–Orlicz–Sobolev space Ws,Φx,y(Ω),
F is a multivalued integral operator, and

⟨A(u), v⟩ =
∫

Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)Dsv(x, y)dµ

represents a generalized fractional Φ-Laplacian in variational form, with Dsu(x, y) =
u(x)−u(y)
|x−y|s and dµ = dxdy

|x−y|N .

Note that in the case K = W
s,Φx,y
0 (Ω) (where W

s,Φx,y
0 (Ω) = {u ∈ Ws,Φx,y

(
RN) : u = 0

a.e. in RN\Ω}) and f is single-valued, this variational inequality reduces to the variational
equation ∫

Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)Dsv(x, y)dµ +
∫

Ω
f (x, u)vdx = 0,

for all v ∈ W
Φx,y
0 (Ω), which is the weak form of the Dirichlet boundary value problem (−∆Φx,y)

su + f (x, u) = 0, in Ω

u = 0, on RN\Ω.

This problem, together with its particular cases, has been extensively investigated
in recent times. Some other choices of K formulate obstacle and unilateral problems. For
example,

K = {u ∈ W
s,Φx,y
0 (Ω) : u ≥ g a.e. on Ω},

where g is a measurable function defined on Ω, corresponds to obstacle problems.
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We focus here in the more general case where f is a multivalued function; that is, f is a
function from Ω ×R to 2R. In this case, the variational inequality (1) is basically interpreted
as follows. A function u ∈ K is a solution of (1) if there exists a function η defined on Ω
such that

η(x) ∈ f (x, u(x)) for x ∈ Ω, (2)

and ∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)(Dsv(x, y)− Dsu(x, y))dµ

+
∫

Ω
η(v − u)dx ≥ 0, ∀v ∈ K.

(3)

In the particular case where K = W
s,Φx,y
0 (Ω), the multivalued variational inequality

(2) and (3) is the weak form of the inclusion (−∆Φx,y)
su + f (x, u) ∋ 0, in Ω

u = 0, on RN\Ω.

The main goal of this article is to establish a functional analytic framework and derive
existence results for the variational inequality (1) which involves a general convex set
K in X and a multivalued lower term f . To the best of our knowledge, previous works
related to fractional Laplacians have primarily focused on equations involving single-
valued functions, and equations or inequalities that incorporate fractional Laplacians
or generalized fractional Laplacians with multivalued lower order terms have not been
systematically investigated. We would like to point out that classical variational methods
are not directly applicable to problems (2) and (3) due to its general multivalued nature. In
this article, we utilize a combination of topological and monotonicity methods to investigate
the existence and related properties of solutions to problems (2) and (3). The analytical
framework and results presented here seem useful for studying related problems involving
fractional Laplace operators and fractional Musielak–Orlicz–Sobolev spaces as well.

The paper is organized as follows. Section 2 provides a preliminary discussion on
fractional Musielak–Orlicz–Sobolev spaces and related topics. In Section 2.1, we present
basic definitions and properties of N-functions, generalized N-functions, Musielak–Orlicz
spaces and fractional Musielak–Orlicz–Sobolev spaces. In Section 2.2, we prove properties
of generalized N-functions that satisfy ∆2 conditions. The main topic of multivalued varia-
tional inequalities in fractional Musielak–Orlicz–Sobolev spaces is discussed in Section 3.
The problem’s setting, along with some basic assumptions, is provided in Section 3.1. In
Sections 3.2 and 3.3, we focus on the multivalued lower order term and prove some crucial
continuity and monotonicity properties of this term. This allows us to establish a functional
analytic framework for our problem in an appropriate fractional Musielak–Orlicz–Sobolev
space, suitable for investigation using topological and monotonicty approaches. Section 3.4
is devoted to the main existence results. We demonstrate the solvability of our multivalued
variational inequality under certain conditions concerning the nonlocal fractional main
operator, the multivalued term and the closed and convex set of constraints. Some prop-
erties presented in Sections 2.2 and 3.3 are necessary for subsequent discussions and also
appear to be useful for the investigation of related problems in Musielak–Orlicz spaces and
Musielak–Orlicz–Sobolev spaces.

2. Preliminaries on N-Functions and Fractional Musielak–Orlicz–Sobolev Spaces

In this section, we will present some basic facts about N-functions and fractional
Musielak–Orlicz–Sobolev spaces, as well as related topics that are essential for our discus-
sion in the following sections, such as properties of Musielak–Orlicz spaces and fractional
Musielak–Orlicz–Sobolev spaces corresponding to N-functions that satisfy ∆2 conditions.
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2.1. Musielak–Orlicz–Sobolev Spaces and Fractional Musielak–Orlicz–Sobolev Spaces

We will discuss in this section basic concepts and results about N-functions and
their associated Musielak–Orlicz spaces, Musielak–Orlicz–Sobolev spaces and fractional
Musielak–Orlicz–Sobolev spaces.

2.1.1. N-Functions

In this section, we summarize some facts about the classes of N-functions and general-
ized N-functions; refer, e.g., to [17–21] for more details.

Definition 1. Let ψ : [0, ∞) → [0, ∞) be a right continuous, increasing function such that
ψ(0) = 0, limt→∞ ψ(t) = ∞ and ψ(t) > 0, ∀t > 0. Then, the function Ψ defined by

Ψ(t) =
∫ |t|

0
ψ(s)ds, t ∈ R,

is called an N-function.

Equivalently, a function Ψ : R → [0, ∞) is an N-function if and only if Ψ is continuous,

even, and convex with lim
t→0

Ψ(t)
t

= 0, lim
t→∞

Ψ(t)
t

= ∞ and Ψ(t) > 0, ∀t > 0.

In this case ψ = Ψ′
+, the right derivative of Ψ, satisfies the conditions in Definition 1

and Ψ(t) =
∫ |t|

0
ψ(s)ds, t ∈ R. In some equivalent variants of the above definition, one can

extend ψ to an odd function defined on R, or restrict Ψ to [0, ∞). We denote by N the set of
all N-functions.

Definition 2. Let U be a measurable subset of Rd (d ≥ 1). A function Ψ : U ×R → R is said to
be a generalized N-function on U (Ψ is an N(U )-function for short) if

(i) For all t ∈ R, x 7→ Ψ(x, t) is measurable on U ,
(ii) For almost all x ∈ U , t 7→ Ψ(x, t) is an N-function.

We denote by N (U ) the set of all generalized N-functions on U . Let L0(U ) the set of
all (equivalent classes of) real valued measurable functions on U . Definition 2 means that

N (U ) = {Ψ : U ×R → R : Ψ(·, t) ∈ L0(U ), ∀t ∈ R, and Ψ(x, ·) ∈ N , for a.e. x ∈ U}.

Remark 1. Let Ψ : (x, t) 7→ Ψ(x, t) be a function defined on U ×R. In the sequel, we will use the
notation Ψx for Ψ(x, ·) or to simply emphasize the fact that Ψ also depends on x ∈ U , in addition
to its dependence on t ∈ R.

Definition 3. (a) A function Ψ ∈ N is said to satisfy a (global) ∆2 condition if there exists a
constant κ > 0 such that

Ψ(2t) ≤ κΨ(t), for all t ≥ 0. (4)

(b) Let U be a measurable subset of Rd. A function Ψ = Ψx in N (U ) is said to satisfy a
(global) ∆2 condition if there exists a constant κ > 0 (independent of x and t) such that

Ψx(2t) ≤ κΨx(t), for a.e. x ∈ U and all t ≥ 0. (5)

Definition 4. For Ψ ∈ N or N (U ), let Ψ denote the Hölder conjugate (the Young complementary)
function of Ψ, defined by

Ψ(t) = sup{ts − Ψ(s) : s ∈ R} (t ∈ R),

or
Ψ(x, t) = sup{ts − Ψ(x, s) : s ∈ R} ((x, t) ∈ U ×R).
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It follows from this definition that Ψ is also an N-function (or N(U )-function respec-
tively), and Ψ = Ψ.

Let Ω be an open domain in RN . In what follows, we concentrate on the cases where
U = Ω ⊂ RN and U = Ω × Ω ⊂ R2N . If Φ = Φx,y is a function in N (Ω × Ω), then the
function Φ̂ = Φ̂x defined by Φ̂x = Φx,x is clearly a function in N (Ω). Moreover, if both
Φx,y and its conjugate Φx,y satisfy ∆2 conditions on Ω × Ω, then Φ̂x and its conjugate Φ̂x

also satisfy ∆2 conditions on Ω, with the same constantsκ in formula (5) for Φx,y and Φ̂x,

and for Φx,y and Φ̂x, respectively.
The following definition gives some comparison for growth rates of N-functions.

Definition 5. (a) Let Ψ1, Ψ2 ∈ N ; one says that Ψ2 dominates Ψ1 (near ∞) and writes

Ψ1 ⪯ Ψ2 (or Ψ2 ⪰ Ψ1),

provided there exist constants t0, k ≥ 0 such that

Ψ1(t) ≤ Ψ2(kt), t ≥ t0.

(b) Let Ψ1, Ψ2 ∈ N (U ); one says that Ψ2 dominates Ψ1 (near ∞) and writes

Ψ1 ⪯ Ψ2 (or Ψ2 ⪰ Ψ1),

provided there exist constants t0, k ≥ 0 such that

Ψ1(x, t) ≤ Ψ2(x, kt),

for all t ≥ t0 and a.e. x ∈ U .

We also mention a notion of relative growth of N-functions which will play a role in
our later considerations (cf. [17,19,20]).

Definition 6. (a) An N-function Ψ1 is said to grow essentially more slowly than another N-
function Ψ2, abbreviated by Ψ1 ≪ Ψ2, if

lim
t→∞

Ψ1(t)
Ψ2(kt)

= 0, ∀ k > 0.

(b) For Ψ1, Ψ2 ∈ N (U ), we say that Ψ1 grows essentially more slowly than Ψ2 and denote by
Ψ1 ≪ Ψ2, if for all k > 0,

lim
t→∞

Ψ1(x, t)
Ψ2(x, kt)

= 0,

uniformly for a.e. x ∈ U .

2.1.2. Orlicz Spaces and Musielak–Orlicz Spaces

Let Ω be a domain in RN .

Definition 7. Let Ψ be an N-function. The Orlicz space LΨ = LΨ(Ω) is the set of all (equivalent
classes of) measurable functions u on Ω such that∫

Ω
Ψ
(
|u(x)|

k

)
dx < ∞, for some k > 0.
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With this definition, we see LΨ(Ω) is a Banach space when equipped with the (Lux-
emburg) norm

∥u∥Ψ = inf
{

k > 0 :
∫

Ω
Ψ
(
|u|
k

)
dx ≤ 1

}
.

The Hölder inequality is generalized to Orlicz spaces as follows.

Theorem 1. If u ∈ LΨ(Ω) and v ∈ LΨ(Ω) then uv ∈ L1(Ω) and∣∣∣∣∫Ω
u(x)v(x)dx

∣∣∣∣ ≤ 2∥u∥Ψ∥v∥Ψ.

Definition 8. Let Ψ = Ψx be an N(Ω)-function. The Musielak–Orlicz space LΨ(Ω) = LΨx (Ω)
is the set of all functions u ∈ L0(Ω) such that∫

Ω
Ψx

(
u(x)

k

)
dx < ∞, for some k > 0.

LΨx (Ω) is a Banach space when equipped with the Luxemburg norm

∥u∥Ψx = inf
{

k > 0 :
∫

Ω
Ψx

(
u(x)

k

)
dx ≤ 1

}
.

Let Φ = Φx,y be a function in N (Ω × Ω). Corresponding to the N(Ω)-function
Φ̂x = Φx,x, we have Musielak–Orlicz space

LΦ̂x (Ω) =

{
u ∈ L0(Ω) :

∫
Ω

Φ̂x

(
u(x)

k

)
dx < ∞, for some k > 0

}
.

Under the assumption that both Φx,y and its conjugate satisfy ∆2 conditions and thus

both Φ̂x and its conjugate also satisfy ∆2 conditions, LΦ̂x (Ω) is a separable and reflexive
Banach space when endowed with the Luxemburg norm

∥u∥Φ̂x
:= inf

{
k > 0 :

∫
Ω

Φ̂x

(
u(x)

k

)
dx ≤ 1

}
.

We also have the following Hölder’s type inequality∣∣∣∣∫Ω
uvdx

∣∣∣∣ ≤ 2∥u∥Φ̂x
∥v∥

Φ̂x

for all u ∈ LΦ̂x (Ω) and v ∈ LΦ̂x (Ω).

2.1.3. Fractional Musielak–Orlicz–Sobolev Spaces

Let Ω be an open domain in RN , Φ = Φx,y ∈ N (Ω × Ω), and s ∈ (0, 1). The fractional

Musielak–Orlicz–Sobolev space Ws,Φx,y(Ω) is the set of all functions u ∈ LΦ̂x (Ω) such that∫
Ω

∫
Ω

Φx,y

(
Ds

(
u(x, y)

k

))
dµ < ∞,

for some k > 0, where Dsu(x, y) :=
u(x)− u(y)
|x − y|s and dµ :=

dxdy
|x − y|N . Note that dµ is a

regular Borel measure on Ω × Ω.
For u ∈ Ws,Φx,y(Ω), we define

[u]s,Φx,y := inf
{

k > 0 :
∫

Ω

∫
Ω

Φx,y

(
Ds

(
u(x, y)

k

))
dµ ≤ 1

}
.
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Then, [·]s,Φx,y is a seminorm on Ws,Φx,y(Ω) (called the Gagliardo seminorm associated
with s and Φx,y), and the space Ws,Φx,y(Ω) equipped with the norm

∥u∥Ws,Φx,y(Ω) := ∥u∥Φ̂x
+ [u]s,Φx,y ,

is a Banach space. Moreover, under the assumption supposed here that Φx,y and Φx,y both
satisfy ∆2 conditions, Ws,Φx,y(Ω) is a reflexive and separable Banach space (cf. [14]).

Let Φ ∈ N (Ω×Ω). We suppose in what follows the following fractional boundedness
condition: There are constants C1, C2 > 0, for which

C1 ≤ Φx,y(1) ≤ C2, for a.e. (x, y) ∈ Ω × Ω, (6)

Let Φ̂x = Φx,x ∈ N (Ω). Suppose that

∫ 1

0

Φ̂−1
x (τ)

τ
N+s

N
dτ < ∞ and

∫ ∞

1

Φ̂−1
x (τ)

τ
N+s

N
dτ = ∞, for a.e. x ∈ Ω, (7)

where Φ̂−1
x is the inverse function of Φ̂x. As in [17], the inverse Musielak–Orlicz–Sobolev

conjugate function of Φ̂, defined by Φ̂∗
s,x, as follows:

(
Φ̂∗

s,x

)−1
(t) :=

(
Φ̂∗

s

)−1
(x, t) =

∫ t

0

Φ̂−1
x (τ)

τ
N+s

N
dτ, for x ∈ Ω and t ≥ 0,

is also a function in N (Ω).
Let Ω be a bounded domain in RN with Lipschitz boundary. We have the following

embedding results.

Proposition 1 (Theorems 2.1 and 2.2, [15]). Let s ∈ (0, 1) and Φ ∈ N (Ω × Ω).
Under conditions (6) and (7), the embedding Ws,Φx,y(Ω) ↪→ LΦ̂∗

s,x (Ω) is continuous. More-
over, for any Ψ ∈ N (Ω) such that Ψ ≪ Φ̂∗

s , the embedding Ws,Φx,y(Ω) ↪→ LΨx (Ω) is compact.

Let us consider the following closed subspace of Ws,Φx,y(Ω) defined by

W
s,Φx,y
0 (Ω) =

{
u ∈ Ws,Φx,y

(
RN
)

: u = 0 a.e. in RN\Ω
}

.

We have the following generalized Poincaré type inequality.

Proposition 2 (Theorem 2.3, [15]). Let s ∈ (0, 1) and Φ ∈ N (Ω × Ω) such that both Φ and Φ
satisfy ∆2 conditions. Assume that (6) holds. Then, there exists a positive constant C such that

∥u∥Φ̂x
≤ C[u]s,Φx,y

for all u ∈ W
s,Φx,y
0 (Ω).

It follows from this result that [·]s,Φx,y is a norm on W
s,Φx,y
0 (Ω) which is equivalent to

the usual norm ∥ · ∥s,Φx,y .
Note that the results in Propositions 1 and 2 were established in [15] under the assump-

tion that ϕx,y is a strictly increasing and odd homeomorphism from R onto itself. However,
the arguments in their proofs can be directly extended to the more general case where ϕx,y
satisfies the conditions in Definition 1.

Remark 2. (a) Since generalized N-functions are natural extensions and unifications of N-
functions and power functions with variable exponents, Musielak–Orlicz spaces generalize Orlicz
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spaces and Lebesgue spaces with variable exponents and fractional Musielak–Orlicz–Sobolev spaces
generalize fractional Orlicz–Sobolev spaces and fractional Sobolev spaces with variable exponents.

More specifically, for the case Φx,y(t) = Φ(t) is independent of the variables x and y, we see
that LΦ̂(Ω) and Ws,Φ(Ω) are the regular Orlicz spaces and fractional Orlicz–Sobolev spaces. For
example, we have in this case

Ws,Φ(Ω) =

{
u ∈ LΦ̂(Ω) :

∫
Ω

∫
Ω

Φ
(

Ds

(
u(x, y)

k

))
dµ < ∞, for some k > 0

}
.

On the other hand, in the case Φx,y(t) = |t|p(x,y) for all (x, y) ∈ Ω×Ω, where p : Ω×Ω →
(1, ∞) is a continuous function that is symmetric in x and y, and

1 < p− = min
(x,y)∈Ω×Ω

p(x, y) ≤ p+ = max
(x,y)∈Ω×Ω

p(x, y) < ∞,

then the Musielak–Orlicz space LΦ̂x (Ω) becomes the Lebesgue space with variable exponents
L p̂(x)(Ω) (with p̂(x) = p(x, x), x ∈ Ω), and the fractional Musielak–Orlicz–Sobolev space
Ws,Φx,y(Ω) becomes the fractional Sobolev space with variable exponents Ws,p(x,y)(Ω),

LΦ̂x (Ω) = L p̂(x)(Ω) =

{
u ∈ L0(Ω) :

∫
Ω

(
|u(x)|

k

) p̂(x)
dx < ∞, for some k > 0

}
,

and

Ws,Φx,y(Ω) = Ws,p(x,y)(Ω)

=

{
u ∈ L p̂(x)(Ω) :

∫
Ω

∫
Ω

|u(x)− u(y)|p(x,y)

kp(x,y)|x − y|sp(x,y)+N
dxdy < ∞, for some k > 0

}
.

We refer to [11,14–16,22] and the references therein for more details on fractional Orlicz–
Sobolev spaces, fractional Sobolev spaces with variable exponents, and fractional Musielak–Orlicz–
Sobolev spaces, along with more detailed discussions and additional examples of particular cases of
these spaces.

(b) We also refer to the recent works in [23–25] and the references therein for discussions on
the limiting cases of fractional Orlicz–Sobolev spaces where s → 0+ or s → 1−, and for certain
properties of fractional Orlicz–Sobolev spaces in one-dimensional domains.

2.2. Auxiliary Results Related to ∆2 Conditions

We consider in this section some useful properties of N(U )-functions that satisfy
∆2 conditions. For these functions, we demonstrate the existence of certain gauge func-
tions, under which some direct relations between integrals containing N(U )-functions and
norms or Gagliardo seminorms in the corresponding Musielak–Orlicz spaces or fractional
Musielak–Orlicz–Sobolev spaces are established. These relations are necessary for the
estimates in Section 3.

Theorem 2. Let U ⊂ Rd be measurable and let Ψ = Ψx be an N(U )-function. Then, the following
conditions are equivalent.

(i) Ψ satisfies a ∆2 condition.
(ii) There exists a continuous, strictly increasing function µ+

Ψ : [0, ∞) → [0, ∞) such that
µ+

Ψ(0) = 0, µ+
Ψ(t) → ∞ as t → ∞ and

Ψx(tu) ≤ µ+
Ψ(t)Ψx(u), for a.e. x ∈ U , for all t ≥ 0, all u ∈ R. (8)
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(iii) There exists a continuous, strictly increasing function µ−
Ψ : [0, ∞) → [0, ∞) such that

µ−
Ψ(0) = 0, µ−

Ψ(t) → ∞ as t → ∞ and

Ψx(tu) ≥ µ−
Ψ(t)Ψx(u), for a.e. x ∈ U , for all t ≥ 0, all u ∈ R. (9)

Proof. [(i) ⇒ (ii)] Suppose that Ψ satisfies (5). Since Ψ(x, ·) is even, we only need to prove
(8) for all u ≥ 0. Also, without loss of generality, we can assume that Ψ = Ψx satisfies (5)
with κ > 1. If t ∈ [0, 1], then from the convexity of Ψ(x, ·), we have

Ψ(x, tu) ≤ tΨ(x, u) ≤ κtΨ(x, u). (10)

Let t ≥ 1. Then, there is a unique nonnegative integer n such that 2n ≤ t < 2n+1. Hence
n ≤ ln t/ ln 2. It follows from (5) that

Ψ(x, tu) ≤ Ψ(x, 2n+1u)

≤ κn+1Ψ(x, u)

≤ κκ
ln t
ln 2 Ψ(x, u)

= κt
ln κ
ln 2 Ψ(x, u).

(11)

Define µ+
Ψ : [0, ∞) → [0, ∞) by

µ+
Ψ(t) =

 κt, 0 ≤ t ≤ 1

κt
ln κ
ln 2 t > 1.

(12)

Since ln κ
ln 2 > 0, µ+

Ψ is continuous, strictly increasing on [0, ∞) with µ+
Ψ(0) = 0, µ+

Ψ(t) → ∞
as t → ∞. Moreover, (10) and (11) imply (8).

[(ii) ⇒ (iii)] Suppose Ψ and µ+
Ψ be as in (ii). Define µ−

Ψ : [0, ∞) → [0, ∞) by

µ−
Ψ(t) =


1

µ+
Ψ (1/t)

, t > 0

0, t = 0.
(13)

Straightforward arguments show that µ−
Ψ is strictly increasing and continuous on (0, ∞).

Moreover, as t → ∞, µ+
Ψ(1/t) → 0+ and thus µ−

Ψ(t) → ∞. Similarly, µ−
Ψ(t) → 0+ as

t → 0+. Hence, µ−
Ψ is a strictly increasing homeomorphism of [0, ∞) onto itself. When t = 0,

(9) trivially holds. For t > 0 and u ∈ R, we have from (8) that Ψx(u) = Ψx((1/t)tu) ≤
µ+

Ψ(1/t)Ψx(tu) and thus Ψx(tu) ≥
1

µ+
Ψ(1/t)

Ψx(u) = µ−
Ψ(t)Ψx(u).

[(iii) ⇒ (i)] It follows from (9) that Ψx(u) ≥ µ−
Ψ(1/2)Ψx(2u), that is, Ψx satisfies (5)

with κ = 1
µ−

Ψ (1/2)
.

From Theorem 2 and its proof, we have following immediate corollary.

Corollary 1. (a) Suppose Ψ = Ψx is an N(U )-function that satisfies a ∆2 condition. Then, there
exist functions µ+

Ψ , µ−
Ψ : [0, ∞) → [0, ∞) such that

µ+
Ψ , µ−

Ψ are continuous and strictly increasing, (14)

µ+
Ψ(0) = µ−

Ψ(0) = 0, µ+
Ψ(t), µ−

Ψ(t) → ∞ as t → ∞, (15)

µ−
Ψ(t)µ

+
Ψ(1/t) = 1, ∀t > 0, (16)
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and for a.e. x ∈ U , for all t ≥ 0, all u ∈ R,

µ−
Ψ(t)Ψx(u) ≤ Ψx(tu) ≤ µ+

Ψ(t)Ψx(u), (17)

(b) In particular, if Φ = Φx,y is an N(Ω × Ω)-function that satisfies a ∆2 condition, then
there are functions µ+

Φ , µ−
Φ : [0, ∞) → [0, ∞) satisfying (14)–(16) such that for a.e. (x, y) ∈ Ω×Ω,

for all t ≥ 0, all u ∈ R,

µ−
Φ(t)Φx,y(u) ≤ Φx,y(tu) ≤ µ+

Φ(t)Φx,y(u). (18)

Moreover, if Φ̂x = Φx,x with Φ = Φx,y ∈ N (Ω × Ω) as in (a), then µ±
Φ̂

can be chosen the
same as µ±

Φ , that is,

µ−
Φ(t)Φ̂x(u) ≤ Φ̂x(tu) ≤ µ+

Φ(t)Φ̂x(u), (19)

for a.e. x ∈ Ω, for all t ≥ 0, all u ∈ R.

It follows from this corollary the following estimates for the integrals
∫
U

Ψx(|u(x)|)dx

and
∫

Ω

∫
Ω

Φx,y(Dsu(x, y))dµ.

Corollary 2. (a) Suppose Ψ = Ψx is an N(U )-function that satisfies a ∆2 condition and let µ+
Ψ , µ−

Ψ
be given in Corollary 1. Then

µ−
Ψ(∥u∥Ψx ) ≤

∫
U

Ψx(|u(x)|)dx ≤ µ+
Ψ(∥u∥Ψx ), ∀u ∈ LΨx (Ω). (20)

(b) Suppose Φ = Φx,y is an N(Ω × Ω)-function that satisfies a ∆2 condition. Let Φ̂ = Φ̂x =
Φx,x and let µ+

Φ , µ−
Φ be given in Corollary 1. Then

µ−
Φ([u]s,Φx,y) ≤

∫
Ω

∫
Ω

Φx,y(Dsu(x, y))dµ ≤ µ+
Φ([u]s,Φx,y), ∀u ∈ Ws,Φx,y(Ω), (21)

and
µ−

Φ(∥u∥Φ̂x
) ≤

∫
Ω

Φ̂x(|u(x)|)dx ≤ µ+
Φ(∥u∥Φ̂x

), ∀u ∈ LΦ̂x (Ω). (22)

Proof. The estimates in (a) and (b) follow directly from Corollary 1 and the definitions of
∥u∥Ψx , [u]s,Φx,y and ∥u∥Φ̂x

. The proof for (21) is briefly presented here for completeness;
those for (20) and (22) follow the same lines.

Let Φ = Φx,y satisfy a ∆2 condition. From the definition of [u]s,Φx,y , there is a sequence

{λn} in (0, ∞) such that λn → [u]s,Φx,y and
∫

Ω

∫
Ω

Φx,y

(
Dsu(x, y)

λn

)
dµ ≤ 1 for all n. It

follows from (17) that for a.e. x, y ∈ Ω,

µ−
Φ(1/λn)Φx,y(Dsu(x, y)) ≤ Φx,y

(
Dsu(x, y)

λn

)
.

Hence, for all n ∈ N,

µ−
Φ(1/λn)

∫
Ω

∫
Ω

Φx,y(Dsu(x, y))dµ ≤
∫

Ω

∫
Ω

Φx,y

(
Dsu(x, y)

λn

)
dµ ≤ 1,

and thus
∫

Ω

∫
Ω

Φx,y(Dsu(x, y))dµ ≤ 1
µ−

Φ(1/λn)
= µ+

Φ(λn). Letting n → ∞, noting the

continuity of µ+
Φ , we see that

∫
Ω

∫
Ω

Φx,y(Dsu(x, y))dµ ≤ µ+
Φ([u]s,Φx,y). Let us prove

the other inequality of (21). Since µ−
Φ(0), this inequality is obvious when [u]s,Φx,y =



Fractal Fract. 2024, 8, 324 11 of 27

0. Suppose [u]s,Φx,y > 0. For n ∈ N, since λ′
n :=

n
n + 1

[u]s,Φx,y < [u]s,Φx,y , we have∫
Ω

∫
Ω

Φx,y

(
Dsu(x, y)

λ′
n

)
dµ > 1. As

µ+
Φ(1/λ′

n)Φx,y(Dsu(x, y)) ≥ Φx,y

(
Dsu(x, y)

λ′
n

)
.

a.e. on Ω × Ω, we have

µ+
Φ(1/λ′

n)
∫

Ω

∫
Ω

Φx,y(Dsu(x, y))dµ ≥
∫

Ω

∫
Ω

Φx,y

(
Dsu(x, y)

λ′
n

)
dµ > 1, ∀n ∈ N.

Therefore,
∫

Ω

∫
Ω

Φx,y(Dsu(x, y))dµ >
1

µ+
Φ(1/λ′

n)
= µ−

Φ(λ
′
n). Noting that λ′

n → [u]s,Φx,y

and using the continuity of µ−
Φ , we obtain

∫
Ω

∫
Ω

Φx,y(Dsu(x, y))dµ ≥ µ−
Φ([u]s,Φx,y).

The proofs of (22) and (20) are similar.

As another consequence of Theorem 2, we have the following form of Young’s inequal-
ity, that will be useful in the sequel.

Corollary 3 (Young’s inequality with ε). Suppose Ψ ∈ N (U ) and Ψ and Ψ satisfy ∆2 conditions.
Then, there exists a continuous, strictly increasing function σ : [0, ∞) → [0, ∞) such that σ(0) = 0,
σ(t) → ∞ as t → ∞ and

uv ≤ εΨ(x, u) + σ(ε−1)Ψ(x, v), for a.e. x ∈ U , for all ε > 0, all u, v ∈ R. (23)

Proof. Let µ+
Ψ and µ+

Ψ
be the gauge functions associated with Ψ and Ψ, respectively, as

given in Theorem 2 . For any λ > 0 and u, v ∈ R, we have from Young’s inequality, together
with (8) and its counterpart for Ψ that for a.e. x ∈ Ω,

uv = (λu)(λ−1v) ≤ Ψ(x, λu) + Ψ(x, λ−1v)

≤ µ+
Ψ(λ)Ψ(x, u) + µ+

Ψ
(λ−1)Ψ(x, v).

(24)

Let us define σ(t) = µ+
Ψ

(
1

(µ+
Ψ)

−1(1/t)

)
for t > 0 and σ(0) = 0, where (µ+

Ψ)
−1 is the

inverse function of µ+
Ψ . It is clear that σ is a function from [0, ∞) into itself. Moreover, it

follows directly from the strictly increasing property of µ+
Ψ and µ+

Ψ
and thus of (µ+

Ψ)
−1 and

(µ+
Ψ
)−1, that σ is strictly increasing on (0, ∞). From the continuity of (µ+

Ψ)
−1 and µ+

Ψ
that σ is

continuous on (0, ∞). Furthermore, as t → 0+, we have 1/t → ∞ and thus (µ+
Ψ)

−1(1/t) →

∞, which implies that
1

(µ+
Ψ)

−1(1/t)
→ 0+ and thus σ(t) = µ+

Ψ

(
1

(µ+
Ψ)

−1(1/t)

)
→ 0+.

Similarly, σ(t) → ∞ as t → ∞. In particular, σ is continuous and strictly increasing on
[0, ∞) as well.

For ε > 0, letting λ = (µ+
Ψ)

−1(ε), we have from (24) that

uv ≤ εΨ(x, u) + µ+
Ψ

(
1

(µ+
Ψ)

−1(ε)

)
Ψ(x, v)

= εΨ(x, u) + σ(ε−1)Ψ(x, v).

(25)

The following characterizations for ∆2 conditions of N(U )-functions are direct gener-
alizations for ∆2 conditions of N-functions, given, e.g., in [19,20].
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Theorem 3. Let Ψ = Ψx be an N(U )-function, Ψ = Ψx be its conjugate, and ψ = ψx, ψ = ψx,
be their corresponding right partial derivatives with respect to t. Then, the following conditions are
equivalent.

(i) Ψ satisfies a ∆2 condition.
(ii) There exists a constant α ∈ (1, ∞) such that

tψx(t)
Ψx(t)

≤ α, for a.e. x ∈ U , for all t > 0. (26)

(iii) There exists a constant α ∈ (1, ∞) such that

tψx(t)
Ψx(t)

≥ α, for a.e. x ∈ U , for all t > 0. (27)

Proof. [(i) ⇒ (ii)] Suppose Ψx satisfies (5). We have, for x ∈ U and t > 0,

κΨx(t) ≥ Ψx(2t) =
∫ 2t

0
ψx(s)ds ≥

∫ 2t

t
ψx(s)ds ≥ tψx(t),

since ψx(·) is increasing. Since κ > 1, (ii) follows with any α ≥ κ.
[(ii) ⇒ (iii)] Let x ∈ U and t > 0. We have ψx(ψx(t)) ≥ t by properties of right

inverses. Since the function u 7→ Ψx(u)
u

is increasing and positive for u > 0, we have

Ψx(ψx(ψx(t)))
ψx(ψx(t))

≥ Ψx(t)
t

, and thus 0 <
ψx(ψx(t))

Ψx(ψx(ψx(t)))
≤ t

Ψx(t)
. Choosing s = ψx(t) > 0,

we have from (26) that sψx(s)/Ψx(s) ≤ α. Moreover, using Young’s equality sψx(s) =
Ψx(s) + Ψx(ψx(s)), we obtain

tψx(t)
Ψx(t)

≥
ψx(ψx(t)) · ψx(t)
Ψx(ψx(ψx(t)))

=
sψx(s)

Ψx(ψx(s))
=

sψx(s)
sψx(s)− Ψx(s)

=
sψx(s)/Ψx(s)

[sψx(s)/Ψx(s)]− 1
≥ α

α − 1
:= α(> 1).

by the decreasing property of the function u 7→ u/(u − 1) on (1, ∞). This proves (iii).

[(iii) ⇒ (i)] Assume (iii) and let λ = 2
1

α−1 , where α is given in (27). Then, λ > 1 and
λα = 2λ. For t > 0 and x ∈ U , we have from (27) that

ln
Ψx(λt)
Ψx(t)

=
∫ λt

t

ψx(s)
Ψx(s)

ds ≥
∫ λt

t

α

s
ds = α ln λ = ln(2λ).

It means that
Ψx(λt) ≥ 2λΨx(t), (28)

for all t ≥ 0, a.e. x ∈ U . Define the function Mx ∈ N(U ) by Mx(t) =
1

2λ
Ψx(λt) (x ∈

U , t ∈ R). We have (cf. (2.5) in Chapter I, [19]), the complement Mx of Mx is given by

Mx(t) =
1

2λ
Ψx(2t) =

1
2λ

Ψx(2t). It follows from (28) that Mx(t) ≥ Ψx(t) for all t ≥ 0 and

thus
1

2λ
Ψx(2t) = Mx(t) ≤ Ψx(t) = Ψx(t) for all t ≥ 0. This shows that (5) holds with

κ = 2λ = 2
α

α−1 .

The following result is a direct corollary of Theorem 3.
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Corollary 4. Let Ψ = Ψx be an N(U )-function. Then, both Ψx and its conjugate Ψx satisfy ∆2
conditions if and only if there are numbers α−Ψ , α+Ψ ∈ (1, ∞) such that

α−Ψ ≤ tψx(t)
Ψx(t)

≤ α−Ψ , for a.e. x ∈ U , for all t > 0. (29)

In particular, if Φ = Φx,y be an N(Ω × Ω)-function, then both Φx,y and its conjugate Φx,y
satisfy ∆2 conditions if and only if there are numbers α−Φ , α+Φ ∈ (1, ∞) such that

α−Φ ≤
tϕx,y(t)
Φx,y(t)

≤ α+Φ , for a.e. (x, y) ∈ Ω × Ω, for all t > 0. (30)

Remark 3. (a) In Definition 3, if we replace the condition “t ≥ 0” in (4) and (5) with the condition
“t ≥ t0” for some t0 ≥ 0, then we obtain the concept of ∆2 conditions at infinity.

The arguments in Theorem 3 and Corollary 4 are extended straightforwardly in this case,
with the replacement of “t > 0” by “t > t0” for some t0 ≥ 0. In this instance, the equivalences
in Theorem 3 show that the continuity of the derivatives of the corresponding N-functions can be
removed in Theorem 4.3, Chapter I, [19].

(b) Conditions like (29) and (30) have been used in, e.g., [14–16,26,27] and it was proved there
that they are sufficient for the ∆2 conditions of the corresponding N-function and its conjugate (cf.,
e.g., Lemma 2.7, [26] and Proposition 2.3, [27]). Corollary 4 shows that conditions such as (29) and
(30) are, in fact, both necessary and sufficient for the ∆2 conditions of the corresponding N-function
and its conjugate. Hence, assuming that an N(U )-function Ψ satisfies a ∆2 condition, together
with its conjugate, implies the existence of numbers α−Ψ and α+Ψ such that (29) holds.

The following result is a direct consequence of the above theorems, whose proof is
straightforward and is therefore omitted.

Corollary 5. (a) Let Ψ = Ψx be an N(U )-function that satisfies (29). Then, we have the estimates
(17) and thus (20) with

µ−
Ψ(t) = min{tα−Ψ , tα+Ψ} and µ+

Ψ(t) = max{tα−Ψ , tα+Ψ}, t ≥ 0. (31)

(b) Similarly, let Φ = Φx,y be an N(Ω × Ω)-function that satisfies (30). Then, we have the
estimates (18) and (19) and thus (21) and (22), with

µ−
Φ(t) = min{tα−Φ , tα+Φ} and µ+

Φ(t) = max{tα−Φ , tα+Φ}, t ≥ 0. (32)

3. Nonlocal Fractional Type Multivalued Variational Inequalities

In this section, we will be studying the solvability of multivalued variational inequali-
ties of the form (1) in fractional Musielak–Orlicz–Sobolev spaces. In Sections 3.1–3.3, we
establish a functional analytic framework for our problem in an appropriate fractional
Musielak–Orlicz–Sobolev space that is well-suited for investigation using topological and
monotonicty methods. The solvability of our multivalued variational inequality will be
discussed in Section 3.4.

3.1. Assumptions—Setting of the Problem

In this subsection, we discuss the problem’s setting, along with some basic assumptions
about the problem. Let Ω be a bounded domain in RN (N ≥ 2) with Lipschitz boundary.
Let a : Ω × Ω × (0, ∞) → [0, ∞) and define ϕ : Ω × Ω × [0, ∞) → [0, ∞) by

ϕ(x, y, t) =

 ta(x, y, t), t > 0

0, t = 0.
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Suppose that ϕ(·, ·, t) is measurable on Ω×Ω for each t ≥ 0 and ϕx,y satisfies the conditions
in Definition 1, that is, for a.e. (x, y) ∈ Ω × Ω, ϕx,y is right continuous and increasing on
[0,+∞), ϕx,y(t) > 0 for t > 0 and limt→∞ ϕx,y(t) = ∞.

As a consequence, the function Φ : Ω × Ω ×R → R defined by

Φx,y(t) := Φ(x, y, t) =
∫ |t|

0
ϕ(x, y, s)ds =

∫ |t|

0
sa(x, y, s)ds,

belongs to N (Ω×Ω). As in the previous sections, we also consider the function Φ̂x = Φx,x,
that is, Φ̂ : Ω ×R → R is given by

Φ̂x(t) := Φ̂(x, t) =
∫ |t|

0
ϕ̂x(s)ds =

∫ |t|

0
sâx(s)ds

where âx = ax,x and ϕ̂x = ϕx,x (x ∈ Ω). Suppose that a is symmetric with respect to x and y,
that is, a(x, y, t) = a(y, x, t), for a.e. (x, y) ∈ Ω × Ω and t > 0. Consequently, ϕ and Φ are
also symmetric with respect to x and y, i.e., ϕx,y = ϕy,x and Φx,y = Φy,x for a.e. x, y ∈ Ω.

In the following presentation, we suppose that Φx,y satisfies conditions (6) and (7)
so that Propostions 1 and 2 hold. We also assume that both Φx,y and its Hölder conju-
gate Φx,y satisfy ∆2 conditions. Consequently, we have, among others, the estimates in
Corollaries 4 and 5.

Let X := Ws,Φx,y(Ω) and X0 := W
s,Φx,y
0 (Ω) be the fractional Musielak–Orlicz–Sobolev

spaces defined in Section 2. For s ∈ (0, 1), let (−∆Φx,y)
s be the s fractional Φx,y-Laplacian

defined by

(−∆Φx,y)
su(x) := 2 lim

ε→0

∫
RN\Bε(x)

ax,y

(
|u(x)− u(y)|

|x − y|s

)
u(x)− u(y)
|x − y|s

dy
|x − y|N+s .

In the case where ax,y = a is independent of x and y, it follows from Theorem 6.12
of [22] that for u, v ∈ Ws,Φ

0 (Ω), we have the variational representation formula for (−∆Φ)
s:

⟨(−∆Φ)
s(u), v⟩ :=

∫
Ω

∫
Ω

a(|Dsu(x, y)|)Dsu(x, y)Dsv(x, y)dµ, (33)

where

Dsu(x, y) :=
u(x)− u(y)
|x − y|s and dµ :=

dxdy
|x − y|N .

Motivated by this representation, we define the mapping A = (−∆Φx,y)
s from X to

X∗ by

⟨Au, v⟩ = ⟨(−∆Φx,y)
s(u), v⟩ :=

∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)Dsv(x, y)dµ, (34)

for all u, v ∈ X.
For a closed and convex subset K of X and a function f defined on Ω × R, which may

be multivalued, let us consider the following variational inequality on K:

∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)(Dsv(x, y)− Dsu(x, y))dµ

+
∫

Ω
f (x, u)(v − u)dx ≥ 0, ∀v ∈ K,

u ∈ K.

(35)

Note that in the case K = X0 and f is single-valued, this variational inequality reduces
to the variational equation∫

Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)Dsv(x, y)dµ +
∫

Ω
f (x, u)vdx = 0, ∀v ∈ X0, (36)
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which is the variational form of the Dirichlet boundary value problem for the s fractional
Φx,y Laplacian:  (−∆Φx,y)

su + f (x, u) = 0, in Ω

u = 0, on RN\Ω.
(37)

Some other choices of K formulate obstacle and unilateral problems. For example,

K = {u ∈ X : u ≥ g a.e. on Ω},

or
K = {u ∈ X0 : u ≥ g a.e. on Ω},

where g is a measurable function defined on Ω, correspond to obstacle problems.
Let f = f (x, u) be a multivalued function defined on Ω ×R. We are interested here

with following multivalued variational inequality, which is a natural extension of (35) when
the lower order terms have sets as values: Find u ∈ K and η ∈ L0(Ω) such that

η(x) ∈ f (x, u(x)) for a.e. x ∈ Ω, (38)

ηv ∈ L1(Ω) for all v ∈ K, (39)

and 

∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)(Dsv(x, y)− Dsu(x, y))dµ

+
∫

Ω
η(v − u)dx ≥ 0, ∀v ∈ K,

u ∈ K.

(40)

In the particular case where K = X0, problem (38)–(40) is the weak form of the
inclusion  (−∆Φx,y)

su + f (x, u) ∋ 0, in Ω

u = 0, on RN\Ω.
(41)

3.2. Assumptions on the Multivalued Term—Inclusion Formulation

To obtain a precise functional analytic formulation of (38)–(40), we will begin by
discussing certain specific conditions on the multivalued term f . Together with the standard
notation for Musielak–Orlicz and fractional Musielak–Orlicz–Sobolev spaces introduced in
Section 2, we also use in the sequel the notation

K(S) = {E ⊂ S : E ̸= ∅, E is closed and convex},

for a Banach space S and ⟨·, ·⟩ = ⟨·, ·⟩S∗ ,S the duality pairing between S and its topological
dual S∗.

Let f be a function from Ω ×R to K(R) that has the following properties.
(F1) f is superpositionally measurable, that is, if u is a measurable function on Ω then

the (multivalued) function f (·, u(·)), x 7→ f (x, u(x)) is measurable on Ω.
Note that if f is graph measurable on Ω ×R, that is, Gr( f ) = {(x, u, ξ) ∈ Ω ×R×R :

ξ ∈ f (x, u)} belongs to [L(Ω)×B(R)]×B(R) (L(Ω) is the family of Lebesgue measurable
subsets of Ω and B(R) is the σ-algebra of Borel sets in R, then f is superpositionally
measurable.

Furthermore, if f is measurable from Ω × R to K(R) in the regular sense, that is
f−(U) := {(x, u) ∈ Ω ×R : f (x, u) ∩ U ̸= ∅} ∈ L(Ω)×B(R) for all U ⊂ R open, then f
is graph measurable on Ω ×R and thus superpositionally measurable.

(F2) For a.e. x ∈ Ω, the function f (x, ·) : R → K(R) is upper semicontinuous. This
means that, for every u ∈ R and evary open U ⊂ R such that f (x, u) ⊂ U, there is δ > 0
such that |v − u| < δ implies f (x, v) ⊂ U.
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Note that since f (x, u) is a compact interval in R, condition (F2) is equivalent to
the Hausdorff upper semicontinuity (h-u.s.c.) of f (x, ·) for a.e. x ∈ Ω (cf. Theorem 2.68,
Chap. 1, [28]). In many places in the sequel, we also need the following subcritical growth
condition on f :

(F3) There exists a generalized N-function P = Px ∈ N(Ω) satisfying a ∆2 condition,
together with its Hölder conjugate, such that

Px ≪ Φ̂∗
x, (42)

and for some a1 ∈ LPx (Ω), b1 ∈ (0, ∞),

|η| ≤ a1(x) + b1Px
−1

(Px(|u|)), (43)

for a.e. x ∈ Ω, all u ∈ R, all η ∈ f (x, u).
Let u be any measurable function on Ω. From (F1), the function f (·, u(·)), x 7→

f (x, u(x)), is also a measurable function from Ω to K(R). Let f̃ (u) be the set of all measur-
able selections of f (·, u(·)), that is,

f̃ (u) = {η : Ω → R : η is measurable on Ω and η(x) ∈ f (x, u(x)) for a.e. x ∈ Ω}. (44)

We know that f̃ (u) ̸= ∅ whenever u is measurable on Ω since f (·, u(·)) is measurable.
For P = Px satisfying (42), we have from Proposition 1 that the embedding iPx :

X ↪→ LPx (Ω) is compact. Therefore its adjoint i∗Px
, which is the projection from LPx (Ω) ≡

[LPx (Ω)]∗ to X∗, is also compact. Note that iPx (u) = u for u ∈ X, that is, iPx (u)(x) = u(x)
for a.e. x ∈ Ω. Thus, to simplify the notation in the sequel, we shall use in several places u
instead of iPx (u). Similarly, i∗Px

is the restriction of elements in LPx (Ω) ≡ [LPx (Ω)]∗ on the

functions in X, i.e., for η ∈ LPx (Ω), i∗Px
(η) = η|X ,

⟨i∗Px
(η), v⟩X∗ ,X = ⟨η, iPx (v)⟩LPx (Ω),LPx (Ω)

=
∫

Ω
ηvdx, ∀v ∈ X. (45)

Therefore, if f satisfies the growth condition (43) in (F3) with Px satisfying (42), then for
any η satisfying (38), we have η ∈ LPx (Ω), which implies (39).

Moreover, if the growth condition (43) is fulfilled then f̃ (u) ⊂ LPx (Ω) whenever
u ∈ LPx (Ω).

Letting η∗ = i∗Px
(η), we can reformulate problems (38)–(40) in an equivalent way as

follows:
(P) Find u ∈ K and η∗ ∈ (i∗Px

f̃ iPx )(u) such that

⟨Au, v − u⟩X∗ ,X + ⟨η∗, v − u⟩X∗ ,X ≥ 0, ∀v ∈ K, (46)

or equivalently,

IK(v)− IK(u) + ⟨A+ η∗, v − u⟩X∗ ,X ≥ 0, ∀v ∈ X, (47)

where IK is the indicator functional of K, IK(w) = 0 if w ∈ K and IK(w) = ∞ if w ∈ X \ K.
Since K is closed and convex and since X is reflexive, IK : X → [0, ∞] is convex and
lower semicontinuous in both the norm and the weak topologies of X. Let ∂IK be the
subdifferential of IK in the sense of Convex Analysis. The variational inequality (47) is, in
its turn, equivalent to the following inclusion:

∂IK(u) +A(u) + η∗ ∋ 0, (48)

that is,
(∂IK +A+ i∗Px

f̃ iPx )(u) ∋ 0. (49)
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3.3. Topological and Monotonicity Properties of the Multivalued Term

In order to study the solvability of the inclusion (49), that is, of Problem (P), we will
prove in this subsection certain crucial continuity and monotonicity properties of its lower
order term. Let us begin with some essential properties of the mappings u 7→ f̃ (u) and
u 7→ (i∗Px

f̃ iPx )(u).

Lemma 1. Let conditions (F1)–(F3) be satisfied.

(a) If u ∈ LPx (Ω) then, f̃ (u) is a bounded, closed and convex subset of LPx (Ω); in particular,
f̃ (u) ∈ K(LPx (Ω)). Moreover, the mapping f̃ : u 7→ f̃ (u) is a bounded mapping from
LPx (Ω) to K(LPx (Ω)).

(b) If u ∈ X then F (u) := i∗Px
f̃ iPx (u) is a convex and weakly-compact subset of X∗. Moreover,

the mapping F : u 7→ F (u) is a bounded mapping from X to 2X∗
.

Proof. (a) The convexity of f̃ (u) follows directly from the fact that f (x, u) is a closed
interval. Let u ∈ LPx (Ω) and η ∈ f̃ (u). From (43),

|η(x)| ≤ a1(x) + b1Px
−1Px(|u(x)|), a.e. x ∈ Ω. (50)

Since
∫

Ω Px(|u(x)|)dx < ∞, we see from (50) that Px
−1Px(|u|) ∈ LPx (Ω) and also that

f̃ (u) is a bounded subset of LPx (Ω). Inequality (50) also proves that if W is a bounded
set in LPx (Ω) then f̃ (W) =

⋃
u∈W f̃ (u) is a bounded set in LPx (Ω). This means that f̃ is a

bounded mapping from LPx (Ω) to 2LPx (Ω).
To verify that f̃ (u) is closed in LPx (Ω), let {ηn} be a sequence in f̃ (u) such that ηn → η

in LPx (Ω). By passing to a subsequence if necessary, we can assume that ηn(x) → η(x) for
a.e. x ∈ Ω. Since ηn(x) ∈ f (x, u(x)) for a.e. x ∈ Ω, all n ∈ N, and f (x, u(x)) is closed in R,
we have η(x) ∈ f (x, u(x)). Thus η ∈ f̃ (u), which proves the closedness of f̃ (u) in LPx (Ω).

(b) As LPx (Ω) is a reflexive Banach space, we obtain from (a) that for every u ∈
LPx (Ω), f̃ (u) is a convex, closed and bounded subset of LPx (Ω). Therefore, f̃ (u) is a
weakly compact subset of LPx (Ω). We also note that the mapping i∗Px

is continuous from

LPx (Ω) = [LPx (Ω)]∗ to X∗ both equipped with the norm topologies. Therefore, i∗Px
is also

continuous with both LPx (Ω) and X∗ both equipped with the weak topologies. Let u ∈ X.
Since the set f̃ (u) = f̃ (iPx u) is convex and weakly compact in LPx (Ω), it follows that the
set F (u) = (i∗Px

f̃ iPx )(u) = i∗Px
[ f̃ (u)] is convex and weakly compact in X∗. Moreover, the

boundedness of f̃ implies that of F .

Next, let us prove an essential lemma about the upper semicontinuity of multivalued
mappings between Musielak–Orlicz spaces.

Lemma 2. Let Ψj = Ψjx, j = 0, 1, be functions in N (Ω) that satisfy ∆2 conditions. Assume F
satisfies the following conditions:

(i) For a.e. x ∈ Ω, all u ∈ R, F(x, u) is a nonempty closed and bounded interval in R.
(ii) F is super positionally measurable.
(iii) For a.e. x ∈ Ω, the function u 7→ F(x, u) is Hausdorff-upper semicontinuous (h-u.s.c.).
(iv) There exist a ∈ LΨ0x (Ω) and b > 0 such that

|v| ≤ a(x) + bΨ−1
0x Ψ1x(|u|), (51)

for a.e. x ∈ Ω, all u ∈ R, all v ∈ F(x, u).
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Thus, for each u ∈ LΨ1x (Ω), F̃(u) is a (nonempty) closed subset of LΨ0x and the mapping F̃ : u 7→
F̃(u) is h-u.s.c. from LΨ1x (Ω) to 2LΨ0x (Ω), that is, for each u0 ∈ LΨ1x (Ω), the function

u 7→ h∗LΨ0x (Ω)
(F̃(u), F̃(u0))

is continuous at u0, where

h∗LΨ0x (Ω)
(A, B) = sup

u∈A

(
inf
v∈B

∥u − v∥LΨ0x (Ω)

)
,

for A, B ⊂ LΨ0x (Ω).

Proof. First, as in the proof of Lemma 1 (a), we note from (i)–(iii) that for each u ∈ LΨ1x (Ω),
F̃(u) is a nonempty closed, convex and bounded subset of LΨ0x (Ω). Assume {un} is a
sequence in LΨ1x (Ω) such that

un → u in LΨ1x (Ω). (52)

Let ε > 0. We prove that there exists n0 ∈ N such that for all n ≥ n0,

sup
v′∈F̃(un)

(
inf

v∈F̃(u)
∥v′ − v∥LΨ0x (Ω)

)
≤ ε, (53)

i.e., inf
v∈F̃(u)

∥v′ − v∥LΨ0x (Ω) ≤ ε, ∀v′ ∈ F̃(un). In fact, we have from (52) that

∫
Ω

Ψ1x(|un(x)− u(x)|)dx → 0.

Hence, by passing to a subsequence if necessary, we can assume that

un(x) → u(x) for a.e. x ∈ Ω, (54)

and there exists h1 ∈ L1(Ω) such that Ψ1x(|un(x)− u(x)|) ≤ h1(x) for a.e. x ∈ Ω, all n ∈ N.
Thus,

|un(x)| ≤ h0(x) := Ψ−1
1x [h

1(x)] + |u(x)|, (55)

for a.e. x ∈ Ω, all n ∈ N, where h0 ∈ LΨ1x (Ω). Let n ∈ N. For v′ ∈ F̃(un), let us
consider the following functions w1 : Ω × R → R, w1(x, η) = Ψ0x(|η − v′(x)|) (x ∈
Ω, η ∈ R) and F1 : Ω → 2R \ {∅}, F1(x) = F(x, u(x)). From Theorem 3.24 in [28] (with
“inf” instead of “sup”) applied to w1 and F1 (note the growth condition (51)), we obtain

inf
v∈F̃(u)

∫
Ω

w1(x, v(x))dx =
∫

Ω
inf

η∈F(x,u(x))
w1(x, η)dx, that is,

inf
v∈F̃(u)

∫
Ω

Ψ0x(|v(x)− v′(x)|)dx =
∫

Ω
inf

η∈F(x,u(x))
Ψ0x(|η − v′(x)|)dx. (56)

Let w2(x, η′) = inf
η∈F(x,u(x))

Ψ0x(|η − η′|) (x ∈ Ω, η′ ∈ R). Then, w2 is a measurable map-

ping from Ω × R into R = [−∞,+∞]. Using w2 and F2 : Ω → 2R \ {∅}, F2(x) =
F̃(x, un(x)), in Theorem 3.24 of [28], and again taking into account condition (51), we
have supv′∈F̃(un)

∫
Ω w2(x, v′(x))dx =

∫
Ω supη′∈F(x,un(x)) w2(x, η′)dx, i.e.,

sup
v′∈F̃(un)

[∫
Ω

inf
η∈F(x,u(x))

Ψ0x(|η − v′(x)|)dx
]

=
∫

Ω
sup

η′∈F(x,un(x))

[
inf

η∈F(x,u(x))
Ψ0x(|η − η′|)

]
dx.

(57)
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Combining (56) with (57) yields∫
Ω

sup
η′∈F(x,un(x))

[
inf

η∈F(x,u(x))
Ψ0x(|η − η′|)

]
dx

= sup
v′∈F̃(un)

[
inf

v∈F̃(u)

∫
Ω

Ψ0x(|v(x)− v′(x)|)
]

dx.
(58)

For a.e. x ∈ Ω, from (54) and the Hausdorff-upper semicontinuity of F(x, ·), we see that

sup
η′∈F(x,un(x))

[
inf

η∈F(x,u(x))
|η − η′|

]
→ 0 as n → ∞ and thus

sup
η′∈F(x,un(x))

[
inf

η∈F(x,u(x))
Ψ0x(|η − η′|)

]
→ 0 as n → ∞. (59)

Since Ψ0x, Ψ1x satisfies a ∆2 condition, it follows from Corollary 1 that for each λ ∈
(0, ∞), with C∗

λ,= max{µ+
Ψ0x

(λ), µ+
Ψ1x

(λ)} > 0, we have

Ψjx(λt) ≤ C∗
λΨjx(t), for a.e. x ∈ Ω, for all t ∈ [0, ∞), j = 0, 1. (60)

As a consequence, for x ∈ Ω, l ∈ N and t1, . . . , tl ∈ [0, ∞) and j = 0, 1, we have

Ψjx

(
l

∑
s=1

ts

)
≤ 1

l

l

∑
s=1

Ψjx(lts) ≤
C∗

l
l

l

∑
s=1

Ψjx(xs). (61)

From (51) and (55), we have for all n ∈ N, almost all x ∈ Ω and all η ∈ F(x, u(x)), all
η′ ∈ F(x, un(x)),

Ψ0x(|η(x)− η′(x)|) ≤ Ψ0x(|η(x)|+ |η′(x)|)

≤ C∗
2

2 [Ψ0x(|η(x)|) + Ψ0x(|η′(x)|)]

≤ C∗
2

2 Ψ0x

[
a(x) + bΨ−1

0x Ψ1x(|u(x)|)
]

+
C∗

2
2 Ψ0x

[
a(x) + bΨ−1

0x Ψ1x(|un(x)|)
]

≤ (C∗
2 )

2

2 Ψ0x[a(x)] + (C∗
2 )

2

4 Ψ0x

[
bΨ−1

0x Ψ1x(|u(x)|)
]

+
(C∗

2 )
2

4 Ψ0x

[
bΨ−1

0x Ψ1x(|un(x)|)
]

≤ (C∗
2 )

2

2 Ψ0x[a(x)] + (C∗
2 )

2

4
[
C∗

b Ψ1x(|u(x)|)
]

+
(C∗

2 )
2

4
[
C∗

b Ψ1x(|un(x)|)
]

≤ (C∗
2 )

2

2 Ψ0x[a(x)] + (C∗
2 )

2

4
[
C∗

b Ψ1x(|u(x)|)
]

+
(C∗

2 )
2

4
[
C∗

b Ψ1x(h0(x))
]

:= H(x).

Since a ∈ LΨ0x (Ω) and u, h0 ∈ LΨ1x (Ω), we see that H ∈ L1(Ω). Therefore,

sup
η′∈F(x,un(x))

[
inf

η∈F(x,u(x))
Ψ0x(|η − η′|)

]
≤ H(x), (62)

for a.e. x ∈ Ω, all n ∈ N. It follows from (58), (59) and (62) that

lim
n→∞

sup
v′∈F̃(un)

[
inf

v∈F̃(u)

∫
Ω

Ψ0x(|v(x)− v′(x)|)dx

]
= 0. (63)
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Since Ψ0x satisfies a ∆2 condition, the modular convergence and norm convergence are
equivalent in LΨ0x (Ω). Therefore, given any ε > 0, there exists ε1 > 0 such that for any
w ∈ LΨ0x (Ω), ∫

Ω
Ψ0x(|w|)dx < ε1 implies ∥w∥LΨ0x (Ω) < ε. (64)

From (63), for that chosen ε1 > 0, there exists a number n0 ∈ N such that for all n ≥ n0,

sup
v′∈F̃(un)

[
inf

v∈F̃(u)

∫
Ω

Ψ0x(|v(x)− v′(x)|)dx

]
< ε1.

Thus, for all n ≥ n0, all v′ ∈ F̃(un), there exists v ∈ F̃(u) such that
∫

Ω Ψ0x(|v(x) −
v′(x)|)dx < ε1. According to (64), ∥v − v′∥LΨ0x (Ω) < ε. Hence, for all n ≥ n0, all v′ ∈ F̃(un),
we have inf

v∈F̃(u)
∥v − v′∥LΨ0x (Ω) < ε. This implies that (53) holds true for all n ≥ n0, which

completes the proof.

An immediate consequence of Lemma 2 is the following continuity property of f̃ .

Corollary 6. Under assumptions (F1)-(F2)-(F3), f̃ is Hausdorff upper semicontinuous (h-u.s.c.)
from LPx (Ω) to K(LPx (Ω)).

This means that, for each u0 ∈ LPx (Ω), the function

u 7→ h∗
LPx (Ω)

( f̃ (u), f̃ (u0)) (65)

is continuous at u0, where

h∗
LPx (Ω)

(A, B) = sup
u∈A

(
inf
v∈B

∥u − v∥LPx (Ω)

)
, (66)

for A, B ⊂ LPx (Ω). The following properties of F are crucial for later developments.

Theorem 4. Suppose f satisfies conditions (F1)-(F2)-(F3).
(a) The mapping F = i∗Px

f̃ iPx is weak-weak closed in X × X∗ in the following sense. If
{(uk, u∗

k )}k∈N is a sequence in X × X∗ satisfying the following conditions:

u∗
k ∈ F (uk), ∀i ∈ N, (67)

uk ⇀ u0 weakly in X, (68)

and
u∗

k ⇀ u∗
0 weakly in X∗, (69)

then
u∗

0 ∈ F (u0), (70)

and
⟨u∗

k , uk⟩X∗ ,X → ⟨u∗
0 , u0⟩X∗ ,X as k → ∞. (71)

(b) The mapping F is generalized pseudomonotone with domain D(F ) = X.

Proof. (a) Assume (67) and (68) and note that iPx (z) = z for z ∈ X and i∗Px
(η) = η|X∗ for

η ∈ LPx (Ω). From (67), for each k ∈ N, there exists ηk ∈ f̃ iPx (uk) = f̃ (uk) ⊂ LPx (Ω) such
that u∗

k = i∗Px
(ηk) = ηk|X∗ . From (68) and the compactness of iPx , we have

uk = iPx (uk) → iPx (u0) = u0 (strongly) in LPx (Ω). (72)
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Hence, from the h-upper semicontinuity of f̃ from LPx (Ω) to K(LPx (Ω)) in Lemma 2 and
Corollary 6, we have

h∗( f̃ (uk), f̃ (u0)) → 0, (73)

where h∗ is given in (66). Since ηk ∈ f̃ (uk),

inf
v∈ f̃ (u0)

∥ηk − v∥LPx (Ω)
≤ h∗( f̃ (uk), f̃ (u0)).

Hence, infv∈ f̃ (u0)
∥ηk − v∥LPx (Ω)

→ 0 and there exists a sequence {η̃k} ⊂ f̃ (u0) such that

lim ∥ηk − η̃k∥LPx (Ω)
= 0. (74)

This implies that

lim ∥u∗
k − i∗Px

(η̃k)∥X∗ = lim ∥i∗Px
(ηk)− i∗Px

(η̃k)∥X∗ = 0. (75)

On the other hand, we have {η̃k} is a sequence in f̃ (u0) and thus {i∗Px
(η̃k)} is a sequence

in i∗Px
f̃ (u0) = F (u0). From the complete continuity of i∗Px

from LPx (Ω) to X∗, the weak-

compactness of f̃ (u0) in LPx (Ω) (cf. Lemma 1) by passing to a subsequence if necessary,
we can assume that

η̃k ⇀ η̃0 weakly in LPx (Ω), (76)

for some η̃0 ∈ f̃ (u0) and thus

i∗Px
(η̃k) → i∗Px

(η̃0) (strongly) in X∗, (77)

with i∗Px
(η̃0) ∈ i∗Px

( f̃ (u0)) = F (u0). Combining (75) and (77) yields

u∗
k → i∗Px

(η̃0) in X∗. (78)

In view of (69), we see from (78) that u∗
0 = i∗Px

(η̃0) ∈ F (u0).
To prove (71), we note that

⟨u∗
k , uk⟩X∗ ,X = ⟨i∗Px

(ηk), uk⟩X∗ ,X

= ⟨ηk, iPx (uk)⟩LPx (Ω),LPx (Ω)
= ⟨ηk, uk⟩LPx (Ω),LPx (Ω)

.
(79)

On the other hand, it follows from (74) and (76) that

ηk ⇀ η̃0 weakly in LPx (Ω). (80)

Hence, from (79), (72) and (80),

⟨u∗
k , uk⟩X∗ ,X = ⟨ηk, uk⟩LPx (Ω),LPx (Ω)

→ ⟨η̃0, u0⟩LPx (Ω),LPx (Ω)
= ⟨η̃0, iPx (u0)⟩LPx (Ω),LPx (Ω)

= ⟨i∗Px
(η̃0), u0⟩X∗ ,X

= ⟨u∗
0 , u0⟩X∗ ,X .

This proves (71).
(b) It follows from (F1) that F (u) ̸= ∅ for all u ∈ X, i.e., D(F ) = X. The generalized

pseudomonotonicity of F follows directly from (a).

Combining Lemma 1 with Theorem 4, we arrive at the following result, whose proof
is a direct application of Proposition 4 of [29]. We refer to [29,30] or [8] for more com-
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plete definitions and properties of pseudomonotone and generalized pseudomonotone
mappings.

Corollary 7. The mapping F = i∗Px
f̃ iPx is pseudomonotone from X to 2X∗

.

3.4. Existence Theorems

As a consequence of the preceding discussions, we can now establish the following
basic existence result for Problem (P) under an appropriate coercivity condition.

Theorem 5. Under the conditions (F1)-(F2)-(F3), let following coercivity condition be satisfied:
There exist w0 ∈ K and a positive constant R > ∥w0∥ such that for all w ∈ K such that

∥w∥ = R,
inf

w∗∈F (w)
⟨A(w) + w∗, w − w0⟩ > 0, (81)

(alternatively, infw∗∈F (w)⟨A(w) + w∗, w − w0⟩ ≥ 0).
Then, there exists a solution u to Problem (P) satisfying ∥u∥ < R (alternatively, ∥u∥ ≤ R).

Proof. Straightforward calculations (cf., e.g., Lemma 3.1, [14]) show that A is a monotone
continuous mapping from X to X∗ with domain D(A) = X. Hence, A is maximal mono-
tone, according to Theorem 1.33, [28]. On the other hand, from Rockafellar’s theorem,
since IK is convex and lower semicontinuous, ∂IK is maximal monotone. Observe that
D(∂IK) = K and D(∂IK) ∩ [D(A)]◦ = K ∩ X◦ = K ∩ X = K ̸= ∅. According to Rockafel-
lar’s theorem on sums of maximal monotone mappings (cf., e.g., Theorem 32.1, [30]), the
mapping A+ ∂IK is maximal monotone.

Concerning the multivalued lower order term F , we obtain from Lemma 1 and
Corollary 7 that F is a bounded pseudomonotone mapping from X to 2X∗

, in particular, F
satisfies conditions (B1’), (B2) and (B4) in [31]. Thus the mappings A + ∂IK and F satisfy all
the conditions needed in Corollary 4.1 of [31] with f0 = 0. According to that result, under
the coercivity condition (81) (or its weaker version), the inclusion (49) has a solution with
the given norm condition.

As corollaries of this result, let us consider some sublinear growth and/or bounded-
ness conditions on f (x, u) that imply the above general coercivity condition. In fact, we
have the following existence result.

Theorem 6. Suppose f = g + h where g and h satisfy (F1)-(F2) and the following conditions:
(Fg) The function g satisfies (F3) and there exist u0 ∈ K and ag ∈ L1(Ω), ag ≥ 0 a.e. on Ω,

bg ∈ (0, ∞), such that for a.e. x ∈ Ω, all u ∈ R, all η ∈ g(x, u),

η(u − u0(x)) ≥ bgΦ̂x(u)− ag(x), (82)

and
(Fh) There exists a generalized N-function Q = Qx ∈ N (Ω) satisfying a ∆2 condition,

together with its Hölder conjugate, such that

Qx ≪ Φ̂x, (83)

and for some ah ∈ LQx (Ω), bh ∈ (0, ∞),

|ζ| ≤ ah(x) + bhQx
−1

(Qx(|u|)), (84)

for a.e. x ∈ Ω, all u ∈ R, all ζ ∈ h(x, u).
Then, Problem (P) has a solution.
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Proof. Since Φ̂x ≪ Φ̂∗
x, (83) and (84) imply that h satisfies (F3) and thus f = g + h also

satisfies (F3). Let us check that the coercivity condition (81) is satisfied for R > 0 sufficiently
large with w0 = u0 given in (Fg).

In fact, let u, v ∈ X and u∗ = u∗
g + u∗

h ∈ F (u), where u∗
g ∈ G(u) := (i∗Px

g̃iPx )(u) and

u∗
h ∈ H(u) := (i∗Qx

h̃iQx )(u). We have

u∗
g = i∗Px

ηiPx and u∗
h = i∗Qx

ζiQx , (85)

where η ∈ g̃(u) and ζ ∈ h̃(u), that is, η(x) ∈ g(x, u(x)) and ζ(x) ∈ h(x, u(x)) for a.e.
x ∈ Ω. It follows from (82) that

⟨u∗
g, u − u0⟩ =

∫
Ω

η(u − u0(x)) ≥ bg

∫
Ω

Φ̂x(u)dx −
∫

Ω
agdx. (86)

On the other hand, since ζ(x) ∈ h(x, u(x)) for a.e. x ∈ Ω, we have from (84) that

|ζ(x)| ≤ ah(x) + bhQx
−1

(Qx(|u(x)|)), (87)

for a.e. x ∈ Ω. Therefore, by Young’s inequality,∣∣∣∣∫Ω
ζvdx

∣∣∣∣ ≤
∫

Ω
ah|v|dx + bh

∫
Ω

Qx
−1

(Qx(|u|))|v|dx

≤
∫

Ω
Qx(ah)dx +

∫
Ω

Qx(|v|)dx + bh

∫
Ω

Qx(|u|)dx + bh

∫
Ω

Qx(|v|)dx

=
∫

Ω
Qx(ah)dx + bh

∫
Ω

Qx(|u|)dx + (1 + bh)
∫

Ω
Qx(|v|)dx.

(88)

In particular,

|⟨u∗
h , u − u0⟩| =

∣∣∣∣∫Ω
ζ(u − u0)dx

∣∣∣∣
≤

∣∣∣∣∫Ω
ζudx

∣∣∣∣+ ∣∣∣∣∫Ω
ζu0dx

∣∣∣∣
≤

∫
Ω

Qx(ah)dx + (1 + 2bh)
∫

Ω
Qx(|u|)dx

+
∫

Ω
Qx(ah)dx + bh

∫
Ω

Qx(|u|)dx + (1 + bh)
∫

Ω
Qx(|u0|)dx

= 2
∫

Ω
Qx(ah)dx + (1 + 3bh)

∫
Ω

Qx(|u|)dx + (1 + bh)
∫

Ω
Qx(|u0|)dx.

(89)

Let ε be a positive number. From (83), there exists Cε > 0 such that

(1 + 3bh)Qx(t) ≤ εΦ̂x(t) + Cε, (90)

for a.e. x ∈ Ω, all t ∈ R. For convenience of notation, without confusion, we shall use in the
sequel Cε for a generic positive constant, that generally depends on ε, but does not depend
on u and x and may change its value from line to line. We obtain as a consequence of (89)
and (90),

|⟨u∗
h, u − u0⟩| =

∣∣∣∣∫Ω
ζ(u − u0)dx

∣∣∣∣ ≤ ε
∫

Ω
Φ̂x(|u|)dx + Cε. (91)

Combining (86) with (91) yields

⟨u∗, u − u0⟩ ≥ ⟨u∗
g, u − u0⟩ − |⟨u∗

h, u − u0⟩| ≥ (bg − ε)
∫

Ω
Φ̂x(|u|)dx − Cε. (92)
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Regarding the generalized N-functions in N (Ω × Ω), we have the following pointwise
estimates, which are available for N-functions (cf., e.g., [19,20]) and are thus extended
directly to functions in N (Ω × Ω). For a.e. x, y ∈ Ω, we have

Φx,y(t) ≤ tϕx,y(t), ∀t ≥ 0, (93)

and
Φx,y[ϕx,y(t)] ≤ Φx,y(2t), ∀t ≥ 0. (94)

For any u ∈ X and ε > 0, we have

⟨Au, u − u0⟩ =
∫

Ω

∫
Ω

ax,y(|Dsu(x, y)|)Dsu(x, y)[Dsu(x, y)− Dsu0(x, y)]dµ

≥
∫

Ω

∫
Ω

ax,y(|Dsu(x, y)|)|Dsu(x, y)|2dµ

−
∫

Ω

∫
Ω

ax,y(|Dsu(x, y)|)|Dsu(x, y)| |Dsu0(x, y)|dµ.

(95)

It follows from (93) that∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)|Dsu(x, y)|2dµ =
∫

Ω

∫
Ω

ϕx,y(|Dsu(x, y)|)|Dsu(x, y)|dµ

≥
∫

Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ.
(96)

Since Φx,y and Φx,y satisfy ∆2 conditions, we obtain from (94) and Young’s inequality with
ε (Corollary 3) that for a.e. x, y ∈ Ω, x ̸= y,

ax,y(|Dsu(x, y)|)|Dsu(x, y)| |Dsu0(x, y)|

= ϕx,y(|Dsu(x, y)|)|Dsu0(x, y)|

≤ εΦx,y(ϕx,y(|Dsu(x, y)|)) + CεΦx,y(|Dsu0(x, y)|)

≤ εΦx,y(2|Dsu(x, y)|) + CεΦx,y(|Dsu0(x, y)|)

≤ εκΦx,y(|Dsu(x, y)|) + CεΦx,y(|Dsu0(x, y)|).

(97)

Consequently, ∫
Ω

∫
Ω

ax,y(|Dsu(x, y)|)|Dsu(x, y)| |Dsu0(x, y)|dµ

≤ εκ
∫

Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ + Cε

∫
Ω

∫
Ω

Φx,y(|Dsu0(x, y)|)dµ.
(98)

Combining (95), (96) and (98) yields

⟨Au, u − u0⟩ ≥ (1 − εκ)
∫

Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ − Cε

∫
Ω

∫
Ω

Φx,y(|Dsu0(x, y)|)dµ

= (1 − εκ)
∫

Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ − Cε.
(99)

For u ∈ X and u∗ ∈ F (u), by choosing ε > 0 sufficiently small, we see from (92) and (99)
that there are positive constants D1 and D2 independent of u and u∗ such that

⟨Au + u∗, u − u0⟩ ≥ (1 − εκ)
∫

Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ

+(bg − ε)
∫

Ω
Φ̂x(|u|)dx − Cε

≥ D1

(∫
Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ +
∫

Ω
Φ̂x(|u|)dx

)
− D2.

(100)
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Since ∫
Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ +
∫

Ω
Φ̂x(|u|)dx → ∞ as ∥u∥s,Φx,y → ∞,

we immediately obtain (81) for R sufficiently large. The existence of solutions of Problem
(P) now follows from Theorem 5.

Next, let us consider another corollary of Theorem 5 in the case where K is a subset of
X0 = W

s,Φx,y
0 (Ω) related to the gauge functions µ± of N-functions introduced in Theorem 2.

Suppose f has the following growth condition.
(Ff ) There exists a generalized N-function Q = Qx ∈ N (Ω) satisfying a ∆2 condition,

together with its Hölder conjugate, such that Qx ≪ Φ̂∗
x and

|ζ| ≤ ah(x) + bhQx
−1

(Qx(|u|)), (101)

for a.e. x ∈ Ω, all u ∈ R, all ζ ∈ h(x, u), with a f ∈ LQx (Ω), b f ∈ (0, ∞).
Moreover, µ+

Q ≪ µ−
Φ in the following sense:

lim
t→∞

µ+
Q(kt)

µ−
Φ(t)

= 0, ∀k > 0. (102)

Theorem 7. Suppose K ⊂ X0 and f satisfies (F1), (F2) and (Ff ). Then, Problem (P) has a solution.

Before proving this theorem, we note that since Qx, Qx and Φx,y, Φx,y satisfy ∆2
conditions, according to Corollary 4, there are α−Q , α+Q , α−Φ , α+Φ ∈ (1, ∞) such that

α−Q ≤ tqx(t)
Qx(t)

≤ α+Q and α−Φ ≤
tϕx,y(t)
Φx,y(t)

≤ α+Φ ,

for a.e. x, y ∈ Ω, for all t > 0, where qx is the right derivative of Qx.
As a consequence of Corollary 5, the functions µ+

Q and µ−
Φ can be chosen as:

µ+
Q(t) = max{tα−Q , tα+Q} and µ−

Φ(t) = min{tα−Φ , tα+Φ}, t ≥ 0.

In particular, µ+
Q(t) = tα+Q and µ−

Φ(t) = tα−Φ for t ≥ 1. Consequently, in this case, condi-
tion (102) is equivalent to

α+Q < α−Φ . (103)

Proof of Theorem 7. Let µ±
Φ and µ±

Qx
be the gauge functions associated with Φx,y and Qx

given in Corollaries 1 and 2. For ε > 0, sufficiently small, the estimate in (99), together
with (17), gives

⟨Au, u − u0⟩ ≥ (1 − εκ)
∫

Ω

∫
Ω

Φx,y(|Dsu(x, y)|)dµ − Cε

≥ 1
2

µ−
Φ([u]s,Φx,y)− C.

(104)

On the other hand, due to the embedding W
s,Φx,y
0 (Ω) ↪→ LQx (Ω) and the equivalence of

the norms [·]s,Φx,y and ∥ · ∥s,Φx,y on X0 = W
s,Φx,y
0 (Ω) (cf. Propostitions 1 and 2), there is a

constant k0 > 0 such that

∥u∥LQx (Ω) ≤ k0[u]s,Φx,y , ∀u ∈ X0. (105)

Hence, for any u ∈ X0, u∗ ∈ F (u), (101), (105), Corollaries 1 and 2 applied to Qx and the
calculations in (88) and (89) yield
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|⟨u∗
h, u − u0⟩| ≤ 2

∫
Ω

Qx(a f )dx + (1 + 3b f )
∫

Ω
Qx(|u|)dx + (1 + b f )

∫
Ω

Qx(|u0|)dx

= C
(

1 +
∫

Ω
Qx(|u|)dx

)
≤ C

(
1 + µ+

Q(∥u∥LQx (Ω))
)

≤ C
(

1 + µ+
Q(k0[u]s,Φx,y)

)
.

(106)

It follows from (104) and (106) that

⟨Au + u∗, u − u0⟩ ≥ 1
2

µ−
Φ([u]s,Φx,y)− C

(
1 + µ+

Q(k0[u]s,Φx,y)
)

≥ µ−
Φ([u]s,Φx,y)

[
1
2
− C

(
1

µ−
Φ([u]s,Φx,y)

+
µ+

Q(k0[u]s,Φx,y)

µ−
Φ([u]s,Φx,y)

)]
.

(107)

As [u]s,Φx,y → ∞, we obtain from (102) and properties of µ±
Φ and µ±

Q stated in Theorem 2
and Corollaries 1 and 2, that

µ−
Φ([u]s,Φx,y) → ∞ and

µ+
Q(k0[u]s,Φx,y)

µ−
Φ([u]s,Φx,y)

→ 0.

Thus,

lim
[u]s,Φx,y→∞,u∈X0

(
inf

u∗∈F (u)
⟨A(u) + u∗, u − u0⟩

)
= ∞,

that is, (81) is satisfied for R > 0 sufficiently large. The existence of solutions of (P) now
follows from Theorem 5.

Remark 4. In cases where coercivity conditions such as (81), (83) and (84) or (101) and (102),
are not satisfied, by integrating the above arguments and results with an adaptation of the sub-
supersolution approach for multivalued variational inequalities in Sobolev spaces, as presented
in, e.g., [32], to our current context of fractional Musielak–Orlicz–Sobolev spaces, we can define
appropriate concepts of sub and supersolutions for Problem (P) and demonstrate the existence and
some qualitative properties of solutions to Problem (P) between such sub and supersolutions. The
details of this approach will be provided in a forthcoming work.

In conclusion, this paper focuses on studying a general class of variational inequalities
driven by generalized fractional Φ-Laplacian type operators, perturbed by multivalued
lower order terms, over closed convex sets of fractional Musielak–Orlicz–Sobolev spaces.
We establish a suitable functional analytic framework for analyzing such variational inequal-
ities, and examine their solvability under appropriate conditions pertaining to the nonlocal
fractional main operators, the multivalued terms and the convex sets of constraints.
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20. Kufner, A.; John, O.; Fučic, S. Function Spaces; Noordhoff: Leyden, The Netherlands, 1977.
21. Musielak, J. Orlicz Spaces and Modular Spaces; Lecture Notes in Mathematics; Springer: Berlin/Heidelberg, Germany, 1983;

Volume 1034.
22. Bonder, J.F.; Salort, A.M. Fractional order Orlicz-Sobolev Spaces. J. Funct. Anal. 2019, 277, 333–367.
23. Alberico, A.; Cianchi, A.; Pick, L.; Slavíková, L. On the limit as s → 0+ of fractional Orlicz–Sobolev spaces. J. Fourier Anal. Appl.

2020, 26, 80.
24. Alberico, A.; Cianchi, A.; Pick, L.; Slavíková, L. On the limit as s → 1− of possibly non-separable fractional Orlicz–Sobolev spaces.

Atti Accad. Naz. Lincei Cl. Sci. Fis. Mat. Natur. 2020, 31, 879–899.
25. Salort, A.M. Hardy inequalities in fractional Orlicz–Sobolev spaces. Publ. Mat. 2022, 66, 183–195.
26. Fukagai, N.; Ito, M.; Narukawa, K. Positive solutions of quasilinear elliptic equations with critical Orlicz-Sobolev nonlinearity on

RN . Funkcial. Ekvac. 2006, 49, 235–267.
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