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Abstract: This article investigates non-fragile synchronization control and circuit implemen-
tation for incommensurate fractional-order (IFO) chaotic neural networks with parameter
uncertainties. In this paper, we explore three aspects of the research challenges, i.e., theoret-
ical limitations of uncertain IFO systems, the fragility of the synchronization controller, and
the lack of circuit implementation. First, we establish an IFO chaotic neural network model
incorporating parametric uncertainties, extending beyond conventional commensurate-
order architectures. Second, a novel, non-fragile state-error feedback controller is designed.
Through the formulation of FO Lyapunov functions and the application of inequality
scaling techniques, sufficient conditions for asymptotic synchronization of master–slave
systems are rigorously derived via the multi-order fractional comparison principle. Third,
an analog circuit implementation scheme utilizing FO impedance units is developed to
experimentally validate synchronization efficacy and accurately replicate the system’s dy-
namic behavior. Numerical simulations and circuit experiments substantiate the theoretical
findings, demonstrating both robustness against parameter perturbations and the feasibility
of circuit realization.

Keywords: chaotic neural networks; uncertainty; synchronization control; state feedback
control; circuits design

1. Introduction
Neural networks, as brain-inspired computational architectures, find ubiquitous ap-

plications spanning medical diagnostics, financial forecasting, information processing
systems, and pattern-recognition algorithms [1–4]. Recent technological innovation has
driven considerable research interest in chaotic neural networks, owing to their distinctive
nonlinear dynamic characteristic [5–7]. The synchronization of such systems has emerged
as a central research challenge, spurring rigorous investigations into control strategies,
including impulsive control [8], adaptive control [9], fuzzy control [10], and feedback
control [11]. Nevertheless, these methodologies consistently encounter fundamental lim-
itations in maintaining robustness and operational precision when addressing complex
nonlinear systems.

Fractional-order (FO) calculus has established itself as a compelling framework for
characterizing dynamical properties in complex nonlinear systems. Compared to integer-
order models, FO frameworks demonstrate enhanced characterization accuracy for elec-
trochemical phenomena, particularly in voltage output regulation and state-of-charge esti-
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mation [12]. Particularly in scenarios involving memory effects, FO calculus intrinsically
encodes temporal correlations through its hereditary operators, facilitating accurate forecast-
ing in operational scenarios spanning neural networks, bioengineering, quantum systems,
and signal-processing architecture [13–18]. Particularly in neural network architectures,
the incorporation of FO calculus empowers neural models to more accurately characterize
neuronal dynamical properties, yielding broad applicability spanning signal-processing
architectures, image encryption schemes, and secure communication protocols [19–22].
Consequently, investigating synchronization control in FO chaotic neural networks holds
substantial theoretical importance and applied potential across interdisciplinary domains.

While notable advances exist in FO chaotic neural network research, current studies
predominantly address commensurate FO system dynamics [23–25]. However, practical
systems frequently possess multiple different orders and demonstrate heightened dynam-
ical complexity, formally categorized as IFO chaotic systems. Their intricate dynamical
characteristics render conventional analytical approaches developed for uniform FO sys-
tems inadequate for such configurations. Research on IFO chaotic systems is still in its
early stages, with some seminal contributions appearing in the recent literature. Notable
advances include the generalized projective synchronization framework under external
perturbations [26]. In addition, their seminal study of the glucose-insulin regulatory mecha-
nism introduced a pioneering approach to stabilize chaotic attractors, providing important
insights into the application of IFO dynamics to biophysically relevant systems [27]. Recent
investigations [28,29] establish rigorous synchronization criteria for IFO systems. Capitaliz-
ing on neural networks’ inherent approximation capabilities, ref. [30] introduced adaptive
control to resolve undetermined control directionality while developing neural-driven
synchronization strategies for generalized projective IFO chaotic systems with uncertain
nonlinearities. While pioneering investigations exist, a persistent theoretical–practical dis-
connect persists in synchronization control methodologies for IFO chaotic neural networks.

Practical implementations inevitably confront parametric uncertainties stemming from
measurement inaccuracies and exogenous disturbances, which critically degrade Lyapunov
stability margins and compromise synchronization control precision in neural networks.
Consequently, robust synchronization control of chaotic neural networks with parametric
uncertainties has become a critical research focus, demanding novel adaptive strategies.
Deepika pioneered a FO sliding mode control strategy to achieve finite-time robust syn-
chronization for uncertain chaotic/hyperchaotic systems, effectively addressing nonlinear
coupling dynamics and parametric perturbations [31]. While Hajipour developed an adap-
tive synchronization scheme for IFO Arneodo systems with quadrivariable parametric
uncertainties, their Lyapunov-based control law enables asymptotic state synchroniza-
tion between coupled IFO chaotic oscillators through rigorous stability guarantees [32].
However, contemporary research remains predominantly confined to deterministic system
formulations, whereas robust controller synthesis incorporating uncertainty quantification—
particularly non-fragile control architectures resilient to parametric perturbations—still
faces fundamental challenges in both theoretical analysis and engineering implementation.

While numerical simulation remains indispensable in theoretical exploration, circuit
implementation constitutes a critical validation phase for confirming result fidelity in
nonlinear dynamical systems. The aforementioned studies [33,34] have achieved FO im-
plementations, yet the circuit-level realization of synchronization control for IFO chaotic
neural networks remains unexplored, with current findings limited to numerical simula-
tions lacking hardware validation. This study investigates synchronization control and
circuit implementation of IFO chaotic neural networks, addressing parametric uncertain-
ties induced by measurement inaccuracies and external perturbations. Concurrently, a
non-fragile state-error feedback controller is developed to achieve robust synchronization
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in IFO chaotic neural networks through dual compensation mechanisms for parametric
perturbations and quantization errors. The main innovations of this paper are:

• This work investigates IFO chaotic neural networks with inherent parametric uncer-
tainties, establishing enhanced generality through multi-order dynamics compared to
existing chaotic system formulations.

• Ensures the state synchronization of the master–slave system can still be accom-
plished with a certain degree of robustness when the control protocol parameters
have relatively small perturbations.

• Using the principle of multiple FO comparison, sufficient conditions are given to
achieve synchronization of master–slave systems, and the obtained sufficient condi-
tions are also applicable to FO chaotic systems of the same metric as well as integer
orders.

• The design of the IFO uncertain chaotic neural network synchronization control circuit
is completed, and the circuit simulation is carried out by Mutisim and the results
coincide with the numerical simulation results of Matlab, which verifies the validity
of the FO operator as well as the correctness of the circuit design.

The paper is organized as follows. Section 2 focuses on system description and
generalization of the underlying theory. Section 3 is the main content. In Section 4,
Simulation results are given for an IFO chaotic neural network analog circuit and the
physical circuit is completed. Finally, Section 5 outlines the main conclusions.

The notations and their descriptions are displayed in Table 1.

Table 1. Notations and their descriptions.

Notations Descriptions

Rn set of n-dimensional real vectors

Rp×q set of p × q real matrices

I the identity matrix with appropriate dimension

⊗ the Kronecker product

diag(· · · ) a block diagonal matrix

Hp×q
+ the real symmetric positive definite p × q matrix set

XT the transpose of the matrix X

X−1 the inverse of the matrix X

X > 0 (< 0) a real symmetric and positive (negative) definite matrix

⊕k
i=1xi equivalent to diag(x1, x2, ···, xn)

2. System Description and Basics
This section will introduce the theory of FO calculus and some necessary lemmas.

2.1. Fractional Calculus

The commonly used definitions of FO derivatives can be categorized into the following
three: the Riemann–Liouville, Caputo, and Grunwald–Letnikov definitions. The Caputo
derivative is widely adopted in control engineering due to its seamless compatibility with
the integer-order system when the FO ω attains integer values. It degenerates to classical
integer-order differentiation, particularly advantageous for hybrid control architectures
integrating fractional and integer-order dynamics.
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Definition 1 ([35]). The Riemann–Liouville fractional derivative can be defined as:

RL
t0

Dω
0,t f (t) = 1

Γ(n−ω)
dn

dtn

t∫
0

f (τ)
(t−τ)ω−n+1 dτ, (1)

where ω > 0 being positive real non-integer numbers, n is the smallest positive integer greater than
ω, i.e., n − 1 ⩽ ω < n.

Definition 2 ([35]). The Caputo FO derivative can be written for a differentiable function f (t):

C
t0

Dω
0,t f (t) = 1

Γ(n−ω)

t∫
0

f (n)(τ)
(t−τ)1−n+ω dτ, (2)

where Γ(n − ω) =
∫ ∞

0 e−ttn−ω−1dt denotes the Euler gamma function.

Definition 3 ([35]). The Grunwald–Letnikov derivative of order ω is

GL
t0

Dω
0,t f (t) = lim

h→0
1

hω

[(t−t0)/h]
∑

j=0
(−1)j

(
ω

j

)
f (t − jh). (3)

Please note that the Caputo derivative is widely applicable in practice and will be
used in this paper. From now on, to simplify the notation, we will use Dω

t , which means
we omit the left superscript and the operator limit.

2.2. Relevant Lemmas

Lemma 1 ([36]). For a continuous function x(t) ∈ Rn and any given symmetric positive definite
matrix P ∈ Rn×n we verify that

Dω
t
(

xT(t)Px(t)
)
≤
(
xT(t)P

)
Dω

t x(t) + (Dω
t x(t))T Px(t), (4)

where ω ∈ (0, 1].

Lemma 2 ([37]). (Principle of Comparing Multi-order FO Systems) Consider the following
FO differential inequalities with initial conditions Vi(0, xi(0)) = Vi0 ⩾ 0 and Vi(0, xi(0)) ⩽
Wi(0, yi(0)), i = 1, 2, · · · , n and conditions:

Dω1
t V1(t, x1(t)) ≤ Dω1

t W1(t, y1(t)),
Dω2

t V2(t, x2(t)) ≤ Dω2
t W2(t, y2(t)),

...
Dωn

t Vn(t, xn(t)) ≤ Dωn
t Wn(t, yn(t)).

(5)

If previous inequalities hold, then the following inequalities hold:

V1(xi(t)) ≤ Wi(yi(t)), ∀t > 0, i = 1, 2, · · · , n,
V(x(t)) ≤ W(y(t)), ∀t > 0,

(6)

where V and W: [0, ∞)× Rn → [0, ∞) are continuously differentiable functions.

Lemma 3 ([38]). The FO multi-order system Dω
t x(t) = A0x(t)+ B0u(t),ω = (ω1, ω2, ···, ωn)

T ,
is stabilizable under the state feedback controller u(t) = Kx(t), if there exist symmetric positive
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definite matrices Pi ∈ Hti×ti
+ , i = 1, 2, · · · k, the matrices H ∈ Rn×n,Q ∈ Rp×n, the following

equation holds:

M + sym

{([
In

−A0

]
⊗ I2

)
(H ⊗ I2)([In In]⊗ I2)

}

+sym

{([
0n×p

−B0

]
⊗ I2

)
(Q ⊗ I2)([In In]⊗ I2)

}
< 0.

(7)

Moreover, the controller feedback gain is given by K = QH−1.

2.3. System Description

We consider the uncertain IFO neural network master chaotic system:

dωi xi(t)
dtωi = −(ci + ∆ci)xi(t) +

n
∑

j=1

(
aij + ∆aij

)
f j
(
xj(t)

)
+ Ii. (8)

The matrix representation of the system is formulated as:

dω x(t)
dtω = −(C + ∆C)x(t) + (A + ∆A) f (x(t)) + I, (9)

where i = {1, 2, · · · , n}, n is the number of neurons in the network, ω = (ω1, ω2, ···, ωn)
T

belongs to (0, 1]. x(t) = (x1(t), x2(t), ···, xn(t))
T ∈ Rn is the state of the neuron at the

moment t, f (x(t)) = ( f1(x(t)), f2(x(t)), ···, fn(x(t)))T is the excitation nonlinear function
of the neuron. C = diag(c1, · · · , cn), A =

(
aij
)

n×n are the weight matrices from the j-th

neuron to the i-th neuron. I = (I1, I2, · · · , In)
T is an external input. ∆A =

(
∆aij

)
n×n ∈ Rn×n

and ∆C =
(
∆cij

)
n×n ∈ Rn×n are uncertain parameter perturbation matrices.

System (9) can be described in vector form:
dω1 x1(t)

dtω1
dω2 x2(t)

dtω2
...

dωn xn(t)
dtωn

 = −


c11 + ∆c11 c12 + ∆c12 · · · c1n + ∆c1n

c21 + ∆c21 c22 + ∆c22 · · · c2n + ∆c2n
...

...
. . .

...
cn1 + ∆cn1 cn2 + ∆cn2 · · · cnn + ∆cnn




x1(t)
x2(t)

...
xn(t)



+


a11 + ∆a11 a12 + ∆a12 · · · a1n + ∆a1n

a21 + ∆a21 a22 + ∆a22 · · · a2n + ∆a2n
...

...
. . .

...
an1 + ∆an1 an2 + ∆an2 · · · ann + ∆ann




f1(x(t))
f2(x(t))

...
fn(x(t))

+


I1

I2
...
In

.

(10)

where the uncertainty matrix elements satisfy
∣∣∆aij

∣∣ ⩽ aij,
∣∣∆cij

∣∣ ⩽ cij. aij, cij are positive
constants. The excitation function f j of a neuron is Lipschitz continuous, i.e., there exists
Lj(j = 1, 2, · · · , n) such that

∣∣ f j
(
uj
)
− f j

(
vj
)∣∣ ⩽ Lj

∣∣uj − vj
∣∣, ∀uj, vj ∈ R.

Remark 1. It should be pointed out that widely used excitation functions in neural networks are
Lipschitz continuous. It accommodates standard excitation functions, ensures theoretical analysis,
and aligns with practical requirements.

We assume the IFO neural network slave chaotic system:

dωi yi(t)
dtωi = −(ci + ∆ci)yi(t) +

n
∑

j=1

(
aij + ∆aij

)
f j
(
yj(t)

)
+ Ii + ui(t). (11)
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Its matrix form is

dωy(t)
dtω = −(C + ∆C)y(t) + (A + ∆A) f (y(t)) + I + u(t). (12)

It can also be written as:
dω1 y1(t)

dtω1
dω2 y2(t)

dtω2
...

dωn yn(t)
dtωn

 = −


c11 + ∆c11 c12 + ∆c12 · · · c1n + ∆c1n

c21 + ∆c21 c22 + ∆c22 · · · c2n + ∆c2n
...

...
. . .

...
cn1 + ∆cn1 cn2 + ∆cn2 · · · cnn + ∆cnn




y1(t)
y2(t)

...
yn(t)



+


a11 + ∆a11 a12 + ∆a12 · · · a1n + ∆a1n

a21 + ∆a21 a22 + ∆a22 · · · a2n + ∆a2n
...

...
. . .

...
an1 + ∆an1 an2 + ∆an2 · · · ann + ∆ann




f1(y(t))
f2(y(t))

...
fn(y(t))

+


I1

I2
...
In

+


u1(t)
u2(t)

...
un(t)

.

(13)

where y(t) = (y1(t), · · · , yn(t))
T ∈ Rn stands for slave system state. C, A and f (·) are

consistent with those in Equation (8). u(t) = (u1(t), · · · , un(t))
T is the external control

input.
The synchronization error is defined as the difference between the states of the master

and slave systems and is expressed as follows:

e(t) = y(t)− x(t). (14)

From (8), (11), and (14), it follows that the error system can be written in the following
form:

dωe(t)
dtω = −(C + ∆C)e(t) + (A + ∆A)( f (y(t))− f (x(t))) + u(t), (15)

where e(t) = (e1(t), · · · , en(t))
T .

Our goal is to design a non-fragile feedback controller:

u(t) = (K + ∆K)e(t), (16)

where K = diag(k1, k2, ···, kn) is the feedback gain, ∆K = diag(∆k1, ∆k2, ···, ∆kn), |∆ki| ⩽ ki.
The error system is

dωe(t)
dtω = [(K + ∆K)− (C + ∆C)]e(t) + (A + ∆A)( f (y(t))− f (x(t))), (17)

or

dωi ei(t)
dtωi = −

n
∑

j=1

(
cij + ∆cij

)
ej(t) + (ki + ∆ki)ei(t) +

n
∑

j=1

(
aij + ∆aij

)
( fi(y(t))− fi(x(t))). (18)

Herein, the control objective is that the trajectory of the slave asymptotically ap-
proaches the one of the master, for given master and slave initial conditions, x(0) and y(0),
respectively. This translates into:

lim
t→∞

∥e(t)∥ = lim
t→∞

∥y(t)− x(t)∥ = 0. (19)

System (17) can also be written as:
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
dω1 e1(t)

dtω1
dω2 e2(t)

dtω2
...

dωn en(t)
dtωn

 = −


(c11 + ∆c11 − k1 − ∆k1) (c12 + ∆c12) · · · (c1n + ∆c1n)

(c21 + ∆c21) (c22 + ∆c22 − k2 − ∆k2) · · · (c1n + ∆c1n)
...

...
. . .

...
(cn1 + ∆cn1) (cn2 + ∆cn2) · · · (cnn + ∆cnn − kn − ∆kn)




e1(t)
e2(t)

...
en(t)



+


a11 + ∆a11 a12 + ∆a12 · · · a1n + ∆a1n

a21 + ∆a21 a22 + ∆a22 · · · a2n + ∆a2n
...

...
. . .

...
an1 + ∆an1 an2 + ∆an2 · · · ann + ∆ann


f1(y(t))− f1(x(t))
f2(y(t))− f2(x(t))

...
fn(y(t))− fn(x(t))

.

(20)

Then, the design problem involving (8) and (11) can be transformed into a stability
problem for the error system (17).

Remark 2. In the existing literature [23–25], the synchronization control design addresses the
commensurate-order case ωi = ω. It is not difficult to find that commensurate order is a special case
of incommensurate-order systems. It is more general to investigate IFO chaotic neural networks,
which provide a more accurate description of the dynamics of complex systems and offer additional
possibilities. Although the synchronous control of IFO chaotic systems has been studied in the
literature [29] based on linear feedback, the results therein cannot be directly generalized to the IFO
chaotic neural networks studied in this paper.

3. Main Elements
In this section, we establish the following theorem as a fundamental theoretical result

of this work, and the following theorem provides a sufficient stabilization condition.

Theorem 1. If there exist matrices Pi ∈ Hti×ti
+ , i = 1, 2, · · · k, H ∈ Hn×n

+ and Q ∈ Hp×n such
that BQ > 0 holds and satisfies

M + sym

{([
In

−Ã

]
⊗ I2

)
(H ⊗ I2)([In In]⊗ I2)

}

+sym

{([
0n×p

−B

]
⊗ I2

)
(Q ⊗ I2)([In In]⊗ I2)

}
< 0,

(21)

where

Ã =


φ̃11 φ̃12 · · · φ̃1n

φ̃21 φ̃22 · · · φ̃2n
...

...
. . .

...
φ̃n1 φ̃n2 · · · φ̃nn

,

φ̃ii = −2cii − 2cii + 2(|aii|+ aii)Lii + 2ki + 2ki +
n
∑

j=1,i ̸=j

(
−
∣∣cij
∣∣− cij +

(∣∣aij
∣∣+ aij

)
Lij
)
,

φ̃ij =
n
∑

j=1,i ̸=j

(
−
∣∣cij
∣∣− cij +

(∣∣aij
∣∣+ aij

)
Lij
)
(i = 1, 2, · · · , n, i ̸= j),

then system (17) is stable. Additionally, the feedback gain is K = QH−1.

Proof. For the error system (17), we choose the following Lyapunov candidate function

V(t) =
n
∑

i=1
Vi(t) =

n
∑

i=1
ei

2(t), (22)
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With Lemma 1 in mind, and calculating the ωi-order derivatives of Vi(t) along the
solution of (17), yields:

Dω1
t V1(t) ⩽ 2e1(t)Dω1

t e1(t)

= 2e1(t)

(
−

n
∑

j=1

(
c1j + ∆c1j

)
ej(t) + (k1 + ∆k1)e1(t)

+
n
∑

j=1

(
a1j + ∆a1j

)
( f1(y(t))− f1(x(t)))

)
⩽

n
∑

j=2

(
−
∣∣c1j
∣∣− c1j +

(∣∣a1j
∣∣+ a1j

)
L1j
)
e2

1(t)

+
(
−2c11 − 2c11 + 2(|a11|+ a11)L11 + 2k1 + 2k1

)
e2

1(t)

+ (−|c12| − c12 + (|a12|+ a12)L12)e2
2(t)

+ · · ·+ (−|c1n|+ c1n + (|a1n|+ a1n)L1n)e2
n(t)

=
n
∑

j=2

(
−
∣∣c1j
∣∣− c1j +

(∣∣a1j
∣∣+ a1j

)
L1j
)
V1(t)

+
(
−2c11 − 2c11 + 2(|a11|+ a11)L11 + 2k1 + 2k1

)
V1(t)

+ (−|c12| − c12 + (|a12|+ a12)L12)V2(t)
+ · · ·+ (−|c1n| − c1n + (|a1n|+ a1n)L1n)Vn(t)

Dω2
t V2(t) ⩽ 2e2(t)Dω2

t e2(t)

= 2e2(t)

(
−

n
∑

j=1

(
c2j + ∆c2j

)
ej(t) + (k2 + ∆k2)e2(t)

+
n
∑

j=1

(
a2j + ∆a2j

)
( f2(y(t))− f2(x(t)))

)
⩽

n
∑

j=1,j ̸=2

(
−
∣∣c2j
∣∣− c2j +

(∣∣a2j
∣∣+ a2j

)
L2j
)
e2

2(t)

+
(
−2c22 − 2c22 + 2(|a22|+ a22)L22 + 2k2 + 2k2

)
e2

2(t)

+ (−|c21| − c21 + (|a21|+ a21)L21)e2
1(t)

+ · · ·+ (−|c2n| − c2n + (|a2n|+ a2n)L2n)e2
n(t)

=
n
∑

j=1,j ̸=2

(
−
∣∣c2j
∣∣− c2j +

(∣∣a2j
∣∣+ a2j

)
L2j
)
V2(t)

+
(
−2c22 − 2c22 + 2(|a22|+ a22)L22 + 2k2 + 2k2

)
V2(t)

+ (−|c21| − c21 + (|a21|+ a21)L21)V1(t)
+ · · ·+ (−|c2n| − c2n + (|a2n|+ a2n)L2n)Vn(t)
...

Dωn
t Vn(t) ⩽ 2en(t)Dωn

t en(t)

= 2en(t)

(
−

n
∑

j=1

(
cnj + ∆cnj

)
ej(t) + (kn + ∆kn)en(t)

+
n
∑

j=1

(
anj + ∆anj

)
( fi(y(t))− fi(x(t)))

)
⩽

n−1
∑

j=1

(
−
∣∣cnj
∣∣− cnj +

(∣∣anj
∣∣+ anj

)
Lnj
)
e2

n(t)

+
(
−2cnn − 2cnn + 2(|ann|+ ann)Lnn + 2kn + 2kn

)
e2

n(t)

+ (−|cn1| − cn1 + (|an1|+ an1)Ln1)e2
1(t)

+ · · ·+ (−|cnn−1| − cnn−1 + (|ann−1|+ ann−1)Lnn−1)e2
n−1(t)

=
n−1
∑

j=1

(
−
∣∣cnj
∣∣− cnj +

(∣∣anj
∣∣+ anj

)
Lnj
)
Vn(t)

+
(
−2cnn − 2cnn + 2(|ann|+ ann)Lnn + 2kn + 2kn

)
Vn(t)

+ (−|cn1| − cn1 + (|an1|+ an1)Ln1)V1(t)
+ · · ·+ (−|cnn−1| − cnn−1 + (|ann−1|+ ann−1)Lnn−1)Vn−1(t).

(23)
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From (23), the corresponding comparison system is as follows:
Dω1

t W1(t)
Dω2

t W2(t)
...

Dωn
t Wn(t)

 =


φ11 φ12 · · · φ1n
φ21 φ22 · · · φ2n

...
...

. . .
...

φn1 φn2 · · · φnn




W1(t)
W2(t)

...
Wn(t)

, (24)

where

φ̃ii = −2cii − 2cii + 2(|aii|+ aii)Lii + 2ki + 2ki +
n
∑

j=1,i ̸=j

(
−
∣∣cij
∣∣− cij +

(∣∣aij
∣∣+ aij

)
Lij
)
, (25)

φ̃ij =
n
∑

j=1,i ̸=j

(
−
∣∣cij
∣∣− cij +

(∣∣aij
∣∣+ aij

)
Lij
)
(i = 1, 2, · · · , n, i ̸= j). (26)

The system can be rewritten to:

Dω
t W(t) = ÃW(t) + BKW(t) = ÃW(t) + Bu(t), (27)

φ̃ii = φ̃ii − 2ki, φ̃ij = φ̃ij, (28)

where W(t) = (W1(t), W2(t), · · · , Wn(t))
T , it follows from Lemma 3 that the controlled

system (27) is stable if the appropriate condition is satisfied, i.e., W(t) → 0 . Based on the
comparison principle of FO systems with multi-order, we have V(t) ⩽ W(t). Therefore,
the error system (17) is also stable. This ends the proof. □

Remark 3. Recent works have studied the stability and stabilization of IFO uncertain nonlinear
systems based on the comparison principle but have not considered the synchronization control
problem [36]. In literature [27], the authors studied the synchronization problem of IFO chaotic
systems with linear feedback control based on the comparative principle. It is a great pity that the
presence of uncertainty is not considered, and only numerical simulation results are available.

4. Numerical Examples
4.1. Numerical Simulation

The state equation of an uncertain IFO neural network master system can be repre-
sented by the following equation:

Dω1
t x1(t) = −(1 + ∆c11)x1 + 2 tanh x1 − tanh x2,

Dω2
t x2(t) = −(1 + ∆c22)x2 + 1.7 tanh x1 + 1.71 tanh x2 + 1.1 tanh x3,

Dω3
t x3(t) = −(2 + ∆c33)x3 − 2.6 tanh x1 − 2.8 tanh x2 + 1.25 tanh x3,

(29)

where ω1 = 0.99, ω2 = 0.993, ω3 = 1. Parameter uncertainties are chosen as ∆c11 =

0.2 sin(t), ∆c22 = 0.3 sin(t), ∆c33 = 0.1 sin(t). The 3-D chaotic attractors of the system (29)
when its initial state is selected as x(0) = (0.5, 0.2,−0.5)T is shown in Figure 1. In addition,
Figure 2 shows the projection of the chaotic attractor of the system (29) on x1(t)− x2(t),
x2(t)− x3(t), x1(t)− x3(t). Based on the boundedness and phase space diagram of the
system (29), we can observe the Lipschitz constant L11 = 2, L12 = 1, L13 = 0, L21 = 1.7,
L22 = 1.71, L23 = 1.1, L31 = 2.6, L32 = 2.8, L33 = 1.25.
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Figure 1. 3-D chaotic attractors for the IFO neural network system (29).
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Figure 2. Examples of phase diagrams for chaotic systems with FO neural networks: (a) chaotic at-
tractor on the x1(t)− x2(t) space; (b) chaotic attractor projected on the x1(t)− x3(t) plane; (c) chaotic
attractor on the x2(t)− x3(t) space.

The slave system can be selected as follows:
Dω1

t y1(t) = −(1 + ∆c11)y1 + 2 tanh y1 − tanh y2 + u1,
Dω2

t y2(t) = −(1 + ∆c22)y2 + 1.7 tanh y1 + 1.71 tanh y2 + 1.1 tanh y3 + u2,
Dω3

t y3(t) = −(2 + ∆c33)y3 − 2.6 tanh y1 − 2.8 tanh y2 + 1.25 tanh y3 + u3.
(30)

The initial state of the slave system (30) is chosen as y(0) = (0.3, 0.5,−0.7)T . Define
the state error as e1(t) = y1(t) − x1(t); e2(t) = y2(t) − x2(t); e3(t) = y3(t) − x3(t) and
define that ui(t) = (ki + ∆ki)ei(t), i = 1, 2, 3. Therefore, the state equation of the error
system is:

Dω1
t e1(t) = −(1 + ∆c11)e1 + 2(tanh y1 − tanh x1)− (tanh y2 − tanh x2) + (k1 + ∆k1)e1,

Dω2
t e2(t) = −(1 + ∆c22)e2 + 1.7(tanh y1 − tanh x1) + 1.71(tanh y2 − tanh x2)

+1.1(tanh y3 − tanh x3) + (k2 + ∆k2)e2,

Dω3
t e3(t) = −(2 + ∆c33)e3 − 2.6(tanh y1 − tanh x1)− 2.8(tanh y2 − tanh x2)

+1.25(tanh y3 − tanh x3) + (k3 + ∆k3)e3,

(31)

where ∆ki = 0.1 sin(t), i = 1, 2, 3.

By calculation, we can obtain Ã =

6.8 1 0
1.7 7.82 1.1
2.6 2.8 11.9

, B = I3.
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Based on the constraints of the LMI in Theorem 1, the following feasible solution is
obtained using the LMI control toolbox in Matlab (i.e., YALMIP):

Q =

33.8773 0 0
0 48.3640 0
0 0 77.1769

, H =

−2.5839 0 0
0 −3.5697 0
0 0 −11.5700

,

K = QH−1 =

−13.1110 0 0
0 −13.5485 0
0 0 −6.6704

,

P1 = 25.3066, P2 = 27.4804, P3 = 34.2507.

The master and slave state trajectories of the IFO neural network systems (29) and
(30) are shown in Figure 3, which effectively verify that synchronization has been achieved.
Meanwhile, Figure 4 shows the synchronization errors of the error system (31), and the
results shown in Figure 4 demonstrate the effectiveness of the designed controller.
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Figure 3. Master and slave state trajectories of the IFO neural network systems (29) and (30).
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Figure 4. Synchronization errors of IFO neural network systems (29) and (30).

4.2. Circuit Implementation

To enable hardware-level verification of dynamic performance and support subsequent
engineering development, the corresponding analog circuit is implemented in this study.
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4.2.1. Realization of the FO Circuit

To characterize the FO system’s frequency-domain behavior, we develop a frequency-
domain approximation circuit for dynamic analysis. In the scope of

[
10−2 102] rad/s for ω,

there exists an approximation expression with maximum distortion 0.2 dB [39]:

9.77237(1+1.890215×10−6s)(1+9.32603×10−4s)(1+0.097701s)
(1+8.49753×10−6s)(1+8.90215×10−4s)(1+0.0932603s)(1+9.77s)

= 1/s0.99, (32)

where s denotes the complex frequency.
The corresponding transfer function F(s) to realize the unit circuit is given in the

analog circuit: (
Co
C1

+ Co
C2

)s2+

(
C2
R1

+
C1
R2

)
s+

R1+R2
R1R2

C1C2


Co(s+1/R1C1)(s+1/R2C2)

= F(s),
(33)

where Co denotes the specific capacitance, C1 and C2 are the selected capacitors, and R1

and R2 represent the selected resistors.
Based on the aforementioned approximation method, the approximate transfer func-

tion of 1/s0.993 is defined in the frequency domain with a maximum deviation of 0.2 dB
within the range of 0.01∼100 rad/s, as follows [40]:

9.84011(1+1.80095×10−5s)(1+1.35765×10−2s)
(1+1.71934×10−5s)(1+1.29612×10−2s)(1+9.77079s) = 1/s0.993. (34)

The corresponding transfer function F(s) to realize the unit circuit is given in the
analog circuit:

(
Co
C1

+ Co
C2

+ Co
C3

)s2+

(
C2+C3

R1
+

C1+C3
R2

+
C1+C2

R3

)
s+

R1+R2+R3
R1R2R3

C1C2+C1C3+C2C3


Co(s+1/R1C1)(s+1/R2C2)(s+1/R3C3)

= F(s),
(35)

where Co is the specific capacitance, C1, C2 and C3 denote the selected capacitors, and R1,
R2 and R3 are the selected resistors.

In order to build a unit circuit of F(s), the circuit diagram corresponding to fractional
order and their parameters are displayed in Table 2.

Table 2. The circuit diagram corresponding to fractional order and their parameters.

Fractional
Order Circuit Diagram Circuit Parameters

ω = 0.99

 
   

C1 = 10.002 nF
C2 = 208.054 nF

R1 = 976.784 MΩ
R2 = 448.251 kΩ

ω = 0.993

 
Fractional order Circuit diagram Circuit parameters 

C1 = 9.93018 nF
C2 = 208.9 nF
C3 = 199.7 nF

R1 = 983.949 MΩ
R2 = 62.0449 kΩ
R3 = 80.0960 Ω

4.2.2. Design of the Multisim Circuits

According to the system Equation (31), the circuit model of the ternary cellular neu-
ral network is constructed by applying the principles of the inverting adder circuit, the
inverting integrator circuit, and the inverting circuit in analog circuitry. This model is then
integrated with the output function module and the FO module and simulated in Multisim,
as illustrated in Figure 5.
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Figure 5. Overall circuit synchronization diagram.

The phase portrait of the chaotic attractor generated by the IFO neural network system
is depicted in Figure 6, while Figure 7 illustrates the relationship between the corresponding
synchronization state vectors. These figures demonstrate that the master–slave system
achieves synchronization through the regulation of the linear feedback controller. Further-
more, the results align with both the Matlab simulation and the circuit simulation outcomes,
thereby validating the correctness of the circuit design presented in this section.

(a) (b) (c)

Figure 6. IFO Phase trajectory diagram of a chaotic neural network system: (a) x1(t)− x2(t) phase
diagram (b) x1(t)− x3(t) phase diagram (c) x2(t)− x3(t) phase diagram.
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(a) (b) (c)

Figure 7. Synchronization curves for master–slave IFO chaotic neural network systems: (a) x1(t)−
x2(t) phase diagram (b) x1(t)− x3(t) phase diagram (c) x2(t)− x3(t) phase diagram.

5. Conclusions
This paper addressed the synchronization control and circuit implementation of IFO

chaotic neural networks with parameter uncertainties. By establishing a dynamic model
for IFO systems, the study breaks through the limitations of traditional commensurate-
order frameworks, offering a more generalized approach for analyzing complex neural
networks. A novel non-fragile state-error feedback controller was designed to ensure robust
synchronization under parameter perturbations, supported by FO Lyapunov functions
and the multi-order fractional comparison principle. Sufficient conditions for asymptotic
synchronization were derived, applicable to both commensurate and integer-order systems.
Furthermore, the proposed synchronization strategy was validated through numerical
simulations and circuit experiments, demonstrating consistency between theoretical predic-
tions and circuit implementation. Future work may focus on extending the framework to
higher-dimensional systems and exploring real-world applications under more complex
environmental conditions.
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