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Abstract: In this work, we introduce a new definition for the fractional differential operator that

generalizes several well-known fractional differential operators. In fact, we introduce the notion of

the p-proportional w-weighted x-Hilfer derivative includes an exponential function, DZ’K’F o

. . . . L. . .. 7,0,p.5,0
then we consider a non-instantaneous impulse differential inclusion containing D, )’z b

and
with order
o € (1,2) and of kind p € [0,1] in Banach spaces. We deduce the relevant relationship between any
solution to the studied problem and the integral equation that corresponds to it, and then, by using
an appropriate fixed-point theorem for multi-valued functions, we give two results for the existence
of these solutions. In the first result, we show the compactness of the solution set. Next, we introduce
the concept of the (p, w, k)-generalized Ulam-Hyeres stability of solutions, and, using the properties
of the multi-valued weakly Picard operator, we present a result regarding the (p, w, x)-generalized
Ulam-Rassias stability of the objective problem. Since many fractional differential operators are

. T0,P W
particular cases of the operator D,

, our work generalizes a number of recent findings. In
addition, there are no past works on this kind of fractional differential inclusion, so this work is

original and enjoyable. In the last section, we present examples to support our findings.
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1. Introduction

Fractional calculus has been used in many fields that no one expected, such as en-
gineering, life and social sciences [1], fluid mechanics [2], medicine [3-6], physics [7],
applied mathematics [8], industry [9], polymer science [10], biology [11], and chemical
engineering [12,13]. Differential inclusions include differential equations and appear in
many situations; see [14,15].

Many real-life processes and phenomena are distinguished by sudden state changes,
and these are modeled by impulsive differential equations and impulsive differential
inclusions. There are two kinds of such changes. In the first kind, the changes occur
instantaneously, such as the movement of an elastic ball bouncing vertically on a surface.
The moments of the impulses are in the time when the ball touches the surface and
its velocity is rapidly changed. Mathematical models in such cases are created using
instantaneous impulsive differential equations or instantaneous impulsive differential
inclusions. In the second type, the changes remain active over certain time intervals, such
as the injection of drugs in the bloodstream and their consequent absorption in the body as a
random, periodic, gradual, and continuous process. It is shown that the non-instantaneous
impulse has more advantages in describing the human body’s absorption, diffusion, and
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metabolism of drugs. Mathematical models of these situations use non-instantaneous
impulsive differential equations and non-instantaneous impulsive differential inclusions.
Other examples of the first kind: [16] operation of a damper subjected to the percussive
effects, change of the valve shutter speed in its transition from an open to a closed state,
fluctuations of the pendulum system in the case of external impulsive effects, percussive
model of a clock mechanism, percussive systems with vibrations, relaxation oscillations
of the electromechanical systems, electronic schemes, remittent oscillator, subjected to
the impulsive effects, dynamic of a system with automatic regulation, the passage of the
solid body from a given fluid density to another fluid density, a change in the speed of a
chemical reaction in the addition or removal of a catalyst, disturbances in cellular neural
networks in cellular neural networks, impulsive external intervention and optimization
problems in the dynamics of isolated populations, and death in the populations as a result
of impulsive effects. Kevin [17] presented a study about the application of instantaneous
impulsive differential equations to the control of malaria outbreaks, and Ballinger et al. [18]
applied impulsive delay differential equations in population growth models. Benchohra
et al. [19] published recently a book about instantaneous impulsive fractional differential
equations, while Terzieva [20], Wang et al. [21], and Agarwal et al. [22] published books
on non-instantaneous impulsive fractional differential equations. In the papers [23-26],
there are very recently studies about instantaneous and non-instantaneous impulsive
differential inclusions.

Many researchers introduced new concepts of fractional differential operators, which
contributed to the development of fractional calculus and its increased application in
more fields.

Sousa et al. [27] introduced the concept of the x-Hilfer fractional derivative, which
generalizes the xk-Caputo fractional derivative presented by Almeida [28], where k : /i =
[0, £] — R be a strictly increasing differentiable mapping such that «’is continuous and
k'(8) #0, forany ¢ € h.

Since a lot of integral equations are solved by efficient methods, using weighted
fractional derivatives, therefore Alsheekhhussain et al. [29] presented the notion of the
w- weighted «x-Hilfer fractional derivative, that generalizes many types of known frac-
tional derivatives, such as Riemann- Liouville, Caputo, Hadamard, x-Riemann-Liouville,
x-Caputo , Katugampola, Hilfer-Hadamard, Hilfer, Hilfer-Katugampola, andx-Hilfer frac-
tional derivatives, where w : h = [0, £] —]0,00[, w1 (A) = ﬁ, and then the existence
of solutions to a non-instantaneous impulsive differential inclusion that includes this dif-
ferential operator of order ¢ € (1,2) was studied. In [30-34], fractional differentials and
fractional differential inclusions involving weighted fractional derivatives were studied.

In [35-37], Jarad et al. presented the concepts of p-proportional fractional integrals
and differentials, where p € (0,1], and this allows to a more accurate description and better
representation of fractional order systems [38,39].

Agarwal et al. [40] considered a fractional differential equation (FDE) involving the
proportional fractional Caputo derivative in the presence of non-instantaneous impulses,
when the lower limit of the derivative is preserved at the initial time, as well as being
changeable at each impulsive time point. Then the stability of the solutions was studied
in the sense of Ulam. In [41], Abbas considered x-Riemann Liouville integral differential
equations with the influence of non-instantaneous impulses. Ahmed et al. [42] presented
the notion of the proportional Hilfer fractional derivative and investigated the existence
of a solution to a FDE involving this differential operator. Mallah et al. [43] instituted the
notion of the proportional x-Hilfer fractional derivative and showed that there is a solution
to a FDE involving this differential operator. For further work on differential equations
involving proportional fractional derivatives, we cite [42,44—46].

The idea ofstability of a system is a very important issue because if a system is stable,
then very important features can be found about the exact solution. There are a large num-
ber of studies on the stability of FDEs and FDIs. Let us mention the most recent ones related
to the topic of our research. Wang et al. [47] investigated the generalized Ulam-Hyers stabil-
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ity for a Caputo differential inclusions with the effect of non-instantaneous impulses, Abbas
et al. [48] studied the existence and Ulam stability of solutions for FDEs involving Hilfer-
Hadamard, Awad et al. [49] presented the Ulam-Hyers stability of x-Caputo implicit FDEs,
Elsayed et al. [50] showed the existence and stability of FDEs with the Hilfer-Katugampola
derivative, Vanterler et al. [51,52] studied the stability in the sense of Ulam-Hyers and
é-Ulam-Hyers-Rassias, of FDEs containing the x-Hilfer derivative, Ibrahim et al. [53] inves-
tigated the existence and stability, in the sense of generalized Ulam-Hyers, of solutions of
non-instantaneous impulsive FDIs containing x-Hilfer derivative of order é € (0,1) with
delay, and Hammad et al. [54] studied the existence and stability results for a coupled of
impulsive FDEs involving Hadamard fractional derivatives. In [55-59], there are further
recent studies on the stability of different problems.

In this paper, motivated by the above-mentioned works, especially [29,40-42,47,48,53],
we introduce for the first time a new fractional derivative that generalizes many known
fractional differential operators, including those used in all the above-mentioned works
except [55]. This operator is called the p-proportional w-weighted x-Hilfer fractional
derivative. Naturally, there are no studies on the existence of solutions to differential
embeddings involving this differential operator nor on the stability of these solutions. We
will achieve the following goals in this paper:

1  Introducing the definitions of the p-proportional w-weighted x-Hilfer differential
operators of order ¢ and of kind v, where ¢ € (1,2), p € (0,1],p € [0,1], w : h =
[0,£] —]0,00[ and w™! (A) = ﬁ (Definition 7). Then, we demonstrate some
properties that we will use to prove the main results (Lemmas 4-7).

2 Deriving the accurate relationship between any solution of the following non-
instantaneous impulsive FDI with the p-proportional w-weighted x-Hilfer fractional
derivative of order ¢ and of kind p:

Dy P u(A) € F(A,u(A)), aefor A € Iy,i € Ay,

M(l;—) = ni(li,u(li_)),i S Al/

u(A) = m(Au(l7)),A € Bj,i € Ay,

. 2-1p,

lim) g+ IO,A”pK(ua;)(A) =1y (1)

limy g+ (DY (Ig P (uw) (1)) = uy,

. 2—-up, Ny

lim) 4 Ibl.,)\y pK(”‘”)U‘) = mi(bi, u(b;)),i € Ay,

. 2-u,p, « N
hm/\ﬁbj(lepf"(Ibi,)\”pK(uw)()\)) = 7t} (b, u(b;)),i € Ay,

and the integral equation that corresponds to it (Lemma 8), where, y = o +2p —
po, L > 0, U is a Banach space and Py (U) := {Z C U : Z is not empty, compact,
and convex}, n € N, F : h x U — Py4(0), Ag = {0,1,2,..,n}, Ay = {1,2,...,n},
b0=O<11 Sb] <lz§b2< ...... <, <b, <ln+1Zﬁ,ﬁkZ(bk,lk+1],k€A0
and ,B; = (I;,b;], i € Aj. Moreover, DZ,’pA’p "4 is the p—proportional w-weighted
x-Hilfer fractional differential operator of order o and of kind p and with lower limit
atbh;; I;}V 7% is the p-proportional k-Riemann-Liouville fractional integral operator of

order 2 — ¢ and with lower limit at a4 (The definitions of DZ’&'F " and Ii;” P will be

presented in the next section); 77;, 77} : [I;,bi] x U —U; i€ 1L1 and ug, uq € U are two
fixed two points.

3 Definition of the concept of solutions to problem (1) (Definition 8): and then we specify
the formula for any solution to Problem (1) (Lemma 8).

4  Employing a suitable fixed point for multi-valued functions, we prove that the set of
solutions to Problem (1) is not empty and compact in the Banach space PCy_; x,w (%, U),
which will be specified later (Theorem 1).

5  Utilizing the Covitz-Nadler fixed point for contraction multi-valued functions, we
provide one more existence result for the solutions to Problem (1) (Theorem 2).
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6  Employing properties of the weakly Picard operators, we demonstrate the stability of
Problem (1) in the sense of (p, w, k) generalized Ulam-Rassias (Theorem 3).
7 Give two examples to support our findings (Examples 1 and 2).

Remark 1. In order to explain the novelty of this work and its distinguished contributions to
the field of fractional calculus and its relationship with the recent relevant results, we mention
the following:

1  Inavery recent paper [29], the existence of solutions to Problem (1) was studied in
the special case p = 1.

2 Inthe particular cases, w(A) =1, k(A) = A;A € [0,£],0 € (0,1),0 =1, Fis asingle
valued function, and U = R™. Theories 2 and 3 were demonstrated in Theorem 4 and
(i) of Theorem 6 in [40].

3 The existence and generalized Ulam-Hyeres solutions to Problem (1) were investigated
by [47] in the particular cases p = 1,w(A) =1, k(A) = A;A € [0, L] and o € (0,1).

4  Abbas et al.[48] studied the existence of Ulam-Hyers-Rassias stability of solutions
to Problem (1) in the special cases p = 1,w(A) = 1, k(A) = logA; A € [0, L] and
o € (0,1), F is a single-valued function, [; = b; = £,Vi € A; and U = R.

5  The existence and generalized Ulam-Hyeres of solutions of Problem (1) with delay
were investigated by [53] in the special cases p = 1,w(A) = 1;A € [0, L] and o € (0,1).

6  Since the differential operators, which are named in the literature by Caputo, (pro-
portional, Hilfer-Hadamard, Hilfer-Katugampola, x-Riemann Liouville, xk-Caputo,
x-Hilfer, proportional x-Riemann Liouville) are special cases of D;’f’p "% then our
technique allows us to extend the majority of the above mentioned works after replac-

ing the considered differential operator in these works by DZ’)’i’p’K’w.

We recommend the next future research directions related to our work:

1  Using our method and that used in the recently published paper [58] to study the
Hyers-Ulam-Rassias of a delay differential inclusion with multiple variable time de-
lays involving proportional weighted x-Hilfer on bounded and unbounded intervals.

2 Empolying our technique as well as that used in the recently published paper [54]
to investigate the existence and stability of solutions for a coupled system of impul-
sive fractional differential inclusions with proportional weighted x-Hilfer fractional
derivative.

3 Study Problem (1) in the presence of finite delay as well as infinite delay.

4  Using the arguments in the recently published papers [24,60], to study the existence
of anti-periodic solutions to Problem (1).

The paper is formed of six sections. In Section 2, we offer some well-known sym-
bols and information. Section 3 is concerned with introducing the definition of the p-
proportional w-weighted x-Hilfer derivative and deducing some properties. After that, we
obtain in detail the relevance between the solutions of Problem (1) and the corresponding
integral equations, and deduce the formula of the solutions to Problem (1). Furthermore,
we present two consequences of the existence of solutions to Problem (1), and as a first
consequence, we show that the set of these solutions is not empty and compact. Section 4 is
devoted to studying the (p, w, x)-generalized Ulam-Hyers stability of Problem (1). Section 5
contains discussion and conclusion. In Section 6, we give examples to support our findings.

2. Preliminaries and Notations

To make it easier to read the rest of the work, we mention below the symbols that we
will use:

- AC(h, U) is the Banach space of absolutely continuous functions from /& = [0, £] to U.
- g € [1,00) and

LY ((0,£),0) := {z: h — U : z is Lebesgue measurable and zw(K’)% € L7((0,£),0)}.
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For any function z : [a, L] — U,define

DYPR2(0) = (1— p)f (V) + -2 L F(n),

DYPf(A) = Dy MDY (M),
DI F(A) i= w  (A)DYF(FMw(M)),

and
DYP*f(A) = Dy PUDPf(A), k € N - {1,

Notice that

DY F(A) = DY (DY F ()
= W A)DY (w(A) (DY £(1)))
= w (MDD (F(Mw(N))
= 0 MDY (f(Vw(A)).

By induction, it results for any natural number k > 2,

DSPYF(A) = w HA)DYP (F(A)w(A)).

Let us consider the Banach spaces:

Cw(h,U) :={u:h— U:wu e C(h U)}, where ||u|| = maxyey; ||w(b)u(b)]].
PCZ_%K,W(S,G) = {u :h— 0, (K() - K(bk))zi}lu(.) S Cw(ﬁk, U), Up, S C(Bi, U),
lim)Hh; (k(A) — x(by))?> #u(b) and lim,, .+ u(b) exists, k € Ag,i € Ay}, where

ltllpe, o (n5) 2= max{sup (x(A) = x(be))*~*[lw(A)u(A)|[es, sup [[u(A)[]es},
Aehy AEBy
kGAO kGAl
Ale“’(ﬁ, U) = {M h— U, uw € AC(fL, U)}, Where, HM| |AC]""(fi,U) = ||M(U‘ |AC(ﬁ,U)'
G (0) 1= {1 € Cog 0 (7, U) : DYu € Compyeo (B, U) -

Co (B 0) = {u € Ci=) L (1,0) : D"*“u € Cop (B, U)},n € N—{1},
where
k=n—1 r
lilley )= 2 11Dl + 11D ulley oy

AC"@ (1, 05) := {u : h — U, D" 5@y € ACYW (K, ), D"« u e LY ((0,£),0)};n €
N — {1}, where |[u| gcnrw(s,15) == |ID" 7 “u|| gc(3.15)-

C;_H’Klw(ﬁ,U) = {x € Coyww(h V), DI x € Coyyw(h,U)};7 > 0.
PCy o (00) = {x e pcz,y,K,w(ﬁ,U),DZkﬁ{’tx i € Co o (i, U), k € Agliy > 0.

Now, the function xpc, . (s): Py(PCa—gxw(h,U)) — [0, 00), which is given by :

XPCy_p0(3,05) (D) i= max{irel% Xcw) (Dlﬁk)/ maxxc(s, o) (Dlgj)},
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is a measure of non-compactness on PC,_ Ww,(%, U), where

D= {f* € CBp V) : f(A) = (k(A) = x(Br)* Fw(A)f(A),A € By,
£*(b) = Tim £*(3), € D},
and B
Dy, = {f" € C(B;,U) : f*(A) = f(t),t € B;, f*(t;) = f(t]"), f € D}.
In what follows, vy € (k—1,k),k € N,and g € Li;"((a,ﬁ),U),a > 0.

Definition 1 (Definition 3.2, [35]). the p-proportional x-Riemann-Liouville fractional integral of
order vy for g is given by:

0 i= s [ 7 OO () - o)W (0)3(0)a0.

Definition 2 (Definition 3.3, [35]). The p-proportional x-Riemann-Liouville fractional derivative
whose order «y,where the lower limit at a of g is defined by:

(D" 8)(A) —D"P"( L7 fo) (A)

Pk 7T k 7 DnPK / pT x(A)— )(K()\) —K(ﬁ))k_“’_lK’(ﬂ)g(ﬁ)dﬂ,

as long as the right side has a definite value.

Proposition 1 (Prop. 3.1, Th.3.1, Th. 3.2, [35]). See also [43]. Let 6 > 0 and g : [a, L] — U be
continuous.

i % S,p
i I () = (1P ) (A A € [a, L],
ii

[P 5 (k) =x(@)

ar e (k(A) —xc(a))* !
_ p'T(9) By (<) —x(a) _ S+y—1. X
= F(§+fy)e (k(A) —x(a)) ;YA €S ()
iii  Ify <9, then
P21 (k(A) ~x(a)) B
Dye (k(A) = x(a))* !
pYAIT(5) Eptea) 51—
k(A) —x(a v, 3
G )~ @) ©)
iv. Foranyre {0,1,..k},
P21 (k(A) ~x(a))
Di'e’ (k(A) = x(a)"" =0. )

v Ifc € Nwithc <k—1, then DCPKIWA g(A) = IZ;C’p'Kg()\),V/\ € (a,L].
vi 16 <, then DIVI g (1) = I, P g(A), VA € (a, L].
vii D)L () = f(A),VA € (a, L].

Lemma 1 (Theorem 3.1, [36]).
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Let g : [a, L] — U such that IZApKf € ACK([a, £],V), then

Loy "”"g)(A)

= x(a a))rr k—,p,
—g(1) =7 0 >Zp7 o) ImD s, o

Definition 3 ([36]). The p-proportional x—Caputo fractional derivative of order -y with the lower
limit at a of g is given by:

c P, K k—y,p,x K
(‘DFY"g)(A) = I, , """ (D*PF) ()

— i L €T O ) - (@) 9 (DE g ),

as long as the right side has a definite value.

Remark 2. Ifc € R, then D*P*(c) = c(1 — p)k.
Lemma 2 (Prop. 4.1, [36]). Seealso [43]. Let § > 0.
i

2L k(1) =x(a)) .
‘DI (e ((A) = x(a))*™)
ATT(5)

_ L (k(A)—x(a)) ) — ()01
—me (x(A) ( ))6 ! 7).

ii Foranyr € {0,1,...k—1},

(‘D7 (e (k(A) —x(a))") = 0.

To drive our results, we need to use the following fixed point for multi-valued functions.
Let U € P.(U) = {C C U : C be not empty, closed, and convex} and x be a non-singular
measure of noncompactness on the bounded subsets of U. The following lemma can be
found in Corollary 3.3.1, Proposition 3.5.1 [61-63].

Lemma 3. If Y : U — Py (U) has a closed graph and x—condensing, then Fix(Y) # ¢. If in
addition, x is monotone and Fix(Y) is bounded, then it is compact.

3. New Concepts, Integral Representations, and Existence of Solutions

In this section, we introduce the following concepts: p-proportional w—weighted x-
Riemann-Liouville fractional integral, the p-proportional w—weighted x-Riemann-Liouville
fractional derivative, and the p-proportional w—weighted x-Hilfer fractional derivative,
then we conduct some of its properties. Furthermore, we construct the formula for the so-
lution function for the objective Problem (1). Moreover, we demonstrate two consequences
of the existence of solutions, and in the first one, we show that the set of such solutions is
not empty and compact. Lety € (k—1,k),k € N,and g € L}j‘((a,ﬁ),()),a > 0.

Definition 4. The p-proportional w—weighted x-Riemann-Liouville fractional integral of order vy,
where the lower limit at a < L is defined by:

(L™ 8)(A) = 0 M (g(Mw ()
w

_w'(h)
- pT(y)

/ ' "7 KO (e(2) — ()7 (8)g(O)w (8)d,
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Remark 3. f € Li;K([a,E],U) = w(/\)[lZ'f’K'wf()\) — IZf'K(f(/\)w()\)) —s Iay,f,;c,w
(W A)f(A) = w T MY F(A), YA € [a, £].

Lemmad4. Let 6 > 0and f:[a, L] — U is continuous.

. VKW oW ¢ 7Y+H0,K,wW
1 Iu,/\ Iu,/\ f_ Ia,/\ f

ii

N P51 (k(3)~x(a)) o1
Iy (w™ (e (x(A) —x(a))")
1T () 5 (e(0)=(a))
= w*l(/\)%e (k(A) — x(a))°T7 VA € [a, £). (6)

Proof. i It yields from Remark (3) and (i) in Proposition (1),

PR O,PK, PR (1O, P.Ks
(LA LR ) = (LA ) (A)
- P, S,p.K,
=0 (ML (@MY F(A)
_ DK 10,D,
= w ML (F(Dw (M)
_ o
= w WP (F(Dw(A)
S,p.K,
= I, ""OF(A)
ii ~ Remark (3) and (2) tell us,
254 (6(0) k(@)
L (w ™ (Ae (k(A) = x(a))*~")
P21 (k(0) (@)
— JPK,W _
= w0 (W) (e (k(A) = x(a))*~)
_ P51 (k(2)—x(a))
— w ! LT((S) ! _ S+y—1.
=w (A)r(5+7)e (k(A) —x(a)) ;VA € [a, L].

O

Definition 5. The p-proportional w—weighted x-Riemann-Liouville fractional derivative whose
order vy , where the lower limit at a of g is given by:

(DI £)(3) = DY (15795 ) (1)
1
~ w(A)pFIT(k— )

p—1

s D[ DO () —x(0)) 1 () f(@)w(0)a,
as long as the right side has a definite value.
Lemma 5. Let 6 > 0and g : [a, L] — U be continuous.
i Forany A € [a, L],

(D)F8)(A) = w M (A)(DY " gw) (A). @)
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ii
o P2 ((0) —x(a)
D7 (w ™ (A)e (k(A) —x(a))°~")
_ P2 (k(2)~x(a))
w T MATT() 7 ™ s
=7 k(A) —x(a))®~ 177,
iii  Foranyr e {0,1,..,k},
P21 ((0) ~x(a)
DKW, _
DY (@™ (A)e (k(A) —x(a))"™") =0 (8)
iv Ifce Nandc <k —1,then
DAY g(A) = 1) 9P e(A), VA € [a, L].
v Ifd <, then
9, d,
DaikwIZwag()\) IZ,/\ PELo(N), VA € [a, L).
vi sz’x/wlgf"(’wf(/\) =f(A),VAES
vii  If IZf’ng € AC"([a, L], V), then
LA™ (D ) (A)
1 k o v—k
:g(/\) 7(4)_1()\)6%(1(()\)_1((“)) Z (k(A) —x(a)) (Dk er( k Aer(ga))( ). )

Proof. i

ii

iii

= pr T (y —k+1) At
Making use of Definition 5 and Remark 3,

B

= w  (A)DY W) (I, P g) (A)
= w (A" w(M)w () (I P gw) ()
=w '(A)D "’”( Ly """ gw)(A)

w H(A) (D} gw)( )-

Taking advantage of (3) and (7),

P21 (e(0)—x(a)

D" (@™ (Ae (k(A) = x(2)*~17)

P21 ((0) —x(a)
(k(A) —x(a))’17)
P2 ((0) —x(a)

=~ ¢ (k(A) = x(a)*17)



Fractal Fract. 2024, 8, 475 10 of 37

iv It follows from Remark 3, (7) and (iv) of Proposition (1) that,

DL )
=w 1()\)D;’K’Kw(/\)l f’cwg()\)
= w (DAL (3(Mw(A))
= w AL (g(Mw(A)

I P e(M), VA e S

(
)

v Ityields from Remark 3, (7) and (v) of Proposition 1 that,

0,
DI 1P g(0)
= w MDA TP g(2)
_ J,
=0 MDA (8(Mw(A))
_ 5
= w ' (M (g(Mw(A)
=177 g(A), VA € S
vi Itis a direct consequence of (iv).
vii In view of Remarks 3, (7), and (5), we get
[P )
=0 ' (W)L (wN)D)T g (M)
=w ' M D) sw (M)
k y—r
= 5(0) ™ ey (10D 7 SOV i (DF (17 g0 )

pr- kr (¥ —k+1) A—a

Remark 4. If we put w(A) = 1; A € [a, L] in (9), we obtain the formula (5); if we put p =1 in
(9), we obtain formula (3.7) in [37].

Definition 6. The p-proportional w-weighted x-Caputo fractional derivative of order y, where the
lower limit at a of g is given by:

P, k—.p%, k,px,
(DI F)(A) = I, (DEP4 g) ()
Wl
Pk~ 1)
1

x / Ae”ﬂ KO (1e(A) — x(8))F 71 (9)co (8) (DS g (8))do

 w (A
- pFIT(n—1)

A p-1
x [T MO e(2) —(0)F T (9) (DY g (8))d,
a
as long as the right side has a definite value.

Using similar arguments in the proof of Lemma 4, one can demonstrate the following
Lemma.
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Lemma 6.
i If 6 >0, then
K Eh (x(3)~(a))
DY (w T (A)e (k(A) = x(a))’~177)
L1y nermpi, G ) —x(a) B 51—y
=w (A)D,y" (e (k(A) —x(a)) )
1y AT(S) L (k(A)—x(a)) —1—
1 K o—1
=w (A)ee ¥ K(A) —x(a M. (10)
- (K(A) = (@)1 7)
ii Foranyr € {0,1,..,.k — 1},
cw P21 ((0) ~x(a))
‘DY (w ™ (A)e (x(A) —x(a))")
P21 k() —x(a))
=w HA)D) (e (x(A) —x(a))") = 0. (11)

Definition 7. The p—proportional w—weighted x—Hilfer derivative of order o € (1,2) and of
kind p € (0,1) with lower limit at a for g is given by

Da,p,p,x,wf()\) — Igrffa),p,x,wDi,p,K,wI(Z/;a)(lfp),p,K,wf(/\),

a,A a,

as long as the right side has a definite value.

Remark 5.
1 lety=0c+20—0p Iff € C¥<([a.L],V), then Di‘,’:\(’wf(}\) exists a.e., and consequently
D;’f’x’wf()\) exists for A € (a, L]. In fact, from Definition 7 and (7), it results

DZ’,)(\),p,K,wf()\) — IZJ[(AZfU),p,K,wDi,p,K,w I[S[Z):(T)(lfp),p,x,wf(/\)’

2—0),p,K, 2,0,K,0 :2—U,p,K,
= sz,(/\ K wD/\p wIa,Aﬂp wf()t>

= [P OPRODIPE £ (), (12)

2 IfIZ,X”'K’wf(A) € Cgf(m,w([a' L],0), then Dszwf()\) € Co_gxw([a, L],0), and conse-
quently DIV f(A) exists for A € (a, L] . Moreover,
T,0,P,K,w . p2=0),prw ~2pxw 1 (2—0)(1-p),pxw
Da,)\ f(A) T Ia,)\ D)\ Ia,/\ f(/\)/
2—0),px, 2,p,6,W 12—U,pX,
_ 15/(/\ U)pwa/\pK(uI ypxwf(A)

a,A
2—0),px, DK,
_ IZ/(/\ U)pKa}Dil’/(?wa(A>
= W I ()DL ()
_ 2—0),p, L, P,K,
w AP OPEDI (Fo(M)),
@ (A)DIAP (Fw) (M),

3 Let f € L ((a, L], E) be such that Ii;” PRy € C%fyl,{,w([a, L], E). Since C%fm,w([a, L],E)

C C**([a, L],E), then, Ij;’l " f € C¥([a, L], E). Therefore, by (i) in Lemma 3 and (9),
we get for A € (a, L],
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BRI )0) = [ D )
— L)

) — o (a)ertr sty (4) — (@)
= fN - ) TG

x lim (DYP(12 PP fo(M))

A—a

_ -2
- (";ﬁzrg‘ﬁ){‘) im (P27 fw (). (13)

Lemma 7. If f € Co_yc([a, £], 1), then lipya| |1 **~ P fF(M)w(1)]| = .
Proof. From the assumption that f € Co_}, x,w (%, U), there is M > 0 with
(M) f(V)]| < M(x(A) = x(a))#2, VA € .

So, from (2), we get

limy sl |1, P2 (N (V)|

iy [T O () < x(6) 0 x

K/ (b) ((A) — x(a)) >’ (b)db

__A4hmA%H11P2 DPEA) (k(A) — x(a))F2(A)]

= Mp~(1-p(2-2)) lim,\_m|M(K(A) — x(a))HHPE=0) ()]

I(—p(2—-0))
=0.

O

Remark 6. If f € C} W’w([a, L], V), then D” £ (A) exists, and consequently, by (4), D)‘p TE(A)
exists. Therefore, Ch_ VKw([a L],0) C C2 wa([a,E], ). likewise, PC}y_ wa([a,E], ) C
PC2 HKW([a,L], ).

Definition 8. A functionu € PCy_y, (R, U) is a solution to Problem (1) if u(A) = m;(A, u(l;)),

VA € (I;, b0 € Ay, D;‘k’f'/{'(’wu(/\) exists for A € (b, lxy1];k € Ag and u verifies (1).

Lemma 8.

1 Assume that u € PC)_ wa(ﬁ,U) and f € LE“(h,E),q > 1. If u and f satisfy the

p-proportional w—weighted x—differential equation of order A and of kind p :

DZ;’/IZ\'p/K,wu()\) = f()\), /\ c ﬁl,i c AO,

u(l) = m(l,u(l7)),i € Ay,

u(A) = m(Au(l7)),A € By i€ Ay,

limy o+ 1>~ 1P (uw) (A) = ug (14)
. > i,

limy o+ (DM (£, """ (uew) (1)) =

limy_p, 4 PP uco(1) = by u
. 2

lim, s (DVPR(1 ) (uw) (1))

(b; )) i€ Ay,
= 7t} (bi,u(b;)),i € Ay,
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then,
PL (e(A)—x x(0
w1 (A7 () —x) (K (y)2 (_)) o
pr2T(u 01) -
P
+w 1(A)e P —x(0)) (K(A ) ((;4))) ”
X F(A), A € (bo, 1),
=1l )A€ B € A (15)
p K(A)—x —x(b;))F2 _
_1 .
_i_wfl (A)e%(K(A)—K(bz))%nj (bl,u(b:)>
+IRF(A), A € Byji € Ay
2 Iffe chg;gzu(ﬁ U), then the function u, given by (15) belongs to PC} _ 1w (1 0),
DZ,:{)XKM”()\) exists for A € (by, lx41], Vk € Ao, and it is a solution to (14).
Proof.
1 Leti = 0. From (14), we have
DP™“u(A) = f(A), A € o. (16)

Since C5_,  ,(fio, B) C AC** (T, U), then 13;”"’”"% € AC**“(ho,U). Applying

Ia,p,x,w

0 to both sides of (16) and using (13), we obtain for A € fy,

Ig,f,x’wf@\) _ I(()T’,/{?,K,(U<D0(IT),\p,p,K,wu) ()\) . Ig};\)xwl‘o@ o), pwag;\cwu(A)

— p=1
A O iy (DU (1251 uo (1))
prIT () A0+ ah

—u(A) — w—l(A)e%xu)—x(m)[(K(

K —K —2

which implies
K(A) — x(0))"2
prT(p—1)

-1 _ u—1
Fw (V)7 KAxO) (K(/\;y—;;(((;))) s + ITPHE().

Analogously, we get for A € (b;,1;11],i € Ly,

u(/\) — w—l(A)eL;](K()‘)—K(O))(

(M) = W (A)e T KA =E ) (K(Ap);f}((b;)))w Tim (D17 (1)
K —x (b)) 2 o,p,K,W

# LOL KON i (2 )] + 175

P (kA —x(er)) (K(A) — K (bi))# 2

=wl(A)e7 P 2T (i — 1) 70; (b, u(b;"))
WL (A)e 7 (KD =x(b) (K’(;) ;Fi(cp(lb))lé ! 3 by (b)) + 172 £ (1),

Therefore, (15) is verified.
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2 Assume that (15) is true and let A € (0,11]. Then,
u(A) = w1 (A)e’ W) (K(A) — k(02
prAT(p—1)
_ P (A —x x(A) —x(0))*1 T,0.K,
+w t(A)er W o (p)l‘ll"((y))) ur + I3 fF(A). (17)

Applying Dg,’)’f"(’w on both sides of (17) and makinguseof 1 < o < u <2,p(2—0) <1
(8), Definition (5), Lemma 3, (i), and Lemma 4 (iv), it follows for A € hy

DI u(A) = DI IO £ ()

0,A 0,A
2P 2= P KW 10, P,K W
=Dy IO,A Io,/\ f(A)

2,p,K,0 12—0(2—0),p,%,
:D/\PK‘*’IO’AP( U)PKWf(A)

1,p,x, 1px,w 2—p(2—0),p,K,
:D,\pKw(D/\pleo/\p( U)pKaJ)f(/\)

%

Lx,pw1—p(2—0),p,x,
:D/\prIO,AP( U)PKWf()L)

= Dg (). (18)

Now, the assumption f € PCQ(_zy_, g L(ﬁ, Elmeans Dgr(f_a)’p o fine € Co—pxw (@U),

and hence by (18) Dg”f’K’wumO € Co—yxw(ho, U). But this hjplies U, € Cé’_wrw(ﬁo,ij).

Therefore, by Remark 5, Dg’f\)’K’wu(/\) exists for A € hy. It remains to show that

D" “u(A) = f(A), YA € Fg. Let A € fo. Since Dfy " fiz= € Ca_yy00(Tio, U), then
1-0(2—0) x, = 1-p(2—0) k,

Di\"('wlo,)\p( U)walﬁo € Copxw(ho,U); consequently, Iba,)()( U)wa‘ﬁ—o € C%fwc,w

(ho, U). Therefore, from (12) and (18), we get

ng/p’x'wu()\) _ Ig[(ffﬂ)/P,K,wD(p)t[,/;{,x,wu(/\) _ Ig[(/\ZfU),p,K,wDg,(ffa),x,wf(/\);A € ho,

Making use of (9) and noting that 0 < p(2 —¢) < 1, we obtain

DYEPE (1)

- 21 e () —r(a)) (K(A) = k(0))P2=D=1 o
= F) = e 7 o ey m o e,

Using Lemma, 6 we obtain lim_,o(I'°2=9)PX f(A)w(A)) = 0. Thus, Dg,’/ﬁ)’p”(’wu()\) =
f(A), for any A € hg. Likewise, it can be shown that DZl’p (M) exists and
DZ’FXP/K'WM(A> = f()\), VA€ h = (bi, li+1],i € Aq.

1r

O

Based on Lemma 7 and Definition 8, we present the following corollary, in which the
solution function to Problem (1) is specified.
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Corollary 1. A function u : h — O defined by

rl 13 A) — u—2
w 1(A)e 7 KM= ())(K;F‘)ZFZ{;EO))U )
o7 ()=o) (<£(A) = x(0))"7 1
Py

+w (A

apwf()\) A € (bo, 1], 19

m(/\ u(;)lmeBl,zeAl, (19)
== (k(A)—x x(b;))H2 —

W (N)e 7 MO OO i by (b))

—1 -~
+w™! (/\)epT(K(/\)—K(hj)) %ﬂf (b (b))
+I‘7pxwf()\)/)\ € ﬁi/i < Al-

is a solution to Problem (1), where f € Cg(f;,gzu(ﬁ, E) with f(A) € F(A, u(A)), a.e.

Remark 7. The solution function u defined by (19) has the following properties:

i u € PCyyy,w(h,O).

i Ifp=1,then the formula (19) is reduced to (10) in [29].

iii  uis not continuous at b; Vi € L.

v Ifp =1w(A) = LA € [0,L], ie., the case of p- proportional « - Caputo of order o,
then u is not continuous at b; ,¥i € Aj. In fact, in this case y = 2, D‘Tpp“}u()\) =°

DZ aku(/\),)x € (b, li11],1 € A1, and (19) is reduced to

+e 7 —t

u(A) = nl-('A, 1), Ae Biie Al, (20)
e”%(m)fx(b)) (B u(b))
-1
Lol ) =x(b)) <K(A);K<bl>) 70 (b, (b))
T LA), A€ Ry i € A,

Note that the function given in (20) is a solution to the p- proportional x-Caputo differential
inclusion in the presence of non-instantaneous impulses:

CDZ,’/]\'K“(/\) € F(A\,u(A)),a.e. A € (bj, li1],i € Lo,
u(l;") = mi(l,u(l;)),i € Ly

u(A) = mi(Au(l;)),A € (I, bil,i € Ly,

u(0) = ug, lim,_,o+ ﬁ%u(}\) = uy,

limy - g ant(A) = 77 (bi,u(b)),i € L.

Now, let g > 51— > 1 be a fixed real number and for any z € PCo_y, ., (1, ), set

sq ={fe Ly (hV): f(A) € F(A,z(A)),ae for A € h},

and

1P(270),P,x,w(PCz_y,K,w(ﬁ,U)) ={f:h =T, thereis T € PCy_, (N, U) such that
£y = BEOP0(t), ¢ € By, k € Lo}
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Remark 8. Ifsz(qu) C [P2=O)PR9(PCy_y (B, U)), then for any f € SZ(',M), there is T €

PCy_yyxw(h, U) such that f(A) = zg,f;")"‘r(/\),wx € hy, k € Lo, and consequently

DY f(2) = DE IR PR DR (A) = 1(A), YA € Ty k € Ay,

which implies f € ch(_z};gzu(ﬁ,lj).

Now, let F : T x U — Py (0), 4 > 5= and 7t;, 7t = [I;, ;] x U — U; i € Ay. We make the
following assumptions:

(HFy) Forany z € PCo_, xw(h,U), the multi-valued function A — F(A,z(\)) is measur-
able.

(HF,) Forany z € PCo_xw(h, U), the set S?:(./Z) is not an empty subset of IP(2=9)Pxw
(PCZ*]/[,K,UJ(E‘/ U))

(HF3) There is a & € L& (h,R*") and ® : [0,00) — [0,00) such that for any z €
PC27;¢,K,w(ﬁr U);

IFAz(AM)[ = sup |[yll < Z(M)O(lIzllpc, . (n5)), for almost A € Ugea, (si, lita]. (21)
yEF(A,z(A))
and
lim sup % =)< (22)
n—soo N

(HE) 2, € PCo (5, 0), 20 = 2 € PCoyw(,0) , 6n € SP.T7 and
Gn > G E LZ;‘Y(ﬁ,U), then ¢ € S‘;((%;)‘T)’q.
(HF5) There is a B € LL¥(H,RT) such that, for any bounded subset D C
PCy_yxw(h,U) and any k € Ag, we get
xu(F(A,z(A)) : z € D))
< (k(A) = k(51))* (M) x55{(z(A) : z € D}, a.e\ € hy. (23)

where y is the Hausdorff measure of non-compactness on U.
(HFs) Thereisa & € L (5, R"),q > 1 such that for any z € PCy_y (71, 0),

IEA 2z = sup |yl <EA)A+]Izllpe, .0 (h05)), foralmost A € Ugea, (bi, lia]-
yeF(Az(2))

(HF;) Thereisa & € LI (h,R*"),q > 1 such that
(i) For any uy ,up € PCy_y 0 (h,U) and any g1 € SqF( Y thereis ¢, € SqF(

» ) with
l61(A) = 2(M)[ < E(A)[|ur — uallp,_, ., (115)), - for A € Ugen, (bi L], (24)
(ii) For almost A € A

H(F(A,0),{0}) < &(A), for almost A € Uge, (b, li11], (25)

where § is the Hausdoreff distance.

(Hy) Forany i € Ay, m; : [l;;b;] x U — U ,i € A is uniformly continuous on
bounded sets 7;(A,.); A € his compact, and there is ; > 0 with

|7ei (A, u))|| < ril|ul], VA € (I;,b;] and Yu € O. (26)
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(Hy) For any i € Aj, the function 7} : [I;,b;] x U — U is compact and there is
ri > 0 with
l7e (A, u))|| < rillull, VA € (I;,b;] and Vu € O. (27)

H3) There is T > 0 such that for any z7 ,2zo € PCy_;, ¢ (2, U) one has
y 1,
171 (A, 21 (8)) — (A, 22(8)) || < Tl|za () — 22(8) ||, VA, t € . (28)

and
|77 (A, z1(8)) — 71 (A, z2 (1)) | < Tllz1(F) — z2(H) |, VA, t € A (29)

* q,K + . . .
w 7 ’ - 4

(HFrtrt*) Thereare ¢ € Ly, (h,R"), g > 1,7 > 0 and a strictly comparison function
17 :10,00) — [0, 00) such that
(i) Foranyzi,z; € PCyyxw(h,U),and any g1 € SZ(.,ul)’ thereis ¢, € SZ(-,uz) with

g1 (A) = 2 < EM)n(llz1 = z2llpe, 0 () 86 0T A € Ugen, (sis lival, (30)
K,
(i) For almostA € A
h(F(A,0),{0}) < &(A), for almost A € Uge 4, (bi, Aiy1]

(iii) Forany z1,z € PCy_y ,w(h, U) one has

I7i(A, 21 (8)) = (A, z2 (D) | < 7 ([[z0(8) = z2(D) ), VA, £ € A (31)

and
|77 (A, z1(t)) — 75 (A, z2 (1) | < 7 ([|lz10(8) — z2(8) ), YA, £ € R (32)

Remark 9. (HFg) implies (HF3) with 6 = 1.

Theorem 1. If the conditions (HF,) — (HFs), (Hy ) and (Hp) are satisfied, then the set of solutions
to Problem (1) is non-empty and compact in PCo_, o, (1, U) provided that

" k(L) —x(0)  O(k(L) —x(0))7HIZ]] 1x
M- T ) pTo) b @
and ’ -
_ 0 o—
e g e < 1 49

where 11 = Y —g riand rp = Y= 1.

Proof. We define a multi-valued operator Y : PCy ;0 (h, U0) — {A C PCo k0 (h, O) :
A # ¢} in the following way: Letu € PCy_j x (R, U) Assumptions (HF;), (HF,) assure
the existence of € ST 3 )Then, we define v € Y(u) if and only if

U
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_1(A)6P7f(K(A)—K(0))( K(A) —x(0))F~

. PTG 1) ulo
+w—l(/\)ep7(’<( )—x(0) (K(A ) (83)) n

+IpV " T(A), A € (so, ],
v(d) = nz(/\u( ) AEBic A (35)
(k(A)=x(b;)) (k(A)—x(b;)) 2 —
)es OO L 1, e )
—1( 1) KD)=x(B) () =k )"y o
+a¢]7 K(i) ! an(bwu(bi )
+Ip PECTA), A € By i € Ay

Notice that, thanks to Remark 8, { € PC, v2-o) (h, U) and by Lemma 8 and Corollary

2—u,K,w
LvePC . ,(1U) C PCoyww(h,U) and Dp'*“u(A) exist for A € (by, 1], Yk € Ao.
Therefore, any fixed point for Y is a solution to Problem (1). So we will be using Lemma 3
to demonstrate that Y has a fixed point. For every n € N, let D;, = {u € PCy 4,0 (h,U) :

[l PCy o () < n}. The proof will be carried out through the following steps:

Step 1. We illustrate the existence of an 1y € N with Y(Dno) C Dpy,. If this is not right,
then for every n € N, there are vy, uy € PCy i (R, O) with vy, € Y(uy), ||un ”PCH L, S<n

and HVHHPCZf]A,K,w > n. Then, for any n € N, thereis {,, € SZ(_,H)with

w1 (V)7 ) —x)) (K(A) = <(0)"~

. pr 2T (u _01)# :
b1 (M)l T () —x(@) (KA )y 1r((y))) "

apxwgn( ) Ac (50111]
vn(A) = 711(/\ un(l ) ,A € Bji€ Ay, (36

K —x(b; K x -2 _
e T O O b )
71 B
+w 1 (A)e %(K(A)_K(hi))%ﬁ‘(bi, un(b7)
Upkwgn( ), A€ hy i€ Ay

From (HF;), it follows
(M) < &(1)O(n),ae.,vVn € N. (37)

=L (k(A)—x(b

Let A € (0,1;]. Since |ep7 ))| <1,Vb € [0,A], we get from (36) and (37) that

(k(A) = x(0))* " |lw(A)vu(A)]]

o7 (1) K(0)>|||u It x(A) _K(O)IIM I ¢7 () x(O)
T oprA(p-1) pI=1T ()

p?lg?;) /Ox\ep;l(K(A)—K(b))(K(A) K(b))a_lK/(b)C(b)w(b)db

1 x(A) —x(0)
< srarg =y ol + ==y [l
A

p?r(?;)( (£) —x(0))"" /O K (b)E(b)w(b)db
< O(n) )| K(E)—K(O)H I
TP (1) I ()
2 (e(2) — x(0)) el 3 o)
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Let A € (I;,b],i € Ly. It yields from (H;)
[un (] = 17 (A wn (DI < rallun (B < ralunllpe, 0 (n8)- (39)
If A € (b;,141],1 € Ly, it results by arguing as above and using (Hj) and (Hp)
(k(A) = x(0)* H|w(A)va(A)]]
< iyl w0 + Sl h
+ o (50 = KO el 30010
which with (38) and (39) leads to
ol ) < Ay + S il + il 10
+ mrl [[2tn] |PC2,F/K,w(ﬁ,U)
+ e oy in
+ s (00 = KO el g .5
Thus,
1< s luoll + S E |+ m +
s~ (6(0) = () el 0
Dividing this inequality by n and taking the limit as n — oo, it yields
" k(L) —x(0)  00(L) =) MIEN (00080

1
snt P (u—1) | pri(p) pT (o)

But this relation counters with the relationship (33), and our goal in this step is fulfilled.

Step 2. The graph of Y is closed on Dy,,.

Let (vn)n>1, (4n)n>1 be two sequences in Dy, with v, — v ,u, — u in D;, and

vy € Y(uy);n > 1. Then, there is ¢, € S?f(.,un)

such that (36) is verified. From (22), we

get ||gn(A)|| < E(A)O(np), and consequently, {c,},>1 is weakly compact in L (h, U).
Making use of Mazur’s lemma, there is a subsequence {¢;, };>1 that converges strongly to a

function ¢ € Li;K(ﬁ, U). By Lebesgue convergence theorem, we get lim;, I;)'a”(’wgn A) =

T,pK,w
Iho,/\

6(A),VA € h. Moreover, assumptions (Hy) and (Hy) imply lin, eomi(A, za (1)) =

(A, z(A)) and limy, o0 77 (byn (1)) = 71 (b, 2(A)), VA € h. Therefore, lipy oovn(A) =

v(A), where
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1 L () = (0)) (€(A) — x(0))#2
(Ae? praT(u—1) "
L1y, B k) —x(0)) (K(A) = k(0))F!
FwT (A)e Py

apxwén( ), A€ (bo, 1],
nz(/\ u(l7)),A € Bj,i € Ay,
L K K(b; K 2 —
w1 (A)e 7 A)=x(b;)) (x ;ﬁ)zr((y))l") 70 (b, u(b;))

+w (A pT(K(/\)—K(hi)) %ﬂﬂbi, u(b;))
+IUPK(‘J€‘(/\)’)\ S ﬁj,i c Al/

and since assumption (HF;) implies to g(A) € F(A,u(A)),a.e., thenv € Y(u).
Step 3. Let A = Y(Dy,); forany k € Agand i € Ay, we set

A ={v* v iRy = U, v (A) = (k(A) — k(b))  Fw(A)v(A), A € Ry,
v (by) = AILI?Jr v*(A), v e A},

and
A ={p" € C(B,U) : p*(t) = v(t),t € (I;,bi],
p*(l) = p(I),v € A}.

Here, we show the equicontinuity of {Alh—k} ;k € Lopand Ag, ;i € Aj in the Banach space
PCoyyxw(h, U).
Case 1. Let v* € Alﬁk' Then, there are u € D, and v € Y(u) such that, for A € (0,14],

v(A) = (k(A) — x(0))2 Fw(A) [w Y A)e’%( x()—x(0)) (k(A) — k(0))"2 "

pr2T(p—1)
+w L (A)elF KW x(0) (K(A;yjl’;((%)y : wy + 197 (V)]
upe's WO () < 0))e7 M0
D 0 "
+(K(A)par1220>))2_y/() ”((” O (1) = k(0))7 1 (b)g (b)w (b)db.,

where ¢ € bF( ) Letd > 0 with A + 6 € (0,11]. We have

[v(A+0) —v(A)
o | 222 (k(A+6)—x(0))

p—1

= (k(A)—x(0))
< v
S -1)" ' |

— e

1y 21 (e (A+6)—x(0)) 2L (k(A)—x(0))
————|k(A+d)e P —x(A)e P
Gy ) ") |
_ 2—U  pA+S p—
AL HOPE S0 00 0 ) — () e 0)c (B
~(k(A) = x(0))>7F A rle(a)—x(0)) (o1
T (o] /O 7 ((A) — k(b)) ks (b)w(b)c(b)db|. (40)
Obviously,
lim o7 (K240 =x(0)) _ Bt (x(W)—x(0) _ (41)
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and - -
tlgim (A + 5)67("(/\*‘5)*7‘(0)) _ K(A)ET(K(A)*K(O)H =0. (42)
—0

Furthermore,

A+08) —x(0))27H A0 plats)—x
| {x(A+9) — (0)) /0 (x(A-+6)=x(0)) o

o o A+68) —x(b)" 1k (b)w(b)g(b)db
(K(A)p;rx(fg))z‘” OA "7 V=R (e (1) — k(b))7 Ver(b)ew (b)c (b)db|

< A +§3r—(;<)<0>>2"‘ /A“‘S o7 (KA () 1 5) — (b)) Mwr(b)aw (b (b)db|

ol ((A + ;sgr—(;c)(o))“ /0A ¢ KO0 =KO) (4 4 6) — k(b))7 U (b)ew (b)c (b)db

(A +§3r—(;<)<0>>“ /OAE%K(MO»(K(A) — k(b)) s (b)w (b)g(b)db]|

e +§3r(;<)<0>>2‘” /j "7 EO) (1) — (b)) T () (b)g (b)db

B (K()‘)p;r’f(g))))zy /OAeL;l(K(A)_K(O))(K(A) — k(b)) k1 (b)w(b)g(b)db||

=L+ L+ . (43)

Now since s > 1, u < 2, ||¢(b)|| < &(b)®(np), a.e. and k are increasing and continuous,
it results in

. K(E)z H®(”O)
< = VU
%11% L (o)

A+6 p—
< lim| [ B KOO (1 A 4 6) — (b)) Lt (B (b)E(B)db
0—0 JA

=0, (44)

2—u
6—0

p7L (o)
< lim e OO (4 3 1 5) — (b))7 1 — 7 KOO KO)
6—0"J0
x (1(A+6) = () |x/(b)ew (D) (b)db]
=0, (45)

and

lim I < }sig(l)I(K(/\ +8) —x(0))** — (xk(A) —x(0))*¥|
O(no)
p7I(c)

= 0. (46)

/OA "7 VKO (1) — (b)) Tr(b)ew(b)E (b)db

We conclude from (40)—(46) that }in}) |lv(t+ ) —v(t)|| = 0 independently of v.
—
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Case 2. Let v* € AlE;i € Ayand A+ 6,1 € (I;,b;]. Then, since 7; is uniformly
continuous on bounded sets, we have

lim |[o* (A +8) — 0*(A)|| = lim |[o(A +8) — v(A)]]
6—0 6—0
= lim ||7(A+6,u(5;)) = m(A+6,u(;)|| =0,
6—0
and

1 *(1. — *(71. — 1 1 - — . —
51351+||P (li+0) —p ()| 5gr(§l+}ggllm(lz+5) mi(t)]| = 0.

Case 3. Letv € Ay Then, there are u € Dy, and v € Y(u) such that

1/()\) — (K()\) _ K(O))Z—Mw(/\) [w—l (A)e%(K(A)_K(bI)) (K(/\) _ K(bl))ﬂ_2 ™ (bl/”(bl_))

prAr(u—1)
“1 gy, B ) (b)) (K(A) — (b)), —\) 4 PR
+w(A)e? T (1) (b, u(by)) + 1,6 (A)]
221 (k(A)—x(by)) .
e’ _ p=1 _ K(A) —x(by) . _
— mﬂl(bl/u(b] )) +€ [ (K()\) K(bl))()r(y)(l)ﬂ_'l (bllu(b] ))

+ (xk(A) = x(0) > Mw(M L E G (A), t € (by, 1],

where ¢ € SZ( %) and v(b;) = lim,_, 4 v(A). Using similar reasoning to case (1), we

.

can prove that (lsirr(l) lv(A+6) —v(A)|| = 0 independently of v. Likewise, we show the
—>
equicontinuity of {A; } ;k € A;.
Step 4. Set Ry = Dy, Ny = u(RN,,_1);n > 1. In this step, we will show that

lim xpc, .., (10)(Fn) =0, (47)

n—o0

where Xpc, . (1,0) (Ry) is the measure of noncompactness on PCy_, x , (1, U).
Let n € N be fixed and € > 0. From Lemma 5 in [64], there is a sequence (vy),en

in R, = Y(R,_1) such that
XPCy_ e (1,5) () < 2{Xpc, ,, (nv)0n i =1} + &

= max{maxxc, ) (Af) X Xm0 (AF)y e @9
where A = {v, :a e N} C R, = Y(R,—1),

A = {0} € C, ) 1 0(A) = (k(A) — (b2 Fw(A)oa(A), A € Ty,

vi(bo) = lim 03(1),u € A},
k

and
A = {z; € C(B;,U) 1 23(A) = v;(A), A € By, z5(li) = z, (1), vy € A}

Now, thanks to Step (3), the sets A|kaf k € Ag and A\Efi € A; are equicontinuous, so (48)
becomes

XPCy_y o (h05) (Rn) < max{Ry, Ro} 4, (49)
where
Ry = maxmax x{(x(A) — k(b;))* Fw(A)vg(A) : « € N}, (50)
keLy AEhy
N, = maxmax x{v.(A) : @ € N}. (51)

i€l AcB;
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We will estimate Rjand R,. Let « € N be fixed. Since v, in i, = Y(R,,_1), there is
Uy € R,_1 with v, € Y(up). It results from the definition of Y,

w_l(/\)ePle(K(A)fK(o))( (A) —x(0))*~

G ?01>)>” 1
_ R GE() y
+w1(A)e )=x(0) ST ) 1

+Ig4 " Ca(A), A € g = (o, ],
7'(1(/\ un(l ) A€ Bji € A,
w1 (AT (K(A)fx(bi))%m(bh ua (b))

EL (1e(A) = (b)) (1c(A)—x(b;) )P~ * -
e (e 7 (TN BRI 7 (b wa (8;)
"P"“’ga( )A€ hi € A,

where ¢, € SZ(.u ) From the assumption 7;(A,.) and 71/ (A,.); A € h, maps bounded
subsets to relatively compact subsets, it yields that X, = 0. To estimate R, for any A € hy,
put

By(A)
- /OA "7 VD) (1) — (b)) (b)ew () {ga (b) : & € N} db. (52)

and

Bi(A). (53)
In view of (HFs), it holds for b € (0, A]

x{6a(b) : & € N} < xp(UnenF(b,za(b)))
< B(b) (x(b) — x(0))* *w(b) x{ua(b) : « € N}
< B(0)x{ (k(b) —(0))* Fw(b)ua(b) : « € N}
S BO)XPC, o (155) Rn—1)- (54)

. 2L (e(A)—x(8))
Since ¢ > 1 and |e 7 | < 1, it yields from (52) and (54)

Bi(A) < k(1)1 ‘/O.A ' (D)w(b)x{ca(b) : « € N}db

A
< K(£) K00y ) Rm) [ K (0)B(B) (D)
= K(5)0_1XPCZ,W,W(ﬁ,U)(%n—1)||l3| |Ll;"(h,R+)’
which implies

Ay(n) < LT R
2( )— pgl-(o.) XPCQ,#,K,w(h,U)( n*l)||ﬁ||L}4}K(ﬁ,R+)'

Then,

(k(A) = K(b0))* (A {L 5 cu(A) - & € N}

k(L) -uto
R Y [ R
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Next, for A € h;,i € Lq,

2 k() k(b)) (K(A) — x(b;))#2

e e P — 1)

7 (bi, ua(b;)) :a > 1} =0,

and )
2 k(M) (b)) (K(A) = 5 (b;) )1

e e prIT(p)

i (bj, ua (b)) e > 1} = 0.
Likewise, for any A € Iy, k € L4

(k(A) = (b)) * Fw(Mx{L 5 ca(A) : 0 € N}

kr
x(L 1-pu+o
ey [/

Then,
x(L 1-pu+o
R L OWTYAIC Y [ e 55)

Since € is arbitrary small, it follows from (48), (49) and (55) , one has

XPCy_ o (1,55) (B

K(ﬁ)lfyﬂr
< W){PCQ,%,@U(@E)(%Tlfl)HlB"Li}x(ﬁ,R+)’vn eN.

Then,

XPCy_ 0 (HE) (%)

k(L) e n—1
< (WH,BHL&;K(@W)) Xpc(nE)(R1), Vn > 1.

This inequality with (34) leads to the validity of (47).

Step 5. By making use of the Cantor intersection property and taking in mind that the
sets i, are closed and convex (Step 2), the set ¢ = N,,cnR, belongs to P (PCo 0 (7, O)).
Making use of Lemma 3, the multi-valued function Y : R—* has a fixed point. Because
from step 1, the fixed point set of Y is bounded, we conclude from Lemma 3 that the set of
solutions to Problem (1) is a compact subset in PCy_, (%, U). O

Now, we present one more existence result of solutions to Problem (1).

Theorem 2. Suppose that (HF,), (HF,), (HF7) and (H3) are satisfied. Then, Problem (1) has a
solution under the condition
T (k(L)T  x(L)1HH
P —1) | p () | pT(o) ellur 0.0

<1 (56)

Proof. Define Y as in Theorem1. Let u € PCy_j xw(h,U). In view of (HF;), we get for
almost A € Uke A, (b, 1i14]
[[F(A, u(A)[| = h(F(A,u(A)), F(A,0)) + h(F(A,0),{0})
< e ullpeyyoths +EA) = SNV + 1l ey )0
and so (HFs) holds; by Remark 9, (HF3) of Theorem1 is satisfied. Since (HF;) implies

(HFy), then, by the same arguments as in Step 2 of Theorem 1, one can show that the
values of Y are not empty and closed subsets in PC;_ xw (5, U). Next, we prove that
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Y is a contraction. For this aim, let uj,uy € PCy_y ¢ (h,U), vi € Y(uq).Then, there is
q .
¢1 € SF(.,ul) with

L (e(2)—x(0)) (K(A) —x(0))" 2

w 1 (A)e =
pr=2I(n—1) :
~ 22 (k(A)—x(0)) (k(A) — x(0))"
+w (A A)=x (0 S IT (1) u

+I 01 (A), A € (bo, 1],

mi(Aur(l;7)), A € Byi € Ay,

W (N)e TR (AL R 2 )
+woT(A)e T K =x(0) <K<;Li7§b(i;3§ﬂ* 7 by, uy (b))
+1;ji’,§""“’g1()x),)\ € hyie A

(57)

Now, we define a multi-valued function ¥ : | — 2F by:
Y(A) ={u e F(Au(A)) : |lg1(A) —u || =d(c1(A), F(A, uza(A)).

Since F(A,uz(A)) € Py (U),the values of ¥ are not empty. By applying Theorem IIL.41
in [65], thereis ¢y € qu( such that

L)
1 (A) = 62(M)[| = d(c1(A), F(A, uz(A)), VA € .

But from (HF;) (i) .

(A), F(A, ua(A))

(61
< h(F(A,ui(A)), F(A, uz(A))
< EN)|Jur(A) — ua(A)]], aee.

Then,
161(A) = c2(M)[| < E(A)[[ur(A) — ua(A)]], ae., YA € Ugen, (bi lia]- (58)
We define v, : h — U by:

L (x(1)—x(0)) (K(A) —x(0))" 2
pr2T(u—1)
o ()7 w0 (K(A) — k(O

IV 2 (A), A € (bo, ) pe

+ 0//\/ ’ 2 ARSEVA SN

20 =3 ) (h il ) A € B € Ay, ©
—1 3o B (R(A) =& () (kW) =k (b)) 2 -

w (/\)e Vp_l sz(bz/ MZ(bi ))

+w1(A)e’T KW x(b) % 7t (b, uz (b))

FL A0 (M), A € Tiyi € Ar

w 1 (A)e

In view of (57)—(59), we get:
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(i) IfA € (b, 1], it yields
1(6(2) = x(0 >>2fﬂw<A><vl<A>—vZ<A>>||
c 2-p
< SO T O ) < k(67 o)
||<;1( )—Gz( )||db

(L 1-p+o A
< e = llcy ) [ ¥ @b
K(ﬁ)lfwra

= W"gHLiﬁ"((Oﬁ)R*)H”l —2lpc, 0 (D) (60)

(i) IfA € Bj,i € Ay, then, by (H3), it results
[[v1(A) —v2(A)]]
< (A, ua (1)) = (A, ua (1))
< ;) - a1
< tllur —ullpe, 0 (h5): (61)

X

(iii)) If A € h;, i € Aq, it follows

[1(k(A) = %(0))* Few(A) (1 (A) = v2(A))|

7 (KN =x(b),

< g Tl —uzllpc, ., (105))
p—1 — .

22 (e(0)—x(by)) | (K(A) — k(b))

+le? L
| | prIT(p)

K(L)1Hte A

e = el ino) [ ¥ O)oOE(EM

T (k(L)T  w(L)1HH

S [p‘u72r(y _ 1) + p;lfll"(‘u) + Pal"(o-) ||€||Li§’c((0,£),R+)”|ul - uZHPCZ—u,K,w(ﬁzU))' (62)

By (60)—(62), it results

T||ug — uy| |pc2,mw(ﬁ,zs))

+

[lvi = val|

<[ (x(L)T

T
+
pr2T(n—1)  prIT(p)

Interchanging the rules of vjand v;,we deduce that

K(ﬁ)l—y—&-a
+ poT(0) ||€‘|L}ék((orﬁ),ﬂg+)}””1*”ZHPCZ,V’K,w(ﬁ,U))f

h(Y (1), Y (u2))
T k(L) w(L)l-rte
< [PF‘*ZF(V ) pVﬁlr(]/l) poT(0) H‘;’HLU( (0,0), R+)]||u1 u2||PC2 o (BE , (63)

which, with (56), implies to Y is contraction. Then, Y has a fixed point [66], which will be a
solution to Problem (1). O

4. (p, x, w)-Generalized Ulam-Hyers Stability of Problem (1)

In this part, we provide with an additional outcome for the existence of solutions
and demonstrate the (p, x, w)-generalized Ulam-Hyers stability of (1). We need to the
following information about multi-valued weakly Picard operators. Let Y be a Banach,
D:Y = Pe(Y), Fix(®) ={ze€Y:ze®(z)}and graph & = {(un,y) € Y x Y : y € O(u)}.
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Definition 9 ([67]). ® is said to be a weakly multi-valued Picard operator, if for any (u,v) €
graph @, there is a sequence (uy ) with uy = u,up = v, 11 € ®(ny);n > 2 and limy,_seo uy =
z, where z € Fix(®). The sequence (uy)is called a sequence of consecutive approximations ® begin
from (u,v) that converges to z.

Definition 10 ([67]). Let 1 : [0,00) — [0, 00) be continuous at 0, increasing and 1(0) = 0. The
weakly multi-valued Picard operator ® is called y-weakly multi-valued Picard operator when there
is a function @ : graph ® — Fix(P) with the following properties:

(i)  D®(u,y) = z if and only if there exists a sequence of successive approximations of ® starting

from (u, y) that converges to z.
(it) If (u,y) € graph ®, then d(u, ®*(u, y)) < n(d(u,y)).

Definition 11 ([68,69]). An increasing function 17 : [0,00) — [0, 00) is said to be a comparison if
limy_,oo 75(b) = 0, Vb € [0, 00) where n*(b) = y*~1(y(b)). If additionally, ¥ 1*(b) < o0, Vb €
k=1

(0,00), then 1 is called strictly a comparison.

Lemma 9 ([70]). Let 17 : [0,00) — [0,00) be a strictly comparison function and ® : 5 — P (U)
be a - contraction multi-valued operator, that is h(®(u), P(y)) < n(d(u,y)),Yu,y € U.Then

(i)  ®is an -weakly multi-valued Picard operator and hence it has a fixed point.
(ii)  If additionally, there exists ¢ > 1 such that 5(cA) < cy(A), for every A € [0,00) and A =0

e}
is a point of uniform convergence for the series Y n*(t), then ® is a o -weakly multi-valued

Picard operator,where o(A) = A + § n5(A); A € ]0,00).
k=1

Now, in order to introduce the concept (p, w ) —generalized Ulam- Hyers stability of Problem (1),
we set ¥ := {u € PCy_ (N, E): DZZ 2 “u(t) exists for any A € (b;,1;11],1 € Lo}
Definition 12. Problem (1) is called (p, w, k) —generalized Ulam-Hyers stable if there is a contin-
uous function ¢ : [0,00) — [0, c0) with (0) = 0 such that for any € > 0 and any solution y € ¥
of the inequality

A
I lf) (li,y(ll ))II <eic€ Lo, (64)
I I <

where ¢ € SZ(. ) there is a solution u € PCy_y, x o, (h, U) for Problem (1) with

sup [u(t) =y (B < (e). (65)

In the next result, we show the (p, w, x)-generalized Ulam-Hyers stability of (1).

Theorem 3. Suppose that (HF,), (HF,) and (HFtrt™) are met. Then, Problem (1) has a solution if
the inequality (56) is verified. If, in addition there, is a d > 1such that n(dt) < d n(t);t € [0, c0)

and t = 0 is a point of uniform convergence for Y y*(t), then Problem (1) is stable in the sense of

(p, w, k) —generalized Ulam-Hyers.
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Proof. Define Y as in Theorem?2. By using the same arguments that led to proof of relation-
ship (63), we can prove that, if uy,up € PCQ_%K,M(FL, U), then

h(Y(u1),Y(uz2))
T (k(L)T
<l (n=1)  prIT(p)

which with (56) implies that Y is # —contraction and since 7 is strictly comparison, then, by
Theorem 3.1(i) in [69], Y has a fixed point and consequently Problem (1) has a solution.
Now, we demonstrate that Problem (1) is a (p, k, w)- generalized Ulam-Hyers stable.
By applying (i) of Lemma 9, Y is the # —multi-valued weakly Picard operator. Because
n(ct) < cy(t);t € [0,00),c > 1,and t = 0 is a point of uniform convergence for the

x(L 1-pu+o
ey 18l o s = el )

pt—2T -

series Y 7¥(t), it results from (ii) of Lemma 9 that Y is the o—multi-valued weakly Picard
k=1
operator, where o(t) =t + Z 1 (t). Consequently, from Definition 9, there is a function
Y : graph(Y) — Fix(Y) satlsfymg
= Y20,y 05y < QU Vllpc, o h0)), ¥(0,0) € graph(Y).  (66)

Next, let e > 0 and y € ¥ be a solution to inequality (64). So, there are two functions

6,z € PCS2 7 (1) such that ¢ € Sk ZAI| < €Y € hand

Dg’ﬁcp"{’wy()\) =¢(A) +2(A), ae.d € UZR(b;,1i4q).
Consequently,

Dy y(A) = 6(A) +2(), ae.t € UZ(bi L),
y(IF) = (L, y(I7)) +ei € Ao, (67)
y(A) = mi(Ay(I7)) + €A € (I b, i € Ay,

In view of the second assertion of Lemma 8, the solution to the fractional differential
Equation (67) is given by

: let. 2>W (0 >)>” '
B =2 (k(A)—x(0)
e (e MO
HIEDG0) + D0, € (B

(68)

(
p-1 —x(b; k(b ))H2 -~
afl()t)e 7 (K()\) ﬂbl))%”i(hl]ﬂh ))
L (e(A) =k (b)) (c(A)—x (b))~ _
taw (A)e 7 KV w’”%ni (b, y(b;))
+ G (A) + R 2(A), A € (by 1) i € Ay
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Let u : h — U be defined as:

w1(1)e’7 kx4 — x(0))2
prAT(p—1)

+w*1()\)ep771("“)*1<(0)) (k(A) —x(0))#1

)

IUpng( ) A€ (bo,l1]

M= w0 A By Ay ©)
- ( K(A)=x(b;)) (k(A) =k (b))% 7 -

w 1( ) prfzr(y_l) nl(bl/y(bi ))

P=L (A =k (b)) ((A)—x(B:))E—1 " _
+wl(A)e 7 W (b»)%m (b, y(b7))
+I(TPK Q(A)/A S (bi/li+1],i € Al-

Obviously, (y, u) € graph(Y), and so by (66),

ly = Y=, w)llpc,, 0 (ni5) < 0Uly —tllpe, 0 (555))- (70)

Since Y®(y,u) € Fiu(Y), it is a solution for Problem(1), so Problem(1) will be a
(p, x, w)-generalized Ulam-Hyers stable if we show that

ollly = wllpcy ) < #(E) o
where ST
0(e) = ol ™D [ ¥ @@ae +1)), ™)

From (68) and (69), we get:
(i) IfA € (bp,1h], then

EK(ﬁ)lJrafy
A CY)
B eK(C)l-‘rU’—}J

p7L (o)

(i) IfA € B i€ Aj, then

/0 K (8)w(8)dd

L
/O K (8)cw(8)do. (73)

ly(A) —u(MV)]| <e. (74)
(iii) IfA € (b;,li1],i € Ay, then

[l (A) ((A) = x(8:))>*(y(A) = u(M))]
w(A (K(?\) K(bz))2 MlIL ()]
(x(

A

IA

[ 57 OO () - x(8))7 K (9)]2(8) ()0
W /O “ () (8)d0. (75)
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As a consequence of (73)—(75), it yields

o(l1y — ullpcy o)

K 1+0—

< Q(e(% /Oﬁ ' (9)w(9)dd +1)
K(ﬁ)l-‘ra—y
=
= (e).

Then (71) is true, and the proof is completed. O

'/OE K (9)cw(8)dd + 1)

5. Discussion and Conclusions

The notion of p-proportional w-weighted x-Hilfer fractional differential operator

with the lower limit at a point a, DZ’X”J % is introduced, and some of its properties are

deduced. If p = 1, then DZ’S”’ " becomes the w-weighted x-Hilfer fractional differential
operator with a lower limit at a point 4, which was introduced in the very recent paper [29],
and if w(t) = t;t € h, then DZ’Q’p’K’w converts to the x-Hilfer proportional fractional

operators given by [43]. Next, a differential inclusion involving D;’f’p " of order ¢ €
(1,2) with the effect of non-instantaneous impulses in Banach spaces whose dimension
is infinite is considered. The relationship between any solution to the studied problem
and its corresponding fractional integral equation is obtained in detail, and then the
solution function representation of the objective problem is defined. Through the use of
suitable fixed point theorems for multi-valued functions, two results for the existence of
solutions are proven. In the first, we prove the non-emptiness and compactness of the set of
solutions. Next, the concept of (p, k, w)-generalized Ulam-Hyeres stability for solutions of
the studied problem is given, and using the properties of the multi-valued weakly Picard
operator, the (p, k, w)-generalized Ulam-Hyeres stability of solutions for the problem under
consideration is studied. Since the presented p-proportional w -weighted x-Hilfer fractional
differential operator includes many kinds of famous fractional differential operators, our
results are a generalization of several results recently published in the literature. In addition,
there are no past works on this kind of fractional differential inclusion, so this work is
original and enjoyable. Two examples to support our findings are presented. As mentioned
in Remark 1, this work generalizes Theorem 4 and (i) of Theorem 6, in [40] and the
results obtained in [29,47,48]. Moreover, because the differentiation operators called in
the literature (Caputo proportional, Hilfer-Hadamard, Hilfer-Katugampola, x-Riemann
Liouville, xk-Caputo, x-Hilfer, and x-Riemann Liouville proportional) are particular cases of

DZ’K’p " our technique allows extending the majority of the works mentioned in Section 1

after replacing the differential operator considered in these works by DZ’K’p’K’w and making

sure the dimension of space infinite and the right hand side is a multi-valued function.
We recommend the next future research directions related to our work:

1 Using our method and that used in the recently published paper [58] to study the
Hyers—Ulam-Rassias of a delay differential inclusion with multiple variable time de-
lays involving proportional weighted x-Hilfer on bounded and unbounded intervals.

2 Empolying our technique as well as that used in the recently published paper [54]
to investigate the existence and stability of solutions for a coupled system of impul-
sive fractional differential inclusions with proportional weighted «x-Hilfer fractional
derivative.

3  Study Problem (1) in the presence of finite delay as well as infinite delay.

4  Using the arguments in the recently published papers [24,60] to study the existence of
anti-periodic solutions to Problem (1).
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6. Examples

Example 1. Suppose that hi = [0,3], U is a Hilbert space, c = 3,p = 1,p € [0,1], w : h —
10,00[, w 1 (A) = ﬁ and « : h = [0, L] — R is a strictly increasing continuously differentiable
function with k' (8) # 0, for any ¢ € h, and k1 is its inverse. Then, y = o +2p — op = %and
p(2—0)=3Letbg=0,ly =1, by =2, =3, n=1andq=2. Let F : i x U — P (0) be
defined such that if u € PCy_yx o (h, U), then

ow Y (A)e 7 M TFOD (1) — k(0))2 | [u(0)] |02, A € [0,1],
F(Au(A)) =4 oQ,A€e(1, 2], (76)

ow Y (A)e 7 MV (1) — x(2))2H(Ju(0)||, A € (2,3],

where @ is a positive real number and Q) € Py (U). Let z € PCy_yx o (h, U). Obviously, the
multi-valued function A — F(A,z(A)) is measurable, and i.e.(HFy) is met. Moreover, if f €
SZ(.Z), then

p—1

g ()7 KOO (e(2) — (0))? [[2(0) 1w, A € [0,1],

g (W)e'T KO ((3) — x(2)) [[2(0) g A € (2,3,

Sr(1s p
o F(19> “1(A)e’ 7 EOKO) (1) — x(0))3|[2(0) g1, A € [0,1]
I'(3)
ff(A) = qu,?\i(l/ 2],
Qp;fff))w—lme%( "W (1) = x(2)312(0) 193, 4 € (2,3]
9

From (ii) of Lemma 3, it follows for (0, 1]

IP(Z—‘T)erK/Wf* (A)

=o” r(rf ; D z0) 7 0 )67 OO (1) — (0
9
dr( ~2roa1y Byt ) -x(0) \
= P Ol 0 P e (1) - x(0))}
P21 k(1) x(0)) \
= oll2(0)] I (A)e (k(2) - (0))?
= F(A).

Similarly, one can show that Ip @) b f*(A) = f(A);A € (2,3].Therefore, condition
(HE,) of Theorem 1 is verified. Moreover forany A € (0,1] U (2,3], we get

]| < { Q™ (A)e
ow t(A)e

< erlz]]-

(D=0 (e (A) = x(0))37]|2(0)]|, A € [0,1],
D= (1e(2) = x(2)r][2(0)]], A € (2,3],

=
<|l =
-
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where r = sup{||u|| : u € Q}. So (HF;) is satisfied, where ¢(A) = or;A € [0,3] and
O(A) = A A € [0,00). Notice that

0 = lim sup oln) =1 (77)
n—o0 n

Next, let uy, € PCyy,w(h,U), un — u € PCoyxw(h,U) , 6u € Sp(( )) andg, > ¢ €

L& (B, U). It follows from (76)

g T (e T OO (1) — (0))} [ (0)] b, A € [0,1],
Qn(/\) = QC”//\ € ( : ]

0w 1(A)e T NI (1) — 1(2)) 8[| (0)]|d, A € (2,3],

where by, ¢y, d, € Q, for every n € N. Since () is compact and convex, there are subse-
quences of (by,), (cx) and (d,), denoted again by (b,), (¢x) and (d,,), such that limy, e by =
be O lim, soocy =c € Qand limy, o d;, =d € Q. Set

" Al(}\() ppz(K(/\ O (k(A) = x(0))8 [|u(0)[|, A € [0,1],
—{ o re(l,

P— 1

ow t(A)e 7

D= (1) — 1(2)) 9 ||u(0) |14, A € (2,3].
then g, — kin PCy_, x (N, E), and consequently, ¢ = k € Sp((2 )a) 1. As aresult, (HF,) is

verified. Next, let B C PCy_, x (5, 5) bebounded, uy,u; € Band 771 € F(A,u1(A)). Then,
thereis q4,45,96 € Q) with

0w 1 (A)e 7 FITHOD (1) — x(0))2 | |u1 (0) | |44, if A € [0,1],
m=9q ogs ifAe(1,2],)
1y S (k(A)—x(2)) 2
0w (A)e 7 (k(A) = x(2))27H]|u1 (0)]|g6, if A € (2,3].
Define

-1
0w T(A)e 7 I TFO) (1) = 1e(0))2H]|u2(0) s, if A € [0,1],
N2 = 0qs, if A € (1/ ]/
104\ 5 (k(A)—x(2)) 2 :
0w 1 (A)e 7 (k(A) = x(2))2 M |u2(0)||g6, if A € (2,3].

Note that 77, € F(A,uy(A)) and

-1
[l —m2lls < { Qw
Q

(\)

(\)
< { 0w 1 (M)e'7 "D (1) — x(0))>#Ius (0) Ir, if A € [0,1],
T ew e T P w(A) — x(2))2H [u2(0)|Ir, if A € (2,3].

e 7 O e (2) — 1 (0))2 o (0) I, i A € [0,1],
e 7 "W (1) —x(2)* # [z (0)]Ir, i A € (2,3].

Then,

Pl
P )Hul - u2||pc2,,,,x,w(h,15))

(Ao [Jug — u2||pCy_ o (h05))-
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and

xe(F(A,2(A)) sz € D))
< (k(A) — K(bk))z_"ﬁ(/\)xa){(z(/\) :z € D},ael € g, k=1,2,

where iy = (0,1], i, = (2,3]. Therefore, (HFs) is satisfied with g(A) = Qw_Z(/\)epP
Next, define 711 : [1,2] x U — U, 7] : [1,2] x U — U as follows:

m (A, u) = 01 Projg(u), i (0, u) = ora Projn(u), (78)

where 71,72 > 0 and Projn(u) is the projection operators on ). It is evident that 7rjand
mp satisfy (Hy) and (Hy). By applying Theorem 1, the following problem:

PELUA) € F(A,u(M)), aefor A € (0,1]U (2,3],

) =Projou(l™),

u(A) =Projou(l),A e (1,2],

limy o+ I 3P (uw) (1) = 1 (79)
limy, g+ (DVP<(Ig PP (uw) (1)) = uy,

limy o+ Izzrgy’p’x(uw)(/\) =r1Projou(27),

limy - (DX (I3, P (uw) (1)) = r2 Projo u(27),

-1
where F is defined by (76), £(A) = or and B(A) = Qw_z(A)ePTK(?’); A €0, 3], has a solution
provided that

(x(3) —x(0))°
p—@HﬁHL}f(ﬁ,Rﬂ <1, (80)

and
or xk(3) —x(0)  (x(3) —x(0 )3 18111
Ery +0—= m ry +
poT(3) poT(3) pir(4)
By selecting ¢, 71 and rpsmall enough, we can reach to (80) and (81).

<1 (81)

or1 +

Example 2. Suppose h, U, by, 11, b1,12,1, q, p, k711 and mjare as in Example 1. Let o = %and
p = Yand w : h —]0, o[ be bounded and w=! (A) = ﬁ Then, y = o +2p —op = Land
p(2—0) = %. Let A : I = Py (V) be a continuous multi-valued function and F : i x U —
Pe(O) be defined such that if u € PCyy x,w(h, U), then ¢ € F(A,u(A)) if and only if

r(r(A) = x(0))**w? (A)|[u(0)] |1 (’pmf( ), A €0,1],
cA)=<¢ rQ,re(1, 2], (82)

r(i(A) = x(0))* *w?(A)|u(0 )III6 V), A€ 0,14 € (2,3,
where f € St = {f € LE"(h,U), f(t) € A(A),ae}, Q = U{A(A) : A € h}and r =

max{||z|| : z € Q}. It is evident that (HF,) and (HF,) are satisfied. Now, let uq ,up €
PCopyxw(h,U)and gy € Slq:(. u)- Then,

r(e(A) — K(O))z_”wz(/\)\ul(O)IIIO%,f'K'wf(/\), Aelo1],
c1(A) =9 rz,Ae (1, 2], (83)

r(i(A) = x(2))> Hw?(A)||ur (0 )Illﬁpwf( ), A€ (23],
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where f € S?\. Define

r(k(A) = x(0))* Hw?(A)|u2(0)]| I pwf( ), A€0,1],
G2(A) =< rzy,A€(1, 2], (84)

r(c(A) = x(0))* Fw?(A)||uz(0 )Hlépwf( ), Ae01],A € (23]

Obviously, ¢z € S}, and if A € [0,1] then

ll61(A) = 2(M)]] < (x(1) = x(0))* () |1 (0) — u2(0)]] III“”Wf( ) (85)

But,

III"pwf(/\)II

IN

- 6w—1(Al)rr(K(3))%
pel(g

where T = sup{w(A) : A € h}. It results from (83)-(86),

/ (86)

~—

ler() = 2l < B (1) — (0))2#o (1) 11 (0) — > 0)
pel(s)
61’7(1((3))%
< p%r(% ||Ll1 - M2| |PC2—;t,K,w(ﬁrU)

< ———lu - u2||pc2,,4/,(,w(ﬁ,0).

Then, (30) is verified with (1) = Mamd 17(A) = 4. Moreover, F(A,0) = {0},
per(s)
and so (31) is verified also. ’

Next, it yields from (78), for any u ,v € PCy_, . (h, ) one has
I (A, u(6)) — 7 (A, v(E)) < 20 (u(t) — v()]), YAt € B

and
77 (A, u(t)) — g (A, u(®)) || < 2t ([lult) —v(E)[]), VA, t € A

Thus, all assumptions of Theorem 3 are satisfied, and hence, by application of The-
orem3, Problem (1) has a solution, and it is stable in the sense of (p, x, w)-generalized
Ulam-Hyeres under the condition that

|[¢] |Li}”((0,£),]R+) <1 (87)
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1
where o = %,v = %, F,m, i} are given above and () = w; A € (0, 3]. By selecting
peT(s)
7 and r small enough, we can reach (87).
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