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Abstract

Hemodynamic management is extremely important in cardiac patients undergoing surgery.
Traditionally, the approach towards hemodynamic stabilization included the control of both
mean arterial pressure (MAP) and cardiac output (CO) using Sodium Nitroprusside and
Dopamine. More efficient and safer drugs have been introduced, such as Norepinephrine.
The focus of this manuscript is to provide some preliminary results regarding the closed
loop control of MAP using Norepinephrine. However, to design a dedicated control system,
a mathematical model describing the effect of Norepinephrine on mean arterial pressure
is required. Only a handful of papers describe a pharmacokinetic–pharmacodynamic
(PK-PD) model. In this paper, a simplified model suitable for designing a controller is
determined based on PK-PD insights and existing clinical data. Existing closed loop
controllers are based on the simple proportional integral derivative (PID) controller, with
limited robustness to patient variability. In this paper, two advanced control strategies
are proposed to replace PID. The closed loop simulation results include reference tracking
and disturbance rejection and show the efficiency and robustness of the proposed control
algorithms. The preliminary results set the background for further research in this area.

Keywords: hemodynamic model; predictive control; fractional order control; comparative
closed loop results; robustness

1. Introduction
The accurate and correct management of hemodynamic variables is of major im-

portance in both the operating room and intensive care unit. It is important to keep
hemodynamic variables within suitable ranges for each patient and their respective needs.
Manual drug administration is the basic method used, but it comes with faults, since in
some cases, the calculations can even be incorrectly performed, resulting in complications
during the procedure or later on during the patient’s life [1]. One way to avoid this is to use
closed loop control, an idea that has recently emerged, especially in anesthesia problems.
Hemodynamics is closely related to anesthesia, which ultimately leads to an increasing
interest in hemodynamic modeling and control. The focus usually lies on ensuring a better
setting for immunodeficiency, cancer, or diabetes treatments, as well as for anesthetized
patients in intensive care units or undergoing surgery.

Currently, the hemodynamic system is modeled as a matrix of first-order transfer
functions with delays, to indicate the effect of two drugs and both mean arterial pressure
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and cardiac output. A mathematical representation of this highly interactive multivariable
system is given as follows [2]:

[
CO(s)

MAP(s)

]
=


K11e−T11s

1+τ11s
K12e−T12s

1+τ12s

K21e−T21s

1+τ21s
K22e−T22s

1+τ22s


[

DP(s)
SNP(s)

]
(1)

where SNP stands for Sodium Nitroprusside and DP stands for Dopamine. The two drugs
come with advantages and disadvantages, as follows.

DP is considered one of the most effective intravenous vasopressors. However, its
hemodynamic effects are dose-dependent and often unpredictable, complicating intraop-
erative management, and in some cases, postoperative issues may appear. For example,
patients who underwent open abdominal aortic aneurysm repair presented postoperative
acute kidney injury [3]. These substantial risks make the use of other drugs more suitable.

SNP is considered to be an effective intravenous vasodilator [4], with a rapid onset of
action and a very short duration of effect. It is also suitable for increasing cardiac output
in patients with heart failure [5]. However, it also poses significant risks. Because of its
extremely short half-life, the side effects appear very quickly, as SNP is quickly transformed
into inactive metabolites such as thiocyanate and cyanogen [4]. For high doses maintained
over an extended period of time, the SNP becomes toxic. Patient variability can lead to
a rapid onset of toxicity, even when the drug is dosed per recommendations [6]. The
substantial risk of systemic hypotension makes the use of other drugs more suitable [5].

The disadvantages mentioned above have lead to new approaches for hemodynamic
management and steps have been taken towards a new multivariable hemodynamic system.
For example, newly developed patient simulators have attempted to replace SNP and DP
with other types of drugs [7,8]. One of these is Norepinephrine (NOR), the first choice in
septic shock patients, being used to maintain MAP within a safety range. Unwanted high
MAPs raise the risk of NOR-related side effects and needlessly lengthen the infusion of
vasopressors. Inadequate regulation of blood pressure could jeopardize tissue survival
and perfusion. Therefore, it is important to efficiently change NOR doses as required
in order to keep MAP within strict parameters. In clinical practice, maintaining MAP
within predefined targets remains a challenge. Studies have shown that computer-aided
adjustment of drug infusion in the case of Norepinephrine administration in intermediate-
and high-risk surgeries significantly decreases the incidence of hypotension compared to
manual control [1].

Both Sodium Nitroprusside and Norepinephrine are vasoactive drugs, but they func-
tion differently. Sodium Nitroprusside induces vasodilation, which decreases blood pres-
sure by generating nitric oxide, while Norepinephrine causes vasoconstriction, which
raises blood pressure. They are not interchangeable; rather, Sodium Nitroprusside relaxes
blood vessels while Norepinephrine acts on adrenergic receptors to alter vascular tone and
sympathetic responses.

Additional recent studies on the use of Norepinephrine to regulate MAP have also
concluded that this drug had a limited effect on CO [9] or that it would serve to improve
cardiac function during septic shock [10,11]. From a control engineering perspective, the
hemodynamic model in (1) is a highly interactive, multivariable system. Thus, the replace-
ment of DP with Norepinephrine leads to a less interactive system, making the control of
the hemodynamic variables much easier, by removing the undesirable antagonistic effects
of the classical drugs, SNP and DP. To design a dedicated controller, a mathematical model
for the Norepinephrine effect upon MAP is required.
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A pharmacokinetic–pharmacodynamic (PK-PD) model is ideally suitable for target
control infusion, which is already being used in anesthesia, but a simplified model is
desirable for the purpose of designing a dedicated controller. Currently, no research has
reported such a model suitable for controller design and only a few papers discuss PK-PD
modeling [12–14], even though Norepinephrine has been widely used in anesthesia for
hemodynamic management in hypotensive patients.

In this paper, instead of the PK-PD model, a simple transfer function is derived based
on experimental data available in [15]. Compared to the more complicated PK-PD models,
the simplified transfer function offers a more straightforward way to design the controllers.
The mathematical model in this paper is suitable for adult patients in septic shock. For
other types of patients, the model must be adjusted. Once the simplified model has been
obtained, two different types of controllers are designed to maintain the MAP signal in
a safe operating range, despite possible fluctuations. The implemented methods are an
Extended Prediction Self-Adaptive Controller (EPSAC) and a fractional order proportional
integral controller (FO-PI). To tune the controllers, a nominal patient model was used.
Robustness tests are performed considering parameter variations that account for patient
variability. The simulation results demonstrate that such an approach can be considered as
an alternative to current hemodynamic control solutions that focus on the use of Dopamine,
instead of Norepinephrine.

The choice of control algorithms is based on several reasons. Existing research papers
that tackle the idea of closed loop control using Norepinephrine are based on the simple PID
controller, without actual tuning rules exemplified or detailed. Instead, the clinical trials
included in this papers prove the efficiency of using closed loop control to maintain MAP,
with advantages such as the minimization of perioperative hypotension in subjects under-
going moderate or high-risk surgery [1,16] or those admitted to the intensive care unit after
cardiac [17], brain [18], or high-risk abdominal surgery [19]. The fractional order controller
was chosen due to its resemblance to the classical and widely used proportional integral
derivative (PID) controller. In contrast to the traditional PID controller, the fractional
order counterpart exhibits enhanced flexibility and is able to directly tackle robustness
issues [20,21], an important aspect when it comes to patient variability. Fractional order
controllers have also been applied in biomedical applications, including the control of the
hemodynamic system in (1). Research reported in this regard [22–24] sets the premise for a
successful application of fractional order controllers in regulating MAP using closed loop
Norepinephrine infusion, as proposed in this manuscript.

The predictive control strategy has an intrinsic ability to mimic the anticipatory, adap-
tive actions of the clinician. The EPSAC controller is able to predict future states and make
decisions, similar to how a clinician anticipates changes during surgery and adjusts drug
infusions [25]. Additionally, predictive control has been previously proven to minimize
epistemic uncertainty and ensure increased robustness to patient variability [26–28]. This
sets the premise for an efficient and robust control strategy for hemodynamic control. Pre-
dictive control algorithms have been also applied to the traditional hemodynamic system
from (1) to maintain MAP and CO levels by manipulating DP and SNP drug rates. Several
research papers deal with this topic, such as [29–31]. Other papers discuss the benefit
of using predictive strategies in hemodynamic management, such as blood pressure con-
trol [32] or vagal nerve stimulation to improve hemodynamic response [33]. Experimental
studies and clinical trials where predictive control was successful have also been reported
in [2,34], indicating that the strategy is suitable in biomedical applications, including
hemodynamic control.

This paper presents some preliminary results in developing a multivariable hemody-
namic system based on using NOR and other drugs to replace DP and SNP. The research
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objectives of this paper are to develop a preliminary simplified NOR-MAP mathematical
model, suitable for designing advanced control strategies. An additional objective consists
in the design of two advanced control algorithms (compared to the simple PIDs currently
reported in the literature) and the comparative analysis of the closed loop results. The main
contributions of this research reside in the following:

• The development of a simplified mathematical model for Norepinephrine infusion
and its effect on mean arterial pressure, with links to existing PK-PD models;

• The design of two advanced control strategies to regulate mean arterial pressure;
• The implementation, testing, and analysis of the advanced control strategies;
• A comparative analysis of the results.

The novelty of the manuscript resides first in the development of a simplified mathe-
matical model for Norepinephrine effect upon MAP and, second, in the closed loop control
based on advanced control strategies. To the best of the author’s knowledge, very few
papers report a PK-PD model [12–14] and one basic PID controller has been reported for
the closed loop control of MAP using NOR infusion, as previously stated.

The paper is structured as follows. The mathematical model linking Norepinephrine
to MAP is developed in Section 2. Sections 3 and 4 present the basic principles of the
two methods used in the paper: predictive control and fractional order control strategies.
Section 5 contains the closed-loop simulation results, while the last section contains the
concluding remarks and future research ideas.

2. Norepinephrine to Mean Arterial Pressure Model
Very few papers address the mathematical modeling of the effect of Norepinephrine

upon MAP. Most of them use compartmental models that are more difficult to be used in the
tuning of control strategies. For this, a simplified mathematical model is preferred. In [14],
a three-compartment PK model is considered, consisting of a central, a peripheral, and a
depot compartment. The peripheral one is a theoretical buffer, while the depot compartment
models the administration of NOR. As such, the central compartment remains the most
important one, characterized by the plasma volume Vc. The effect site concentration of
NOR contains an endogenous plasma concentration (Cendo), assumed to be constant, and
the administered NOR from the central compartment:

xe = Cendo +
x1

Vc
(2)

where x1 is the NOR concentration in the central compartment. The three-compartment
model is simplified to a one-compartment model in [13] or [12]. In this case and assuming a
first-order elimination rate, the NOR concentration in the central compartment is given by

ẋ1(t) = Ratein − Rateout (3)

which can be further written as follows:

ẋ1(t) =
1
Vc

uNOR(t − τm)− kel x1(t) (4)

where uNOR is the NOR administration rate and kel =
Cl1
Vc

is the elimination rate constant,
with Cl1 the clearance rate. The time delay τm has been introduced, similarly as in [14], to
account for the time lag between the drug infusion and rise in plasma concentration in the
central compartment.
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In this paper, the standard PD model in [12], [13], or [14] is used:

MAP(t) = MAP0 +
(MAPmax − MAP0)xγ

e (t)
xγ

e (t) + ECγ
50MAP

(5)

where MAP0 and MAPmax represent the basal arterial pressure in the absence of Nore-
pinephrine and the maximal value. EC50MAP is the NOR concentration that induces 50% of
the maximal effect on MAP and γ is the Hill exponent. In steady state, (5) can be approxi-
mated to a gain. Under this assumption and combining (2), (4) and (5), it follows that the
mathematical model of NOR effect upon MAP can be simplified to a first-order plus dead
time (FOPDT) model, similarly to the MAP models in (1).

In this research, we attempt to develop a FOPDT transfer function, which models the
effect of NOR upon MAP:

P(s) =
MAP(s)
NOR(s)

=
Ke−Ts

1 + τs
(6)

where K stands for the gain, τ is the time constant, and T represents the dead time. To
determine the three parameters in (6), simple system identification theory for step response
models of first-order systems has been used. The model must fit the experimental data
in [15], which is given in Figure 1 and indicated by red dots. A step input as given in (7)
is used. The gain K is computed as in (8) and the dead-time is taken to be equal to the
period of time that the MAP signal does not react to changes in NOR. The time constant is
estimated based on τ = t1 − t0, with t0 = T, the moment in time when changes in MAP
signal occur, and t1, the time where the output is at 0.632 of the steady-state.

u(t) =

u0 = 0.05, t ≤ 0

uss = 0.067, t ≥ 0
(7)

K =
yss − y0

uss − u0
(8)

Here, u0 = 0.05 mcg/kg/min and y0 = 60 mmHg are the initial values, and
uss = 0.067 mcg/kg/min and yss = 80 mmHg are the steady-state values of the input
and output, respectively. Based on the proposed system identification method, parame-
ters for a nominal patient model have been estimated and are given in Table 1. The step
response of the resulting nominal model is given in Figure 1, along with the experimental
data used to estimate the parameters. The dynamics of the obtained model corresponds to
that in [12–14,35].

Table 1. Nominal patient parameters and possible variation range.

Parameter Base Patient Range Units

K 1175 705–1645 µg/kg/min

τ 295 285–300 s

T 44 40–50 s

The simplified mathematical model in (6) represents a generalized adult patient model,
as it was developed based on the assumptions in [12–14,35]. The nominal patient model
corresponds to an adult septic shock patient, as the parameters of the model have been
estimated using clinical data from [15]. Different patients and different conditions would
lead to different values of the model parameters. As such, in Table 1, the model parameters
are varied to correspond to different types of adult patients.
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Figure 1. Nominal patient model response to a constant infusion of Norepinephrine.

The nominal patient model in Table 1 is further utilized in designing the dedicated
control strategies. To account for patient variability, a robustness test is also performed. This
is simulated via parameter variations of the model in (6), in the range indicated in Table 1
(variations in the gain K are included). The MAP signals corresponding to these patients as
a function of a step change in the administered drug NOR(s) are given in Figure 2.

Figure 2. Patient variability: MAP as a function of a step change in the administered drug NOR.

Remark 1. The model developed in this paper and given in (6) could be further refined using
synthetic data created based on two existing patient simulators [7,8], as well as using clinical data
from the VitalDB database [36].
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Two different control strategies have been designed, tested, and validated to control
MAP, by manipulating the NOR drug dosage. In all cases, the model in (6) has been used to
design the controllers. In contrast to existing control strategies that focus on the use of the
simple PID controller, advanced control strategies are proposed in this paper to enhance
the closed loop performance and robustness.

3. The Predictive Control Strategy
In this section, some theoretical aspects regarding the implementation of an EPSAC

controller [29] will be given. The reader is referred to [37] for more details. The block
diagram that depicts the EPSAC control strategy is given in Figure 3 [37].

Figure 3. EPSAC control scheme [37].

The measurable process output y(t) can be defined as follows:

y(t) = x(t) + n(t) (9)

where x(t) denotes the model output and n(t) denotes the real disturbance of the process,
which is a non-measurable signal, including all the effects that may appear in the measured
output that are not caused by the process input u(t) via x(t). The disturbance is considered
to have a stochastic character with non-zero average value that is modeled as colored noise:

n(t) =
C(q−1)

D(q−1)
∗ e(t) (10)

where e(t) is white noise, q−1 is the backward shift operator, and C(q−1)
D(q−1)

is a filter that
models the disturbance.

The signal x(t) from (9) can be defined as a generic dynamic model that depends on
previous inputs and possibly also on previous outputs:

x(t) = f [x(t − 1), x(t − 2), . . ., u(t − 1), u(t − 2), . . .] (11)

with f [.] a known function that implements the recurrent relation linking the model output
to the input signal.
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A fundamental part of a predictive controller is to calculate the predicted process out-
put y(t + k/t) based on the postulated values of the input together with the measurements
available at each sample time. At each current moment t, the process output y(t + k/t) will
be predicted over a time horizon k = 1, . . . , N2, where N2 is the prediction horizon. From
the generic process model, the following equation is obtained:

y(t + k/t) = x(t + k/t) + n(t + k/t) (12)

The prediction of y(t + k/t) depends on x(t + k/t) and n(t + k/t). The prediction of
x(t + k/t) is performed by recursion of the process model in (11) [37]. The current value of
the disturbance n(t) is computed using the measured process output y(t) and the model
output x(t) as n(t) = y(t)− x(t). The prediction in the EPSAC methodology is based on
filtering techniques. As such, the filtered disturbance signal is computed:

n f (t) =
D(q−1)

C(q−1)
∗ n(t) (13)

Based on (10) and (13), the signal n f (t) is in fact white noise e(t). Since white noise is
uncorrelated, its best prediction is its mean value; thus, n f (t + k/t) = 0, with k = 1, . . . , N2.
Then, the prediction of the disturbance can be easily computed using

n(t + k/t) =
C(q−1)

D(q−1)
∗ n f (t + k/t) (14)

The recursive relation computed based on (14) allows for the computation of the
predicted values for the disturbance n(t + k/t), for k = 1, . . . , N2, since n f (t + k/t) = 0.

In the EPSAC methodology, the objective is to find the control vector u(t + k/t) with
k = 0, . . . , N2 − 1, which minimizes a cost function defined as follows:

N2

∑
k=N1

[r(t + k/t)− y(t + k/t)]2 + λ
Nu−1

∑
k=0

[∆u(t + k/t)2] (15)

where ∆u(t + k/t) = u(t + k/t)− u(t + k − 1/t) and ∆u(t + k/t) = 0, for k ≥ Nu. The
signal t(t + k/t), k = 1, . . . , N2 is the reference trajectory, beginning at r(t) = y(t) and
describing over the entire prediction horizon N2 how the process output should evolve.
Several other parameters in (15) are defined as follows: Nu is the control horizon and λ is a
weighting factor. The default values, considered also in this paper, are λ = 1 and Nu = 1.

For linear models, as in the case of the current paper, the predicted future response is
viewed as the combined result of two components: ybase, which represents the evolution of
the system based on the process model, and y f orced, which accounts for the effect of future
(postulated) control actions [37]:

y(t + k/t) = ybase(t + k/t) + y f orced(t + k/t) (16)

The component ybase(t + k/t) can be easily computed using the procedure previously
described, taking u(t/t) = . . . = u(t + N2 − 1/t) = u(t − 1). The component y f orced(t +
k/t) represents the effect of a succession of unit step inputs with amplitude ∆u(t/t) at
time t, resulting in contributions gk∆u(t/t) to the process output k sampling periods later,
gk−1∆u(t + 1/t) to the process output k − 1 sampling periods later, etc. The effect of all
these contributions can be mathematically expressed as follows:
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y f orced(t + k/t) = gk∆u(t/t) + gk−1∆u(t + 1/t) + . . .

. . . + gk−Nu+1∆u(t + Nu − 1/t)
(17)

where the parameters g1, g2, . . . gk, . . . gk−Nu+1 represent the coefficients of the unit step
response of the system. For linear systems, these parameters can be easily determined
by applying a unit step input to the process model. The signal y f orced computed over the
prediction horizon N2 can be written based on (17):

y f orced(t + N1)/t
y f orced(t + N1 + 1)/t

.

.

.
y f orced(t + N2)/t


=


gN1 gN1−1 gN1−2 . . . . . .

gN1+1 gN1 gN1−1 . . . . . .
. . . . . . . . . . . . . . .
. . . . . . . . . . . . . . .
gN2 gN2−1 gN2−2 . . . gN2−Nu+1




∆u(t/t)

∆u(t + 1/t)
. . .
. . .

∆u(t + Nu − 1/t)

 (18)

where N1 is the minimum prediction horizon, with N1 = 1 in most of the cases [37].
In a matrix notation, (18) becomes

Y f orced = G.U (19)

where U = [∆u(t/t) . . . ∆u(t + Nu − 1/t)]T . Then, (16) can be written using (19) as

Y = Y + Y f orced = Y + G.U (20)

where Y = [y(t + N1/t). . .y(t + N2/t)]T and Y = [ybase(t + N1/t). . .ybase(t + N2/t)]T .
The cost function firstly introduced in (15) is now defined in a matrix form as

(R − Y)T(R − Y) + λUTU =[
(R − Y)− GU

]T[
(R − Y)− GU

]
+ λUTU

(21)

where R = [r(t + N1/t). . .r(t + N2/t)]T is a vector that defines the reference trajectory.
The objective is to maintain a constant setpoint throughout the entire simulation period,
regardless of any disturbances. Using the identity matrix I and minimizing (21) with
respect to the input signal U, the optimal solution is obtained:

U∗ = (GTG + λI)−1GT(R − Y) (22)

For the purpose of calculating the real control input u(t), only the first element ∆u(t/t) is
necessary due to the principle of ‘receding horizon’, in which the steps presented in this
section are recalculated at each sampling instant using the new measured information [37].
Further details regarding a more extensive explanation of the EPSAC algorithm are included
in [37].

4. The Fractional Order Control Strategy
Fractional order controllers are generalizations of the integer order ones [38]. To

control MAP, a fractional order PI (FO-PI) controller is designed, having a transfer function
given as follows:

CFO−PI = kp(1 +
ki

sλ
) (23)

where kp and ki are the proportional and integral gains, and λ ∈ (0 − 2) is the fractional
order. The supplementary tuning parameter λ, as indicated in (23), allows for an increased



Fractal Fract. 2025, 9, 657 10 of 22

flexibility and robustness of the closed loop system. As indicated in (23), there are three
parameters to tune. Hence, three frequency domain performance specifications are imposed
to determine the parameters. These performance criteria refer to a certain gain crossover
frequency ωc, a specific phase margin PM, and robustness to gain variations.

The gain crossover frequency specification implies that the closed loop system will
exhibit a specific settling time. Mathematically, this specification is expressed using the
magnitude of the open loop transfer function HOL(s) = CFO−PI(s)P(s):

|HOL(jωc)| = 1 (24)

The second performance specification refers to the phase margin, which indirectly
implies that the closed loop system will exhibit a specific overshoot. Mathematically, this
specification is expressed using the phase of the open loop transfer function at the gain
crossover frequency:

∠HOL(jωc) = −180o + PM (25)

The third performance specification refers to the robustness to gain variations, a
criterion that was imposed to account for patient variability. This implies that the PM
remains constant despite gain variations and is mathematically represented as follows:

d∠HOL(jω)

dω
|ω=ωc = 0 (26)

The equations in (24)–(26) require the frequency response of the controller and process,
along with the corresponding magnitude, phase, and derivative of the phase with respect
to the gain crossover frequency ω̄. They are computed hereafter.

The frequency response of the controller in (23) is obtained as follows:

CFO−PI(jω) = kp(1 + kiω
−λ(cos(

λπ

2
)− j sin(

λπ

2
))) (27)

yielding the following magnitude, phase, and derivative of the phase to be replaced
in (24)–(26):

|CFO−PI(jω)| = kp

√
1 + 2kiω−λ cos(

λπ

2
) + k2

i ω−2λ (28)

∠CFO−PI(jω) = − arctan(
kiω

−λ sin( λπ
2 )

1 + kiω−λ cos λπ
2

) (29)

d∠CFO−PI(jω)

dω
|ω=ωc = −

λkiω
λ−1 sin( λπ

2 )

ω2λ + ki2 + 2kiωλ cos λπ
2

(30)

Using the frequency response of P(s) from (6), the following results are obtained:

|P(jω)| = K√
(τ2ω2 + 1)

(31)

∠P(jω) = −Tω − arctan(τω) (32)

∠P(jω)

dω
|ω=ωc = −T − τ

1 + τ2ω2 (33)

The magnitude of the controller frequency response in (28) and of the process in (31)
are now replaced into (24), resulting in

kp

√
1 + 2kiω−λ cos(

λπ

2
) + k2

i ω−2λ
K√

(τ2ω2 + 1)
= 1 (34)
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The controller and process phase from (29) and (32) are replaced into (25), yielding

− arctan(
kiω

−λ sin( λπ
2 )

1 + kiω−λ cos λπ
2

)− Tω − arctan(τω) = −180o + PM (35)

Finally, the derivatives of the process and controller phases from (30) and (33) are
replaced into (26), resulting in

−
λkiω

λ−1 sin( λπ
2 )

ω2λ + ki2 + 2kiωλ cos λπ
2

− T − τ

1 + τ2ω2 = 0 (36)

Note that in (34)–(36), the only unknown parameters are those of the FO-PI controller.
The last two Equations (35) and (36) contain two unknown parameters, namely ki and
λ. This system of two nonlinear equations with two unknown parameters can be solved
using graphical approaches [39] to determine first ki and λ. The algorithm assumes that
the integral gain ki is computed as a function of the fractional order λ based on (35). The
results are stored in a vector, denoted as ki1. At the same time, the integral gain is again
computed as a function of the fractional order using (36), with results stored in a vector
denoted as ki2. The two vectors ki1 and ki2 are plotted as a function of λ and the solution is
obtained at the intersection point. The pseudo-code is described as follows:

For λ = 0 : 0.01 : 2,
Solve (35) and determine ki. Store values in vector ki1.
Solve (36) and determine ki. Store values in vector ki2.
Plot ki1 and ki2 as a function of λ and determine intersection point: k∗i and λ∗.

The values estimated at the intersection point (k∗i and λ∗) correspond to the fi-
nal values for ki and λ that meet both the phase margin and the robustness criteria
in (35) and (36). Once the integral gain ki and the fractional order λ have been estimated,
the proportional gain is computed using (34).

To design the FO-PI controller for the MAP, specific values for the ωc and PM need to
be selected and used in the design Equations (34)–(36). Several choices for the phase margin
and gain crossover frequency are possible. In the case of MAP, a small overshoot implies a
significantly large settling time, whereas a smaller settling time comes with the drawback
of a larger overshoot. A compromise was made between the duration of the settling
time and the overshoot, with the final choice for the performance specifications being
ωc = 0.009 rad/s and PM = 50o, along with the robustness to gain variations condition.
The selected values for ωc and PM are now replaced into (35) and (36). The algorithm
described above is used to estimate the integral gain as a function of λ and to determine
the vectors ki1 and ki2. Figure 4 shows the two vectors as a function of the fractional order
λ. The intersection point yields ki = 0.0023 and λ = 1.2. Replacing these values into (34)
results in kp = 0.0024. The final transfer function of the resulting FO-PI controller is then
given as

CFO−PI = 0.0024(1 +
0.0023

s1.2 ) (37)

To implement the fractional order controller, a continuous-time approximation is
produced using the Oustaloup Recursive Approximation method [40]. The approximation
is valid in the range of (0.0001–0.01) rad/s, which includes the gain crossover frequency.
The order of approximation is N = 3, resulting in a higher-order transfer function with
2N + 1 poles and zeros. The continuous-time transfer function is further approximated
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with a discrete-time transfer function using the Zero-Order Hold method and a sampling
period equal to 20 s. The Bode diagram of the original FO-PI controller in (37) and the
discrete-time approximation is given in Figure 5 and clearly shows that the discrete-time
approximation is accurate.

Figure 4. Graphical solution to determine ki and λ.

Figure 5. Frequency response of the original FO-PI controller in (37) and its discrete-time approximation.

The closed loop simulation results are included in the following section.

5. Closed Loop Simulation Results
Different case studies have been considered to test the advantages and limitations of

the two control strategies. Both reference tracking and disturbances rejection case studies
were considered. The closed loop results were evaluated for a nominal patient, as well as
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for various gain variations. This type of parameter variation has been chosen since the
fractional order PI controller has been specifically designed to be robust to such variations.

In the closed loop simulation results included in this section, the nominal patient
model corresponds to parameter values taken as K = 1175, τ = 295, and T = 44. Gain
variations of ±40% are also considered to test the robustness of the two control strategies,
with K taking values such as 470, 940, 1410, and 1645. In both cases, the initial value for the
MAP is considered to be 60 mmHg, and it is driven using the two control strategies to a
new setpoint equal to 80 mmHg. The initial dose of administered Norepinephrine infusion
starts at a constant value, suited for each patient. The controller indicated in (37) is used
to evaluate the closed loop performance of the fractional order control algorithm. For the
EPSAC controller, a first-order Padé approximation has been used for the time delay of the
nominal patient. This approximation does not affect the overall closed loop results and
solely results in a nonminimum phase effect visible when step changes in the reference
signal are considered. To implement the EPSAC controller, a sampling period of 10 s was
considered, the minimum and maximum prediction horizons were taken as N1 = 1 and
N2 = 25, as a compromise between robustness and faster settling time.

The closed loop simulation results considering the fractional order controller and the
nominal patient, as well as ±40% gain variations are given in Figure 6. The corresponding
NOR signal is indicated in Figure 7. For the nominal patient, an overshoot of 22.6% and
a settling time of 675 s are obtained. For ±20% and ±40% gain variations, the overshoot
remains quasi constant, ranging from 22.6% to 25.4%. This demonstrates the robustness
of the designed FO-PI controller to gain variations. The settling time ranges from 570 s to
900 s. The NOR drug rate remains within the usual clinically accepted values.

Figure 6. Closed loop simulation results using a robust FO-PI controller.

The closed loop simulation results with the EPSAC controller for the nominal patient,
as well as ±40% gain variations are given in Figure 8, with the corresponding NOR signal
given in Figure 9. For the nominal patient, as well as for ±40% gain variations, the
overshoot remains at 0%, a clear advantage of this approach compared to the fractional
order PI controller. The settling time for the nominal patient is approximately 600 s, smaller
than that obtained with the fractional order controller. In terms of gain variations, the
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system output remains without overshoot, with a larger variation of the settling time
(500–950 s), compared to the fractional order controller. The NOR infusion rate remains
within the limits.

Figure 7. NOR drug rate using the robust FO-PI controller.

Figure 8. Closed loop simulation results using robust EPSAC.

The manipulated variable (dose of Norepinephrine) indicated in Figures 7 and 9
has a larger amplitude spike at the beginning, when the controller is trying to reach the
setpoint chosen by the user, and afterwards, it stabilizes at a constant value. Nevertheless,
throughout the entire simulation, the NOR dose rate remains within realistic values.

A step disturbance causing a drop of 5 mmHg in MAP is considered to test the ability
of the controllers to reject disturbances. Figures 10a and 11a show the closed loop simulation
results obtained with the FO-PI and the EPSAC controller, respectively. The FO-PI controller
manages to reject the disturbance in approximately 500 s, with some slight oscillations. The
EPSAC controller, on the other hand, is more efficient in resolving the disturbance with
a rejection time of approximately 400 s and no oscillations. The drug doses in both cases
are kept within normal limits (Figures 10b and 11b). A pseudo-random binary sequence
(PRBS)-type signal is also implemented as a disturbance. The PRBS signal was created
using the Matlab function idinput with a magnitude of 0.5 mmHg. This kind of disturbance
impacts MAP with deviations between 80.5 mmHg and 79.3 mmHg from the standard
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80 mmHg, which we imposed as a setpoint for the two advanced controllers. In a similar
manner, the input presents a deviation of ±0.003 µg/kg/min from the usual induced dose.
For the fractional order controller, this disturbance was introduced at the second 900 and
lasts for approximately 1100 s, while for the EPSAC controller, this disturbance starts later
in the simulation, at the second 1000, and lasts for the same amount of time. The closed
loop simulation results are included in Figures 10c and 11c, with the corresponding drug
inputs given in Figures 10d and 11d.

Figure 9. NOR drug rate using the robust EPSAC.

(a) (b)

Figure 10. Cont.
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(c) (d)

Figure 10. Disturbances–fractional order controller: (a) MAP of nominal patient with step disturbance.
(b) Administered NOR for nominal patient with step disturbance. (c) MAP of nominal patient with
PRBS disturbance. (d) Administered NOR for nominal patient with PRBS disturbance.

(a) (b)

(c) (d)

Figure 11. Disturbances–EPSAC: (a) MAP of nominal patient with step disturbance. (b) Administered
NOR for nominal patient with step disturbance. (c) MAP of nominal patient with PRBS disturbance.
(d) Administered NOR for nominal patient with PRBS disturbance.
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6. Comparative Analysis, Advantages, and Limitations
The two control strategies are evaluated comparatively in this section. First of all, in terms

of reference tracking, the EPSAC controller achieves better overshoot compared to the FO-PI
controller. The settling time of the EPSAC controller ranges between 500 and 950 s, slightly
poorer compared to the FO-PI controller with a settling time between 570 and 900 s. Both the
EPSAC and FO-PI controllers are robust to the gain variations (maintaining a constant overshoot
despite the significant gain variations of ±40%.

A simple PI controller is also designed for comparative purposes. To the best of the
author’s knowledge, only PID-type controllers have been so far reported as a closed loop
control strategy for MAP regulation using NOR [1,16–19]. No details regarding the actual
tuning of this PID controller are included. Hence, the PI controller is designed similarly
to the FO-PI, for a fair comparison. The transfer function of the PI controller is similar
to (23), with λ = 1. The same gain crossover frequency ωc = 0.009 rad/s and phase margin
PM = 50o are used to tune the parameters of the PI controller. Since the PI controller has
only two tuning parameters, the proportional and integral gain, only two tuning equations
are necessary: the magnitude equation in (34) and (35). The integral gain is computed first
using the (35), where now λ = 1, yielding ki = 0.007. The proportional gain is computed
next using (34), with λ = 1, resulting in kp = 0.0019. The closed loop simulation results
using this PI controller are included in Figure 12.

Figure 12. Closed loop simulation results using a PI controller.

Table 2 presents a quantitative comparison between the closed loop results obtained
with the EPSAC, the FO-PI, and the PI controller, in terms of reference tracking. The results
are compared in terms of overshoot and settling time, for both the nominal patient and
±40% gain variations.

Table 2. Comparative results for reference tracking.

Method Overshoot Range Settling Time Range

EPSAC 0 500–950

FO-PI 22.6–25.4% 570–900

PI 15.3–29.8 400–800
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Based on the results in Table 2, the EPSAC controller is a better choice if the overshoot
is more important. In terms of settling time, the traditional PI controller achieves a faster
response time compared to the EPSAC and the FO-PI. The drawback of this PI controller
is the reduced robustness compared to the EPSAC or the FO-PI controller. In both of the
proposed control algorithms, the overshoot remains constant despite the significant gain
variations, whereas in the case of the PI controller, the overshoot varies between 15.3% and
nearly double 29.8%.

In what follows, the two proposed control methods are evaluated also in terms of
required NOR drug rate and disturbance rejection. Regarding the control signal, the NOR
drug rate, the two methods are similar. They both present a slightly increased amplitude
spike when fluctuations in the MAP appear, with the fractional order proportional integral
controller reaching a higher value. Despite that, the FO-PI also seems to present a more
gradual decrease in the command value than the EPSAC. Otherwise, the manipulated
variable presents a similar behavior in both cases.

For step disturbance rejection, the two controllers require a similar control effort
(increase in the administered drug). The EPSAC controller has a slightly better response
time (approximately 400 s) compared to that achieved by the FO-PI (approximately 500 s).
The disturbance rejection time of the FO-PI controller could be further reduced by using a
more complex fractional order controller that includes the derivative component, as well.

A comparison of the disturbance rejection scenario when the PRBS-type disturbance
signal is considered shows a similar control effort. A comparison of the closed loop
responses in terms of the mean square error (MSE) leads to the following results: the MSE
of the EPSAC is equal to 0.2403 and the MSE of the FO-PI is equal to 0.2665. These results
show once more that the EPSAC has a slightly better response than the FO-PI. A larger
amplitude of the PRBS signal would lead to larger values of the MSE, but the EPSAC
controller would still prevail over the FO-PI.

Several limitations of the proposed control algorithms need to be mentioned here. First
of all, the design and implementation of the predictive controller requires multiple resources
involving matrix computations and optimizations. On the other hand, the implementation of
the fractional order controller firstly undergoes an approximation using standard techniques
such as the Oustaloup Recursive Approximation method [40] to produce a continuous-time
approximation, as indicated in Section 4. Then, a discrete-time approximation is performed
using standard discretization techniques, which finally leads to a recurrent relation for the con-
trol signal. For the case study considered in this manuscript, the discrete-time approximation
of the FO-PI controller in (37) is obtained as detailed in Section 4:

Cd =
P(z−1)

Q(z−1)
=

NOR(z−1)

e(z−1)
(38)

with NOR(z−1) the computed drug rate and e(z−1) = MAPstp − MAPmsrd the error signal
at every sample. Here, Mstp refers to the MAP setpoint or reference value and Mmsrd is the
measured MAP signal. The polynomials are obtained as follows: P = 0.00249− 0.0173z−1 +

0.0527z−2 − 0.0906z−3 + 0.0965z−4 − 0.065z−5 + 0.027z−6 − 0.00628z−7 + 0.000625z−8 and
Q = 1 − 7.07z−1 + 21.71z−2 − 37.75z−3 + 40.59z−4 − 27.57z−5 + 11.52z−5 − 2.697z−7 +

0.269z−8, with z−1 the backward shift operator. For a practical implementation, the discrete-
time transfer function in (38) leads to a recurrent relation of the control signal (NOR drug
rate) computed based on (38):
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NOR(k) = 7.07NOR(k − 1)− 21.71NOR(k − 2) + 37.75NOR(k − 3)− 40.59NOR(k − 4)+

+27.57NOR(k − 5)− 11.52NOR(k − 5) + 2.697NOR(k − 7)− 0.269NOR(k − 8)+

+0.00249e(k)− 0.0173e(k − 1) + 0.0527e(k − 2)− 0.0906e(k − 3) + 0.0965e(k − 4)−
−0.065e(k − 5) + 0.027e(k − 6)− 0.00628e(k − 7) + 0.000625e(k − 8)

(39)

According to (39), the computation of the control signal is based on simple mathemati-
cal operations such as scalar summation and multiplication. The FO-PI controller requires
a lower computational power with a better run time of the algorithm overall. In both cases,
the control algorithm can be implemented on a computer, connected to the MAP monitor
in order to pass the measured patient signal to the control algorithm.

Secondly, the tuning of the FO-PI controller is not trivial. Several combinations of ωc

and PM have been considered and tested for designing the fractional order PI controller. A
smaller overshoot can be obtained by imposing a larger phase margin PM and a smaller
gain crossover frequency ωc. However, this would have led to an increased settling time.
This represents an important limitation of the fractional order PI controller. The values
selected and mentioned in this manuscript ωc = 0.009 rad/s and PM = 50o were considered
to be optimal. To diminish the settling time and reduce the overshoot, a more complex
fractional order controller could be designed by altering the FO-PI controller to include a
derivative component, as well.

Lastly, the model developed in this manuscript is based on a limited dataset of clinical
data. The results are thus preliminary but demonstrate that advanced control strategies
could be successfully used in a automatic Norepinephrine drug dosing to maintain the
MAP signal within a safe range. Further research includes the use of the very recent
patient simulators in [7,8] to generate artificial data, as well as clinical data available in
the VitalDB database [36] to further refine and validate the simplified model developed in
this manuscript. The existing PK-PD models, used as a starting point in the development
of the simplified model in this manuscript, are valid for a specific class of patients, under
septic shock. A universally applicable patient model is the scope of further research, which
implies access to a larger dataset of clinical data.

7. Conclusions
The current paper aimed to develop a mathematical model which describes the effect

that Norepinephrine infusion has on mean arterial pressure, one that is suitable for design-
ing controllers. A subsequent aim was to implement, test, compare, and analyze advanced
control strategies. These were designed in order to shorten the settling time and handle
problems such as setpoint changes, patient variability, and disturbances.

The scarcity of real clinical data and established PK-PD relationships presents a major
hurdle when developing a mathematical model for controller design. That being said, the
model derived for this paper draws from available information on the aforementioned, and
it is therefore limited to a certain type of patient.

Regarding automated drug administration, an important part of implementing any
type of controller is having a good understanding of both the manipulated and controlled
variables and maintaining them within the limits recommended by medical professionals.
Consequently, all of the principles implemented in this paper respect these arguments.
The EPSAC and FO-PI methods are therefore suitable for further studies regarding the
automatic control of MAP using NOR infusion.

The results in this paper are preliminary, based on a reduced clinical dataset. Informa-
tion from available databases, such as the VitalDB [36], could be further used to develop a
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more accurate model and a better design of the controllers. Additionally, a model for car-
diac output and related drugs to obtain a multivariable hemodynamic system similar to (1)
might enhance the perspectives upon the hemodynamic system and automatic regulation
of hemodynamic variables.
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