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Abstract: The dispersion of elastic shear waves in multilayered bodies is a topic of extensive re-
search due to its significance in contemporary science and engineering. Anti-plane shear motion, a
two-dimensional mathematical model in solid mechanics, effectively captures shear wave propaga-
tion in elastic bodies with relative mathematical simplicity. This study models the vibration of elastic
waves in a multilayered inhomogeneous circular membrane using the Helmholtz equation with
fractional-order infusion, effectively leveraging the anti-plane shear motion equation to avoid the
computational complexity of universal plane motion equations. The method of the separation of vari-
ables and the conformable Bessel equation are utilized for the analytical examination of the model’s
resulting vibrational displacements, as well as the dispersion relation. Additionally, the influence of
various wave phenomena, including the dependencies of the wavenumber on the frequency and the
phase speed on the wavenumber, respectively, with the variational effect of the fractional order on
wave dispersion is considered. Numerical simulations of prototypical cases validate the formulated
model, illustrating its applicability and effectiveness. The study reveals that fractional-order infusion
significantly impacts the dispersion of elastic waves in both single- and multilayer membranes. The
effects vary depending on the membrane’s structure and the wave propagation regime (long-wave
vs. short-wave). These findings underscore the potential of fractional-order parameters in tailoring
wave behavior for diverse scientific and engineering applications.

Keywords: Helmholtz equation; multilayered membrane; fractional order infusion; composite media;
vibration; Bessel equation

MSC: 26A33; 35R11; 34A08; 49M41

1. Introduction

The vibration of elastic waves is among the burning areas of great concern in elasticity,
and it is repeatedly encountered in a variety of processes and applications [1,2]. In particular,
the vibration of waves in circular elastic shells and membranes has been comprehensively
examined in both the past and present times, including the incorporation of external forces
and excitations; see [3,4] and the references therein. Further, the vibration of elastic waves
in cylindrical media under the assumption of an anti-plane motion is presided over by the
following equation of motion [5]

r2 ∂2v
∂r2 + r

∂v
∂r

+
∂2v
∂θ2 − 1

c2 r2 ∂2v
∂t2 = 0, c =

√
µ

ρ
, (1)
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where v = v(r, θ, t) is the wave vibrational displacement and c is the transverse speed, with
µ and ρ representing the material constant and density, respectively. Furthermore, with a
time-harmonic solution assumption of the form

v(r, θ, t) = u(r, θ)eiωt,

where ω is the dimensional frequency and i =
√
−1. Equation (1) then becomes

r2 ∂2u
∂r2 + r

∂u
∂r

+
∂2u
∂θ2 + k2r2u = 0, (2)

where k = ω
c . In fact, Equation (2) is the celebrated Helmholtz equation in a cylindrical

coordinate system [6] that has vast applications in the theory of thermoelasticity and
electromagnetism, to mention a few.

In addition, in an attempt to generalize the classical derivative, Khalil et al. [7]
conformably gave a definition of the fractional-order derivative β as follows:

Dβ(v(r)) = lim
ε→0

v(⌈β⌉−1)(r + εr(⌈β⌉−β))− v(⌈β⌉−1)(r)
ε

, β ∈ (w, w + 1], w ∈ N∪{0}, (3)

where ⌈β⌉ is the smallest integer ≥ β. Consequently, Khalil et al. [7] further related the
above fractional-order derivative with the classical integer-order derivative using

Dβ(v)(r) = r(⌈β⌉−β)v⌈β⌉(r), β ∈ (w, w + 1], w ∈ N∪{0}, (4)

where v is (w + 1)-differentiable at r > 0; for more on the fractional-order calculus and
various submission of definitions, one may read [8–10] and the references therein. However,
this study aims to make use of the Helmholtz equation, Equation (2), with a fractional
infusion based on the definition put forward in Equation (3) to model the vibration of
elastic waves in a multilayered inhomogeneous circular membrane. The separation of
variable method [11], a simple yet efficient classical method, would be deployed for the
analytical examination of the model, alongside the application of the recently devised
conformable Bessel equation [12]. In essence, this study entails modeling the dispersion of
waves in a multilayered body with fractional-order infusion to examine how the fractional
order optimizes the long-wave and low-frequency propagation [13–15]. Certainly, when
such propagation is achieved, the fractional order can then serve to effectively control
and optimize wave dispersion in various engineering applications. Furthermore, the
choice of the infused fractional operator is conformable [7], thereby giving Bessel equations
in the reduced model, which favors its advantage in describing processes in cylindrical
media. In contrast, the known Riemann–Liouville and Caputo fractional operators [2,8–10]
will result in the acquisition of complicated reduced singular equations that cannot be
examined analytically.

Moreover, the study of the dispersion of elastic shear waves in multilayered bodies has
been comprehensively examined deeply in the literature in relation to their vast relevance in
contemporary science and engineering applications. When shear waves are propagating on
an elastic body, the scenario is perfectly captured using the anti-plane shear motion, which
is indeed “an interesting two-dimensional mathematical model arising in solid mechanics
involving a single second-order linear or quasi-linear partial differential equation. This
model has the virtue of relative mathematical simplicity without loss of essential physical
relevance. Anti-plane shear deformations are one of the simplest classes of deformations
that solids can undergo” [16]. In view of the quoted statement, it is therefore very obvious
that the equation of anti-plane shear motion can be utilized to model some sophisticated
wave problems without the exploitation of the universal equations for plane motions that
are computationally expensive and indirect. Certainly, the dispersion of elastic shear waves
in multilayered bodies is vital in science and engineering. Previous studies, such as the
one by Wang et al. [17] on complex dynamic behaviors in coupled systems and the one
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by Ba et al. [18] on multilayered structures under stress, provide foundational insights.
Liu et al. [19] highlighted the efficacy of fractional-order parameters in dynamic systems,
aligning with our approach to wave dispersion. The theoretical models by Kai et al. [20] of-
fer precise frameworks for analyzing wave behavior in non-homogeneous media, which is
essential for our research. Advancements in material sciences, as shown by Wang et al. [21]
in electromagnetic wave manipulation, demonstrate the broad applicability of wave propa-
gation studies, while Mubaraki et al. [22] portray the application of approximation method
in the chlorine flow in multilayered channels via the shear equation of motion, to state
but a few. In addition, the action of external forces in the system, including the action of
the thermal effect, rotational frame, gravity, magnetic field presence, and viscoelasticity,
to mention just a few, can be seen in various studies such as [23–32] and the references
therein for up-to-date findings on wave dispersion in multilayered media. More precisely,
in this study, the expected vibrational displacements in the respective layers of the struc-
ture will be determined, in addition to the determination of the consequential dispersion
relation. Furthermore, we will deeply examine certain prototypical cases of the structure
graphically—by numerically simulating the resulting dispersion relations—to validate the
formulated model. This communication is organized as follows: Section 2 portrays the
model formulation. Section 3 analytically tackles the formulated model. Section 4 gives the
derivation of the resulting dispersion relation, and Section 5 gives the application and the
numerical results and discussion. Section 6 outlines some concluding remarks.

2. Problem Formulation

We consider an isotropic multilayered inhomogeneous circular membrane—see
Figure 1—which is modeled using the Helmholtz equations in a cylindrical coordinate
system from Equation (4) as follows:

r2 ∂2ui
∂r2 + r

∂ui
∂r

+
∂2ui
∂θ2 + k2

i r2ui = 0, 0 i = 1, 2, . . . , m, (5)

where

ki =
ω

ci
, ci =

√
µi
ρi

,

where ui = ui(r, θ) are the out-of-plane vibrational fields in the respective layers of the
multilayered membrane for i = 1, 2, . . . , m, with r as the radial variable and θ as the az-
imuthal variable. Moreover, the precise ranges for definitions of the individual membranes
are expressed as follows:

ui :=
{

ui(r, θ) : r ∈
{

0 < r ≤ α1, i = 1,
α(i−1) ≤ r ≤ αi, i ̸= 1, − π < θ < π, i = 1, 2, . . . , m, (6)

where α1 is the radius of the innermost membrane and αi, for i = 2, 3, . . . , m are the
thicknesses of the subsequent membranes.

Furthermore, we impose suitable boundary conditions at θ = −π and θ = π
as follows: {

ui(r,−π) = ui(r, π),
∂ui
∂θ (r,−π) = ∂ui

∂θ (r, π),
i = 1, 2, . . . , m, (7)

while the following boundary data are defined along the circumferential length, precisely
at r = 0 and r = αm, as follows : {

u1(0, θ) is bounded,
um(αm, θ) = fm(θ),

(8)

where fm(θ) is a θ-dependent vibrational field, virtually, a prescribed entire function.
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Figure 1. Multilayered inhomogeneous circular membrane.

Additionally, we further assume perfect continuity conditions in the respective inter-
faces of the multilayered membrane by equating the related vibrational fields ui and the
stresses σi

rz = µi
∂ui
∂r at the interfaces, r = αi, as follows{

ui(αi, θ) = ui+1(αi, θ),
µi

∂ui
∂r (αi, θ) = µi+1

∂ui+1
∂r (αi, θ),

i = 1, 2, . . . , m, (9)

where µi values, for i = 1, 2, . . . , m, are the material constants in the respective layers of the
multilayered membrane.

3. Problem Solution

To solve the governing problem, an analytical approach applying the method of
separation of variables [11] is employed. Thus, the solution of Equation (5) is considered to
admit the following solution pattern:

ui(r, θ) = Ri(r)Q(θ), i = 1, 2, . . . , m, (10)

where Ri(r) values are the respective radial solutions, while Q(θ) is the correspond-
ing azimuthal solution. Further, upon substituting the latter equation into Equation (5),
one obtains

−
(

r2 R′′
i

Ri
+ r

R′
i

Ri
+ k2

i r2
)
=

Q′′

Q
= −λ, (11)

which is subsequently separated into the following boundary-value problem (BVP):

Q′′ + λQ = 0, Q(−π) = Q(π), Q′(−π) = Q′(π), (12)

which admits the following solution:

Q(θ) = C1n cos(nθ) + C2n sin(nθ), (13)

where the eigenvalues take the form λn = n2, for n = 0, 1, 2, . . . and further yield the
following radial equation in terms of a Bessel differential equation:

r2R′′
i + rR′

i + (k2
i r2 − n2)Ri = 0, i = 1, 2, . . . , m. (14)

Most importantly, it is our aim to infuse a fractional-order derivative in the governing
model; thus, we feel it is very relevant to fractionalize Equation (14) by considering the
recently proposed conformable Bessel fractional differential equation by Hammad et al. [12]
as follows:

r2βDβDβRi + βrβDβRi + (k2
i r2β − β2n2)Ri = 0, 0 < β ≤ 1, i = 1, 2, . . . , m. (15)
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Certainly, when the fractional-order β takes the integer-order, that is, when β = 1,
Equation (15) is completely reduced to Equation (14). In addition, the radial solutions
Ri(r) are further obtained by solving Equation (15) to obtain

Ri(r) =
{ 1C3 Jβn(k1r), 0 < r ≤ α1, i = 1,

iC3 Jβn(kir) + iC4 J−βn(kir), α(i−1) ≤ r ≤ αi, i ̸= 1,
i = 1, 2, . . . , m, (16)

where

J±βn(kir) =
∞

∑
s=0

(−1)s (kir)2βs±βn

(2β)2s±ns!Γ(s ± n + 1)
, i = 1, 2, . . . , m,

is the conformable fractional Bessel function of the first kind of order βn; iC3, and iC4
values for i = 1, 2, . . . , m, are constants to be determined. Furthermore, 1C4 vanishes at the
innermost membrane, that is, when i = 1 due to the boundedness condition at r = 0 that
was prescribed in the first part of Equation (8). Also, when βn = y, for some integer y in
Equation (16), Jy(.) becomes the classical Bessel function of the first kind of order y, while
Γ(.) in the latter expression is the well-known gamma function.

Hence, the overall solution without the involvement of the continuity and bound-
ary conditions, which was earlier expressed in Equation (10), is now rewritten using
Equations (13) and (16) as follows:

ui(r, θ) =


∑∞

n=0{1an Jβn(k1r) cos(nθ) + 1bn Jβn(k1r) sin(nθ)}, i = 1,

∑∞
n=0{(ian Jβn(kir) + i ān J−βn(kir)) cos(nθ)+

(ibn Jβn(kir) + i b̄n J−βn(kir)) sin(nθ)}, i ̸= 1,

(17)

where

C1n
1C3 = 1an, C2n

1C3 = 1bn, C1n
iC3 = ian,

C1n
iC4 = i ān, C2n

iC3 = ibn, C2n
iC4 = i b̄n,

Moreover, in order to determine the explicit solution of the governing model, we now
employ the prescribed second boundary condition in Equation (8) and the interfacial
conditions given in Equation (5). Thus, we begin by substituting the interfacial conditions
at r = αi for i = 1, 2, . . . , m into the acquired solution in Equation (17) to obtain the
following system of algebraic equations:

at r = α1,
1an Jβn(k1α1) =

2an Jβn(k2α1) +
2 ān J−βn(k2α1),

1bn J−βn(k1α1) =
2bn Jβn(k2α1) +

2b̄n J−βn(k2α1),
µ1

1an J′βn(k1α1) = µ2(
2an J′βn(k2α1) +

2 ān J′−βn(k2α1)),
µ1

1bn J′−βn(k1α1) = µ2(
2bn J′βn(k2α1) +

2b̄n J′−βn(k2α1)),



at r = αj, j = 2, 3, . . . , (m − 1),
jan Jβn(k jαj) +

j ān J−βn(k jαj) =
j+1an Jβn(k j+1αj) +

j+1 ān J−βn(k j+1αj),
jbn Jβn(k jαj) +

j b̄n J−βn(k jαj) =
j+1bn Jβn(k j+1αj) +

j+1b̄n J−βn(k j+1αj),
µj(

jan J′βn(k jαj) +
j ān J′−βn(k jαj)) = µj+1(

j+1an J′βn(k j+1αj) +
j+1 ān J′−βn(k j+1αj)),

µj(
jbn J′βn(k jαj) +

j b̄n J′−βn(k jαj)) = µj+1(
j+1bn J′βn(k j+1αj) +

j+1b̄n J′−βn(k j+1αj)),
for j = 2, 3, . . . , (m − 1),

(18)

where

J′±βn(kir) =
1
2

ki(J±nβ−1(kir)− J±nβ+1(kir))
∣∣∣∣
r=αi

, i = 1, 2, . . . , m. (19)
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Lastly, upon deploying the second boundary condition in Equation (8) when r = αm,
one systematically obtains

fm(θ) =
∞

∑
n=0

{(man Jβn(kmαm) +
m ān J−βn(kmαm)) cos(nθ)+

(mbn Jβn(kmαm) +
m b̄n J−βn(kmαm)) sin(nθ)},

(20)

which, upon employing the application of Fourier’s series [15], then yields the explict
expressions for the involving coefficients as follows:

man Jβn(kmαm) +
m ān J−βn(kmαm) =

1
π

∫ π

−π
fm(θ) cos(nθ)dθ,

mbn Jβn(kmαm) +
m b̄n J−βn(kmαm) =

1
π

∫ π

−π
fm(θ) sin(nθ)dθ.

(21)

Furthermore, the overall general solution is plainly determined when solving the
(m + 4)× (m + 4) coupled algebraic system of equations in Equations (18) and (21) for ian,
ibn, s ān, and s b̄n when i = 1, 2, . . . , m and s = 2, 3, . . . , m.

4. Dispersion Relation

To derive the resulting dispersion relation, we revisit the governing Helmholtz
equations for the vibration of waves in a multilayered inhomogeneous circular mem-
brane expressed in Equation (5). In fact, ui will further be conveniently represented by
ui = Ri(r) cos(γθ), where γ is the dimensional wavenumber. Moreover, the resultant
infused conformable Bessel fractional differential equations for the inhomogeneous media
then take the following form:

r2βDβDβRi + βrβDβRi + (k2
i r2β − β2γ2)Ri = 0, 0 < β ≤ 1, i = 1, 2, . . . , m, (22)

which then admit the following solutions

Ri(r) = iE1 Jβγ(kir) + iE2 J−βγ(kir), αi ≤ r ≤ α(i+1), i = 1, 2, . . . , m, (23)

where J±βγ(.) is the conformable fractional Bessel function of the first kind of order βγ; iE1

and iE2 for i = 1, 2, . . . , m are constants. Notably, we mention here that the solution obtained
above is for a hollow multilayered inhomogeneous membrane. Certainly, this is for the
sake of a practical scenario. Thus, the prescribed interfacial conditions in Equation (9) are
shifted starting from i = 2, 3, . . . , (m − 1), while the prescribed boundary conditions at
r = α1 and r = αm are traction-free conditions, that is,

σ1
rz|r=α1 = 0, and σm

rz |r=αm+1 = 0.

Further, with this development, one obtains the following dispersion equations:

at r = α1,
1E1 J′βγ(k1α1) +

1E2 J′−βγ(k1α1) = 0,

at r = αj, for j = 2, 3, . . . , (m − 1),
jE1 Jβγ(k jαj) +

jE2 J−βγ(k jαj) =
j+1E1 Jβγ(k j+1αj) +

j+1E2 J−βγ(k j+1αj),
µj(

jE1 J′βγ(k jαj) +
jE2 J′−βγ(k jαj)) = µj+1(

j+1E1 J′βγ(k j+1αj) +
j+1E2 J′−βγ(k j+1αj)),

at r = αm,
mE1 J′βγ(kmαm) + 1E2 J′−βγ(kmαm) = 0,

(24)
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where J′±βγ(.) follows from Equation (19). Moreover, the resulting dispersion relation will
then be determined upon equating the determinant of the coefficient matrix of the above
dispersion system of equations to zero.

5. Application

The present section considers two prototypical multilayered circular membranes as an
application of the governing generalized multilayered inhomogeneous circular membrane
that was successfully examined in the above section. More precisely, we will determine
the consequential vibrational fields and the dispersion relations in two- and three-layered
inhomogeneous membranes (Figure 2).

Figure 2. Prototype schema for (a) a two-layered inhomogeneous membrane, and (b) a three-layered
inhomogeneous membrane.

5.1. Vibrational Displacement

This subsection undeniably presents the consequential vibrational fields for the proto-
type structures under consideration.

5.1.1. Two-Layered Inhomogeneous Membrane

In this regard, the explicit expressions for the resulting vibrational fields associated
with the a two-layered membrane for i = 2 are obtained in the respective layers from
Equation (17) as follows

u1(r, θ) =
∞

∑
n=0

{1an Jβn(k1r) cos(nθ) + 1bn Jβn(k1r) sin(nθ)},

u2(r, θ) =
∞

∑
n=0

{(2an Jβn(k2r) + 2 ān J−βn(k2r)) cos(nθ) +

(2bn Jβn(k2r) + 2b̄n J−βn(k2r)) sin(nθ)},

(25)

where the involving coefficients 1an, 1bn, 2an, 2 ān, 2bn, and 2b̄n are determined from
Equations (18) and (20); see Appendix A for their explicit expressions.

Particular case: singled-layered homogeneous membrane
Deducibly, when the second membrane is removed, thereby leaving behind a singled-

layered hollow membrane, the solution found in Equation (25) reduces to the following

u1(r, θ) =
∞

∑
n=0

{1an Jβn(k1r) cos(nθ) + 1bn Jβn(k1r) sin(nθ)}, (26)
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where the coefficients involved, 1an and 1bn, are determined from Equation (21) as follows:

1an =
1

π Jβn(k1α1)

∫ π

−π
f1(θ) cos(nθ)dθ, 1bn =

1
π Jβn(k1α1)

∫ π

−π
f1(θ) sin(nθ)dθ.

5.1.2. Three-Layered Inhomogeneous Membrane

As we proceed, the explicit expressions for the resulting vibrational fields in this
regard for i = 3 are obtained from Equation (17) as follows:

u1(r, θ) =
∞

∑
n=0

{1an Jβn(k1r) cos(nθ) + 1bn Jβn(k1r) sin(nθ)},

u2(r, θ) =
∞

∑
n=0

{(2an Jβn(k2r) + 2 ān J−βn(k2r)) cos(nθ) +

(2bn Jβn(k2r) + 2b̄n J−βn(k2r)) sin(nθ)},

u3(r, θ) =
∞

∑
n=0

{(3an Jβn(k3r) + 3 ān J−βn(k3r)) cos(nθ) +

(3bn Jβn(k3r) + 3b̄n J−βn(k3r)) sin(nθ)},

(27)

where the coefficients involved, 1an, 1bn, 2an, 2 ān, 2bn, 2b̄n, 3an, 3 ān, 3bn, and 3b̄n, can equally
be determined from Equations (18) and (20); see Appendix B for their explicit expressions.

5.2. Dispersion Relation

The subsection irrefutably derives the resulting dispersion relations with regard to the
governing prototyped multilayered circular membranes.

5.2.1. Two-Layered Inhomogeneous Membrane

Upon considering the prototype for the two-layered inhomogeneous membrane, the
obtained generalized equations for the dispersion relation in Equation (24) yield the conse-
quential dispersion matrix in this regard as follows:

A1 =


J′βγ(k1α1) J′−βγ(k1α1) 0 0
Jβγ(k1α2) J−βγ(k1α2) −Jβγ(k2α2) J−βγ(k2α2)
J′βγ(k1α2) J′−βγ(k1α2) − µ2

µ1
J′βγ(k2α2) − µ2

µ1
J′−βγ(k2α2)

0 0 J′βγ(k2α3) J′−βγ(k2α3)

, (28)

upon which the dispersion equation is obtained by setting the resulting determinant of the
above dispersion matrix to zero.

Particular case: singled-layered homogeneous membrane
It can be deduced that, when the second membrane is removed, thereby leaving

behind a singled-layered hollow membrane with traction-free boundary conditions on both
surfaces, the above dispersion matrix thus reduces to the following:

A2 =

 J′βγ(k1α1) J′−βγ(k1α1)

J′βγ(k1α2) J′−βγ(k1α2)

, (29)

which reveals the following reduced and easy dispersion relation

J′−βγ(k1α2)J′βγ(k1α1)− J′−βγ(k1α1)J′βγ(k1α2) = 0. (30)

5.2.2. Three-Layered Inhomogeneous Membrane

Accordingly, the three-layered inhomogeneous membrane reveals from Equation (24)
the following dispersion matrix:
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A3 =



J′βγ(k1α1) J′−βγ(k1α1) 0 0 0 0
Jβγ(k1α2) J−βγ(k1α2) −Jβγ(k2α2) J−βγ(k2α2) 0 0
J′βγ(k1α2) J′−βγ(k1α2) − µ2

µ1
J′βγ(k2α2) − µ2

µ1
J′−βγ(k2α2) 0 0

0 0 Jβγ(k2α3) J−βγ(k2α3) a45 a46
0 0 J′βγ(k2α3) J′−βγ(k2α3) a55 a56

0 0 0 0 a65 a66


, (31)

where

a45 = −Jβγ(k3α3), a46 = −J−βγ(k3α3), a55 = −µ3

µ2
J′βγ(k3α3),

a65 = J′βγ(k3α4), a66 = J′−βγ(k3α4), a56 = −µ3

µ2
J′−βγ(k3α3).

(32)

upon which the dispersion equation is obtained by setting the resulting determinant of the
dispersion matrix to zero.

6. Numerical Results and Discussion

This section simulates and then discusses the obtained results numerically with the
help of computational software. Indeed, in the numerical simulation, we consider the
prototype two- and three-layered inhomogeneous membrane cases for brevity. Further, we
deduce the result of the singled-layered homogeneous membrane by varnishing the outer
layer of the two-layered membrane while imposing traction-free conditions on both sides
of the hollow bodies.

6.1. Two- and Three-Layered Inhomogeneous Membranes

In this regard, the resulting dimensionless dispersion relation of the two-layered
inhomogeneous membrane is obtained from Equation (28) as follows:

|A1| = 0, (33)

where the new dimensional structural parameters take the following expressions:

µ =
µ1

µ2
, ρ =

ρ1

ρ2
, α =

α3

α2
, α′ =

α1

α2
, (34)

where µ is the dimensionless material constant, ρ is the dimensionless density, and α, and
α′ are the respective dimensionless thicknesses. In addition, we also have the following
dimensionless quantities:

W =
ωα2

c2
, Φ = γα2, χ =

c2

c1
, τ =

β

α2
, (35)

where W is the dimensionless frequency, Φ is the dimensionless wavenumber, χ is the shear
speed ratio, which is also dimensionless; and τ is the scaled dimensionless fractional-order.
Furthermore, the influence of the scaled fractional-order τ on the dispersion of elastic
waves in the media in a bi-elastic inhomogeneous hollow membrane has been shown in
Figure 3a,b, for the long-wave and short-wave propagations, respectively [33], with regard
to the relationship between the phase-speed Θ(= W/Φ) and the speed ratio χ(= c2/c1).
In fact, we depict the harmonic curves, that is, the relationship between the dimensionless
phase speed and the dimensionless speed ratio with respect to the variation in the scaled
fractional-order τ in Figure 3a,b. Notably, in both Figure 3a,b, it is vividly obvious that an
increase in the fractional-order τ partially/halfway stretches the harmonic curves backward,
thereby implying a delay or rather a decrease in the propagation.
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Θ

χ
(a) Long-wave.

Θ

χ
(b) Short-wave.

Figure 3. Harmonic curves: relationship between the dimensionless phase-speed Θ and dimensionless
speed ratio χ with respect to the variation of the scaled fractional-order τ for the two-layered
inhomogeneous membrane when α1 = 0.05, α2 = 0.15, and α3 = 0.2 while fixing the dimensionless
wavenumber to be (a) Φ = 0.4 and (b) Φ = 1.2.

Figure 4a portrays the harmonic curves via the relationship between the dimensionless
phase-speed Θ and wavenumber Φ with respect to the variation in the scaled fractional-
order τ for the two-layeredinhomogenous membrane. It is noted that an increase in the
fractional order decreases the respective harmonic modes. Furthermore, it is equally
noted that the disparity with regard to the effects of the fractional order becomes clearer
as the wavenumber Φ tilts towards the short-wave region; remember that short-wave
propagation occurs when Φ ≥ 1. Additionally, Figure 4b portrays the relationship between
the frequency W and the wavenumber Φ within the estimate of long-wave and low-
frequency propagation, that is, when Φ ≪ 1 and W ≪ 1. Remember that the vibration and
dispersion of surface waves and their likes under the assumption of a long-wave and low-
frequency have been expansively studied with regards to their vast applications in wave
analysis and vibration control, for more on the linked findings, one may consult [23–33]
and the references therein. Hence, from Figure 4b, it is noted that only the fundamental
mode is able to satisfy the long-wave and low-frequency conditions. Further, it was noted
that an increase in the fractional-order τ uplifts the dispersion fundamental curve; indeed,
this then shrinks the range of Φ to perfectly suit the long-wave range.

Accordingly, the three-layered inhomogeneous membrane case is analyzed in
Figures 5 and 6, where harmonic curves, depicting the relationship between the dimen-
sionless phase-speed and the dimensionless speed ratio with respect to the variation of the
scaled fractional-order τ is shown in Figure 5 for long and short waves, respectively. In
addition, Figure 4 portrays the harmonic curves via Figure 6a, which shows the relationship
between the dimensionless phase-speed Θ and wavenumber Φ, while Figure 6b portrays
the relationship between the frequency W and the wavenumber Φ; all with respect to the
variation of the scaled fractional-order τ for the three-layered inhomogenous membrane.
Moreover, the same interpretation with the two-layered case is applied here. Thus, we
leave it for brevity. In addition, the fixed parameter values in the case of a two-layered
membrane are extended and further used for plotting the results for the three-layered
scenario. Moreover, in making the plots in the three-layered membrane, a consideration of
alternating layers has been made for simplicity, where ρ1 = ρ3 and µ1 = µ3. In addition,
beyond the dimensionless quantities in the two-layered case, this case discovered new
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dimensionless quantities, including α′′ = α4/α2, upon which we numerically consider
α4 = 0.2. Notably, we can conclude from these figures that the lower the number of layers,
the more modes observed concerning both the Θ vs. χ and also Θ vs. Φ scenarios; how-
ever, the fractional infusion has been noted to have the same effect in both the two- and
three-layered membranes concerning the W vs. Φ relationship.

Θ

Φ
(a) Θ vs. Φ.

W

Φ
(b) W vs. Φ.

Figure 4. Harmonic curves: the relationship between the (a) dimensionless phase-speed Θ and
wavenumber Φ and (b) dimensionless frequency W and wavenumber Φ with respect to the variation
in the scaled fractional-order τ for the two-layered inhomogeneous membrane when µ = 0.3, ρ = 0.3,
α = 1.3333, α′ = 0.3333.

Θ

χ
(a) Long-wave.

Θ

χ
(b) Short-wave.

Figure 5. Harmonic curves: the relationship between the dimensionless phase-speed Θ and dimen-
sionless speed ratio χ with respect to the variation of the scaled fractional-order τ for the three-layered
inhomogenous membrane while fixing the dimensionless wavenumber to (a) Φ = 0.4 and (b) Φ = 1.2.
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Θ

Φ
(a) Θ vs. Φ.

W

Φ
(b) W vs. Φ.

Figure 6. Harmonic curves: the relationship between the (a) dimensionless phase-speed Θ and
wavenumber Φ and (b) dimensionless frequency W and wavenumber Φ with respect to the variation
of the scaled fractional-order τ for the three-layered inhomogenous membrane.

6.2. Singled-Layered Homogeneous Membrane

In the same manner, the reduced dimensionless dispersion relation for the singled-
layered homogeneous membrane was obtained in Equation (30) as follows:

J′−τΦ(W)J′τΦ(Wα′)− J′τΦ(W)J′−τΦ(Wα′) = 0, (36)

or equally, after explicitly expanding J′±(.) as in Equation (19), as follows

(J−τΦ−1(W)− J1−τΦ(W))(JτΦ−1(Wα′)− JτΦ+1(Wα′)) −
(JτΦ−1(W)− JτΦ+1(W))(J−τΦ−1(Wα′)− J1−τΦ(Wα′)) = 0,

(37)

where τ, Φ and α′ are already given in Equations (34) and (35), while W now takes the
expression W = ωα2/c1 since c2 is not present in the reduced body.

Further, the dispersion of elastic waves in the reduced medium with respect to the
variation in the scaled fractional-order τ is depicted in Figure 7a, portraying the harmonic
curves via the relationship between the dimensionless phase-speed Θ and wavenumber
Φ with respect to the variation in the scaled fractional-order τ for the single-layered
homogenous membrane. Indeed, the opposite has been noted here in comparison with
the two-layered inhomogenous membrane. Precisely, an increase in the fractional order
increases the respective harmonic modes. In addition, Figure 7b portrays the relationship
between the frequency and the wavenumber equally within the estimate of long-wave and
low-frequency propagation. Thus, without further delay, it is noted from Figure 7b that
the fundamental mode increases with an increase in the fractional order. Furthermore, the
fixed parameter values in the case of a two-layeredmembrane are systematically used here
for plotting the corresponding reduced one-layeredcase.
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Θ

Φ
(a) Θ vs. Φ.

W

Φ
(b) W vs. Φ.

Figure 7. Harmonic curves: the relationship between the (a) dimensionless phase-speed Θ and
wavenumber Φ and (b) dimensionless frequency W and wavenumber Φ with respect to the variation
of the scaled fractional-order τ for the single-layered homogenous membrane.

7. Conclusions

This research utilized the Helmholtz equation to model the dispersion of elastic
waves in a multilayered inhomogeneous circular membrane with fractional infusion. Ideal
continuity conditions were applied between membrane layers, with fixed conditions on the
outermost layer, and traction-free conditions at the endpoints of the composite membrane.
Numerical simulations of the wave expressions conclusively showed that fractional infusion
significantly affected the dispersion of elastic waves in the medium. The key findings are
summarized as follows:

1. The study shows that increasing the fractional-order parameter in a bi-elastic inhomo-
geneous hollow membrane stretches the harmonic curves backward, resulting in a
delay or decrease in wave propagation. This effect is observed consistently in both
long-wave and short-wave propagations.

2. For both the two- and three-layered inhomogeneous membranes, an increase in the
fractional order leads to a decrease in the respective harmonic modes. This effect
becomes more pronounced in the short-wave region, indicating that fractional-order
parameters significantly influence short-wave propagation.

3. In the context of long-wave and low-frequency propagation, only the fundamental
mode satisfies the condition; this cuts across the three prototype cases. An increase
in the fractional order raises the fundamental dispersion curve, effectively shrink-
ing the range of the wavenumber suitable for long-wave propagation. This high-
lights the importance of fractional-order parameters in tuning the wave behavior for
specific applications.

4. In a single-layered homogeneous membrane, an increase in the fractional order re-
sults in an increase in the respective harmonic modes, contrasting with the behavior
observed in the two- and three-layered inhomogeneous membranes. This indicates
that the structural composition of the membrane (single vs. multilayered) plays a
crucial role in determining how fractional-order parameters affect wave dispersion.

5. For both single- and multi-layered membranes, the fundamental mode increases with
an increase in the fractional-order, especially within the long-wave and low-frequency
propagation range. This suggests that fractional-order infusion can be effectively used
to control and optimize wave dispersion in various engineering applications.
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Appendix A

The explicit form for the coefficients 1an, 1bn, 2an, 2 ān, 2bn, and 2b̄n ubvikved in
Equation (25) are found from Equations (18) and (20) as follows:

1an = µ2

(
Jnβ(k2α1)J′−nβ(k2α1)− J−nβ(k2α1)J′nβ(k2α1)

)
w1(n),

1bn = µ2

(
Jnβ(k2α1)J′−nβ(k2α1)− J−nβ(k2α1)J′nβ(k2α1)

)
w2(n),

2an =
(

µ1 J−nβ(k2α1)J′nβ(k1α1)− µ2 Jnβ(k1α1)J′−nβ(k2α1)
)

w1(n),

2bn =
(

µ1 J−nβ(k2α1)J′−nβ(k1α1)− µ2 J−nβ(k1α1)J′−nβ(k2α1)
)

w2(n),

2 ān =
(

µ1 Jnβ(k2α1)J′nβ(k1α1)− µ2 Jnβ(k1α1)J′nβ(k2α1)
)

w1(n),

2b̄n =
(

µ1 Jnβ(k2α1)J′−nβ(k1α1)− µ2 J−nβ(k1α1)J′nβ(k2α1)
)

w2(n),

where w1(n) and w2(n) appearing above are expressed as

w1(n) =
1

πζ1

∫ π

−π
f2(θ) cos(nθ)dθ, w2(n) =

1
πζ2

∫ π

−π
f2(θ) sin(nθ)dθ,

with ζ1 and ζ2 appearing above expressed as follows

ζ1 = µ1
(

J−nβ(k2α2)Jnβ(k2α1)− J−nβ(k2α1)Jnβ(k2α2)
)

J′nβ(k1α1)

+ µ2 Jnβ(k1α1)
(

Jnβ(k2α2)J′−nβ(k2α1)− J−nβ(k2α2)J′nβ(k2α1)
)

,

ζ2 = µ1
(

J−nβ(k2α2)Jnβ(k2α1)− J−nβ(k2α1)Jnβ(k2α2)
)

J′−nβ(k1α1)

+ µ2 J−nβ(k1α1)
(

Jnβ(k2α2)J′−nβ(k2α1)− J−nβ(k2α2)J′nβ(k2α1)
)

.

Appendix B

The explicit expressions for 1an, 1bn, 2an, 2 ān, 2bn, 2b̄n, 3an, 3 ān, 3bn, and 3b̄n with regard
to the three-layered membrane appearing in Equation (27) are determined accordingly
as follows:

1an = µ2µ3

(
Jnβ(k2α1)J′−nβ(k2α1)− J−nβ(k2α1)J′nβ(k2α1)

)
×(

Jnβ(k3α2)J′−nβ(k3α2)− J−nβ(k3α2)J′nβ(k3α2)
)

w1(n),

1bn = µ2µ3

(
Jnβ(k2α1)J′−nβ(k2α1)− J−nβ(k2α1)J′nβ(k2α1)

)
×(

Jnβ(k3α2)J′−nβ(k3α2)− J−nβ(k3α2)J′nβ(k3α2)
)

w2(n),
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2an = −µ3

(
Jnβ(k3α2)J′−nβ(k3α2)− J−nβ(k3α2)J′nβ(k3α2)

)
×(

µ1 J−nβ(k2α1)J′nβ(k1α1)− µ2 Jnβ(k1α1)J′−nβ(k2α1)
)

w1(n),

2bn = −µ3

(
Jnβ(k3α2)J′−nβ(k3α2)− J−nβ(k3α2)J′nβ(k3α2)

)
×(

µ1 J−nβ(k2α1)J′−nβ(k1α1)− µ2 J−nβ(k1α1)J′−nβ(k2α1)
)

w2(n),

2 ān = µ3

(
Jnβ(k3α2)J′−nβ(k3α2)− J−nβ(k3α2)J′nβ(k3α2)

)
×(

µ1 Jnβ(k2α1)J′nβ(k1α1)− µ2 Jnβ(k1α1)J′nβ(k2α1)
)

w1(n),

2b̄n = µ3

(
Jnβ(k3α2)J′−nβ(k3α2)− J−nβ(k3α2)J′nβ(k3α2)

)
×(

µ1 Jnβ(k2α1)J′−nβ(k1α1)− µ2 J−nβ(k1α1)J′nβ(k2α1)
)

w2(n),

3an = (µ1X1 J′nβ(k1α1) + µ2Z1 Jnβ(k1α1))w1(n),

3bn = −
(

µ1X2 J′−nβ(k1α1) + µ2Z2 J−nβ(k1α1)
)

w2(n),

3 ān = −
(

µ1X3 J′−nβ(k1α1) + µ2Z3 J−nβ(k1α1)
)

w1(n),

3b̄n = (µ1X4 J′−nβ(k1α1) + µ2Z4 J−nβ(k1α1))w2(n),

where Xj, and Zj, for j = 1, 2, 3, 4 appearing in the later expressions are expressed
as follows:

X1 = µ2 J−nβ(k3α2)
(

J−nβ(k2α1)J′nβ(k2α2)− Jnβ(k2α1)J′−nβ(k2α2)
)

+ µ3
(

J−nβ(k2α2)Jnβ(k2α1)− J−nβ(k2α1)Jnβ(k2α2)
)

J′−nβ(k3α2),

Z1 = µ2 J−nβ(k3α2)
(

J′−nβ(k2α2)J′nβ(k2α1)− J′−nβ(k2α1)J′nβ(k2α2)
)

+ µ3 J′−nβ(k3α2)
(

Jnβ(k2α2)J′−nβ(k2α1)− J−nβ(k2α2)J′nβ(k2α1)
)

,

X2 = µ2 J−nβ(k3α2)
(

Jnβ(k2α1)J′−nβ(k2α2)− J−nβ(k2α1)J′nβ(k2α2)
)

+ µ3
(

J−nβ(k2α1)Jnβ(k2α2)− J−nβ(k2α2)Jnβ(k2α1)
)

J′−nβ(k3α2),

Z2 = µ2 J−nβ(k3α2)
(

J′−nβ(k2α1)J′nβ(k2α2)− J′−nβ(k2α2)J′nβ(k2α1)
)

+ µ3 J′−nβ(k3α2)
(

J−nβ(k2α2)J′nβ(k2α1)− Jnβ(k2α2)J′−nβ(k2α1)
)

,

X3 = µ2 J−nβ(k3α2)
(

Jnβ(k2α1)J′−nβ(k2α2)− J−nβ(k2α1)J′nβ(k2α2)
)

+ µ3
(

J−nβ(k2α1)Jnβ(k2α2)− J−nβ(k2α2)Jnβ(k2α1)
)

J′−nβ(k3α2),

Z3 = µ2 J−nβ(k3α2)
(

J′−nβ(k2α1)J′nβ(k2α2)− J′−nβ(k2α2)J′nβ(k2α1)
)

+ µ3 J′−nβ(k3α2)
(

J−nβ(k2α2)J′nβ(k2α1)− Jnβ(k2α2)J′−nβ(k2α1)
)

,

X4 = µ2 Jnβ(k3α2)
(

Jnβ(k2α1)J′−nβ(k2α2)− J−nβ(k2α1)J′nβ(k2α2)
)

+ µ3
(

J−nβ(k2α1)Jnβ(k2α2)− J−nβ(k2α2)Jnβ(k2α1)
)

J′nβ(k3α2),

Z4 = µ2 Jnβ(k3α2)
(

J′−nβ(k2α1)J′nβ(k2α2)− J′−nβ(k2α2)J′nβ(k2α1)
)

+ µ3 J′nβ(k3α2)
(

J−nβ(k2α2)J′nβ(k2α1)− Jnβ(k2α2)J′−nβ(k2α1)
)

,

while w1(n) and w2(n) take the following expressions:

w1(n) =
1

πχ1

∫ π

−π
f3(θ) cos(nθ)dθ, w2(n) =

1
πχ2

∫ π

−π
f3(θ) sin(nθ)dθ,
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with χ1 and χ2 in the above integrals expressed as follows:

χ1 = µ1X5 J′nβ(k1α1) + µ2Z5 Jnβ(k1α1),

χ2 = µ1X5 J′−nβ(k1α1) + µ2Z5 J−nβ(k1α1),

along with X5, and Z5 in the latter expression found as follows:

X5 = µ2
(

J−nβ(k3α3)Jnβ(k3α2)− J−nβ(k3α2)Jnβ(k3α3)
)
×(

Jnβ(k2α1)J′−nβ(k2α2)− J−nβ(k2α1)J′nβ(k2α2)
)

+ µ3
(

J−nβ(k2α2)Jnβ(k2α1)− J−nβ(k2α1)Jnβ(k2α2)
)
×(

Jnβ(k3α3)J′−nβ(k3α2)− J−nβ(k3α3)J′nβ(k3α2)
)

,

Z5 = µ3

(
Jnβ(k2α2)J′−nβ(k2α1)− J−nβ(k2α2)J′nβ(k2α1)

)
×(

Jnβ(k3α3)J′−nβ(k3α2)− J−nβ(k3α3)J′nβ(k3α2)
)

− µ2
(

J−nβ(k3α3)Jnβ(k3α2)− J−nβ(k3α2)Jnβ(k3α3)
)
×(

J′−nβ(k2α2)J′nβ(k2α1)− J′−nβ(k2α1)J′nβ(k2α2)
)

.
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