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Abstract: In this article, we construct sufficient conditions that secure the non-emptiness and com-
pactness of the set of antiperiodic solutions of an impulsive fractional differential inclusion involving

an w-weighted ¢-Hilfer fractional derivative, Dg’tv 0

, of order ¢ € (1,2), in infinite-dimensional
Banach spaces. First, we deduce the formula of antiperiodic solutions for the observed problem. Then,
we give two theorems regarding the existence of these solutions. In the first, by using a fixed-point
theorem for condensing multivalued functions, we show the non-emptiness and compactness of the
set of antiperiodic solutions; and in the second, by applying a fixed-point theorem for contraction
multivalued functions, we prove the non-emptiness of this set. Because many types of famous
fractional differential operators are particular cases from the operator Dg,’tv % our results generalize
several recent results. Moreover, there are no previous studies on antiperiodic solutions for this type
of fractional differential inclusion, so this work is novel and interesting. We provide two examples to

illustrate and support our conclusions.

Keywords: antiperiodic solutions; instantaneous impulses; w-weighted p—Hilfer fractional derivative;
measure of noncompactness

MSC: 26A33; 34A08; 34A60

1. Introduction

Fractional differential equations and fractional differential inclusions have many
applications in the real world such as in medicine [1], physics [2], engineering, life and
social sciences [3], and industry [4].

There are many processes and phenomena in our real life that, during their devel-
opment, are exposed to external factors’ effects. If their duration is negligible compared
to the total duration of the studied phenomena and processes, it can be assumed that
these external influences are instantaneous. If the external influences continue for a period
of time, it is called noninstantaneous. An example of instantaneous impulsive motion
is the motion of an elastic ball bouncing perpendicularly on a surface. The moments of
the impulses are in the time when the ball touches the surface and its velocity changes
rapidly. An example of movement with noninstantaneous impulses is the entry of drugs
into the bloodstream and their subsequent absorption into the body, which is a gradual
and continuous process. Other examples include the following [5]: the operation of a
damper subjected to percussive effects; the change in a valve’s shutter speed in its tran-
sition from an open to a closed state; fluctuations in a pendulum system in the case of
external impulsive effects; a percussive model of a clock mechanism; percussive systems
with vibrations; relaxation oscillations in electromechanical systems; electronic schemes; a
remittent oscillator subjected to impulsive effects; the dynamics of a system with automatic
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regulation; the passage of a solid body from a given fluid density to another fluid density;
control of a satellite’s orbit using the radial acceleration; a change in the speed of a chemical
reaction with the addition or removal of a catalyst; disturbances in cellular neural networks;
impulsive external intervention and optimization problems in the dynamics of isolated
populations; death in populations as a result of impulsive effects; and impulsive external
interference and the optimization problem in population dynamics of predator—prey types.
For other applications in different fields in our lives, we refer the reader to Refs. [6-9].
In Refs. [10-13], recent results on different types of impulse differential equations and
inclusions are presented.

The obtained results in Refs. [14-17] confirm that there are no periodic solutions for
a large number of differential equations and differential inclusions with fractional order
on bounded intervals. As a result, scientists have an increased interest in studying the
conditions that guarantee the existence of antiperiodic solutions to fractional differential
equations. Additionally, fractional differential equations and inclusions with antiperiodic
solutions have applications in chemical engineering, population dynamics, and the study of
blood flow and ground water [18-20]. Ahmad et al. [21] initiated the study of the existence
of antiperiodic solutions for fractional differential equations by considering the following
problem:

CD9 x(&) =¢(&x(¢)),aelelL=1[0,T],1<0<2
{ (k)() —x®(T),k=0,1,

where CD9 is the Caputo derivative of order 6 with the lower limitat 0, { : £ x R — R.
Ahmad et al [22] demonstrated the presence of antiperiodic solutions for the following
problem:

‘Dfx(8) = (8, x(5)),aef € L=]0,T],
x(&; ) ( ) = Li(x(5)),x ”(6*)—36“)(6[)=L-(x(§f)),i6L1,
x(k)(O) = —x®(T),k=0,1,

where ¢ : £ X R — R. Chai et al. [23] examined the antiperiodic solutions for the problem
following:

RDg.x(8) = ¢(&x(2),xV (@), ¢ € (01],

hm {;'2 “x(¢) = — hm &2 % (),

hm (62 “x (g)) = _élg} a (627%‘(6))/

¢—0 a

where RD9 is the Riemann-Liouville fractional derivative of order 6 with the lower limit
athndg [0,1] x Rx R — R.

Ibrahim [24] showed the existence of an antiperiodic solution for the following impul-
sive problem:
), ¢ €Liiely
) (x(87)) i€y )
AV(gH) = 2D (e) + Ri(x(¢)) i € L
x(0) = —x(T),x (0)) = —x(@).

Wang et al. [25] established various existence results of antiperiodic solutions for the
following fractional differential equations and inclusions:

{@q<>—a x(8)),E€ L=[0,T],q€ (n—1,n),
xk)(0) ®(&),k=0,1,2,...,n—1.

and

‘Djx(8) € F(&,x(8)),aed € L,
x<k>(0)= x®(T),k=0,1,2,...,n—1.
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where ch 0 is the generalized Caputo derivative of order g € (n —1,n) with the lower

limit at zero,and n € N,{ :£ x E — E and F :£ x E — 2F is a multifunction.
Hristova et al. [26] studied the presence of antiperiodic solutions for the following
problem:

{ RDYu(E) = h(E,u(g)), & € [a,T), p,a € (0,1)

1—a,p, 1—u,p,
Ia,éapgu(a) = —Iurgapgu(T),

where RDZI%Q denotes the generalized proportional fractional derivatives of the Riemann-
Liouville type of order « and 1 : [a, T] x R" — R".

Boutiara et al. [27] presented enough assumptions for the existence and uniqueness of
antiperiodic solutions for the following problem:

{CHD* x(8) = {(&,x(8)),& € [1,&],7 € (0,1),
(1) + cx(&) = yH 1% () + 6,9, € (0,1),

where D! 1,z is the Caputo-Hadmardderivative, 4,c,y € R,and f: [,{] xR — R.
Redhwan et al. [28] proved the presence and uniqueness of an antiperiodic solution
for the following problem:

{ CKDLx(E) = c( (@), Dg'g x(@)),¢ €0, Tl € (1,2),
x(a) = —x(T),x1(0) = —x1(@),
where €K Dgg is the Caputo-Katugampola fractional derivative of order with the lower
limitata,p € (0,1)and {: [a, T] x Rx R = R.

Boutiara et al. [29] proved the presence of antiperiodic solutions for the following
boundary-value problem of a nonlinear Hilfer fractional differential equation:

DyPx(8) = £(E x(@),E € (0,T)a, B € (0,1),
’YIé?x(O) +xx(T) = En ciPilix(y;),
’ i=1

where Dg’g is the Hilfer fractional differential operator of order a and of type § with the lower

limitat 0; v = a + B — a; Fil%x(;) is the the Katugampola integral; ¢ : [0, T] x R — R; and
a,T,d,c;,i=1,...,n(n € N) are real constants.

Yang et al. [30] investigated the presence of antiperiodic solutions for the following
inclusion problem:

x(a) =x(d), x(l)(a) = xW(d),

Alruwaily et al. [31] presented a boundary-value problem containing a different order
of Caputo derivatives with coupled antiperiodic conditions.

Now, it is recognized that the w-weighted o-Hilfer fractional derivative generalizes
many well-known fractional derivatives such as the Riemann-Liouville, Caputo, Hil-
fer, Hadamard, Caputo-Katugampola fractional, Hilfer-Hadamard, Hilfer-Katugampola,
o-Riemann-Liouville, o-Caputo, and ¢-Hilfer derivatives.

Motivated by the above discussion, and in order to undertake work that generalizes
the majority of the above results and allows the study of the existence of antiperiodic
solutions to several boundary-value problems containing one of the fractional derivatives
known in the literature as Riemann-Léouville, Caputo, Hilfer, Hadamard, Katugampola,
Hilfer-Hadamard, Hilfer-Katugambula, o—Riemann-Liouville, p—Caputo, and ¢-Hilfer,
we prove the existence of antiperiodic solutions of differential inclusions involving the
w-weight ¢-Hilfer fractional derivative. Furthermore, we consider in our problem the

{ % :x(¢) € ¢le,x(0)),¢ € [a,d], ()
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influence of instantaneous pulses in infinite-dimensional Banach spaces, and this makes
our work very interesting.

Indeed, in this work, and for the first time, we prove the existence of antiperiodic
solutions for the following differential inclusion involving the w-weight ¢-Hilfer fractional
derivative in the presence of instantaneous impulses:

DI x(&) € F(&,x(£)), & € /i € L,
2—-A0,w

li I
égg-* w(¢) & x(¢)

= Jim w (@) “x(8) +Ni(x(57)). i € Ly,

. 2—A,0,w
Jm ey (@1 x(@) o
- f;‘lir?? %% (w(«j) Ié;;"g’wx(g» +Ri(x(67)) 1 € L

I = - i w0
2—A,0,w 2—A,0,

lim st (@15 (@) = = Jlim b (w @ 1x(@),

where £ = [0, T], E is a Banach space, T > 0, N is the set of natural numbers and m € N is
given, 6 € (1,2),v € [0,1,A=04+20—-0v,p=0<¢ <& <...... <Cm <&py1=T}is
a partition for £, Ly = {0,1,....,m}, L1 = {1,....,m}, w: L —]0,00[ and w1(0) = ﬁ,
0:£— R is a strictly increasing continuously differentiable function with ¢/(d9) # 0, V
8 € £and ¢! is its inverse, and Dg 00 is the w-weighted o—Hilfer derivative operator of

order 6 and of type v with the lower limit at {;. Moreover, F : £ X E — Py(E) (the family of

non-empty convex compact subsets of E), N;,R; : E — E;i € Ly, £; = (&;,&iy1];1 € Lo, and
2 Mew

is the w-weighted g—Riemann-Liouville derivative operator of order 2 — A with
tl’:qe lower limit at ¢;. First, we deduce the formula for antiperiodic solutions to Problem (3)
(Lemma 9). Then, we prove two theorems regarding the existence of antiperiodic solutions to
(3) (Theorem 1 and Theorem 2). In Theorem 1, we show that the set of antiperiodic solutions
of (3) is non-empty and compact, while in Theorem 2, we assume less restrictive conditions
and use the fixed-point theorem for the contraction of multivalued functions to show that the
set of antiperiodic solutions of (3) is not empty.

Here, we mention some other studies on antiperiodic solutions of fractional differential
equations and differential inclusions. Benyoub et al. [32] discussed the existence and
uniqueness of solutions for a nonlinear antiperiodic boundary-value problem for fractional
impulsive differential equations:

CFD§x(8) = {(8,%(8)), € € (&, &) i =0,1,,ma € (0,1).
lim x(¢) = 1ir§7x(€) +Ki(x(¢;7))i€1,2,.,m,

i 0—¢;

%%x(g) - _gl—lglf x(©),

where ¢F Dj: is the Caputo-Fabrizio fractional derivative of order a € (0,1) and
:[0,¢] xR —=R.

Yang et al. [33] studied the antiperiodic solutions for a differential equation involving
the Riesz—Caputo derivative of order 6 € (1,2).

In a very recent paper, Al Nuwairan et al. [34] derived the sufficient conditions for the
existence of an antiperiodic solution to the following fractional differential inclusion with
instantaneous impulses:
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ATCDtx (g)ep(,
x(0) = —x(T), #£x(0) = — f=x(T),
(é*)— (5*) Ii(x(¢; ))zeL;,
Ex(8) =4 x(&) +L(x(&)) i e Ly,

where gu(é,‘ ) is the Atangana-Baleanu fractional derivative of order « € (1,2), and
F: £ x £ — Py (E) is a multivalued function satisfying F(0, 1) = {0}.

It is worth noting that in a recent paper, Alsheekhhussain et al. [35] proved the
existence of a solution for the following fractional differential inclusion:

X( )) ge] {61162/"'16 }/
)

ATC Dg

Dy x(g) € F(&,x(8)),a.e.,& € (i, &1, € L,
x(&) = &i(&,x(x;)), ¢ € (Giyxi],i € Ly,

lim fo " w(@)x(?) i gz oz " wl@x(@)) =,
liI? ( (C)Izg/\ (g)) :gi(Ki,x(K;)),i €Ly,

L (0@B5(0) = g (ki x(x7))i € L,

. d
Xg, im ——
¢—=0+ o/(

(4)

. 1
o 0/(2) dE

wherexg =0< & <K <GH <Ky <...... <xm < Cpy1=Tand g;, 87 :[0,T] xE — E.
For other publications on antiperiodic solutions and differential inclusions involving Hilfer
fractional derivatives, we refer to [35—-42].

In the following remark, we explain the importance of this study and its relationship
to some of the aforementioned results.

Remark 1. 1—Following the same technique that we use to prove the existence of antiperiodic
solutions to (3), we can prove the existence of antiperiodic solutions to the following problem:

DITx(2) € F(&,%(2)), € € £/ € Ly,
lim (@)1 x()

g% A
; 2-Ae,

= Jim (@)l x(@) 4 )i € L
6

)

)\J/\)—\
W

>,\_/

EWQ..

e
=G ()
gg)w@log x(6) = = Jim @ (@)l x(@),

! w 1 d o
gy (WO H0) = = Jim s e (@@ ),

2—1In Problem (3), the lower limit of the differential operator DY %Q “is &, i € Lo. That is,
the lower limit changes on each £;. But in Problem (5), the lower limit of the differential operator
Dg,g QY s at 0, which is fixed at 0 on each £;.

3—Ahmad et al. [21] studied Problem (3) in the particular cases w({) = 1,0(¢) =& € L,
v =1, N; and R; are the zero functions, and dim(E) = 1.

4—Ahmad et al. [22] studied (3) in the particular cases w (&) =1,0(¢) =& € L,v=1,and
dim(E) = 1.

5—1In the special cases w(&) =1,0(¢) = ¢; € L, v = 0,N; and R; are zero functions, and
dim(E) = 1, Problem (3) is studied in [23].

6—Ifweset w(G) =1,0() =¢ € L, andv =1, then DZ Ugg “x(¢) = Dél_lgx(g), A =2,
and (3 becomes Problem 1 studied in (Theorem 25, Ibrahim [24]).

im——
{—0 0o/



Fractal Fract. 2024, 8, 376

6 of 33

7—Ifwe set w(¢) =1;€ Landv =1, then ngggw x(¢) = Dg #x(8), A = 2,and (3)
reduces to Problem (2) studied by [30].

8—1In Problem (3), the impulses are instantaneous, but in Problem (4) they are noninstanta-
neous. Also, there are no antiperiodic boundary conditions in problem (4) like (3). Therefore, the
problem we are studying is completely different from Problem (4).

Next, we illustrate the relationship between our work and relevant recent findings,
along with our work’s main contributions.
I—A new type of fractional differential inclusions, Problem (3), involving the w-weighted

o-Hilfer differential operator DY ¢ § “ of order 6 € (1,2) and of type v, which contains the
fractional derivatives operators known in the literature by Riemann-Léouville, Caputo,
Hilfer, Hadamard, Katugambula, Hilfer-Hadamard, Hilfer-Katugambula, ¢—Riemann-—
Liouville, o-Caputo, and ¢-Hilfer, is considered in the existence of instantaneous impulses
and in infinite-dimensional Banach spaces.

II—The formula for the antiperiodic solutions of (3) in E is deduced (Lemma 9).

III—Two consequences of the existence of antiperiodic solutions to (3) are proven
(Theorms 1 and 2).

IV—Two examples are provided to show that our results are viable (Example 1).

V—Our work generalizes the obtained results in [21-24] (Remark 1).

VI—Up to now there, has been no study about the existence of antiperiodic solutions
for differential inclusions involving an w-weighted ¢-Hilfer derivative in the presence or
absence of impulses.

VII—Our method guides those interested in generalizing the majority of the above
works when the nonlinear term is a multivalued function in the presence of pulses and in
any Banach space.

VIII—By following our technique, one can demonstrate the existence of antiperiodic
solutions for Problem (5).

IX—As a result of our work, one can study the existence of antiperiodic solutions
to several boundary-value problems containing one of the fractional derivatives known
in the literature by the following names: Riemann-Léouville, Caputo, Hilfer, Hadamard,
Katugambula, Hilfer-Hadamard, Hilfer-Katugambula, g-Riemann-Liouville, p—Caputo,
and ¢-Hilfer. Therefore, one can generalize the majority of the above works after replacing

the differential operator presented in the issues discussed in these works by Dgfég’w. This
can be considered as a proposal for future research work based on this work.

We organize our work as follows. In the second section, we remind the reader of the
concepts that will be used later. In the third part, we deduce the formula for antiperiodic
solutions of (3), and then, we proved two conclusions regarding the existence of these
solutions. Finally, we give two examples to show that our results are viable.

2. Preliminaries and Notations

Let AC(£, E) be the Banach space of absolutely continuous functions from £ to E and
LEP((0,T),E), p > 1be the Banach space of all Lebesgue measurable functions u such that

uw(g’)% € LP((a,T),E) when p € [1,00),and uw € L*((0,T), E) when p = oo, where

1
v, ifp € [1,00),
Wllage { (fy Il (@@ (T)d)? ity
L OT)E) |M(U||Loo( ) )1fp_oo

We consider the Banach following spaces:
- Cw(£E):={xeC(£E):wxeC(0,T],E)}, where ||x|| = maxseg||w(s)x(s)]|.
- CorgwlLE) = {x € C((0,T],E) : (0(.) — 0(0))>x(.) € Cu(]a, T],E)},where

1xlle, e p) = S;QEH (0(8) —0(0))*w(@)x(@)Il-
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- PCZ,/\,QM(/{,E) = {x : [0/ T] — E, (Q() - Q(gk))27)\x(‘) € Cw(ﬁk,E),limg_)g
(0(8) — 0(¢x))* *x(6) exists ,k € Ly}, where
1xllpe, ., . (6,E)= max{ sup(o(0) — 0(8:))* |w (0)x(0)][¢},
) (US3
rel:
- ACYW(£,E):={x:[a,T] = E,xw € AC(£,E)}, where x| acreo(g,e) = [1x@[] ac(,)-
- CpwEE) = {x€Copow(£ E): DR € Copow(£ E)}
- GagelBE) = {x € )} (£ E): DMy cz_A,Q,w(ﬁ,E)},n € N— {1}, where

k=n—

1
.7 ko, o
ep) = 2 I1D"xlley o or) FID™ N le, g em):

[l X

2-pw

- ACMOY(£E) = {x . £ — E,D""10wx € AC'W (£, E), D% x € LY2((0, T),E)};n e

N — {1}, where ||x||AC"1€/w(£,E) = ||xn—1,Q,w||AC(E,E)'
The function xpc, \, (5E) : Pr(PCo-paw(£ E)) — [0,00) given by

XrCarute) (D) = Koz (ka )

is a measure of noncompactness on PCy_ ¢, (£, E), where
D= {h* € C(E,E) : h*(0) = ((0) — ®(8,))> *w(0)h(6),0 € £,
h* (%)= lim h*(0),h € D}.
08

Definition 1 ([43]). Let « > 0 and u € L!,°(£, E). The operator Ig’g’wu is given by

w1
BEu) = i [0 - oo ool

Lemma 1 ([43], Theorem 2.4). Ifu € LZQ(;{,E),l < p < oo,0>0,and f > 0, then

0w Bow  qa+Bow
fog log" u=1og ™ .

Definition 2 ([43]). Letn € Na € (n — 1,n),andu € AC"?“ (£, E). The operator Ds’g’wu(ff) is
defined by

Dy u(@):= D™ (Ing"“u) (@)

-1 .
- MDE'Q'W(/f(Q(@) — ()" 1 (O)u(@)w (), § > a,

given that the right-hand side is well defined.

Lemma 2 ([43], Proposition 1.3). i—If § > 0 and x > O, then
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ii—Ifn—1<a <n,then

Dy (w (@) (e(@) — (@) F =0,vk =1,2,...,n

Lemma 3 (35]). Ifu € Co_n g([a, T, E), then limg_sq | (&) 1L **~"“ u(&)]| = 0.

The proof of the following properties can be derived using the same arguments as in
the case E = R (Ref. [43], Theorems 3.3, 3.4, 3.5, and 3.6).

Lemmad. Let u € L!}°([a, T],E). Ifa € (n — 1,n) and I:g“’g’wu € AC"%“([a, T),E), then for
any ¢ € [a,T),

e (0hg ) ©
a—k n—k
& 1 d
() — w1 (0(¢) —e(a)) hm( ) w(E) "
@O Tty i (gma) @ @)
Definition 3 ([43]). Let n € N, a €]n — 1,n[ and u € AC% (£, E). The operator D3 0Z “uis
defined as
k=n—1 —ola k
CDﬂlgw (C) = Dg/Qrw <M(€) o kgo (Q(g) k'Q( )) uk/g,a}(o) .
Definition 4 ([35]). Let u : [a, T| — E. The operator Dg,’g’g’w is defined by
0,0,0,w 2,0,w (2—0)(1—0v),0,w
Da,gg u(@):=1 (g )Dgg ILS,@' o u(g)
2-6) 20w 12-A0,
= [ DI M ) ©6)

o(
a,
2—-6) A0,
= 2D u(e),
as long as the right-hand side is well defined.

Remark 2. If v = 0, then Deww u(g) = Di,’g’w u(¢), while if v = 1, then Devgw u(¢) =°

60 ag ag
W
Daé u(g).

Let us consider the following Banach spaces:

Ao,
ClngeolEE) i= {x € Cogul£/ E), DoF'x € Copgul£/E) }.

and
0, 0.v,0,
Y oo (B ) i= {5 € Co £, E), DY x € o, (£,E) }.
Remark 3. If u € C_, w3, T], E), then D)‘,’(:Q’wu((f) exists, and consequently, by (6), Dev@w (&)

exists. Therefore, Cy_, , ,([a, T}, E) C Cg”/\gw([a T),E).

Definition 5. A function x € PCy_ o (£, E) is a solution for Problem (3) sze o0

for ¢ € (G, Ck+1]; k € Lo, and x verifies (3).

x(E) exists
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Lemma 5. Let u € Cz( 2 Q)w([a, T|, E), c,d are two fixed points in E, and x : (a, T] — E defined
by

w1 (o(&)—o(a)*? 1y (@@=
X(C):{ e e e %

HEu(@),6 € (a,T).

Then x ECQ‘_/\,QM([a, T|,E), DZ}’:,%Q'wx(g) exists for ¢ € (a, T}, and it is a solution for the following

w-weighted o—differential equation of order 6 and of type v :

Dye“x(&) = u(),¢ € (a,T). 8)

Proof. Since 1 <6 < A <2and v(2 —6) < 1, then by applying D;‘r’g’w on both sides of (8)
and considering (6), Lemma 1 and (ii) of Lemma 2, it follows for ¢ € [a, T],

D, x(8)= Dy I,#“u(@)

a,g ag “ag
_ Dégwliguwlggwu((j)
_Déewljgv@ 0)ow u(@)
— Déerw (D:, QW 12’5’“’ Iigv(z_e),elw)u(g) ©)
:Dégwﬁg”@ 00ay, ()

_ Dgfg e (&),

Since u € C;](z;g)w([a T|,E), Da(g Oew, o Co-)0w([a, T], E), and, hence, Daggwx €

Co—p0w([a, T, E). Thisleads to x € C) . o »([a,T], E). Therefore, by Remark 2, D HE X (E)

exists for ¢ € [a,T]. Next, we have to show that Deggw x(¢) = u(¢),v¢ € [a,T]. let

¢ € L.Sinceu € Cz( f) ([a, T, E), it follows that D" 0200wy ¢ Co-row([a, T],E), and

A0,w a,6
1-0(2-0),0,w 0(279),Q,wu EC% N ([a T] E)
-Aow 7 7 .

then D; g “I z u € Cy_ppw(la, T], E),and hence I;E
Therefore, as a result of Lemmas 4 and 9, we obtain for & € [a, T],
0,00, 2-0) ~ A0, 2-0) ~o(2—0
DI (@)= 1D x(E) = 18V DIE ()

_ 1 (0(8) = o(a))?FOT o2-0),
_M(g)_w 1(6) r(v(279)) élir}l(w(g)lsg 20 (g))

We use Lemma 3 to obtain limg_,, (w(é‘)lilgv(zfe)u@)) = 0. Thus, g/ggwx((;‘) =u(g)
forany ¢ € (a,T]. O

Remark 4. The function x given in (7) is not defined at x = a. But if v = 1, then A = 2 and x

becomes defined and continuous on [a, T]. Moreover, Dg’g’g’wx(g ) =° Dg g “x(&);& € Land, asa
result of Lemma 5, the following function

(@) = w (@) +w (@) (0(8) — o(a)d + [#u(E),& € L.

is a solution for the o—Caputo differential equation of order 6 and of type v:

DIx(E) = u(),& € [a,T).

This is consistent with what is known.
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To drive our results, we need the next following lemmas. Let P.c(E) = {A C E: A be
not empty, convex, and closed}.

Lemma 6 ([44], Corollary 3.3.1). Suppose that K € P..(E) and 11:K — Py (E). If 11 has a
closed graph and x—condensing, then 11 has a fixed point.

Lemma 7 ([44], Prop. 3.5.1). In addition to the assumptions of Lemma 7, suppose I1: U — Py (E)
and x is monotone. If the set of fixed points for 11 is bounded, then it is compact.

3. Antiperiodic Solutions for Problem (3)

In this part, we show that the set of antiperiodic solutions for Problem (3) is a subset
that is not empty and compact in the Banach space PC,_ o, (£, E).

Letp > ﬁ > 1 be a fixed real number, and for any z € PCy_ o, (£, E), let

Shin = {u € LIP(L,E) : u(&) € u(E,2(€)), a.eforf £}.

Lemma 8. Let u € C, (2 0) o (£, E) and define a function x : £ — E by

v - | T OSRE an +@UERE ae)
+Ieu(@) ¢ € £y € Lo,
where
k=m+1 k=m
do(x, Z cr(u) + Y %k(x(ﬁk))], (11)
k=1
di(x,u) =do(x,u) + Y gr(u) + Y Rie(x(&,))i € Ly, (12)
k=1 k=1
k=m+1 k=m
co(x, l Z 0(8—1))dk—1+ Y. wu)+ ), Nk(x(tfk))], (13)
k=1 k=1 k=1
k=i k=i k=i
ci(x,u) = co(x,u) + Y (0(&k) — 0(&k—1))dk—1+ Y_ cr(u) + ) Re(x(g;)),i € L. (14)
k=1 k=1 k=1

where ¢ (1), Te(u), k = 1,2,..,m will be defined in relationships (23), (25), (27), and (31)
which are mentioned later.

Then x €C)_ row L E)s DZ:&QJ’wx(C) exists for ¢ € (0, T], and it is a solution for the
problem

0,0,0, .
DY x(&) = u(€), & € (&, Gia) i € Lo (15)
subject to the impulsive conditions
. 2 A0,w . 2—A0,w — .
lim w x = lim w(&)I x(&)+N;(x(¢7)),i € Ly, 16
it (€)1 & (€) - () Gl () z( (61 )) 1 (16)
and
14

(17)
(€@ “x(@) + Ri(x(&7 )i € I

and the antiperiodic conditions
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2—A0,w 1 2—A0,w
lim (@)1 x(8) = = Jim w(@)1F;x(@), (19
and
1 d d

(0@"x(@) == tim 2 (@@ }*x@). 19

M (@) 42 T Rrrs

Proof. Forany ¢ € £; = (§;, 1], i € Lo, define

10— @) )

+w71 (6) (Q(g) — Q(gi))/\ild' (20)

T(A) i)

6,0,
+Igi%w”(§)/

where ¢;(x,u) and d;(x,u),i =0,1,2,..,m are fixed points in E. Using Lemma 5, Dgg’wx €

Congll0,TVLE), x € €, o([0,T)E), and DY%“x(8) = u(@), Ve € (& &inl- Our
aim is to use the boundary conditions (16)—(19) to show that c;(x,u) and d; verifies
Equations (11)—(14).

Leti € Lg be fixed. Apply Iéil_é)"q’w on both sides of (20); it results from (i) in Lemma 2
that

2x(@)= w M (@il 1) + 0 (@) (0(8) — 0(&:))di(x, 1)

21
1T u(E). D
From (16), it yields
Jim, [eix, 1) + (@(8) = 0(&)i(x, 1) + w(@)I7 % u(@) |
= Jlim [eim1(xu) + ((8) = @(&i1))di 1 (v, 1) + w(@1F 17" u(©)]
R (x(7)),
2—A+0,0,w

which leads to ¢;(x,u) = ci1(x,u) + (0(&i) — 0(Gim1)di—1(x,u) + w(&;) Iz =" u(@) +
N;(x(&;")), and hence

ci—1(x,u) = ci(x,u) — (0(&i) — 0(&i—1))di—1 (x,u) — ti(u) — N; (x(&7)), (22)
where

W0 = e (06 —e@) T @uoaloe. @)

Now, since (2—-A)—-1 < 0,and 64+2—-A—-1=0+1—(0+2v—6v) = 1—
v(2—0) > 0, then (22) gives us

2 (12 0x(@)
5 e (@) + 0T (0(8) — 0@ )+ DFE T u(©))
=d;+ w(g’,‘)lgi?_A’g’wu(C),VC € (&, &l
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Therefore, it yields from (17) that

di(x, 1) = dia (x,0) + (@)L u(@) + Ri(x(E)).

So,
di_q(x,u) = di(x,u) —gi(u) — R;(x(&])), (24)
where
1 Gi 0—A 1
i) = g o (€@ —e@) ¢ (@u(o)w(o)d (25)
Because x satisfies the antiperiodic condition (18),we obtain
ol )= = lim w(@)lw ™ (@)en(xu)
+w 1(E)(0(2) — 0(&m))dm(x,u) + I 5 u(8)dn) (26)
= —cm(x,u) = ((T) = @(Gm))dm(x, 1) — Ty (u),
where . -
T (0) = sz o, @) —e@) N @uwde. @)
Next, for ¢ € (0, {1], we have from (i) of Lemma 2,
g "x(@)
A=2 A-1
_ Ig[g/\/wa [a)*l((_f) (Q(g) — Q(O)) Co(x, u) + wil (éc) (Q(g) ;(QA()O)) do(x, u)

r(A—1)
+Ho 2 u(@))
= w (@)co(x,u) + @ (@) (0(€) — (0))do(x, u) + g £ u(E).

Then,
i 1 4d 2—A0,w
§1i>r(];1+ Q/(g) dig (w(g)lgng : X(g))
- glim w(é)Déerw (IS%A,Q,wx(é‘)) = w(0 )é‘iﬂ‘) Dé 0,0 (IS,EA'Q'wx(ﬁ))

= @(0) Jim D7 @ ©)eo(x,u) + @ (@)((8) — 0(0))dox, ) + for ™ u(@)|

= w(0) lim [ (@)do(x,u) + It “u(@)]

¢—0t

= dulx,0) + gy (@1 = @) @ (o).
' (28)
Similarly, for ¢ € (&, T], we have
I, (@)
- \\A—2 . A1
— Ign:g’glw [w—l (C) (Q(giﬂ(AQ_(gll;) cm(x, u) + w—l (g) (Q(g) r(Q)E)é’l)) dm(x,u)
1% u(E))

= w0 N (@)ew(x,u) + @ HE)(@(2) — 0(&))dm (x,u) + 132 u(g).
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Then,
. 1 d 2—A,0,w
glg;t 0/(€) dZ (w(‘:)lgm,g ‘ x(é))

IRT Low [ 12—A0w . . Low (2—A0w
= Jim @)Dy (I, 7x(©) ) = w(T) Jim Dy (I, +*“x(0))

= @(T) lim D7 @ @)em (1) + @ (€)((€) = @(E)dn(x,u) + 15 u(E))

= w(T) lim [wfl(g)dm(x,u)uf’“ “%(5)]

EsT- CmsG

1 T o (29)

= dm(x,u) + m/ (o(T) = 0(0)" "¢/ ()u(c)w(o)do.

Therefore, from (28), (29), and the antiperiodic condition (19), we obtain
_d()(x/ M) - dm(x/ Ll) + Gm+1(”)/ (30)

where
1 T 0—A s

Sni(0) = rgr =g [, (@T) —e(@)' ¢ (@)u(e)w(o)do (1)

Now, (24) leads to

k=m
do(x,u) = dm(x/u) - Z gk(u) - ](—21 §Rk('x(é'k_)>

This equation and (30) imply

1 k=m+1

ol e+ L Rula(er) |

So, (11) is verified, and, consequently, we obtain from (24)

i
di(xru) = dO(x/u) + 2 gk + Z 3%k i E Ly,
k=1

and this confirms the validity of the relationship (12). Likewise, it yields from (22)

k=m k=m k=m
co(x,u) = cm(x,u) — 3 (0(Ck) = 0(Ck—1))di—1(x,u) — 3 w(u) — Y Re(x(8; ).
k=i k=i k=i
By substituting into this equation the value of ¢, (x, u) from (26), it results in
—1 |k=m1 k=m+1 k=m
co(x,u) = —| ) (G —e(G))dia(xu)+ ), w(u)+ ) Ne(x(Gy))
k=1 k=1 k=1
So, (13) is true, and consequently, from (22), we have
k=i k=i
ci(x,u) = co(x, u) +kZ(Q(é‘i) Q(Gi-1))di—1(x,u) + kE )+ Z R;(x(&;7)).i € L.
-1 =1

Then, (14) is verified. [

As a consequence of Lemma 8, we give the definition of solutions for (3).
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Definition 6. By an antiperiodic solution for (3), it means a function x given by
_o(FN)A2 _rxA-l
e = | O a0 @S
- 0, .
IC ng (g)/é € £i/l € LO/

where u € S;((%;)e)’l and c;(x, u),d;(x, u) satisfy the identities (11)-(14).

We mention some properties for L/;*((0,T),R), p > 1.
1
Remark 5. For p > 1, ¢ € LI°((0,T),R) <= we(o')? € LP((0,T),R).

Remark 6. p > g — LI°((0,T),R) C LE°((0,T),R). In fact, let u € LE;°((0,T),R) and set
A={ce€[0,T]:|w(o)u(c)|< 1}. Then

/OT|w(c7)u( d0</|w (o)do + /[OT] T|w(0)u(cr)|qg’(c7)d0
/ d(7+/ ()| o' (0)do < oo.

Lemma9. If p > 9%1 and ¢ € LE°((0,T),R), then

Y@ (@)p(0)0' (0)do < 7119l e 0.1, my (33)

0—-1

w(@)p(o)e (0)de < malloll e o1 ) (34)

/ =
and
.
<L1<e w)w DO e (80) P air

Proof. Letg = % and h(o) = (Q(T) —Q(U)Bf’\w’l(v). Since (#1%/\ < 9%1, then
(M%A < p, and consequently, (6 —A) +1 > 0. Then

([ @@ @)= ([ (o) - et Ve (o))
Q(T)q(f’*/\)ﬂ i
- (W) '

Then h € L}°((0,T), E), and hence, hw(o')7 €

L1
1
tion ¢ € LI°((0,T),E) leads to gw(¢’)? € LP((0,T),E). Since %Jr% = 1, Holder’s
inequality implies

=

= (=

((a,T), E). Moreover, the assump-
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/oT {h(")w(a) (Q'(U))é] [fp(cr)w(a) ('() :’] do
T LT .,
< (/0 [h(o)w(e)|7e’ (U)dﬂ)ﬂ(/o lp(c)w(o)|Po (o)do)?

Q(T)ﬂ(Q*/\)Jrl 7
IRVICERESS ellire o))

(T)Ll(e A)+1 ,,74
= m H§0||L5,’Q((O,T),E)'

= mo()®* N5

Since % + % =1, we obtain

T 0—-A
| (o) = () w(@)p(@)e (7)o
T 0—A 1 1
= [1(etn) = @) @) (¢ @) Tl [gle)ate) (¢ (0)) | e
- [ [0 @@ @] [oere@ @ @)} |0

< mllelleo,m),E)-

Likewise,
1 e "1 (7) (o) (0)de

= 772||(P||Lp((o,T),E)/’ € Ly
O

Theorem 1. Suppose that F : £ X E — Py (E) and N;,R;: E — E,i € L;. We assume the
following conditions:

(F1) Forany z € PCy_ o (£ E), the multivalued function & — F(¢,z(¢)) is measur-
able and the set S;((%;)e)’p is not empty.

(F;) Thereisa ¢ € Loe (£,RT),p > 51 such that for any z € PC,_ Mow (£ E), and for
almost ¢ € £

I1E&z@) = sup |yl < @@)(A+|Izllpc, , . «E))-
YEF(Z2(2)) v

2—0), ;
(Bs) W2, € PCy pguol£ ), 20— 2 € PCypquol£ ), € Sy, and iy — u € LE(£ E),

v(2—0),p
thenu € SF(.z) .
(Fy) Thereisa B € LL;*(£,RY),p > 42 such that for any bounded subset D C

PCy_),0w and any i € Ly, we have for a.e.§ € £;

xe(E(E,z(€)) :z € D))
< (0(&) — 0(&))* *B(@)xe{(2(¢) :z € D},

where yx is the Hausdorff measure of noncompactness on E.

(H) For any i € Ly, N;,®;: E = E are continuous and map any bounded set to a
relatively compact subset, and there is 6;, 6; > 0 such that for any u € PCy_) o (£, E), one
has
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I Ri((@) I < dill wllpc, , . (6E) VE € £

and
I Ri(@(@) | <6l ullpe, (8 E € £

Then, the set of solutions of Problem (3) is a non-empty and compact subset in
PCy_ ) 0w(£ E) provided that

B min o(T) 9 1
51_||¢|L$Q(£,R)[r()\1)r(9A+1)< 2 <2+9+1/\ +1

3¢(T)my U 1 9%(T) 3\, 3e(M)] (35
T rio A)ll"(A) + r(i))] o [F(A my ( s 2) + 21"(/\)}
<1,
and
e2= |1l [ 3miy L mm ( 90(T) +4
2 LI(ODE) [IT(A —1)2I(04+1—A)  T(A) 4L(6+1—A) 36)
4 e )+an(T>]
O+2-A) " T(0) |

where ¥ = max (ZES di, EES 67).

Proof. We define a multivalued function ¥ on PC;_, , . in the following manner: let

z € PCy_) w(£ E). Condition (F;) assures the existence of a function u € S;((_zg)g)’p. We
consider x € (z) if and only if
~1 () @@ —e@) " ~1 () @ -0 4
x(g) = w , (E}) T(A-1) CZ(Z/ M) +w (‘:) T(A) dl(Z,u) (37)
+I§£,Qg' u(g), ¢ € £,ic Ly,

where c;(z,u) and d;(z, u) are given by (8)—(11). As a result of Lemma 5 and Remark 2,
this function belonging to PCy Ao (£,E) € PCy_p0w(£ E), and Dgl’_f]ég’wx((;‘) exists for
¢ € £;,Vi € Ly. Furthermore, x is a solution for Problem (3). We show, by making use of
Lemma 6, that ¥ has a fixed point. Since the values of F are convex, the values of ¥ are also
convex. The proof will be performed through the following steps:

Step 1. We show in this step the existence of a natural number ng with (T,,,) C Ty,
where for any positive real number 6,

Ty = {x € PCygw(EE): |1 % llpc, 00 <6}

If this is not true, there are two sequences z,, x, € PCy_ ,\,Q,Q,(E, E) such that x, €
(zn), || zn HPszA,g,w < nand || x, HPC%MW > n. Using the definition of ¥, we can find

U, € S;((.z:))’p; n € N such that

—o(E) 2 o (E A1
I (O e (O R (CULT) B
+I§;/Qéwun(é),€ € £;,i € Ly.
It results from (F,) that
un (I < @(E) (1 +n),ae. (39)

Therefore, from (33), (34), and (39), it holds for any i € L,
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17 (2@~ o) ¢ () wle)un(o)dol

i—1

<(1+n) /;1 (e(&i) — (@)’ (w (o) p(0)do (40)

14
0+1—A)—1\71 p(0+1-A)—-1
<(1+n) (p( - ) ) o(G) 7 ||§0||L5;Q((0,T),R)
< A+ mmllellre o, r)

1 (@) - e e oo ()ic

< (1+m)o(T) /;1(9(@‘) —0(0))" M (@) w(0) p(0)dor )
<1+ ”)Q(T)ﬂ1||€0||L5;@((0,T),]R)/
and
¢ 0—1
[ (0@ — 0(@)" ¢ (@) uncw(0)do|
o . 42)
< oM+ [ (0(@) — 0@)' ¢ (@)p(o)w(0)de

L(0-2)+1\ P
p—1
< o(T) (QEF)H) HellLeo,1),E)

r
_1-1/pf—p—1\rT
= ee@ " (B lelon.
(43)

P
g—1—1 (pf—p—1\r1
< oma(m) " H(E L) el

P
_1/pf—p—1\r1
= (1)’ p(” — ) 191101

=1l Ly ((o,1),E) T € L1-
Considering (23), (25), (27), (31), and (39), it yields from (40)—(43) that

i=m+1

; I3 ()|

n i=m+1 ; _
< raity X @@ @) e @eeer @
Mm o] \ij;@((o,T),R)

and

i=m+1 i=m+1 &
Z; lgi(un)||< 1“(9(1—3721) Z; / (0(&) — 0(0) " () p(0)w(0)der
i= i= i-1 45
< (A tn)mm 4
St@-arn ?lzong
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As a result of (11)—(14), (44), and (45), we obtain
k=m+1 k=m
||do(zn, n) ||— 5 Z cr(u) + Y Rie(za () |l
1) - o
1 —|—n mny Km
Sar@—arn ?loenm 3
i i
||di(zn, ) || = [1do(zn, un) + ) cr(u) + 3 Re(za (&)
k=1 k=1 (47)
3(1+ n)mm 3kmn
_WH(PHLPQ(ODR)—F ,Vie Ly,
[[co(zn, un)|
1 k=m+1 k=m+1 k=m
=5l X (@) — e(@r-1))di—1(zu, 1) + Z () + ) Re(za (5))
k=1 k=1
1.3(1 4 n)my10(T) 3Kmnq( )
<31 —ay ellueonm =3 (48)
m(1+n)o(T)m
T Te-at2) @lzeomnm trml
_Q +”)m171@( ) § 1 30(T) 1
and fori € Ly,
Ici(zn, un)|]
k=i
= ||co(zn, u Z 0(Ck—1))dk— 1+Z€k )+ Y Re(za(8))]]
k=1
(1 +n)m171@(T) 3 30(T) | 1
<~ 7 =~ 7 I T
S Sre+i-n) Plenm |2 e T T T
3(1 4 n)mmy 3kmn
e(T) {2r(9 1A ‘4’ weony Ty } (49)
(14 n)mm
(14 n)mn, o(T) (9 1
< -7 - z
Ste—rrnl?lhzonm | (3 eri=a) !
%(T) 3
+Kmn< 1 + 2).

Next, for any ¢ € £y, we obtain from (38) and (43)—(46) that

(&) = 0(0)* " w(@)lxu(2)]]

< mm(xn,un) +

g [Fe© - e e @towoie

T ) . K ) O
?8 [2?(; —nimj lellzeong + 5

n2(1+n)
+ I—-( ) ||q)||LPQ/
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and forany ¢ € £;,i € Ly,
(@(&) = (@)* " w(@)xa (&)l
< I—-(Al_l)ci(zn/un) + IQ-EZ:;di(Zn/Mn)
g [ e - o) e @t
= r(A —<11)+r;(1gni’7i +1) ellze o) z) [Q(zT) (Z + 9+11—/\) + 1} (51)

4 fmn <9Q(T)+2>

TA—1)\ 4

T). 3(1+n)m 3xmn
+QEA;[2F((9+1) ylelhzeenn + 3]
+ 20 gl

It yields from (50) and (51) that

n <[ xn] |PC2,,\lg,w(£,E)

1
<7max||c,(zn,un)||—|— i(zn, un)|])

ST(A—1) ie

+’72}1(+>”)¢||Lm

1
o) BXCTER

We divide both sides of this inequality by n and then, letting n — oo, we obtain

1

mij o(T) (9 1
F(A—l)F(G—A+1)|¢||L5Q((0'T)'R)[ 2 <2+9+1—/\)+1}

L Km )<9Q(T) +2>

<

T(A — 4
o(T
(/\) 57 931121 9l ooy m) + 3"?’”]
T (2 A)
12
+r( )||(P||LP0
— mi o(T) 9 1
= ||(P||LK,"3(£,R)[]"(/\—1)F(9—}\+1) ( 2 (2 + o1 —A) +1>
3o(T)mi

772
2r(+1—-MI(A }

)
() 3]

= €1,

where ¢; is given in (35). Since &; < 1, the last inequality leads to a contradiction, and our

claim in this step is proved.
Step 2. Our claim in this step is to show that the graph of is closed on Tj,.

Suppose that (zn)n>1, (xn)n>1 are two sequences in Ty, with z, — z,x, = x in Ty,

v(2-0),p

and z, € (x,);n € N. Then, there is u,€ SF( 2a)

, and x, is given by (38). Note

that by (F2),[[ua(S)l| < ¢()(1+mnp), a.e. and hence, {un},-; is weakly compact in
LIP(E,RY), P > 2. Making use of Mazur’s lemma, it can be found as a subsequence that
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{un, },oq and uy, —u € L% (E,RT). Then, there is a subsequence {un}s1 of {un},=
such that u}; tends to u almost everywhere. Now, for any n € N, set

00w 4

_ A2 B A1
xp(8) = w_l(g)%q(z”'”;) +w_1(§)%di(zn,u2)
+I§[,§ uy(¢),¢ € £,i € Lo.
Obviously, (x};) is a subsequence of (x};), and hence x;; — x in PC;_ Ao (£,E). We
have to show that

A-1

(&) 2 _ )
x(€) = { W (@) MRz, 1) + w01 (§) WLy, )

+I§;,%’“’u(§),§ c£,ic Ly,

(52)

and ue S;((zg)

Gi(un,) — ci(u) foranyi € Ly U {m+1}, and

0), . , .
P Using Lebesgue’s convergence theorem, we obtain T;(u,, ) — 7(u),

. 6,0, 0,0, i
lim L% un (§) = I u(§), V¢ € £;,i € Ly,

Moreover, assumption (H) gives us
limy—eo®i (20 (7)) = Ni(2(&,))Vi € Ly,
and
limy—ooRi(zn (&) = RNi(2(E,)), Vi € Ly.
As aresult, ¢;(zn, un,) — T(z,u) and d;(zn, un,) — di(z,u),Vi € Ly. It yields from

this discussion the validity of (52). Furthermore, assumption (F3) leads to u € S;(('ZZ_)Q)”J ,

and this proves our aim in this step.
Step 3. For every i € Ly, let

Op={x" & = Ex°(&) = (2(0) — 0(e:)* " w(@)x(2). ¢ € £,
x* (&)= éling+ x* (&), x € ¥(z),z € Ty, }-

1

In this step, we demonstrate that Q\E is equicontinuous in PCy_ MW(E, E).Let i € Ly and
x* € Q. Then, there exist z € Ty, and x € ¥ (z) such that x*(&) = (0(&) — 0(&))* "w(&)x(2),
¢ € £oand x*(0) = limg_o1 x*(§). According to the definition of ¥, there is u € S;((%;)e) with

_o(F))A2 o xA-1

x((;‘) = wiel (?%Ci(zr u) +w71(§)%di(z, u)
+IEu(8) ¢ € £

Then,




Fractal Fract. 2024, 8, 376 21 of 33
Now, assume that & € £; and § > 0 with & +J € £;. We have
|+ @+8) - x@ |
[0(¢ +6) — ()]
< N di(z,u)
. \)\2—A
+| LEED @D P e4.5) - 0) ero)alo)ulo)do
eV [%(0(6) - e(e) " er@)(eulo)ac]
< le@ +F5()/\)_ 0 4. (x,u)
A\2—A
+|@EEDCED (e 45) - o(0)) el u(ool
) ELD GG P c40) oo er@)o(u(o)io
e GBI [0(0) - o(o) eoh(ou(e)i
+| EEDCED - (g(g) — o))" ere)(euto)o
. \\2—A
OB (o) - oo ero)atolulo)dol
Then,
| (& +6) —x*(3) |l
< le(@+9) —o(@)]
S
- N\2—A
) ete) 4“?a¢+@—@w»9w«mwwvwwﬂ|
WL AL R i
(53)

Héﬂd@+&—ew»*wm@wwwme

4 0—-1
—éw@w@w» 01(0)w(0)u(0)do||

(0(E+8) — o)™ (a(&) — (@)™
T(A) r(6)

+

I [ (6@ - oto)* ere)atoluto)dell

Since 6 > 1, ¢ is continuous, and ||u(c)|| < ¢(0)(1+ ng), it results from (52) that
zliin(l) || x*(&+6) —x*(&) || = 0, independent of the choice of x and z.
—

Step 4. In this step, we demonstrate that the set & = N, Ty, is not empty and compact
in PCy ) 00 (£,E), where Ty = Ty, Ty = ¥(T,,—1);n > 1. Since each T}, is closed, then from
the Cantor intersection property [44], it is sufficient to prove the following relation:

lim XPCZ—A,g,w(£/E)(Tn) = 0, (54)

n—oo
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where XPCy_ g0 (£,E) (Tu) is the measure of noncompactness on PCy ) o (£, E), which is
presented in the Introduction. Let n € N and € > 0. Utilizing Lemma 5 in [45], there exists
a sequence (uy),~q in T, = ¥(T,_1) such that

XPCy_ ) g (£E) (Tn) < Z{XPCZ,AW(,{,E)W > 1} +e
(55)

i€Ly
where Q|£—’_ is given in (5). Now, from step (3), the sets (Y‘f) ,i1 € Ly are equicontinuous,
and consequently, (55) becomes

10, gu(er) (Tn) < maxmax x{ (0(8) = 0(&)* "0 (@ur(@) :r =1} +¢  (56)
icly S

where yx is the measure of compactness in E.
Now, since u, € T, = ¥(T,—1), thereis z, € T,,_1 with u, € ¥(z,). By the definition

of ¥, there is u, GS;((%:;)”’, such that

_ (&2 A1
w(e) = | @O ) o O )
I U (8), 6 € £1,i € Lo,
Then, for any i € Ly, we have
A= maxx{ (0(6) ~ 0()* (@ (@) -7 2 1]
‘ (58)
U; 0 ‘
STo-1 Tty A
where
U; = X{di(ur,u,) r > 1},‘i €Ly, (59)
Q; = x{ci(ur,up) v >1};i € Ly, (60)
and ]
= 1{(0(®) — 0@ @1 w (@) r =1} i€ Lo, (61)
Also,
Y = x{¢x(ur) :r > 1}, k € {1,2,..,m + 1}, (62)
I = x{w(uy):r > 1}, ke {1,2,..,m+1}. (63)

Due to (Fy), it results for almost everywhere that o € £;;i € Ly,
x{ur(o) i1 > 1} <xe(UrenF(0,2:(0)))
< 5(0)((e(@) = a(&)* M w(@)x{z (o) 17 € N} (64)
S XPCyp g (&E) (Tu-1)B(0).

Next, from (40)-(43), (62)—(64), it results for k € {1,2,..,m + 1} that
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WS rgrrm o (0@ — o) @) s 2 Nalo)de

k—1

(0(2k) = 0(0))"*B(0)¢ (0)w (o) (65)

XPCy_y go(£,E) (Tu-1) /c;‘k

STTe+1-4) e
XPCy_y g0 (£E) (Tu-1)

= T(O+1—A) 771||‘B||L£;Q((O,T),R)’

k-1

and

XPCy_ g (£,E) (Tu-1)
e = T(O+2—A) e(T)mllBllreo,m) ) (66)

Since R and Ny; k > 1 map bounded sets to relatively compact sets, it yields from (65)
and (66) that

MXPC, ) g (£E) (Tn-1)
G0 —rari—n A DmllBllueonq: (67)

and
BMIIXPC, g (t,E) (Tn-1)

i < A CESESY Bl Lre (e ey

(68)
Similarly,

1 [k=smitl k=m+1
Q< 5| ) (G —e(G-1))Vra+ ), T
k=1 k=1
3mixpc,_ W(E,E)(Tnfl) k=m+1
= 4p(29 ::1 Y Bl pe e k; 0(%k) — 0(8k-1)

MXPC, . yo(&E) (Tn-1)
ZF(GQJF Y o(T)mllBllpeom)m)
BMINIXPC, y g(£E) (Tn-1)e(T)
>~ 4F(9+1_)\> Hﬁ||LE}’Q(£,R+)

MXPCy_y o (£,E) (Tn-1)
2T(0+2—A) Q(T)771||/3||L('39((0,T),R),

(69)

and fori € Ly,

k=i k=i

Q= Qo+ kZ(Q(Ck) —0(8x-1))0k-1 + kz |7
=1 =1

BMILXPC, ;0 (£,E) (Tn-1)0(T)
=~ 4r(9+17)L) ||ﬁ||L2}’Q(£,]R+)
MXPC, , oo(£E) (Tn-1)
2F(9Q+ Y e(TymllBllreqo,mm)
3mie(T)Xpc,_ g (£,E) (Tn-1)
MXPC, 00 (£E) (Tn-1)
ror1—n  Aleonz)

(70)

90(T) + 4
= XPCy_y g (& E) (Tn—1)mi1|Bll e (0.7 ) [m

o(T)

toar@r2—n oDl
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Also, it results from (43) and (63) that

(A
e WOLE () - (o)) '¢ (O)alo){us (0o 7 € )

- A(T)XPC, g (£,E) (Ta-1) /6
B r'(6) ¢

T .
= S0 rguen Tl gllnom ey € Lo

(e(0) = 0(6:))" ¢ (0)w(e) pl0)dor

i

Next, from (57) and (67)-(71), we obtain for i € Ly,
A 3MINIXPC, ) 0(tE) (Tn-1) 181
ST nare 1oy PR

L XpcsgoeB) To-)mmBll e o r) ( 90(T) +4 o(T)
(A MOFL1—A) 2@ +2—A)

o(T)
+WXPC2,AW(£,E) (Tu-1)12||9] |LP((0,T),E)
= XPCy_ 10 (£E) (Tu-1)| 9l |Lr((0,1),E) ¥

miy ( 9o(T) +4 o(T) )
T(A)\AC(@+1—A) ' 2T(0+2—-A)

3mn
Fr(A-1)2r(6+1—-A7)

UZQ(T)]
re) -

Then, relations (55)-(57) and (73) lead to

+

+

XPCy_y o(eE) (Tn) < €2Xpc,_, , (6 E) (Tn-1), V1 2 1,

where ¢; is given by (36). It follows from (74) that

XPCy_y 0 (£E) (Tn) S €3Xpc,_, ., (6E)(To), V1 2 1,

(71)

(72)

(73)

(74)

and consequently, it yields, from (36), the validity of (53). This shows that T is non-empty

and compact in PC;_, o ((£,E)).

Step 5. As a result of steps 1 through 4, (x); x € J is not empty, convex, and compact in
PCy_ ) g0, 80 the multivalued function : & — Py (PCz, A,Q,w) satisfies the assumptions of
Lemma 6, and hence, there exists x € 3 with x € (x). Then, x is an antiperiodic solution to
problem (3). Due to the first step, we conclude that the set of fixed points of ¥ is bounded,
and by using Lemma 7, we deduce that the set of antiperiodic solutions to problem (3 is

compact. UJ

Now, we give another existence result of antiperiodic solutions for Problem (3).

Theorem 2. Suppose that F: £ X E — Py (E) and N;,R;: E — E;i € L. We assume the

following conditions:

F)* Forany z € PCy_, , (£ E), the set 5207 is not empty.
y 0 F(.2) Pty

(F)* Thereisa ¢ € LL2(£,RY), p > 77 such that
(i) For every z1,z2 € PCyp g (£,E), and for almost § € £

W(EE21(8),FE22(0) < 9@~ 2allpe, o)

where / is the Hausdorff distance.
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(ii) For almost ¢ € £,
h(F(E,0),{0}) < (&)
(H)" There is x* > 0 such that for any i € L and any u,v € PCy_ o, (£, E), one has

I Re(w(@) ~ Ri(0(@) | < & w =2 e, ,, e VE £

and

| Ri(u(&)) = Ri(0(O) | <« u=vllpc, ., 7C €L

Then, Problem (3) has a solution provided that

_ mi o(T) (9 1
& =llelleem Fa—pre—at1n ( 2 (z T —A) “)

3¢(T)my U 1 9%(T) 3\ 3e(M] (75
+2r(9+1—A)1r(A) r(z) F(/\—l)( +>+2F(A)]

4 2
<L

+

]+K*m[

Proof. Let Y be a multivalued function defined on PC;_ ) o (£,E) as in Theorem 1. Since
by (R)",
[F(Z,2)||=h(F(¢,2), F(£,0)) + h(F(Z,0),{0})
< @@IIzll+9(C) = ¢(E)(1+][z[]), a-e.

So, the assumption (F,) of Theorem 1 is satisfied. Moreover, the assumption (i) in (F)"
implies (F3) of Theorem 1. Then, by the same argument in step 2 of Theorem 1, we conclude
that the set of values of ¥ is not empty and is closed as subsets in PC,_, o (£, E). Next,

we demonstrate that ¥ is a contraction. For this purpose, let z1,z2 € PCy_) 5 (£ E) and

x1 € ¥(z1). According to the definition of ¥, there is a function f € S;((_Z;G)) P such that

_o(E)) 2 o
x1(¢) = w*l(‘:)%q'(zl,f)+w71(6>%di(h/ﬂ o
HEE @S ke Lo

Define a multivalued function E : £ — 2F by

5(8) = {u € F(§ () :\ ]u —f(C)HS (p(f:)Hz1 - Zz‘ ‘pczww(,:,,g),a.e.}.

Since f(&) € F(¢,z1(&)), a.e., the assumption (i) in (F,)" confirms that the set of values
of E is not empty. In view of Proposition 3.4 in [46], the multifunction Z is measurable.
Because the set of values of E is non-empty and compact, then by Ref. [47] (Theorem 1.3.1),

thereisanY € Sz((%;zi)’p with

Y(©) = FOIl < 9@)llz1 = 22llpc,_, , , (£,F) 3¢ (77)

Next, we define

“1(p (@@= 2 NG ()]
x(8 _{ @ O ey ) e OTERT AR gy
+

IP%Y(8),§ € £ € Lo.

Note that x, € (z3). In order to demonstrate that ¥ is a contraction, it is enough
to prove h((z1),(z2)) <||z1 — 22| |PC2_AQW(£,E)’ and this will be satisfied if the following
inequality

1x1 = xallpe,_, e <Il21 = 22llpc,_, , (£ E)- (79)
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holds. By (11)—(14), (23), (25), (27), (31), (77), and (H)", it results in

l|do(z1, f) — do(z2, Y)|

1k:m+1 1k:m
<5 ¥ M) - Mll+5 T IRz @) - Relz2(60)
k=1 k=1
i=m+1 i
:21"((9—1/H—1) g /i(Q(gi)— (o ))9 A /( )If (0) = Y(0)||w(c)de (80)

+x*m|| z1 — 22 HPCZ,A,Q,w(g,E)

l|z1 — Z2||PC2—A,g,w(£/E) i=m+1

= (0 —A+1) 3 /gi (0(&) — 0(0))" " (0)p(&)w(0)der

i=1 i—1
K*m
+—-lz -2 llpe, .0
llz1 — Z2||pc2 row (£E)TH
rowl£s
= (O—A+1) ellror),e) +xmll 21 =22 llpc,_, (6 ) (81)

TIT L — +
= 1121 = 221lpC,_ ) o0 (LE) ZF(G_/\_'_l)||(PHLP((O,T),E) 5 I

||di(z1, f) — di(z2, V)|

3mmq 3k*m, . (82)
<llz1 = z2llpe, o0 (£E) [mm’mp((o,n,m + T]/Vl €Ly,

l[co(z1, f) — co(z2, V)|

mio(T) 3 1
<|lz1 — 22| ‘PCZ,AQw(ﬁ,E)[m"QDHLE;Q((Q,T),R) (2 + O+r1—A (83)

+i m(SQE1 ) 4 2)]

and for i € L,
llci(z1, f) — ci(z2, V)|
mny

U o(T) (9 1
S e e L T G CRA Erer S R T

e m(ggfL )+;)]

From (76), (78), and (81)—(84), it yields

[[x1 — x2 \pcz,m,w(ﬁ,E)

< ror—g maxlle(z1, ) — ez V)l

r(lA) max(o(¢) — @ (€)1 (z1, ) — di(z2, V)| )

+r<19> e ;@(5)—@(0))9 o (0)If(0) = Y(0)l|w(0)do

< ellx - x2||PC2,A/g/w(£,E)'

where g3 is given by (75). Since €3 < 1, (75) is verified. Then, ¥ is a contraction, and hence,
it has a fixed point [48], which is a solution for Problem (3). U
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Remark 7. If thereis h € PCy_) o (£, E) such that f({) = Ig]_(i;;)’gh(g),‘v’g € £,k € Lo, then,

v(2—0),0,w v(2—0),0,w ;v(2—0),0,w
Dgi(,g e f6) = Dgi(,(; e Igi(,g e h(¢) = h(g),V¢ € £,k € Lo,

and this implies that f € PC, %, %) (£, E).

As a result, the assumption (Fy) will be fulfilled if the following assumption is satisfied:

(F1)" For any z € PCy_, o (£, E), the multivalued function ¢ — F(&,z(¢)) is mea-
surable and thereis f € L;*(I,E) and h € PC,_) o, (£, E) with f(£) € F(¢,2(€)), a.e. and

(@) = BE00n(@), vz € £,k € Lo.
Indeed,

v(2—0),0,w v(2—0),0,w ;v(2—0),0,w
Dy %V f(g) = DYE Ve 00 (e) = n(e).

2—0),
Then, f € S;((_’z) )p.

4. Examples
In this section, we give two examples to show that our results are applicable.

Example 1. Let E be a Hilbert space, Q) a non-empty, convex, and compact subset of E, T = 3,
L=1003,m=2¢8=0¢&=1¢8=28=30=3v=>3%adP=4 Then,
v2-0)=1 A =3<pr=0+2v—-0v=3and2-A=1, w: L]0, 0: LR
be a strictly increasing continuously differentiable function with ¢'(s) # 0, for any s € L
and p = sup{||x||: x € Q}. We define a multifunction F : L x E — P (E) such that for any
AS PC%’Q’M(E,E),

[12(0)[1€2,¢ € [0,1],
Izl ¢ € (1,2], (85)
12(2)[12,¢ € (2,3],

F(8,2(6)) = nw™(©)(e() — o(1))

Ni= NI= NI=

wherey > 0. Let z € PC; 0 (£, E). Obviously, the multivalued function & — F(.,z(.)) is
measurable. Let f,, h, : £L — E be defined by

Hw 1(5)(9(5)—Q(O))%HZ(O)HTLC < [0.1],
f8) = nw 1(5)(@(6)—9(1))f||2(1)||v,¢§ € (1,2],
nw=1(€)(e(€) —e(2)[1z2)v.¢ € (2,3],

and

hz(g) = ’11-(1)

where v € Q) is a fixed point. Obviously, f(¢) € F(&,z(¢)), a.e. and, by the first assertion of
Lemma 2, we obtain
2-0),0, 50
18 (&)= 19 (£)

3) 1
_ ’Wf?f;@z&gw (@@ (0@ — o)

g )
\

= 1||2(0)| o (@ (@)(0(2) - 0(0))* )¢ € [0,1],

W=
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_ 1
U

_ 2EOIRT(3) ||Z<r1><'i) ) e (@) (@) -~ om)?)
3
= 1||20)| o (@™ (@) (0(@) — 0(0))% )& € [1,2),

and

(€)= 1 (@)
z 0 3 1ow
- ’Wzgg (0 @O0 - @)
3

Q=

)
— 1| [z@)[[o(« 7M@) (@) - 02))% )¢ € [2,3].

Therefore, f,(¢) = Sk% o). h.(¢), V¢ € Ly, k € {0,1,2}, and hence by Remark 7, (F;)

is satisfied. In addition, for any y € F(&,z(¢)), one has

nw (&) (0(&) — 9(0)) elz(0)][,¢ € [0,1],
ly@I<§ nw (&) (0(8) - Q(O)) pllz(W)],¢ € (1,2],
10 1) (0(€) — 2(2))2 plI2(2)]1,€ € (2,3].

|

< w2 (D) Z||pclgw(£,E).
Lo

Then, (F,) is verified with ¢(&) = nw=2(&)p, V¢ € [0, 3]. Note that

I
~—
<
—~

9
N—
€
—
%)
~
=

e}
~
—
%)
N—
2
[
N—
==

||(P‘ ILK;'Q(E,Rﬂ

= ([ Igp(s)w(s)[*¢’ (s)ds) (86)

Now, let D be a bounded subset of PCZ,,\,QM(E,E) = PC% Qw(,C,E), z1, 22 € D,
¢€(0,1],and x € F(&,z1()). Then,

nw=1(&)(e(§) — 0(0))?]z1(0)|le*, & € [0,1],
= lze(D)]]e, ¢ € (1,2],

||Zl (2) | |6*, (—; € (2/ 3]/

nw (&) (e(&) —o(1))
nw (&) (e(g) — 0(2))

NI NI= - N=

where ¢* € (). Set

nw=1(&)(e(§) — e(0))2[]z2(0)[le*, & € [0,1],
y=19 nw (&)(e(d) —e(0))[[z2(1)|le", & € (1,2],

nw 1 (8)(e(8) — 0(2))?[22(2)[]e*, ¢ € (2,3].
From (32) and (33), it yields y € F({,z2(¢)), and if ¢ € [0, 1], then

Ni= NI= NI

eR (e

[z ()] = [lz2 (E)I[]
I1(z1 —22) ()]l

llx = yl|< npw (&) (0(&) — 0(0))
< npw (&) ((£) — 0(0))

NI= Mhﬂ
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Similarly,

[l = 1| < 7o~ (©)(0(@) — (1))} [I(21 — 22) (D)1, V& € (1,2].

and

[lx = 1| < 7pw ™ (©)(0(@) — 0(2))?[1(21 — 22) (D)1, V& € (2,3].

Asaresult, |[x — y|| < gow ! (&)||z1 — 22|lpc, (), and consequently,
20

h(F(&21()), FE2(0) < npw(9)| |21 = 22 |y (87)
and for almost ¢ € L, k=0,1,2,

xe(F(8,2(8)) 2 € D))
< (0(&) — ols))* "B@)xe{(2(¢) sz € D}.

Therefore, both (F;) and (Fy) hold, where B(&) = npw2(¢); & € L. Note that

3 1
1Bl e = ([, lo(s)w(s) "¢ (5)ds) 7

= ([ lgp(s)w(s)[*¢’ (s)ds) (89)

Next, let Y and Y* be two linear bounded compact operators from E to E and define
N;,R;:E— E,i=1,2, as follows:

Ri(x) = Y ((0(8) — o(s1))* "w(©)x), V& € £, ¥x € E, (39)

and

Ri(x) = 577" ((0(2) — o(sx))* " w(@)x), V& € £, Vx € E, (90)

where 6;,6; > 0. Then, X; and R; are continuous, and for any u € PC 1o W(E, E), we have
R (@I < al|YI[[[ullpc, ) () Ve €L
7, W

and
[[Ri (@I < 5 IY [ |ullpe, , () V6 €L
/W

Moreover, by the compactness of both Y and Y, ®; and R; map any bounded set to a
relatively compact subset. So, condition (H) is satisfied and x = max{éi, of,i=1, 2}.

By considering (86), (87) and applying Theorem (1), Problem (3) has a solution, where
0= %, v = }I' A= %, F,X;, and R; are given by (85), (89), and (90), provided that

el :WP./;\w(s)FQ'(S)ds 211 (579(3)+1>+ 00B)m_ 772)]

ORI AFIORENEE
1 /9%(3) 3\  3003) 1)
+2K r(%) (4+2>+21—'(§)]

<1,
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and

_ (14)3, 2\ (N3 ()8 : s
where 171 = (Q) 0(3)2 and 11, = (%)% 0(3) 2. By choosing #,6;,67,i =1,2,and p small

enough, the relationships (91) and (92) are satisfied.

Example 2. Let E, O, T, £, m, &;,i=0,1,2,3,0,v, P,and F: L x E — Py (E) and A be as in
Example (1). Assume that w : £ —]0,00[, and let ¢ : L — R be a strictly increasing continuously
differentiable function with o'(s) # 0, for any s € L. It follows from (87) that F satisfies (F;)".
Next, we define N;,%;: E — E,i = 1,2, as follows:

Ri(x) = " ((0(&) — o(s))* " w(@)x), Ve € £, Vx € E, 93)

and

Rilx) =5 ((0(8) — 0(s))* M w(@)x),VE € £, Vx € E, o%)

where x* > 0. Then, for any i € Ly and any uy,us € PC;_, (£ E), one has

| Ri(u1(8)) — Ni(u2(5)) |l
=" ((0(&) — a(sk))* @ (@)[Ju1 (&) — ua2(&)]| < x*|| uy — u 1pCy 3 o (£,E) VG € £-

Likewise,

IR (u1(8)) — Ri(u2(2)) |l
= 5" ((0(&) — o(s))* @ (@) |u1(8) — w2 < x| w1 — 1pCy 1 g (£E) 76 € £.

Therefore, condition (H*) is verified. By using Theorem (2), Problem (3) has a solution,
where 0 = %,1/ = %, = %, F,N;, and R; are given by (85), (93), and (94), provided that (75)
holds. As above, by choosing 7, k*, and p small enough, relation (75) becomes verified.

5. Discussion and Conclusions

Kaslik et al. [14] showed that unlike the integer-order derivative, the fractional-order
derivative of a periodic function cannot be a function with the same period. Consequently,
there is no periodic solution for a large number of fractional-order differential systems on
bounded intervals. As a result, much attention has been devoted to the study of antiperiodic
solutions for differential equations and differential inclusions containing different frac-
tional differential operators. Additionally, it is well-known that the w-weighted ¢—Hilfer

fractional differential operator DgféQ’w is a generalization for several fractional differential
operators. Therefore, in this work, we investigated two theorems concerning the existence
of antiperiodic solutions for an impulsive differential inclusion containing Dgfég’w of order
6 € (1,2) in Banach spaces. In the first theorem, it was shown that the set of antiperiodic
solutions for the objective problem is not empty and compact. To achieve this target, the
formula of antiperiodic solutions was first concluded; then, by making use of adequate
fixed-point theorems for multivalued functions, two existence theorems of antiperiodic
solutions for the considered problem were proven. Our work generalizes the obtained
results in [21-24] (see Remark 1 and Remark 2). In addition, our procedure can be applied
to generalize all the works mentioned in the Introduction when the considered fractional
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differential operator in them is replaced by Dgfvég’w and the space dimension is made

infinite.
We propose the following next directions for future research:
L. Search the presence of S-asymptotically w-periodic solutions for Problem (3).
II.  Extend the recent work performed in [26,28,32,33] when the considered fractional

differential operator is replaced by Dgf vég'w and the space dimension is made infinite.

III.  Generalize the recent work performed by Al Nuwairan et al. [34], when the Atangana—
Baleanu fractional derivative is replaced with a p—Atangana—Baleanu fractional derivative.
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