
Citation: Li, H.; Meftah, B.; Saleh, W.;

Xu, H.; Kiliçman, A.; Lakhdari, A.

Further Hermite–Hadamard-Type

Inequalities for Fractional Integrals

with Exponential Kernels. Fractal

Fract. 2024, 8, 345. https://doi.org/

10.3390/fractalfract8060345

Academic Editors: Milton Ferreira,

Maria Manuela Fernandes Rodrigues

and Nelson Felipe Loureiro Vieira

Received: 27 April 2024

Revised: 22 May 2024

Accepted: 30 May 2024

Published: 7 June 2024

Copyright: © 2024 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

fractal and fractional

Article

Further Hermite–Hadamard-Type Inequalities for Fractional
Integrals with Exponential Kernels
Hong Li 1, Badreddine Meftah 2, Wedad Saleh 3, Hongyan Xu 1 , Adem Kiliçman 4,* and Abdelghani Lakhdari 5

1 School of Mathematics and Computer Science, Gannan Normal University, Ganzhou 341000, China;
lihong@gnnu.edu.cn (H.L.); xhy@gnnu.edu.cn (H.X.)

2 Laboratory of Analysis and Control of Differential Equations ”ACED”, Facuty MISM, Department of
Mathematics, University of 8 May 1945 Guelma, P.O. Box 401, Guelma 24000, Algeria; badrimeftah@yahoo.fr

3 Department of Mathematics, Taibah University, Al-Medina 42353, Saudi Arabia; wlehabi@taibahu.edu.sa
4 School of Mathematical Sciences, College of Computing, Informatics and Mathematics, Universiti Teknologi

MARA, Shah Alam 40450, Selangor, Malaysia
5 Department CPST, National Higher School of Technology and Engineering, Annaba 23005, Algeria;

a.lakhdari@ensti-annaba.dz
* Correspondence: kilicman@uitm.edu.my

Abstract: This paper introduces new versions of Hermite–Hadamard, midpoint- and trapezoid-
type inequalities involving fractional integral operators with exponential kernels. We explore these
inequalities for differentiable convex functions and demonstrate their connections with classical
integrals. This paper validates the derived inequalities through a numerical example with graphical
representations and provides some practical applications, highlighting their relevance to special
means. This study presents novel results, offering new insights into classical integrals as the fractional
order β approaches 1, in addition to the fractional integrals we examined.
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1. Introduction and Preliminaries

Convexity is a fundamental concept in both pure and applied mathematics that serves
as a basis for optimization, inequality, and problem-solving in several fields of study.
A function g is considered convex on the interval [v,w], if for all z1, z2 ∈ [v,w] and
κ ∈ [0, 1], the following inequality holds:

g(κz1 + (1 −κ)z2) ≤ κg(z1) + (1 −κ)g(z2).

One of the most intriguing results associated with the concept of convexity is the
Hermite–Hadamard inequality (see [1,2]). This inequality has garnered significant attention
and is widely recognized for its utility in related fields. For a convex function g on the
interval [v,w], we have

g
(
v+w

2
)
≤ 1

w−v

w∫
v

g(z) dz ≤ g(v)+g(w)
2 . (1)

In [3], Kirmaci obtained the following result connected with the left-hand side of (1)
as follows:
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Theorem 1 ([3]). Let g : I ⊂ R → R be a differentiable function on I such that g ∈ L[v,w]
(Lebesgue integrable), where v, w ∈ I with v < w. If |g′| is convex on [v,w], then the following
inequality holds: ∣∣∣∣∣∣g(v+w

2
)
− 1

w−v

w∫
v

g(z) dz

∣∣∣∣∣∣ ≤ w−v
8
[∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣].
A refinement of the above result was provided by Kadakal in [4] as follows:

Theorem 2 ([4]). Let g : I ⊂ R → R be a differentiable function on I such that g ∈ L[v,w], where
v, w ∈ I with v < w. If |g′| is convex on [v,w], then the following inequality holds:∣∣∣∣∣∣g(v+w

2
)
− 1

w−v

w∫
v

g(z) dz

∣∣∣∣∣∣ ≤ w−v
24
[∣∣g′(v)∣∣+ 4

∣∣g′(v+w
2
)∣∣+ ∣∣g′(w)

∣∣].
Dragomir and Agarwal presented the subsequent result associated with the right-hand

side of (1) in [5].

Theorem 3 ([5]). Let g : Io ⊆ R → R be a differentiable function on Io, v, w ∈ Io with v < w.
If |g′| is convex on [v,w], then the following inequality holds:∣∣∣∣∣∣g(v)+g(w)

2 − 1
w−v

w∫
v

g(z) dz

∣∣∣∣∣∣ ≤ w−v
8
[∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣].
In [6], Kavurmacı et al. provided a refinement of the above result as follows:

Theorem 4 ([6]). Let g : I ⊆ R → R be a differentiable function on Io such that g ∈ L[v,w],
where v, w ∈ I with v < w. If |g′| is convex on [v,w], then the following inequality holds:∣∣∣∣∣∣g(v)+g(w)

2 − 1
w−v

w∫
v

g(z) dz

∣∣∣∣∣∣ ≤ w−v
12
[∣∣g′(v)∣∣+ ∣∣g′(v+w

2
)∣∣+ ∣∣g′(w)

∣∣].
Fractional calculus expands upon conventional calculus by incorporating derivatives

and integrals of non-integer order. It is utilized in various scientific disciplines to accurately
represent non-local and non-Markovian phenomena. Various fractional integral operators
have been developed to enhance the modeling of different phenomena in science and
engineering. One of the most frequently seen operators is the Riemann–Liouville operators,
which can be defined in the following manner.

Definition 1 ([7]). Let g ∈ L[v,w]. The left and right Riemann–Liouville fractional integrals of
order β > 0 are defined by

Jβ
v+

g(κ) = 1
Γ(β)

κ∫
v

(κ − z)β−1g(z)dz, κ > v,

Jβ
w−g(κ) = 1

Γ(β)

w∫
κ

(z −κ)β−1g(z)dz, w > κ,

respectively, where Γ(β) =
∞∫
0

e−ννβ−1dν is the gamma function, and J0
v+

g(z) = J0
w−g(z) = g(z).
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In [8], Sarikaya established the analogue of inequality (1) for Riemann–Liouville
fractional integrals as follows.

Theorem 5 ([8]). Let g : [v,w] → R be a positive function such that g ∈ L[v,w] with 0 ≤ v < w.
If g is convex on [v,w], then for β > 0 the following inequalities hold:

g
(
v+w

2
)
≤ Γ(β+1)

2(w−v)β

[
Jβ
v+

g(w) + Jβ
w−g(v)

]
≤ g(v)+g(w)

2 ,

where Jβ
ν− and Jβ

ν+
denote the left and right Riemann–Liouville integrals, respectively.

In [9], Sarikaya and Yıldırım provided another version of the Hermite–Hadamard
inequality for Riemann–Liouville fractional integrals.

Theorem 6 ([9]). Let g : [v,w] → R be a positive function such that g ∈ L[v,w] with 0 ≤ v < w.
If g is convex on [v,w], then for β > 0, the following inequalities hold:

g
(
v+w

2
)
≤ 2β−1Γ(β+1)

(w−v)β

[
Jβ

( v+w
2 )

−g(v) + Jβ

( v+w
2 )

+g(w)

]
≤ g(v)+g(w)

2 .

In the same paper, the authors derived the Riemann–Liouville fractional midpoint-type
inequalities as follows:

Theorem 7 ([9]). Let g : I ⊂ R → R be a differentiable function on I such that g ∈ L[v,w],
where v, w ∈ I with v < w. If |g′| is convex on [v,w], then for β > 0, the following inequality for
fractional integrals holds:∣∣∣∣g(v+w

2
)
− 2β−1Γ(β+1)

(w−v)β

[
Jβ

( v+w
2 )

−g(v) + Jβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

4(β+1)

[∣∣g′(v)∣∣+ ∣∣g′(w)
∣∣].

In [10], Özdemir et al. provided the following trapezoid-type inequalities via Riemann–
Liouville fractional integrals.

Theorem 8 ([10]). Let g : I ⊂ R → R be a differentiable function on I such that g ∈ L[v,w],
where v, w ∈ I with v < w. If |g′| is convex on [v,w], then for β > 0, the following inequality for
fractional integrals holds:∣∣∣∣g(v)+g(w)

2 − 2β−1Γ(β+1)
(w−v)β

[
Jβ

( v+w
2 )

−g(v) + Jβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤w−v

4

[
(β+1)(β+2)−2
2(β+1)(β+2)

[∣∣g′(v)∣∣+ ∣∣g′(w)
∣∣]+ β

(β+2)

∣∣g′(v+w
2
)∣∣].

Remark 1. Setting β = 1 in Theorem 8 yields Theorem 4.

For additional studies on fractional integral inequalities involving Riemann–Liouville
operators, readers may refer to [11–15] and the references cited therein.

In [16], Ahmad et al. introduced the following new fractional integrals with exponen-
tial kernels.

Definition 2 ([16]). Let g ∈ L[v,w]. The fractional integrals Iβ
v+

and Iβ
w− of order β ∈ (0, 1) are

defined, respectively, by

Iβ
v+

g(κ) = 1
β

κ∫
v

exp
(
− 1−β

β (κ − z)
)
g(z) dz, κ > v,



Fractal Fract. 2024, 8, 345 4 of 24

Iβ
w−g(κ) = 1

β

w∫
κ

exp
(
− 1−β

β (z −κ)
)
g(z) dz, w > κ.

In the following, for the sake of simplicity, we adopt the following notation: A =
1−β

β (w− v).

Remark 2. From Definition 2, one can derive the following statements.

1. lim
β→1

Iβ
v+

g(κ) =
κ∫
v
g(z) dz and lim

β→1
Iβ
w−g(κ) =

w∫
κ
g(z) dz.

2. lim
β→0

Iβ
v+

g(κ) = lim
β→0

Iβ
w−g(κ) = g(κ).

In the same paper, the authors provided the Hermite–Hadamard inequality as well as
trapezoid-type inequalities via the newly introduced fractional integrals.

Theorem 9 ([16]). Let g : [v,w] → R be a positive function such that g ∈ L[v,w] with 0 ≤ v < w.
If g is convex on [v,w], then for β ∈ (0, 1), the following inequalities hold:

g
(
v+w

2
)
≤ 1−β

2(1−exp(−A))

[
Iβ
v+

g(w) + Iβ
w−g(v)

]
≤ g(v)+g(w)

2 .

Theorem 10 ([16]). Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w]
with 0 ≤ v < w. If |g′| is convex, then we have∣∣∣g(v)+g(w)

2 − 1−β
2(1−exp(−A))

[
Iβ
v+

g(w) + Iβ
w−g(v)

]∣∣∣
≤w−v

2A tanh
(

A
4

)[∣∣g′(v)∣∣+ ∣∣g′(w)
∣∣].

On the other hand, Wu et al. in their publication [17] introduced midpoint-type
inequalities for the same operator in the following manner:

Theorem 11 ([17]). Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w]
with 0 ≤ v < w. If |g′| is convex, then we have∣∣∣g(v+w

2
)
− 1−β

2(1−exp(−A))

[
Iβ
v+

g(w) + Iβ
w−g(v)

]∣∣∣
≤w−v

2

(
1
2 −

tanh
( A

4

)
A

)[∣∣g′(v)∣∣+ ∣∣g′(w)
∣∣].

In [18], the authors explored another variant of the Hermite–Hadamard inequality
as well as Hermite–Hadamard-type inequalities for left-sided fractional integrals with
exponential kernels. Furthermore, Zhou et al. [19] established a series of results related
to three-point quadrature formulas for twice-differentiable convex functions. However,
the most intriguing work related to this type of operators was performed by Yuan et al.
in [20]. In this study, the authors conducted a parametric analysis on the same operator
previously addressed by Ahmad et al. [16] and Wu et al. [17], and they were able to establish
the following result, from which they deduced the error bounds of several quadrature rules.

Theorem 12 ([19]). Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w]
with 0 ≤ v < w. If |g′| is convex, then we have for 0 ≤ λ ≤ 1∣∣∣(1 − λ)g

(
v+w

2
)
+ λ

g(v)+g(w)
2 − 1−β

2(1−exp(−A))

(
Iβ
v+

g(w) + Iβ
w−g(v)

)∣∣∣
≤w−v

2

(
1−λ

2 +
tanh

( A
4

)
A

)[∣∣g′(v)∣∣+ ∣∣g′(w)
∣∣].
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In this study, we present new versions of Hermite–Hadamard and Hermite–Hadamard-
type inequalities by employing fractional operators with exponential kernels that differ
from the ones previously established in Theorems 9–11. The results we obtained are analo-
gous to those established in Theorems 6 and 8; although, it is important to mention that
our findings are just generalizations of classical inequalities. The study is supported by
graphical representations that confirm the validity of the acquired results.

The organization of this paper is as follows: Section 1 presents some previous results
and useful definitions pertinent to our study. Section 2 is divided into three subsections.
In the Section 2.1, we provide a new version of the Hermite–Hadamard inequality for
fractional integrals with exponential kernels. The Section 2.2 is dedicated to the study of
the midpoint inequality for the same type of integrals. The Section 2.3 establishes several
trapezoid-type inequalities for the same operators. Section 3 provides a numerical example
with graphical representations that justify the accuracy of our outcomes, while Section 4
presents some applications of the obtained results to special means. The study concludes
with a summary of the key findings in Section 5.

2. Main Results

In this section, we initiate our study by establishing a novel version of the Hermite–
Hadamard inequality for the new fractional integrals introduced in [16]. Subsequently, we
introduce two new identities, from which we derive several new midpoint- and trapezoid-
type inequalities for differentiable convex functions.

2.1. Hermite–Hadamard Inequality

In this part, we present a new version of the Hermite–Hadamard inequality specifically
tailored for fractional integrals with exponential kernels.

Theorem 13. Let g : [v,w] → R be a positive function such that g ∈ L[v,w] with 0 ≤ v < w.
If g is convex on [v,w], then for β ∈ (0, 1), the following inequalities hold:

g
(
v+w

2
)
≤ 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
≤ g(v)+g(w)

2 . (2)

Proof. From the convexity of g, we have

g
( u+v

2
)
≤ g(u)+g(v)

2 . (3)

By performing the variable changes u = 2−κ
2 v + κ

2 w and v = κ
2 v +

2−κ
2 w, inequality

(3) yields
2g
(
v+w

2
)
≤ g

( 2−κ
2 v+ κ

2 w
)
+ g
(κ

2 v+
2−κ

2 w
)
. (4)

Multiplying both sides of (4) by exp
(
− 1

2 Aκ
)

and then integrating the resulting
inequality with respect to κ over [0, 1], we obtain

4(1−exp(− 1
2 A))

A g
(
v+w

2
)

≤
1∫
0

exp
(
− 1

2 Aκ
)[

g
( 2−κ

2 v+ κ
2 w
)
+ g
(κ

2 v+
2−κ

2 w
)]

dκ

=

1∫
0

exp
(
− 1

2 Aκ
)
g
( 2−κ

2 v+ κ
2 w
)

dκ +

1∫
0

exp
(
− 1

2 Aκ
)
g
(κ

2 v+
2−κ

2 w
)

dκ

= 2
w−v


v+w

2∫
v

exp
[
− 1−β

β (z − v)
]
g(z)dz +

w∫
v+w

2

exp
[
− 1−β

β (w− z)
]
g(z)dz


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= 2β
w−v

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
.

As a result, we obtain

g
(
v+w

2
)
≤ 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
. (5)

Furthermore, we have for κ ∈ [0, 1]

g
( 2−κ

2 v+ κ
2 w
)
≤ 2−κ

2 g(v) + κ
2 g(w)

and
g
(κ

2 v+
2−κ

2 w
)
≤ κ

2 g(v) +
2−κ

2 g(w).

By adding the above inequalities, we obtain

g
( 2−κ

2 v+ κ
2 w
)
+ g
(κ

2 v+
2−κ

2 w
)
≤ g(v) + g(w). (6)

Multiplying both sides of (6) by exp
(
− 1

2 Aκ
)

and then integrating the resulting inequality
with respect to κ over [0, 1], we obtain

2(1−exp(− 1
2 A))

w−v [g(v) + g(w)]

≥
1∫
0

exp
(
− 1

2 Aκ
)[

g
( 2−κ

2 v+ κ
2 w
)
+ g
(κ

2 v+
2−κ

2 w
)]

dκ

=

1∫
0

exp
(
− 1

2 Aκ
)
g
( 2−κ

2 v+ κ
2 w
)

dκ +

1∫
0

exp
(
− 1

2 Aκ
)
g
(κ

2 v+
2−κ

2 w
)

dκ

= 2
w−v


v+w

2∫
v

exp
[
− 1−β

β (z − v)
]
g(z)dz +

w∫
v+w

2

exp
[
− 1−β

β (w− z)
]
g(z)dz


= 2β

w−v

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
,

that is
1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
≤ g(v)+g(w)

2 . (7)

The desired result is obtained by combining inequalities (5) and (7).
The proof is completed.

Remark 3. For β → 1, we have

lim
β→1

1−β
2(1−exp(−A))

= 1
2(w−v)

.

Thus, making β tend to 1, inequality (2) will be reduced the classical Hermite–Hadamard inequality (1).

2.2. Midpoint-Type Inequalities

Here, we focus on the study of the midpoint inequality, extending it to apply to
fractional integrals with exponential kernels.
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Lemma 1. Let g : I ⊂ R → R be a differentiable function on I◦, v,w ∈ I◦ with v < w,
and g′ ∈ L[v,w]. Then, for β ∈ (0, 1), the following equality holds:

g
(
v+w

2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]

= w−v
2(1−exp(− 1

2 A))


1
2∫
0

(1 − exp(−Aκ))g′((1 −κ)v+κw)dκ

−
1∫
1
2

(1 − exp(−A(1 −κ)))g′((1 −κ)v+κw)dκ

.

Proof. Let

L1 =

1
2∫
0

(1 − exp(−Aκ))g′((1 −κ)v+κw)dκ,

L2 =

1∫
1
2

(1 − exp(−A(1 −κ)))g′((1 −κ)v+κw)dκ.

Integrating by parts L1, we obtain

L1 = 1
w−v (1 − exp(−Aκ))g((1 −κ)v+κw)

∣∣∣κ= 1
2

κ=0

− A
w−v

1
2∫
0

(exp(−Aκ))g((1 −κ)v+κw)dκ

= 1
w−v

(
1 − exp

(
− 1

2 A
))

g
(
v+w

2
)
− 1−β

β

1
2∫
0

exp(−Aκ)g((1 −κ)v+κw)dκ

= 1
w−v

(
1 − exp

(
− 1

2 A
))

g
(
v+w

2
)
− 1−β

β(w−v)

v+w
2∫
v

exp
(
− 1−β

β (u − v)
)
g(u)du

= 1
w−v

(
1 − exp

(
− 1

2 A
))

g
(
v+w

2
)
− 1−β

w−vI
β

( v+w
2 )

−g(v). (8)

Similarly, we obtain

L2 = 1
w−v (1 − exp(−A(1 −κ)))g((1 −κ)v+κw)

∣∣∣κ=1

κ= 1
2

+ A
w−v

1∫
1
2

exp(−A(1 −κ))g((1 −κ)v+κw)dκ

=− 1
w−v

(
1 − exp

(
− 1

2 A
))

g
(
v+w

2
)
+ 1−β

β

1∫
1
2

exp(−A(1 −κ))g((1 −κ)v+κw)dκ

=− 1
w−v

(
1 − exp

(
− 1

2 A
))

g
(
v+w

2
)
+ 1−β

β(w−v)

w∫
v+w

2

exp
(
− 1−β

β (w− u)
)
g(u)du
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=− 1
w−v

(
1 − exp

(
− 1

2 A
))

g
(
v+w

2
)
+ 1−β

w−vI
β

( v+w
2 )

+g(w). (9)

Making the difference between (8) and (9), and then multiplying the resulting equality by
w−v

2(1−exp(− 1
2 A))

, we obtain the desired result.

Theorem 14. Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w] with
0 ≤ v < w. If |g′| is convex, then we have∣∣∣∣g(v+w

2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2
(

1−exp
(
− 1

2 A
))[( 8−8A+3A2

8A2 + A−2
2A2 exp

(
− 1

2 A
))(∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣)
+ 2

(
A2−8
8A2 + A+2

2A2 exp
(
− 1

2 A
))∣∣g′(v+w

2
)∣∣].

Proof. From Lemma 1, properties of modulus, and the convexity of |g′|, we have∣∣∣∣g(v+w
2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))


1
2∫
0

|1 − exp(−Aκ)|
∣∣g′((1 −κ)v+κw)

∣∣dκ
+

1∫
1
2

|1 − exp(−A(1 −κ))|
∣∣g′((1 −κ)v+κw)

∣∣dκ


≤ w−v

2
(

1−exp
(
− 1

2 A
))


1
2∫
0

(1 − exp(−Aκ))
(
(1 −κ)

∣∣g′(v)∣∣+κ
∣∣g′(v+w

2
)∣∣)dκ

+

1∫
1
2

(1 − exp(−A(1 −κ)))
(
(1 −κ)

∣∣g′(v+w
2
)∣∣+κ

∣∣g′(w)
∣∣)dκ



= w−v

2
(

1−exp
(
− 1

2 A
))



1
2∫
0

(1 − exp(−Aκ))(1 −κ)dκ

∣∣g′(v)∣∣

+


1
2∫
0

(1 − exp(−Aκ))κ dκ +

1∫
1
2

(1 − exp(−A(1 −κ)))(1 −κ)dκ

∣∣g′(v+w
2
)∣∣

+

 1∫
1
2

(1 − exp(−A(1 −κ)))κ dκ

∣∣g′(w)
∣∣


= w−v

2
(

1−exp
(
− 1

2 A
))[( 8−8A+3A2

8A2 + A−2
2A2 exp

(
− 1

2 A
))(∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣)
+ 2

(
A2−8
8A2 + A+2

2A2 exp
(
− 1

2 A
))∣∣g′(v+w

2
)∣∣],
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where we have used

1
2∫
0

(1 − exp(−Aκ))(1 −κ)dκ

=

1∫
1
2

(1 − exp(−A(1 −κ)))κ dκ

=
(
κ + 1

A exp(−Aκ)
)
(1 −κ)

∣∣∣ 1
2

0
+

1
2∫
0

(
κ + 1

A exp(−Aκ)
)

dκ

= 1
2

(
1
2 + 1

A exp
(
− 1

2 A
))

− 1
A +

(
1
2κ

2 − 1
A2 exp(−Aκ)

)∣∣∣ 1
2

0

= 1
4 + 1

2A exp
(
− 1

2 A
)
− 1

A + 1
8 − 1

A2 exp
(
− 1

2 A
)
+ 1

A2

= 8−8A+3A2

8A2 + A−2
2A2 exp

(
− 1

2 A
)

(10)

and

1
2∫
0

(1 − exp(−Aκ))κ dκ

=

1∫
1
2

(1 − exp(−A(1 −κ)))(1 −κ)dκ

=
(
κ + 1

A exp(−Aκ)
)
κ
∣∣∣ 1

2

0
−

1
2∫
0

(
κ + 1

A exp(−Aκ)
)

dκ

= 1
2

(
1
2 + 1

A exp
(
− 1

2 A
))

−
(

1
2κ

2 − 1
A2 exp(−Aκ)

)∣∣∣ 1
2

0

= A2−8
8A2 + A+2

2A2 exp
(
− 1

2 A
)

. (11)

The proof is completed.

Corollary 1. In Theorem 14, using the convexity of |g′|, we obtain∣∣∣∣g(v+w
2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

4A
(

1−exp
(
− 1

2 A
))((A − 2) + 2 exp

(
− 1

2 A
))[∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣].
Remark 4. By making β tend to 1, we find

1. lim
β→1

1−β

2
(

1−exp
(
− 1−β

2β (w−v)
)) = 1

w−v .

2. lim
β→1

8−8 1−β
β (w−v)+3

(
1−β

β (w−v)
)2

+
(

4
(

1−β
β (w−v)

)
−8
)

exp
(
− 1−β

2β (w−v)
)

16
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

12 .

3. lim
β→1

(
1−β

β (w−v)
)2

−8+4
(

1−β
β (w−v)+2

)
exp

(
− 1−β

2β (w−v)
)

8
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

12 .

4. lim
β→1

(
1−β

β (w−v)−2
)
+2 exp

(
− 1−β

2β (w−v)
)

4 1−β
β (w−v)

(
1−exp

(
− 1−β

2β (w−v)
)) = 1

8 .
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Corollary 2. In Theorem 14, letting β tend to 1, we obtain∣∣∣∣∣∣g(v+w
2
)
− 1

w−v

w∫
a

g(z)dz

∣∣∣∣∣∣ ≤ w−v
12
[∣∣g′(v)∣∣+ ∣∣g′(v+w

2
)∣∣+ ∣∣g′(w)

∣∣].
This represents a new result analogous to that established by Kadakal in Corollary 1 from [4].

Remark 5. By tending β to 1, Corollary 1 will be reduced to Theorem 2.2 from [3].

Theorem 15. Let g : [v,w] → R be a differentiable function on (v,w) such that g′ ∈ L[v,w] with
0 ≤ v < w. If |g′|q is convex where q > 1 with 1

p + 1
q = 1, then we have∣∣∣∣g(v+w

2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤w−v

2


1
2∫
0

(
1−exp(−Aκ)
(1−exp(− 1

2 A))

)p
dκ


1
p [(

3|g′(v)|q+|g′( v+w
2 )|q

8

) 1
q
+

(
|g′( v+w

2 )|q+3|g′(w)|q

8

) 1
q
]

.

Proof. From Lemma 1, properties of modulus, Hölder’s inequality, and the convexity of
|g′|q, we have∣∣∣∣g(v+w

2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))




1
2∫
0

|1 − exp(−Aκ)|pdκ


1
p


1
2∫
0

∣∣g′((1 −κ)v+κw)
∣∣qdκ


1
q

+

 1∫
1
2

|1 − exp(−A(1 −κ))|pdκ


1
p
 1∫

1
2

∣∣g′((1 −κ)v+κw)
∣∣qdκ


1
q


≤ w−v
2(1−exp(− 1

2 A))


1
2∫
0

(1 − exp(−Aκ))pdκ


1
p



1
2∫
0

(
(1 −κ)

∣∣g′(v)∣∣q +κ
∣∣g′(v+w

2
)∣∣q)dκ


1
q

+

 1∫
1
2

(
(1 −κ)

∣∣g′(v+w
2
)∣∣q +κ

∣∣g′(w)
∣∣q)dκ


1
q


=w−v
2


1
2∫
0

(
1−exp(−Aκ)
(1−exp(− 1

2 A))

)p
dκ


1
p [(

3|g′(v)|q+|g′( v+w
2 )|q

8

) 1
q
+

(
|g′( v+w

2 )|q+3|g′(w)|q

8

) 1
q
]

.

The proof is completed.

Corollary 3. In Theorem 15, using the convexity of |g′|q, we obtain∣∣∣∣g(v+w
2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
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≤w−v
2


1
2∫
0

(
1−exp(−Aκ)
1−exp(− 1

2 A)

)p
dκ


1
p [(

7|g′(v)|q+|g′(w)|q
16

) 1
q
+
(
|g′(v)|q+7|g′(w)|q

16

) 1
q

]
.

Remark 6. By making β tend to 1, we get

lim
β→1

1−exp
(
− 1−β

β (w−v)κ
)

2
(

1−exp
(
− 1−β

2β (w−v)
)) = κ.

Thus, we obtain

lim
β→1

1
2∫
0

(
1−exp

(
− 1−β

β (w−v)κ
)

1−exp
(
− 1−β

2β (w−v)
)
)p

dκ =

1
2∫
0

(2κ)pdκ = 1
2(p+1) .

Corollary 4. In Theorem 15, letting β tend to 1, then we obtain∣∣∣∣∣∣g(v+w
2
)
− 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣
≤w−v

4

(
1

p+1

) 1
p

[(
3|g′(v)|q+|g′( v+w

2 )|q
4

) 1
q
+

(
|g′( v+w

2 )|q+3|g′(w)|q

4

) 1
q
]

.

Corollary 5. In Corollary 3, letting β tend to 1, we obtain∣∣∣∣∣∣g(v+w
2
)
− 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
4

(
1

p+1

) 1
p

[(
7|g′(v)|q+|g′(w)|q

8

) 1
q
+
(
|g′(v)|q+7|g′(w)|q

8

) 1
q

]
.

Theorem 16. Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w] with
0 ≤ v < w. If |g′|q is convex where q ≥ 1, then we have∣∣∣∣g(v+w

2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤w−v

2

(
A−2+2 exp(− 1

2 A)
2A(1−exp(− 1

2 A))

)1− 1
q

×
[(

8−8A+3A2+4(A−2) exp(− 1
2 A)

8A2(1−exp(− 1
2 A))

∣∣g′(v)∣∣q + A2−8+4(A+2) exp(− 1
2 A)

8A2(1−exp(− 1
2 A))

∣∣g′(v+w
2
)∣∣q) 1

q

+

(
A2−8+4(A+2) exp(− 1

2 A)
8A2(1−exp(− 1

2 A))

∣∣g′(v+w
2
)∣∣q + 8−8A+3A2+4(A−2) exp(− 1

2 A)
8A2(1−exp(− 1

2 A))

∣∣g′(w)
∣∣q) 1

q
]

.

Proof. From Lemma 1, properties of modulus, power mean integral inequality, and the
convexity of |g′|q, we have∣∣∣∣g(v+w

2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))




1
2∫
0

|1 − exp(−Aκ)|dκ


1− 1

q
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×


1
2∫
0

|1 − exp(−Aκ)|
∣∣g′((1 −κ)v+κw)

∣∣qdκ


1
q

+

 1∫
1
2

|1 − exp(−A(1 −κ))|dκ


1− 1

q

×

 1∫
1
2

|1 − exp(−A(1 −κ))|
∣∣g′((1 −κ)v+κw)

∣∣qdκ


1
q


≤ w−v
2(1−exp(− 1

2 A))


1
2∫
0

(1 − exp(−Aκ))dκ


1− 1

q

×




1
2∫
0

(1 − exp(−Aκ))
(
(1 −κ)

∣∣g′(v)∣∣q +κ
∣∣g′(v+w

2
)∣∣q)dκ


1
q

+

 1∫
1
2

(1 − exp(−A(1 −κ)))
(
(1 −κ)

∣∣g′(v+w
2
)∣∣q +κ

∣∣g′(w)
∣∣q)dκ


1
q


= w−v
2(1−exp(− 1

2 A))

(
A−2+2 exp(− 1

2 A)
2A

)1− 1
q

×
[(

8−8A+3A2+4(A−2) exp(− 1
2 A)

8A2

∣∣g′(v)∣∣q + A2−8+4(A+2) exp(− 1
2 A)

8A2

∣∣g′(v+w
2
)∣∣q) 1

q

+

(
A2−8+4(A+2) exp(− 1

2 A)
8A2

∣∣g′(v+w
2
)∣∣q + 8−8A+3A2+4(A−2) exp(− 1

2 A)
8A2

∣∣g′(w)
∣∣q) 1

q
]

,

where we have used (10) and (11). The proof is achieved.

Corollary 6. In Theorem 16, using the convexity of |g′|q, we obtain∣∣∣∣g(v+w
2
)
− 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤w−v

2

(
A−2+2 exp(− 1

2 A)
2A(1−exp(− 1

2 A))

)1− 1
q

×
[(

8−16A+7A2+(12A−8) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(v)∣∣q + A2−8+4(A+2) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(w)
∣∣q) 1

q

+

(
A2−8+4(A+2) exp(− 1

2 A)
16A2(1−exp(− 1

2 A))

∣∣g′(v)∣∣q + 8−16A+7A2+(12A−8) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(w)
∣∣q) 1

q
]

.

Remark 7. By making β tend to 1, we find

1. lim
β→1

1−β
β (w−v)−2+2 exp

(
− 1−β

2β (w−v)
)

2
(

1−β
β (w−v)

)(
1−exp

(
− 1−β

2β (w−v)
)) = 1

4 .

2. lim
β→1

8−8
(

1−β
β (w−v)

)
+3
(

1−β
β (w−v)

)2
+4
(

1−β
β (w−v)−2

)
exp

(
− 1−β

2β (w−v)
)

8
(

1−β
β (w−v)

)2
(1−exp(− 1

2 A))
= 1

6 .
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3. lim
β→1

(
1−β

β (w−v)
)2

−8+4
(

1−β
β (w−v)+2

)
exp

(
− 1−β

2β (w−v)
)

8
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

12 .

4. lim
β→1

8−16
(

1−β
β (w−v)

)
+7
(

1−β
β (w−v)

)2
+
(

12
(

1−β
β (w−v)

)
−8
)

exp
(
− 1−β

2β (w−v)
)

16
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 5

24 .

5. lim
β→1

(
1−β

β (w−v)
)2

−8+4
(

1−β
β (w−v)+2

)
exp

(
− 1−β

2β (w−v)
)

16
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

24 .

Corollary 7. In Theorem 16, letting β tend to 1, we obtain∣∣∣∣∣∣g(v+w
2
)
− 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
8

[(
2|g′(v)|q+|g′( v+w

2 )|q
3

) 1
q
+

(
|g′( v+w

2 )|q+2|g′(w)|q

3

) 1
q
]

.

Corollary 8. In Corollary 6, letting β tend to 1, then we obtain∣∣∣∣∣∣g(v+w
2
)
− 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
8

[(
5|g′(v)|q+|g′(w)|q

6

) 1
q
+
(
|g′(v)|q+5|g′(w)|q

6

) 1
q

]
.

2.3. Trapezoid-Type Inequalities

Now, we establish several trapezoid-type inequalities for the same fractional integral
operators, further enriching our theoretical framework.

Lemma 2. Let g : I ⊂ R → R be a differentiable function on I◦, v,w ∈ I◦ with v < w,
and g′ ∈ L[v,w]. Then, for β ∈ (0, 1) the following equality holds

g(v)+g(w)
2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]

= w−v
2(1−exp(− 1

2 A))


1
2∫
0

(
exp

(
− 1

2 A
)
− exp(−Aκ)

)
g′((1 −κ)v+κw)dκ

−
1∫
1
2

(
exp

(
− 1

2 A
)
− exp(−A(1 −κ))

)
g′((1 −κ)v+κw)dκ

.

Proof. Let

K1 =

1
2∫
0

(
exp

(
− 1

2 A
)
− exp(−Aκ)

)
g′((1 −κ)v+κw)dκ,

K2 =

1∫
1
2

(
exp

(
− 1

2 A
)
− exp(−A(1 −κ))

)
g′((1 −κ)v+κw)dκ.

Integrating by parts K1, we obtain

K1 = 1
w−v

(
exp

(
− 1

2 A
)
− exp(−Aκ)

)
g((1 −κ)v+κw)

∣∣∣κ= 1
2

κ=0

− A
w−v

1
2∫
0

(exp(−Aκ))g((1 −κ)v+κw)dκ
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= 1
w−v

(
1 − exp

(
− 1

2 A
))

g(v)− 1−β
β

1
2∫
0

exp(−Aκ)g((1 −κ)v+κw)dκ

= 1
w−v

(
1 − exp

(
− 1

2 A
))

g(v)− 1−β
β(w−v)

v+w
2∫
v

exp
(
− 1−β

β (u − v)
)
g(u)du

= 1
w−v

(
1 − exp

(
− 1

2 A
))

g(v)− 1−β
w−vI

β

( v+w
2 )

−g(v). (12)

Similarly, we obtain

K2 = 1
w−v

(
exp

(
− 1

2 A
)
− exp(−A(1 −κ))

)
g((1 −κ)v+κw)

∣∣∣κ=1

κ= 1
2

+ A
w−v

1∫
1
2

exp(−A(1 −κ))g((1 −κ)v+κw)dκ

= 1
w−v

(
exp

(
− 1

2 A
)
− 1
)
g(w) +

1−β
β

1∫
1
2

exp(−A(1 −κ))g((1 −κ)v+κw)dκ

= 1
w−v

(
exp

(
− 1

2 A
)
− 1
)
g(w) +

1−β
β(w−v)

w∫
v+w

2

exp
(
− 1−β

β (w− u)
)
g(u)du

= 1
w−v

(
exp

(
− 1

2 A
)
− 1
)
g(w) +

1−β
w−vI

β

( v+w
2 )

+g(w). (13)

Making the difference between (12) and (13), and then multiplying the resulting equality
by w−v

2(1−exp(− 1
2 A))

, we obtain the desired result.

Theorem 17. Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w] with
0 ≤ v < w. If |g′| is convex, then we have∣∣∣∣g(v)+g(w)

2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))

[(
A−1
A2 − 3A2+4A−8

8A2 exp
(
− 1

2 A
))(∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣)
+ 2

(
1

A2 − A2+4A+8
8A2 exp

(
− 1

2 A
))∣∣g′(v+w

2
)∣∣].

Proof. From Lemma 2, properties of modulus, and convexity of |g′|, we have∣∣∣∣g(v)+g(w)
2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))


1
2∫
0

(∣∣∣exp
(
− 1

2 A
)
− exp(−Aκ)

∣∣∣)∣∣g′((1 −κ)v+κw)
∣∣dκ

+

1∫
1
2

∣∣∣exp
(
− 1

2 A
)
− exp(−A(1 −κ))

∣∣∣∣∣g′((1 −κ)v+κw)
∣∣dκ



≤ w−v

2
(

1−exp
(
− 1

2 A
))


1
2∫
0

∣∣∣exp
(
− 1

2 A
)
− exp(−Aκ)

∣∣∣((1 −κ)
∣∣g′(v)∣∣+κ

∣∣g′(v+w
2
)∣∣)dκ
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+

1∫
1
2

∣∣∣exp
(
− 1

2 A
)
− exp(−A(1 −κ))

∣∣∣((1 −κ)
∣∣g′(v+w

2
)∣∣+κ

∣∣g′(w)
∣∣)dκ



= w−v
2(1−exp(− 1

2 A))


1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))(

(1 −κ)
∣∣g′(v)∣∣+κ

∣∣g′(v+w
2
)∣∣)dκ

+

1∫
1
2

(
exp(−A(1 −κ))− exp

(
− 1

2 A
))(

(1 −κ)
∣∣g′(v+w

2
)∣∣+κ

∣∣g′(w)
∣∣)dκ



= w−v
2(1−exp(− 1

2 A))




1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))

(1 −κ)dκ

∣∣g′(v)∣∣

+


1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))

κ dκ

+

1∫
1
2

(
exp(−A(1 −κ))− exp

(
− 1

2 A
))

(1 −κ)dκ

∣∣g′(v+w
2
)∣∣

+

 1∫
1
2

(
exp(−A(1 −κ))− exp

(
− 1

2 A
))

κ dκ

∣∣g′(w)
∣∣


= w−v
2(1−exp(− 1

2 A))

[(
A−1
A2 − 3A2+4A−8

8A2 exp
(
− 1

2 A
))(∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣)
+ 2

(
1

A2 −
(

A2+4A+8
8A2

)
exp

(
− 1

2 A
))∣∣g′(v+w

2
)∣∣],

where we have used

1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))

(1 −κ)dκ

=
(
− 1

A exp(−Aκ)−κ exp
(
− 1

2 A
))

(1 −κ)
∣∣∣ 1

2

0

−

1
2∫
0

(
1
A exp(−Aκ)−κ exp

(
− 1

2 A
))

dκ

= A−1
A2 − 3A2+4A−8

8A2 exp
(
− 1

2 A
)

, (14)

1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))

κ dκ

=
(
− 1

A exp(−Aκ)−κ exp
(
− 1

2 A
))

κ
∣∣∣ 1

2

0

−

1
2∫
0

(
1
A exp(−Aκ)−κ exp

(
− 1

2 A
))

dκ

= 1
A2 − A2+4A+8

8A2 exp
(
− 1

2 A
)

, (15)
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1∫
1
2

(
exp(−A(1 −κ))− exp

(
− 1

2 A
))

(1 −κ)dκ

=
(

1
A exp(−A(1 −κ))−κ exp

(
− 1

2 A
))

(1 −κ)
∣∣∣11

2

+

1∫
1
2

(
1
A exp(−A(1 −κ))−κ exp

(
− 1

2 A
))

dκ

= 1
A2 − A2+8A+8

8A2 exp
(
− 1

2 A
)

(16)

and

1∫
1
2

(
exp(−A(1 −κ))− exp

(
− 1

2 A
))

κ dκ

=
(

1
A exp(−A(1 −κ))−κ exp

(
− 1

2 A
))

κ
∣∣∣11

2

−
1∫
1
2

(
1
A exp(−A(1 −κ))−κ exp

(
− 1

2 A
))

dκ

= A−1
A2 − 3A2+4A−8

8A2 exp
(
− 1

2 A
)

. (17)

The proof is completed.

Corollary 9. In Theorem 17, using the convexity of |g′|, we obtain∣∣∣∣g(v)+g(w)
2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

4A(1−exp(− 1
2 A))

(
2 − (2 + A) exp

(
− 1

2 A
))[∣∣g′(v)∣∣+ ∣∣g′(w)

∣∣].
Remark 8. For β → 1, Corollary 9 reduces to Theorem 3 established by Dragomir and Agarwal
in [5].

Remark 9. By making β tend to 1, we find

1. lim
β→1

1−β

2
(

1−exp
(
− 1−β

2β (w−v)
)) = 1

w−v .

2. lim
β→1

8
(

1−β
β (w−v)−1

)
−
(

3
(

1−β
β (w−v)

)2
+4
(

1−β
β (w−v)

)
−8
)

exp
(
− 1−β

2β (w−v)
)

16v2
(

1−exp
(
− 1−β

2β (w−v)
)) = 5

48 .

3. lim
β→1

8−
((

1−β
β (w−v)

)2
+4
(

1−β
β (w−v)

)
+8
)

exp
(
− 1−β

2β (w−v)
)

8
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

24 .

4. lim
β→1

2−
(

2+
(

1−β
β (w−v)

))
exp

(
− 1−β

2β (w−v)
)

4
(

1−β
β (w−v)

)(
1−exp

(
− 1−β

2β (w−v)
)) = 1

8 .

Corollary 10. In Theorem 17, letting β tend to 1, we obtain∣∣∣∣∣∣g(v)+g(w)
2 − 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
48
[
5
∣∣g′(v)∣∣+ 2

∣∣g′(v+w
2
)∣∣+ 5

∣∣g′(w)
∣∣].

This represents a new result analogous to that established by Kavurmacı et al. in [6].
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Theorem 18. Let g : [v,w] → R be a differentiable function on (v,w) such that g′ ∈ L[v,w] with
0 ≤ v < w. If |g′|q is convex where q > 1 with 1

p + 1
q = 1, then we have∣∣∣∣g(v)+g(w)

2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤w−v

2


1
2∫
0

(
exp(−Aκ)−exp(− 1

2 A)
1−exp(− 1

2 A)

)p
dκ


1
p

×
[(

3|g′(v)|q+|g′( v+w
2 )|q

8

) 1
q
+

(
|g′( v+w

2 )|q+3|g′(w)|q

8

) 1
q
]

.

Proof. From Lemma 2, properties of modulus, Hölder’s inequality and the convexity of
|g′|q, we have∣∣∣∣g(v)+g(w)

2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))




1
2∫
0

∣∣∣exp
(
− 1

2 A
)
− exp(−Aκ)

∣∣∣pdκ


1
p


1
2∫
0

∣∣g′((1 −κ)v+κw)
∣∣qdκ


1
q

+

 1∫
1
2

∣∣∣exp
(
− 1

2 A
)
− exp(−A(1 −κ))

∣∣∣pdκ


1
p
 1∫

1
2

∣∣g′((1 −κ)v+κw)
∣∣qdκ


1
q


≤ w−v
2(1−exp(− 1

2 A))


1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))p

dκ


1
p

×




1
2∫
0

(
(1 −κ)

∣∣g′(v)∣∣q +κ
∣∣g′(v+w

2
)∣∣q)dκ


1
q

+

 1∫
1
2

(
(1 −κ)

∣∣g′(v+w
2
)∣∣q +κ

∣∣g′(w)
∣∣q)dκ


1
q


=w−v
2


1
2∫
0

(
exp(−Aκ)−exp

(
− 1

2 A
)

1−exp(− 1
2 A)

)p

dκ


1
p

×
[(

3|g′(v)|q+|g′( v+w
2 )|q

8

) 1
q
+

(
|g′( v+w

2 )|q+3|g′(w)|q

8

) 1
q
]

.

The proof is completed.

Corollary 11. In Theorem 18, using the convexity of |g′|q, we obtain∣∣∣∣g(v)+g(w)
2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
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≤w−v
2


1
2∫
0

(
exp(−Aκ)−exp(− 1

2 A)
1−exp(− 1

2 A)

)p
dκ


1
p [(

7|g′(v)|q+|g′(w)|q
16

) 1
q
+
(
|g′(v)|q+7|g′(w)|q

16

) 1
q

]
.

Remark 10. By making β tend to 1, we get

lim
β→1

exp
(
− 1−β

β (w−v)κ
)
−exp

(
− 1−β

2β (w−v)
)

(
1−exp

(
− 1−β

2β (w−v)
)) = 1 − 2κ.

Thus, we obtain

lim
β→1

1
2∫
0

(
exp

(
− 1−β

β (w−v)κ
)
−exp

(
− 1−β

2β (w−v)
)

1−exp
(
− 1−β

2β (w−v)
)

)p

dκ =

1
2∫
0

(1 − 2κ)pdκ = 1
2(p+1) .

Corollary 12. In Theorem 18, letting β tend to 1, then we obtain∣∣∣∣∣∣g(v)+g(w)
2 − 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣
≤w−v

4

(
1

p+1

) 1
p

[(
3|g′(v)|q+|g′( v+w

2 )|q
4

) 1
q
+

(
|g′( v+w

2 )|q+3|g′(w)|q

4

) 1
q
]

.

Corollary 13. In Corollary 11, letting β tend to 1, then we obtain∣∣∣∣∣∣g(v)+g(w)
2 − 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
4

(
1

p+1

) 1
p

[(
7|g′(v)|q+|g′(w)|q

8

) 1
q
+
(
|g′(v)|q+7|g′(w)|q

8

) 1
q

]
.

Theorem 19. Let g : [v,w] → R be a differentiable function on [v,w] such that g′ ∈ L[v,w] with
0 ≤ v < w. If |g′|q is convex where q > 1, then we have∣∣∣∣g(v)+g(w)

2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤(w− v)

(
2−2 exp(− 1

2 A)−A exp(− 1
2 A)

4A(1−exp(− 1
2 A))

)1− 1
q

×
[(

8(A−1)−(3A2+4A−8) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(v)∣∣q + 8−(A2+4A+8) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(v+w
2
)∣∣q) 1

q

+

(
8−(A2+4A+8) exp(− 1

2 A)
16A2(1−exp(− 1

2 A))

∣∣g′(v+w
2
)∣∣q + 8(A−1)−(3A2+4A−8) exp(− 1

2 A)
16A2(1−exp(− 1

2 A))

∣∣g′(w)
∣∣q) 1

q
]

.

Proof. From Lemma 2, properties of modulus, power mean integral inequality and the
convexity of |g′|q, we have∣∣∣∣g(v)+g(w)

2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤ w−v

2(1−exp(− 1
2 A))




1
2∫
0

∣∣∣exp
(
− 1

2 A
)
− exp(−Aκ)

∣∣∣dκ


1− 1
q
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×


1
2∫
0

∣∣∣exp
(
− 1

2 A
)
− exp(−Aκ)

∣∣∣∣∣g′((1 −κ)v+κw)
∣∣qdκ


1
q

+

 1∫
1
2

∣∣∣exp
(
− 1

2 A
)
− exp(−A(1 −κ))

∣∣∣dκ


1− 1
q

×

 1∫
1
2

∣∣∣exp
(
− 1

2 A
)
− exp(−A(1 −κ))

∣∣∣∣∣g′((1 −κ)v+κw)
∣∣qdκ


1
q


≤ w−v
2(1−exp(− 1

2 A))


1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))

dκ


1− 1

q

×




1
2∫
0

(
exp(−Aκ)− exp

(
− 1

2 A
))(

(1 −κ)
∣∣g′(v)∣∣q +κ

∣∣g′(v+w
2
)∣∣q)dκ


1
q

+

 1∫
1
2

(
exp(−A(1 −κ))− exp

(
− 1

2 A
))(

(1 −κ)
∣∣g′(v+w

2
)∣∣q +κ

∣∣g′(w)
∣∣q)dκ


1
q


=(w− v)

(
2−2 exp(− 1

2 A)−A exp(− 1
2 A)

4A(1−exp(− 1
2 A))

)1− 1
q

×
[(

8(A−1)−(3A2+4A−8) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(v)∣∣q + 8−(A2+4A+8) exp(− 1
2 A)

16A2(1−exp(− 1
2 A))

∣∣g′(v+w
2
)∣∣q) 1

q

+

(
8−(A2+4A+8) exp(− 1

2 A)
16A2(1−exp(− 1

2 A))

∣∣g′(v+w
2
)∣∣q + 8(A−1)−(3A2+4A−8) exp(− 1

2 A)
16A2(1−exp(− 1

2 A))

∣∣g′(w)
∣∣q) 1

q
]

,

where we have used (14)–(17). The proof is achieved.

Corollary 14. In Theorem 19, using the convexity of |g′|q, we obtain∣∣∣∣g(v)+g(w)
2 − 1−β

2(1−exp(− 1
2 A))

[
Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]∣∣∣∣
≤(w− v)

(
2−2 exp(− 1

2 A)−A exp(− 1
2 A)

4A(1−exp(− 1
2 A))

)1− 1
q

×
[(

16A−8−(7A2+12A−8) exp(− 1
2 A)

32A2(1−exp(− 1
2 A))

∣∣g′(v)∣∣q + 8−(A2+4A+8) exp(− 1
2 A)

32A2(1−exp(− 1
2 A))

∣∣g′(w)
∣∣q) 1

q

+

(
8−(A2+4A+8) exp(− 1

2 A)
32A2(1−exp(− 1

2 A))

∣∣g′(v)∣∣q + 16A−8−(7A2+12A−8) exp(− 1
2 A)

32A2(1−exp(− 1
2 A))

∣∣g′(w)
∣∣q) 1

q
]

.

Remark 11. By making β tend to 1, we find

1. lim
β→1

2−2 exp
(
− 1−β

2β (w−v)
)
− 1−β

β (w−v) exp
(
− 1−β

2β (w−v)
)

4 1−β
β (w−v)

(
1−exp

(
− 1−β

2β (w−v)
)) = 1

8 .

2. lim
β→1

8
(

1−β
β (w−v)−1

)
−
(

3
(

1−β
β (w−v)

)2
+4 1−β

β (w−v)−8
)

exp
(
− 1−β

2β (w−v)
)

16
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 5

48 .
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3. lim
β→1

8−
((

1−β
β (w−v)

)2
+4 1−β

β (w−v)+8
)

exp
(
− 1−β

2β (w−v)
)

16
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

48 .

4. lim
β→1

16 1−β
β (w−v)−8−

(
7
(

1−β
β (w−v)

)2
+12 1−β

β (w−v)−8
)

exp
(
− 1−β

2β (w−v)
)

32
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 11

96 .

5. lim
β→1

8−
((

1−β
β (w−v)

)2
+4 1−β

β (w−v)+8
)

exp
(
− 1−β

2β (w−v)
)

32
(

1−β
β (w−v)

)2(
1−exp

(
− 1−β

2β (w−v)
)) = 1

96 .

Corollary 15. In Theorem 19, letting β tend to 1, we obtain∣∣∣∣∣∣g(v)+g(w)
2 − 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
8

[(
5|g′(v)|q+|g′( v+w

2 )|q
6

) 1
q
+

(
|g′( v+w

2 )|q+5|g′(w)|q

6

) 1
q
]

.

Corollary 16. In Corollary 14, letting β tend to 1, then we obtain∣∣∣∣∣∣g(v)+g(w)
2 − 1

w−v

w∫
v

g(z)dz

∣∣∣∣∣∣ ≤ w−v
8

[(
11|g′(v)|q+|g′(w)|q

12

) 1
q
+
(
|g′(v)|q+11|g′(w)|q

12

) 1
q

]
.

3. Illustrative Example

In this section, to confirm the accuracy of the established results, we provide an
example with graphical representations of the three types of inequalities discussed in this
work. It should be noted that the figures were generated using MATLAB 7.12.0 (R2011a)
software.

Example 1. Consider the function g : [0, 1] → R defined by g(z) = ez. This function satisfies
the conditions of our theorems, as its derivative, given by g′(z) = ez, is convex on the interval
[v,w] = [0, 1].

Let us note that for the function considered, for β ∈ (0, 1), we have :

Ω(β) = Iβ
1
2
−g(0) + Iβ

1
2
+g(1) =


e

2β−1
2β −1

2β−1 − e
2β−1

2β + e if β ̸= 1
2

1
2 − e

2β−1
2β + e if β = 1

2 .
(18)

Now, we will apply the three main theorems from our study to the specified function.

1. From Theorem 13, the Hermite–Hadamard inequality for the given function is expressed as

e
1
2 ≤ 1−β

2
(

1−exp
(

β−1
2β

))Ω(β) ≤ 1+e
2 ,

where Ω(β) is defined as in (18). The above result is graphically represented in Figure 1.
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Figure 1. Hermite–Hadamard inequality.

2. From Theorem 14, the midpoint-type inequality for the given function is given by∣∣∣∣∣e 1
2 − 1−β

2
(

1−exp
(

β−1
2β

))Ω(β)

∣∣∣∣∣
≤ 1

2
(

1−exp
(
− 1−β

2β

)) [(1 + e)
(

19β2−14β+3
8(1−β)2 + β(1−3β)

2(1−β)2 exp
(
− 1−β

2β

))
+ 2e

1
2

(
(1−β)2−8β2

8(1−β)2 + β+β2

2(1−β)2 exp
(
− 1−β

2β

))]
,

where Ω(β) is defined as in (18). This result is graphically depicted in Figure 2.
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Figure 2. Midpoint-type inequality.

3. From Theorem 17, the trapezoid-type inequality for the given function is stated as∣∣∣∣∣ 1+e
2 − 1−β

2
(

1−exp
(

β−1
2β

))Ω(β)

∣∣∣∣∣
≤ 1

2
(

1−exp
(
− 1−β

2β

))[(1 + e)
(

β−2β2

(1−β)2 −
3−2β−9β2

8(1−β)2 exp
(
− 1−β

2β

))
+ 2e

1
2

(
β2

(1−β)2 −
(1−β)2+4β(1−β)+8β2

8(1−β)2 exp
(
− 1−β

2β

))]
,

where Ω(β) is defined as in (18). This result is illustrated graphically in Figure 3.
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Figure 3. Trapezoid-type inequality.

The three representations shown in Figures 1–3 confirm the accuracy and precision of
our results.

4. Some Applications

For arbitrary real numbers v,w we have the following:
The arithmetic mean: A(v,w) = v+w

2 .

The logarithmic mean: L(v,w) =

{
v if v = w
w−v

lnw−lnv if v ̸= w
, 0 < v ≤ w.

The harmonic mean: H(v,w) = 2vw
v+w , 0 < v < w.

Proposition 1. Let 0 < v < w, then we have

A−1(v,w) ≤ 1−β

2
(

1−exp
(
− 1−β

2β (w−v)
))[Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
≤ H−1(v,w).

Proof. Taking g(z) = 1
z for z > 0 in Theorem 17.

Proposition 2. Let 0 < v < w, then we have

exp{A(v,w)} ≤ 1−β

2
(

1−exp
(
− 1−β

2β (w−v)
))[Iβ

( v+w
2 )

−g(v) + Iβ

( v+w
2 )

+g(w)

]
≤ A(exp(v), exp(w)).

Proof. Taking g(z) = exp z for z > 0 in Theorem 17.

Proposition 3. Let 0 < v < w, then we have∣∣∣w−v
2β

(
L
(

exp
(

1−β
β v
)

, exp
(

1−β
β v
))

+ 4L
(

exp
(

1−β
β v
)

, exp
(

1−β
β w

)))
−

2
(

1−exp
(
− 1−β

2β (w−v)
))

1−β − exp
(

1−β
β A(v,w)

)∣∣∣∣∣
≤ 2β

β(1−β)

(
(1−β)(w−v)−2β

β + 2 exp
(
− 1−β

2β (w− v)
))

A
(

exp
(

1−β
β v
)

, exp
(

1−β
β w

))
.

Proof. Taking g(z) = exp
(

1−β
β z
)

for z > 0 in Corollary 1.

Proposition 4. Let 0 < v < w, then we have∣∣∣w−v
2β L

(
exp

(
1−β

β v
)

, exp
(

1−β
β v
))

+ 4L
(

exp
(

1−β
β v
)

, exp
(

1−β
β w

))
−

2
(

1−exp
(
− 1−β

2β (w−v)
))

(1−β)
A
(

exp
(

1−β
β v
)

, exp
(

1−β
β w

))∣∣∣∣∣
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≤
2
(

2β−[(1−β)(w−v)+2β] exp
(
− 1−β

2β (w−v)

))
β(1−β)

A
(

exp
(

1−β
β v
)

, exp
(

1−β
β w

))
.

Proof. Taking g(z) = exp
(

1−β
β z
)

for z > 0 in Corollary 9.

5. Conclusions

This research successfully extends the realm of Hermite–Hadamard inequalities
through the innovative use of fractional integral operators with exponential kernels, as ini-
tially proposed by Ahmad et al. [16]. The newly formulated inequalities enrich the existing
literature on fractional calculus by linking them with classical integral inequalities and
expanding their potential applications. The detailed numerical examples presented not
only verify the theoretical results but also highlight the sensitivity of these inequalities to
changes in the parameter β. This study offers new insights into both the fractional integrals
that we investigated and classical integrals as the fractional order β tends to 1. These
findings pave the way for further explorations into more complex functions and different
types of fractional operators, potentially opening up new avenues for research in applied
mathematics and engineering.
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8. Sarikaya, M.; Set, E.; Yaldiz, H.; Başak, N. Hermite-Hadamard’s inequalities for fractional integrals and related fractional

inequalities. Math. Comput. Model. 2013, 57, 2403–2407. [CrossRef]
9. Sarikaya, M.; Yıldı rım, H. On Hermite-Hadamard type inequalities for Riemann–Liouville fractional integrals. Miskolc Math.

Notes 2016, 17, 1049–1059. [CrossRef]
10. Özdemir, M.; Avcı, M.; Kavurmacı, H. Hermite Hadamard type inequalities for s-convex and s-concave functions via fractional

integrals. Turkish J. Sci. 2016, 1, 28–40.
11. Ayed, H.; Meftah, B. Open two-point Newton–Cotes integral inequalities for differentiable convex functions via Riemann–

Liouville fractional integrals. J. Prime Res. Math. 2023, 19, 24–36.

http://doi.org/10.1016/S0096-3003(02)00657-4
http://dx.doi.org/10.1002/num.22491
http://dx.doi.org/10.1016/S0893-9659(98)00086-X
http://dx.doi.org/10.1186/1029-242X-2011-86
http://dx.doi.org/10.1016/j.mcm.2011.12.048
http://dx.doi.org/10.18514/MMN.2017.1197


Fractal Fract. 2024, 8, 345 24 of 24

12. Ying, R.; Lakhdari, A.; Xu, H.; Saleh, W.; Meftah, B. On Conformable Fractional Milne-Type Inequalities. Symmetry 2024, 16, 196.
[CrossRef]

13. Du, T.; Peng, Y. Hermite–Hadamard type inequalities for multiplicative Riemann–Liouville fractional integrals. J. Comput. Appl.
Math. 2024, 440, 115582. [CrossRef]

14. Zhu, W.; Meftah, B.; Xu, H.; Jarad, F.; Lakhdari, A. On parameterized inequalities for fractional multiplicative integrals. Demonstr.
Math. 2024, 57, 20230155. [CrossRef]

15. Almatrafi, M.B.; Saleh, W.; Lakhdari, A.; Jarad, F.; Meftah, B. On the multiparameterized fractional multiplicative integral
inequalities. J. Inequal. Appl. 2024, 2024, 52. [CrossRef]

16. Ahmad, B.; Alsaedi, A.; Kirane, M.; Torebek, B.T. Hermite-Hadamard, Hermite-Hadamard-Fejér, Dragomir-Agarwal and
Pachpatte type inequalities for convex functions via new fractional integrals. J. Comput. Appl. Math. 2020, 353, 120–129. [CrossRef]

17. Wu, X.; Wang, J.; Zhang, J. Hermite–Hadamard-type inequalities for convex functions via the fractional integrals with exponential
kernel. Mathematics 2019, 7, 845. [CrossRef]

18. Yu, S.; Du, T. Certain inequalities in frame of the left-sided fractional integral operators having exponential kernels. AIMS Math.
2022, 7, 4094–4114. [CrossRef]

19. Zhou, T.; Yuan, Z.; Yang, H.; Du, T. Some parameterized inequalities by means of fractional integrals with exponential kernels
and their applications. J. Inequal. Appl. 2020, 2020, 163. [CrossRef]

20. Yuan, Z.; Zhou, T.; Zhang, Q.; Du, T. Certain parameterized inequalities arising from fractional integral operators with exponential
kernels. Filomat 2021, 35, 1707–1724. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

http://dx.doi.org/10.3390/sym16020196
http://dx.doi.org/10.1016/j.cam.2023.115582
http://dx.doi.org/10.1515/dema-2023-0155
http://dx.doi.org/10.1186/s13660-024-03127-z
http://dx.doi.org/10.1016/j.cam.2018.12.030
http://dx.doi.org/10.3390/math7090845
http://dx.doi.org/10.3934/math.2022226
http://dx.doi.org/10.1186/s13660-020-02430-9
http://dx.doi.org/10.2298/FIL2105707Y

	Introduction and Preliminaries
	Main Results
	Hermite–Hadamard Inequality
	Midpoint-Type Inequalities
	Trapezoid-Type Inequalities

	Illustrative Example
	Some Applications
	Conclusions
	References

