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Abstract: This study presents a comparative analysis of classical model reference adaptive control
(IO-DMRAC) and its fractional-order counterpart (FO-DMRAC), which are applied to the pitch-rate
control of an F-16 aircraft longitudinal model. The research demonstrates a significant enhancement
in control performance with fractional-order adaptive control. Notably, the FO-DMRAC achieves
lower performance indices such as the Integral Square-Error criterion (ISE) and Integral Square-
Input criterion (ISU) and eliminates system output oscillations during transient periods. This study
marks the pioneering application of FO-DMRAC in aircraft pitch-rate control within the literature.
Through simulations on an F-16 short-period model with a relative degree of 1, the FO-DMRAC
design is assessed under specific flight conditions and compared with its IO-DMRAC counterpart.
Furthermore, the study ensures the boundedness of all signals, including internal ones such as ω(t).

Keywords: fractional-order adaptive pitch-rate control; smoother control output signal; particle
swarm optimization algorithm (PSO)

1. Introduction

The pitch-rate q(t) =
.
θ(t) control of an aircraft (see Figure 1 for angle meaning) is the

main system for tracking a target by means of a combat aircraft and landing approach [1].
In addition, the pitch rate can be useful for estimating the attitude or pitch angle of an
airplane because the pitch angle is integral to the pitch rate. Therefore, is important to
design a well-suited control system. In this work, we compare classical or integer-order
direct model reference adaptive control (IO-DMRAC) with its fractional-order counterpart
(FO-DMRAC). The mathematical F-16 longitudinal model used in this paper is of the
second-order [2]; it considers the short-period oscillation mode, neglecting the phugoid
mode (large period oscillations), because the first mode (high-frequency oscillation) is more
difficult for the pilot to control. Our interest is in showing the lack of oscillation during
the transient period using FO-DMRAC compared to using classical or integer-order direct
model reference adaptive control (IO-DMRAC).

Very few adaptive control attempts have been made to control the pitch rate of an
aircraft whose adaptive laws are of a FO.

In [2], the longitudinal control of an F-16 is analyzed using a combined MRAC control
classical technique.

On the other hand, small planes basically use PID controllers because of their easy
implementation [3–8]. The main disadvantage is that PID controllers lack adaptation
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capabilities in case of plant parametric variations because the PID control parameters are
constants, but an aircraft flight dynamic is variant.

In [9], an MRAC approach for the control of the longitudinal model of an F-15 aircraft
is used, and the only fractional term is a filter that approximates the plant model. Moreover,
additional blocks are added, making the implementation more complex. In [10], a mod-
ification of a Smith predictor for rejecting disturbances is used in combination with a PI
controller to improve the pitch rate response of an F-16.

Finally, this paper is structured as follows. In Section 2, the F-16 aircraft model is
presented for a specific flight condition (at sea level) [2]. Section 3 shows the implementation
of the DMRAC control system. In Section 4, basic concepts of FO calculus that will be used
in this comparative analysis are explained. Also, we make use of lemmas that relax some
stability conditions, which have been used in the longitudinal pitch angle control of a civil
airplane [11]. In that paper, the boundedness of all signals was explicitly established for
systems of relative degree equal or greater than 2, but in this case, we extend the results
to system with relative degree equal to 1; in this way, we cover all the relative degrees of
dynamic systems. The simulation results are presented in Section 5. Finally, the conclusion
of this work is presented in Section 6.
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2. Longitudinal Model and Flight Conditions

The aircraft model considers a straight and level flight condition [2]. Figure 1 shows
the main angles involved for the study of longitudinal airplane models and the control.

Where θ is the pitch angle, γ is the flight path angle, V is the wind speed relative to
the aircraft (air-trimmed speed) and α is the angle of attack (AoA).

A simple model, considering the longitudinal short period, can be written in matrix
form as [2]. [ .

α(t)
.
q(t)

]
=

[
Zα
V

Zq
V

Mα Mq

][
α(t)
q(t)

]
+

[
Zδe
V

Mδe

]
δe(t)

q(t) =
[
0 1

][α(t)
q(t)

] (1)

where q(t) =
.
θ(t) is the pitch rate (output), δe(t) is the elevator deflection angle (input),

V is the air trimmed speed,
(
Zα, Zq, Zδe

)
and

(
Mα, Mq, Mδe

)
are the partial derivatives

of the aerodynamic vertical force Z and the pitch moment M with respect to (α, q, δe),
respectively. The coefficients matrix values of Equation (1) were taken from [2].

Table 1 shows the trimmed values used in this model.



Fractal Fract. 2024, 8, 338 3 of 13

Table 1. F-16 trim operating flight conditions at sea level.

Operating Conditions

Altitude [feet] 0

Velocity [feet/sec] 502

Free-stream dynamic pressure = Q[lb/ft2] 300

Center of gravity in percent [%] 0.35c

Where c is the wing mean geometric chord. For more detailed information and the
technical characteristics of the F-16 aircraft, the reader can consult the article in [13].

Replacing the numerical values in Equation (1) we obtain[ .
α(t)
.
q(t)

]
=

[
−1.0189 0.9051
0.8223 −1.0774

][
α(t)
q(t)

]
+

[
−0.0022
−0.1756

]
δe(t)

y(t) =
[
0 1

][α(t)
q(t)

] (2)

where u(t) = δe(t) and y(t) = q(t) = θ́(t) are the input and output system, respectively.
Then, the transfer function of interest will be

Wp(s) =
q(s)
δe(s)

(3)

Therefore, according to Equation (2), the transfer function Wp(s), imposing null initial
conditions, has the form

Wp(s) = C(sI − A)−1B + D (4)

where A =

[
−1.0189 0.9051
0.8223 −1.0774

]
, B =

[
−0.0022
−0.1756

]
, C =

[
0 1

]
and D = 0.

Then, the transfer function between the pitch rate q(t) =
.
θ(t) (the output) and δe(t)

(the input) is given by

Wp(s) =
q(s)
δe(s)

= C(sI − A)−1B + D (5)

Wp(s) =
q(s)
δe(s)

=
0.175s + 0.1807

s2 + 2.096s + 0.3535
(6)

or equivalently,

Wp(s) =
q(s)
δe(s)

= 0.175
s + 1.0326

s2 + 2.096s + 0.3535
(7)

which is a second-order (n = 2) transfer function whose relative degree is equal to 1
(n∗ = 1). The high-frequency plant gain kp = 0.175. Also, Zp(s) = (s + 1.0326) and
Rp(s) = s2 + 2.096s + 0.3535 are the plant numerator and denominator, respectively.

3. Control Model System

Figure 2 shows a general block diagram of the DMRAC control system in which the
control parameters, θ and k, are adjusted adaptively to keep the output control error e(t) as
small as possible.

Figure 3 shows the Simulink DMRAC block diagram implemented for the simula-
tions analysis. Also, the well-known DMRAC controller block diagram can be seen in
Figure 4 [14]. The model transfer function was chosen as Wm = 2

s+2 . One could choose
another transfer function (Wm = 1

s+1 , for instance), but because we wanted a fast response,
we used Wm = 2

s+2 .
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4. Controller Designs

For the sake of completeness, the adaptive DMRAC algorithm for plants whose relative
degree is 1 (n∗ = 1) is given in the next sub-section. A detailed explanation of the algorithm
can be found in [14].

DMRAC Algorithm

In the DMRAC approach, the asymptotic convergence of the control parameters, to
the ideal ones, are not relevant, making the implementation simpler since the identification
block is avoided [14].

Therefore, the DMRAC control scheme of a linear plant of order n with a relative
degree equal 1 (n∗ = 1) is shown in Figure 4, where only the output error e1(t) is accessible
(Adaptive Error Model Type 3), not the whole state error vector e(t) (Error Model Type 2).
In this case, the analysis for determining stability conditions is simpler [14].

Therefore, in this case (n∗ = 1), the control law is given by u(t) = θT(t)·ω(t) and
θ(t) =

[
k(t), θT

1 , θ0(t), θT
2
]T ∈ R2n is the controller parameters vector,

ω(t) =
[
r(t), ωT

1 , yp(t), ωT
2
]T ∈ R2n is the auxiliary signals vector, and n is the order

of the plant.

ϕ(t) =


ψ(t)
ϕ1(t)
ϕ0(t)
ϕ2(t)

 =


k(t)− k∗

θ1(t)− θ∗1
θ0(t)− θ∗0
θ2(t)− θ∗2


are the parameters’ error vector controller.

θ∗ =


k∗

θ∗1
θ∗0
θ∗2

 =


11.43

−0.0326
−5.1657
−4.24286


are the ideal controller parameters.

The auxiliary signals are defined by

.
ω1(t) = Λω1 + lu(t)
.

ω2(t) = Λω2 + ly(t)
(8)

where k(t), θ0(t), r(t), yp(t) ∈ R and θ1(t), θ2(t), ω1(t), ω2(t) ∈ Rn−1. (Λ, l) is any
arbitrary stable and controllable pair, with Λ ∈ Rn−1xn−1 being a Hurwitz matrix.

For simplicity, we chose (Λ, l) in the controllable canonical form. Furthermore, when
n∗ = 1, the adaptive control parameters laws adjustment is chosen as

.
k(t) = −sgn

(
kp
)
e1(t)r(t)

.
θ0(t) = −sgn

(
kp
)
e1(t)yp(t)

.
θ1(t) = −sgn

(
kp
)
e1(t)ω1(t)

.
θ2(t) = −sgn

(
kp
)
e1(t)ω2(t).

(9)

The output control error e1(t) = yp(t) − ym(t) can also be expressed as

e1(t) =
kp
km

Wm(s)ϕT(t)ω(t), where Wm(s) (the reference model) is a strictly positive real
transfer function, and we can derive the same adaptive control laws as above.

It is supposed that we know the sign of the high-frequency gain kp and kp > 0.
Therefore, the adaptive laws can be simplified to
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.
k(t) = −e1(t)r(t)

.
θ0(t) = −e1(t)yp(t)
.
θ1(t) = −e1(t)ω1(t)
.
θ2(t) = −e1(t)ω2(t).

(10)

We can also aggregate adaptive gains γi to manage the speed of converge of the control
parameters, where i = k, θ0, θ1, θ2. That is to say, the adaptive gains can be different
among them. Then, the more general adjusted adaptive laws can be re-written as

.
k(t) = −γk·e1(t)r(t)

.
θ0(t) = −γθ0 ·e1(t)yp(t)
.
θ1(t) = −γθ1 ·e1(t)ω1(t)
.
θ2(t) = −γθ2 ·e1(t)ω2(t).

(11)

5. Fractional Calculus Preliminaries

What follows is by no means exhaustive, but we present some basic definitions of the
fractional-order integral and derivative, respectively [15,16].

Definition 1. [15]: The Riemann–Liouville fractional integral of order α > 0 of function
f (t) ∈ R is defined by

Iα
t0

f (t) =
1

Γ(α)

∫ t

t0

f (τ)

(t − τ)1−α
dτ, t > t0 andRe(α) > 0, (12)

where Γ(α) is the Gamma function defined as

Γ(α) =
∫ ∞

0
tα−1e−tdt. (13)

Definition 2. [15]: Let α ≥ 0 and [n] = α. The Caputo fractional derivative of order α of function
f (t) ∈ R is defined as

C
t0

Dα
t f (t) =

1
Γ(n − α)

∫ t

t0

f (n)(τ)

(t − τ)α−n+1 dτ; as long as f (n) ∈ L1[t0, t]. (14)

Lemma 1. Let e(t) ∈ Rn be a vector of differentiable functions. Then, ∀ t ≥ t0, and it is true that

C
t0

Dα
t

{
eT(t)Pe(t)

}
≤ 2eT(t)PC

t0
Dα

t e(t), ∀α ∈ (0, 1],

where P ∈ Rnxn is a positive definite symmetric square matrix of constant coefficients. A proof of
this lemma can be found in [17].

Theorem 1. Let the state error e(t) and the output error e1(t) be represented by Equation (11),

C
t0

Dβ
t e(t) = Amne(t) + bmn

[
ϕT(t)ω(t)

]
, e(t0) = e0,

e1(t) = kphT
mne(t), e1(t0) = e10,

(15)

where Amn ∈ Rnxn is a Hurwitz matrix. Provided that Q = QT > 0 ∈ Rnxn, there exists a
matrix P = PT > 0 ∈ Rnxn such that
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AT
mnP + PAmn = −Q,

Pbmn = hmnkp.

whose adaptive adjustment laws, to estimate the unknown controller parameters, are given by

C
t0

Dα
t ϕ(t) = C

t0
Dα

t θ(t) = −γsgn(k)e1(t)ω(t), ϕ(t0) = ϕ0 (16)

with α < β and α ∈ (0, 1]. Then, assuming that e(t) and ϕ(t) are differentiable and uniformly
continuous functions, it is guaranteed that

(a) The parametric error ϕ(t), the state error e(t) and the output error e1(t) remain bounded for
all time.

(b) Moreover, if the auxiliary signal ω(t) is bounded, then C
t0

Dα
t ϕ(t) and C

t0
Dβ

t e(t) also remain
bounded.

(c) The mean value of the squared norm of the state error e∥(t)∥2 is o(tε−α) ∀ε > 0,

or equivalently lim
t→∞

[
tα−ε

∫ t
t0

e(τ)2dτ

t

]
= 0, ∀ε > 0 where o(tε−α), means that the speed

converges to zero and is higher than t−α. The demonstration of this theorem is available in [18].

From Theorem 1, we can note that since e1(t) = hT
mne(t) with hT

mn is a constant vector,
the control error e1(t) also will be (tε−α) ∀ε > 0.

If (c) holds, it must also hold for the mean value of the square norm of e1(t), since
e1(t) = hT

mne(t) with hT
mn is a vector whose components are constants.

For the next lemma (Lemma 2), we relax the hypothesis (b) imposed from Theorem 1.
A proof of this lemma can be found in [11] for systems with a relative degree n∗ ≥ 2, but it
is also true for n∗ = 1 because the case n∗ ≥ 2 is a consequence accomplished for systems
with n∗ = 1.

Lemma 2. Let us consider an n order linear system of relative degree n∗ = 1 whose fractional
adaptive laws are given by

C
t0

Dα
t ϕ(t) = C

t0
Dα

t θ(t) = −γe1(t)ω(t), ϕ(t0) = 0,

and the error equation is given by (in this case, β = 1 with β > α).

.
e(t) = Amne(t) + brp[ϕ(t)ω(t)], e(t0) = e0,

e1(t) = hT
mne(t), e1(t0) = e10,

(17)

where all the terms of the Equation (17) are of appropriated dimensions with Amn Hurwitz and the
reference model is of the same plant relative degree (n∗ = 1). Then, the auxiliary signal ω(t) will
also be bounded.

Furthermore, as the auxiliary signal ω(t) is bounded and because Theorem 1 guar-
antees (c), the squared norm of the output error |e1(t)|2 also tends to 0 as t tends to ∞.
Therefore, the stability of the proposed FO-DMRAC is guaranteed.

FO-DMRAC Algorithm

When n∗ = 1, the only equation that changes in the case of the FO-DMRAC algorithm
is the control parameter adaptive law (remember that the plant and the error equation are
of integer order); therefore, in the classical case or IO-DMRAC, the adaptive law is given by

.
θ(t) =

.
ϕ(t) = −sgn

(
kp
)
e1(t)ω(t) (18)

On the other hand, for the FO-DMRAC case, the adaptive law becomes
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C
t0

Dα
t θ(t) = C

t0
Dα

t ϕ(t) = −sgn
(
kp
)
e1(t)ω(t) (19)

where kp = 0.175 (see Equation (7)). Therefore, the sgn
(
kp
)
= 1.

Finally, the control is given by

u(t) = θT(t)ω(t) (20)

6. Simulations

Simulations were performed using Matlab and Simulink [19]. Furthermore, the pitch-
rate initial conditions were set to zero for both cases (integer- and fractional-order con-
trollers).

Table 2 shows the detailed setting of the FO-DMRAC and IO-DMRAC controllers for
simulation purposes.

Table 2. FO-DMRAC and IO-DMRAC controllers’ settings.

Reference Model Wm(s)= 2
s + 2

Plant or dynamic system to
be controlled Wp(s) = 0.175s + 0.1807

s2 + 2.096s + 0.3535

Control laws

θ(t) =
[
k(t) θT

1 (t) θ0(t) θT
2 (t)

]T ∈ R4

ω(t) =
[
r(t) ωT

1 (t) yp(t) ωT
2 (t)

]T ∈ R4

u(t) = θT(t)ω(t)
Note: θT

1 (t) and θT
2 (t) ∈ R

Auxiliary signals

.
ω1(t) = Λω1(t) + lu(t)
.

ω2(t) = Λω2(t) + lyp(t)
Λ = −1

l =1

Control error e1(t) =
kp
km

Wm(s)ϕT(t)ω(t)

Integer-order adaptive law
.
θ(t) = −Γie1(t)ω(t)

Fractional-order adaptive law C
t0

Dα
t θ(t) = −Γje1(t)ω(t)

Where Γi and Γj are diagonal matrices of adaptive gains. For the implementation of the
fractional adaptive laws, the NID block based on the Oustaloup method was used [20,21].

6.1. IO-DMRAC v/s FO-DMRAC Using PSO Algorithm

In this section, we compare the simulations results of using FO-DMRAC versus
the classical or IO-DMRAC controller. Also, in both cases, we use the particle swarm
optimization (PSO) technique [22], ensuring the best behavior for both cases. The number
of particles used was 50, considering 50 iterations. Of course, any other optimization
technique can be used to determine the adaptive gains γ′s and derivative orders α′s.

6.2. Simulation Controller Results

The most important objective is minimizing the control error; therefore, the objective
function to be optimized was defined as

J = ωe

∫ t

t0=0
e2

1(t)dt (21)

where e1(t) is the control error, ωe is a weighted parameter, and the reference input signal
is the unit step.

Remark 1. Equation (21) was chosen as the objective function (ISE index), which is a simple index,
but in the case of a combat aircraft, it is a good election since the most important issue is minimizing
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the control error as fast as possible, in contrast with having minimum control effort or fuel efficiency.
Nevertheless, it should not be forgotten that the objective function can be chosen by the designer.

Figure 5 shows the objective function J using the PSO algorithm versus the number
of iterations.
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Figure 5. Objective function J evolution using PSO optimization algorithm for the MRAC integer-
order case controller.

The optimal parameter values obtained for the IO-DMRAC case were

γk = 605.4839 γ1 = 248.9360 γ0 = 60.2778 γ2 = 301.4298

In the same way, Figure 6 shows the evolution of the objective function J for the
FO-DMRAC case.
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Therefore, the optimal parameters obtained, for the FO-DMRAC case, were

γk = 477.3457 γ1 = 576.3984 γ0 = 23.0385 γ2 = 0.03

αk = 0.3 α1 = 0.3 α0 = 1 α2 = 0.3.
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From Figures 5 and 6, we can observe a faster convergence rate with a stable value for
the lower magnitude of the objective function in the FO case (Figure 6) compared to the
IO case (Figure 5). Therefore, better controller system behavior could be expected for the
FO case.

Figure 7 shows the behavior of both controllers. The reference signal (blue color) is
depicted besides the outputs of the controlled systems. The better behavior of the fractional-
order controller (green-colored signal) is evident as the output signal is almost identical
to the reference model signal without oscillations. In contrast, the integer-order controller
case (red-colored signal) presents evident oscillatory behavior during the transient period.
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Figures 8 and 9 show the control effort and control error, respectively, during the
transient period for both cases (IO and FO controllers). As can be seen, in the IO case, the
control effort and the control output error e1(t) present oscillatory behavior, in contrast to
the FO case, which is smoother.
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Table 3 shows the optimal values of the objective function J for both controllers.

Table 3. Objective function values using PSO algorithm.

J

IO-DMRAC-PSO 0.3946

FO-DMRAC-PSO 0.0104

Referring to Table 3, it is evident that employing FO-DMRAC results in superior
performance compared to the IO-DMRAC approach, as evidenced by the smaller objective
function J.

It is noteworthy that both controllers, the integer and fractional controllers, share the
same structure, namely the classical model reference structure.

Finally, Figure 10 shows the boundedness of the auxiliary signals ω(t) using the
FO-DMRAC implementation, as stated by Lemma 2 [11].
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7. Conclusions

The main result of this comparative study between integer-order (IO-DMRAC) and
fractional-order (FO-DMRAC) adaptive controllers is the better performance achieved by
the FO controller in contrast with its IO counterpart. This is because the oscillations during
the transient period of the pitch-rate output were eliminated without sacrificing much such
as rise time and settling time for instance. Moreover, the control effort in the FO controller
case was lower and smoother than for its IO counterpart.

Also, the simulation results allow us to verify, as shown by Lemma 2, the boundedness
of all the signals, including the internal ones ω(t) in the FO-DMRAC implementation.

Further, as said before, this is the first time a FO-DCARM pitch control has been
applied to an aircraft whose model is of integer order (F-16 longitudinal short-period
model) and whose adaptive laws are fractional. Also, it is important to note that is not an
easy task to make a comparison between the different control strategies reported in the
literature because each researcher considers different flight conditions and performance
indices. For instance, in [10], one the newest study of F-16 pitch-rate control, the response
exhibits an overshoot of 11.70%, in contrast to this control strategy, which eliminates the
overshoot completely. Nevertheless, the flight conditions are different. Therefore, it is
common to compare a control strategy with an improvement of itself. Furthermore, there
is no pitch-rate control of this type for an F-16 in the literature to form a better basis for
comparison.

Finally, the asymptotic stability of FO-DMRAC has been shown by means of simula-
tions (Figure 7); nevertheless, the theoretical proof is still a pending issue.
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