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Abstract

In this study, we introduce and rigorously formalize the notion of (P, m)-superquadratic
stochastic processes, representing a novel and far-reaching generalization of classical
convex stochastic processes. By exploring their intrinsic structural characteristics, we
establish advanced Jensen and Hermite-Hadamard (H.H)-type inequalities within the
mean-square stochastic calculus framework. Furthermore, we extend these inequalities
to their fractional counterparts via stochastic Riemann-Liouville (RL) fractional integrals,
thereby enriching the analytical machinery available for fractional stochastic analysis. The
theoretical findings are comprehensively validated through graphical visualizations and
detailed tabular illustrations, constructed from diverse numerical examples to highlight
the behavior and accuracy of the proposed results. Beyond their theoretical depth, the
developed framework is applied to information theory, where we introduce new classes of
stochastic divergence measures. The proposed results significantly refine the approximation
of stochastic and fractional stochastic differential equations governed by convex stochastic
processes, thereby enhancing the precision, stability, and applicability of existing stochastic
models. To ensure reproducibility and computational transparency, all graph-generation
commands, numerical procedures, and execution times are provided, offering a complete
and verifiable reference for future research in stochastic and fractional inequality theory.

Keywords: mean-square stochastic RLL fractional integrals; (P, m)-superquadratic stochastic
process; Jensen’s inequality; H.H's inequality; stochastic divergence; RL fractional stochastic
H.H-divergence

MSC: 26D15; 94A17; 26 A33; 26 A51; 26D10; 60G05; 94A15

1. Introduction

The mathematical notion of convexity occupies a pivotal role in engineering and
mathematics, as it supports a wide range of theoretical and applied phenomena. The
core of convex analysis are convex sets and convex functions that are essential tools in
simplifying very complicated systems and optimizing complex mathematical models. By
virtue of their well-behaved nature, especially the fact that there is a global minimum
problems in convex functions become much easier to handle, and hence are central in
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optimization. Besides its interest for its own sake as pure mathematics, convexity has deep
implications in most fields like control theory, economics, and systems engineering. In
control theory, for instance, convexity guarantees that the designs for systems are stable
and robust over a wide range of operating conditions. In economics, convexity also plays
a role in the description of consumer preferences and analysis of market behavior, hence
enabling efficient decision-making and resource allocation. It is interesting to note that
convexity has practical applications in addition to being a theoretical or academic idea.
Convex structures are frequently encountered by engineers and practitioners who are
attempting to maximise system performance in order to increase operational efficiency and
dependability. Convex functions are essential to integral inequalities, which may be the
most aesthetically beautiful use of convexity. In mathematical analysis, integral inequalities
are essential, particularly when it comes to bounding or approximating integral values.
The H.H inequality, which gives estimates of the average value of a convex function over a
specified interval, is one of the most significant of these [1-3]. The topic is a rich and potent
area of current mathematics research because of the relationship between convexity and
integral-type inequalities.

Fractional calculus that generalizes classical calculus to non-integer order derivatives
and integrals has emerged as a hot topic in recent years due to its ability to model systems
with memory and with hereditary characteristics. It emerges as a valuable tool in physics,
engineering, and even perhaps surprisingly in computer science [4]. Its increasing relevance
is not only restricted to practical sciences; fractional calculus has also been instrumental
in the building of inequality theory. Fractional integral inequality is now a favorite and
rapidly developing field of research in recent years. Sarikaya et al. [5] added an important
contribution by using the RL fractional integrals framework to establish the generalized
H.H inequality. Their research enhanced the mathematical techniques employed in dy-
namic systems analysis and the theory of inequality analysis by creating tighter bounds in
analytical terms and greater understanding of the behavior of convex functions. Recent
studies also broadened this field with new methods for fractional integral operators and
inequalities. Ndpoles-Valdés and Bayraktar in 2025 [6], explored Caputo-weighted integrals
and their uses, citing the potential to generalize traditional results and refine analytical
procedures in fractional frameworks. Similarly, Guzman and Népoles-Valdés in 2025 [7],
explored HL.H-type fractional integral inequalities, formulating new bounds and extensions
that close the gap between classic analysis and modern fractional theory. These advances in
their entirety enrich the knowledge of the structural features and uses of fractional integral
inequalities in mathematics analysis and applied sciences.

After the landmark discovery of the HL.H inequalities for the RIL fractional inte-
grals, important advances have been made in extending H.H-type inequalities to sev-
eral fractional integral definitions. Researchers have explored these inequalities in the
context of numerous fractional operators, including the generalized proportional frac-
tional integrals [8], Sarikaya fractional integrals [9], Katugampola fractional integrals [10],
k-fractional integrals [11], ¢-RL-fractional integrals [12], (k — p)-fractional integrals [13],
generalized RIL-fractional integrals [14] and conformable fractional integrals [15]. Along-
side these developments, a wide array of inequalities of fractional order has also been
established, reflecting the growing depth and diversity of the field. These include fractal
Hadamard-Mercer-type inequalities [16], Simpson-type inequalities [17], Euler-Maclaurin-
type inequalities [18], Bullen-type inequalities [19], and Ostrowski-type inequalities [20],
among others. For readers seeking a comprehensive overview of recent advancements in
fractional integral inequalities, several up-to-date contributions are recommended, such
as those found in [21-23] and the references therein.
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A collection of random variables parameterized by time or space describing the
change of a system under uncertainty is referred to as a stochastic process in statistics and
probability theory. They characterize the apparently random change of a system, often over
different time or space separations. The term “stochastic” qualifies processes that occur
at unpredictable or irregular rates. Stochastic processes can be used to simulate random
change over time in systems. For instance, there are many random parameters that may
result in fluctuations of bacterial growth, but long-term forecasting is not impossible. Just
as thermal noise within electrical systems produces random changes in voltage or current,
such apparently random behavior can be represented by simple stochastic processes, and
these can offer insight into the behavior of the system.

Physicists and mathematicians have traditionally used stochastic processes as mathe-
matical models to describe a wide range of phenomena, including changes in population in
ecosystems, randomly diffusing gas molecules, and stock price fluctuation. Stochastic mod-
els, which have many uses in research and engineering, can often be used to model these
processes and other elements like molecular interactions whenever there is unpredictability.
They mimic population dynamics or the emergence of diseases in biology, and they depict
systems based on the mobility of various molecules in physics. The importance of stochastic
processes lies in their ability to systematically explain systems that behave randomly. They
are vital in domains where randomness or particular results at every stage are critical, such
as computer science, data transfer, cryptography, and signal processing. They are therefore
essential for conducting research and resolving practical issues. Scientists and engineers
are able to forecast future trends, optimize systems, and design solutions that consider
environmental uncertainties by numerically simulating these processes. System state pre-
diction, data compression algorithms, and secure communication through cryptography
are other significant applications. Recent developments in fractional stochastic processes
provide a strong foundation for our study. Jiang and Miao [24] examined anomalous
stochastic processes via generalized fractional calculus, offering models for non-classical
diffusion behavior. Sahebi Fard et al. [25] introduced a financial market model using the
y-Caputo fractional derivative, effectively capturing memory and hereditary effects in
market dynamics. Guidoum et al. [26] analyzed fractional and higher-order moments of
stochastic differential equations, highlighting the behavior of moments under fractional
dynamics. These works collectively illustrate the breadth and applicability of fractional
stochastic modeling.

Convex stochastic processes, which generalize the concept of classical convex func-
tions to stochastic processes systems including randomness were initially introduced by
Nikodem [27] in 1980. Further, he found that such stochastic processes exhibit a number
of properties similar to classical convex functions. The Jensen convex mapping, central to
the theory of inequalities, is one such useful tool in this respect. A number of crucial in-
equalities can be obtained from this mapping, and their applicability to stochastic processes
was demonstrated by Skowronski [28] in 1992. Expanding on these concepts, Kotrys [29]
showed that, in particular, for convex stochastic processes, the upper and lower bounds
of the H.H inequality may be found using integral operators. Kotrys’s work showed how
the H.H inequality, an important result in convex analysis, could be adapted for stochastic
processes. There have been a great many papers in the literature over the last few years on
all sorts of convexity for stochastic processes. Okur et al. [30] used the idea of p-convexity,
which is a particular kind of convexity, to construct the H.H inequality for stochastic pro-
cesses. Erhan [31] made a further contribution by building these inequalities with the use
of another version of convexity called s-convexity. Budak et al. [32] generalised the work
of other academics by presenting these inequalities using the concept of h-convexity. As
mentioned in the sources [33-35], there have been many research investigating different
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kinds of convexity for individuals who are interested in the most recent developments
in stochastic processes. Further broadening the applicability of these mathematical ideas,
Tung in [36] made a substantial contribution by developing the Ostrowski-type inequality
particularly for h-convex functions. Zhao et al. [37] have connected inequality to interval
mathematics, putting these inequality within the context of interval analysis. Using interval
analysis as a foundation, Afzal et al. [38] presented the notion of stochastic processes before
the end of 2022. They also created new versions of the Jensen and H.H inequalities that
are particularly designed for stochastic processes, fusing these two mathematical ideas
in an innovative way. A novel mathematical framework called the (m, 1, hy)-G-convex
stochastic process was presented by Eliecer et al. [39]. It incorporates functions /1 and h;
together with a parameter m to extend classical convexity to stochastic processes. By this
approach, they were able to establish some inequalities associated with stochastic analysis.
By utilizing fractional operators in order to use fractional calculus on the (m, 1, hy )-convex
stochastic process, Cortez [40] generalized this work and obtained more inequalities. These
developments strengthen mathematical models in many disciplines through the power of
estimating systems subject to fractional dynamics and uncertainty. Hafiz [41] discussed
the applications of fractional calculus to stochastic processes, paving the way for modeling
stochastic processes reliant on memory. Kotrys [42] extended classical inequalities such
as Jensen, H.H, and Fejér inequalities to strongly convex stochastic processes, providing
vital information regarding probabilistic convexity theory. Further advances were made
by Agahi and Babakhani [43], who introduced fractional-order forms of Jensen and H.H
inequalities for convex stochastic processes to make them more effective in stochastic
modeling fields. Fu et al. [44] subsequently investigated n-polynomial convex stochastic
processes and presented H.H-type inequalities for such functions, which determined the
domain of stochastic optimization and uncertainty modeling. The work in general stresses
the importance of convexity in stochastic situations and its use in mathematical inequalities,
probability theory, and optimization in practice.

Superquadraticity gives tighter and more reliable bounds than ordinary convexity, con-
siderably enhancing integral inequality theory. This is extremely welcomed in applications
of applied mathematics, where a better approximation means increased model accuracy,
and for optimisation tasks, where boundary estimate quality decides the optimum solution.
Thus, superquadraticity broadens the theory basis of inequality structures and enhances
their applicability. It effectively presents a robust analytical foundation for the development
and use of integral inequalities in a wide range of mathematical and applied problems.

The concept of superquadraticity extending the traditional convexity was first intro-
duced by Abramovich et al. [45]. This initial work prepared the ground for a wider analyti-
cal framework that could provide tighter inequalities compared to those obtained from reg-
ular convex functions. Abramovich and co-authors [46] later introduced a formal definition
for superquadratic functions together with essential theoretical observations that further en-
hanced the understanding of this function class. Working from this basis, Li and Chen [47]
took the theory further by applying the fractional view of H.H-type inequalities through
RL fractional integrals, representing a huge step beyond superquadraticity to the world of
fractional calculus. More was done by Alomari et al. [48], who brought about the concept of
h-superquadraticity, studied their structural properties and defined a new subclass within
the larger family. In a valuable work in interval analysis and generalized function theory,
Khan and Butt [49] introduced cr-order interval-valued superquadratic functions and their
fractional counterparts, emphasizing their applicability through multiple illustrations. Fol-
lowing this endeavor, Khan et al. [50] introduced the (P, m)-superquadratic function, an
even broader concept that includes examples, fundamental characteristics, integral inequali-
ties, and real-world applications, thus enriching superquadraticity’s functional atmosphere.
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Continuing their exploration of information-theoretic applications, Butt and Khan [51]
developed information inequalities for superquadratic functions using the tools of interval
calculus, connecting functional inequalities with measures of information. A foundational
theoretical advance was made by Banic et al. [52], who refined classical inequalities and
solidified the theoretical underpinnings of superquadratic functions, paving the way for
future researchs in the study of superquadratic stochastic processes.

In the aforementioned, we have discussed several well-known stochastic extensions
of convexity, such as convex stochastic processes, p-convex, s-convex, h-convex, (m, 1, hy)-
G-convex, and n-polynomial convex stochastic processes, each providing generalizations
within the convexity framework. However, the recently developed concept of (P, m)-
superquadraticity serves as a refinement of convexity, offering significantly sharper bounds
than those obtained from the classical and modern variants of convexity. Despite its strong
potential, neither a stochastic formulation of (P, m)-superquadraticity nor its fractional
counterpart has appeared in the literature. To fill this gap, the present work introduces the
new class of (P, m)-superquadratic stochastic processes, establishes their key properties,
develops Jensen-type and H.H-type inequalities of integer order, and further generalizes
them to fractional H.H-type inequalities via stochastic RIL fractional integrals. Moreover,
we provide the first applications of this new class in information theory, demonstrating
its analytical strength and broad applicability beyond the traditional convexity-based
stochastic models.

The paragraph that follows provides an explanation of the paper’s structure:

Following the review of the required background knowledge and pertinent data
regarding convexity, superquadraticity, convex stochastic processes and their inequalities
in Sections 1 and 2, we use 2D and 3D graphical representations to analyze the stochastic
version of superquadraticity and their features. More importantly, in Section 3, we develop
new Jensen’s and H.H-type inequalities. Then, in Section 4, Inequalities of H.H-type are
obtained in fractional form. To evaluate the effectiveness of the results, examples and
graphic descriptions of the findings are also taken into account. How the findings may
be used to information theory is covered in Section 5. In the final section, Section 6, a
clear and concise conclusion is drawn, accompanied by an overview of potential future
developments inspired by the current work.

2. Preliminaries

The terms of significance for fractional integrals, convexity, and superquadraticity are
defined in this section along with the associated inequalities.

Definition 1 ([3]). Let the function ¥ : [Uy, Vo] C R — R be a convex then

Yy + (1= ply2) < p¥(y1) + (1 = )¥(y2), (1)
is valid for every y1, y2 € Uy, Vol, and B € [0,1].

The H.H’s inequality is a fundamental mathematical result that establishes both lower
and upper bounds for mean values. In inequality theory, it is among the first types of
inequality to use convex functions. For error calculations that use numerical integration,
such as the trapezoidal and midpoint formulae, this inequality is an essential tool. This
well-known finding is defined as follows.
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Theorem 1 ([3]). H.H's inequality states that if the function ¥ : 1 C 8 — R, is convex in
3 C R, where V, > U,. The following statement satisfies:

Uy + V0 1 Vo Y (Uy) +F (Vo)

V Uy, Vo € 7.
Definition 2. RIL-fractional integrals with order > 0 with U, > 0 are defined as

Y Y0 = gy [, 0 v Y v,y > )

0

and
Vo
jin’TQI) = r(B) /y (Yo — Y)ﬁihy(}’o)d}’o/ (y < Vo).

The notations JZUQI’(y) and Jﬁo,‘{’(y) are the left and right sided operators. Where I is a stated

as gamma function and given by T(B) = [;° yoP~te Vedy,.
Definition 3. A function ¥ : [0,00) — R is superquadratic, if
¥(yo) = ¥(y) + € (yo —y) +¥(lyo —yI), ®)
holds for every y, > 0, ¢y € R, wherey > 0 and &y is a constant.
Remark 1. If the inequality (3) is reversed then ¥ is called subquadratic.

As an example, we may use ¥(y) = y*. The function ¥ is superquadratic for y > 0
and k > 2, but subquadratic for 0 < k < 2. Let ¢y = kyqo’1 in this instance. Atk = 2,
equality is also preserved in (3).

More precisely, any randomly chosen superquadratic function meets the three supple-
mentary conditions outlined in Lemma 1:

Lemma 1. Let ¥ : [0,00) — R be a superquadratic function, then

e Y(0)<oO.
e Provided that ¥ is differentiable at y > 0 and satisfies ¥ (0) = ¥/(0) = 0, it follows that
Y(y) = ¢y.

e IfYis positive and ¥ (0) = ¥'(0) = 0 on (0, 00), then ¥ is convex.

Two major inequalities that contribute to the growth and development of su-
perquadraticity are inequalities of Jensen’s and H.H's types, which are the most significant
and frequently applied results.

Theorem 2 ([46]). Let ¥: | C [0, 00[— R be a superquadratic then
n n
Y Bi¥(y:) = ¥(F) + Y B¥(lyi — 1), (4)
i=1 i=1
holds for all B; € (0,1) and y; > 0, wherey =Y ' | Biyi, and Y ;i = 1.

Bani¢ et al. [52] contributed to the field of superquadraticity by formulating the
following H.H-type inequalities.



Fractal Fract. 2025, 9, 771 7 of 33
Theorem 3. Let ¥: | C [0, 00[— R be a superquadratic on | = Uy, V,) then
Uy + Vs 1 /V" Uy + Vo 1 /'V"
b4 b4 - < Y
( 2 ) + Vo — U, U, y 2 dy “ Vo —U U, (Y)dy
Y (Uo) +¥ (Vo) 1 /Vo
< — —y)¥(y — —U)Y (Vo —y)|dy. (B
= 5 Vo=t 2 Sy, (Vo =¥y = Uo) + (y =Uo)¥ (Vo —y)ldy. )

The line of support concept of superquadraticity is defined in Definition 3. In the
following, we offer an additional definition.

Definition 4 ([45]). Let ¥: J C [0, 00— R be a superquadratic function then

Y((1—-PB)y1+By2) < (1—-B)¥(y1) +BY(y2) — BY((1 - B)ly1 — y2I)
—(1=B)Y(Blyr — y2l), (6)

holds for every p € (0,1) and y1,y2 > 0.

Remark 2. Subquadraticity of the function ¥ corresponds to the reversal of the inequality sign
in (6).

Theorem 4 ([47]). Let ¥: ] C [0, co[— R be a superquadratic function on | = [{U,, V,| then

‘P(Z/lo +V

- Z(Vo - Z/{g)/3

> T2V —tho)F Ju,

b ([ ) a =+ (-t Ny

(i, (V) + Iﬁn,‘f(uo))

< Y +¥0%) P Vo(<y_u" )‘I’(Vo—y)Jr(V"_y)‘P(y—uo))

Z(Vo - uo)'B Uy Vo — Uy Vo — Uy

x (Vo — }’)/571 +(y - UO)ﬁil)dYr )

where IZJ’ and Iﬂo_ are given in Definition 2.

Definition 5 ([50]). A function¥ : ] C R — R is called (P, m)-superquadratic on | = [0,K] for
k> 0andm € [0,1]; if

Y(BU, + m(1 = B)Vo) < B[Y(Us) — ¥ ((1— B)[Us — Vol)]
+m(1 = B)[Y (Vo) — ¥ (Bl — Vo),

holds for any Uy, Vo € J and B € [0,1]. ¥ is defined as a (P, m)-subquadratic function whenever its
negation —Y satisfies the (P, m)-superquadratic condition.

Definition 6 ([27]). A mapping ¥ : [T — R is considered a random variable if it is A-measurable.
1t is defined on the probability space (T], 2, P), where T denotes the set of all possible outcomes, 2
is a o-algebra representing the collection of measurable events (subsets of [ 1), and P is a probability
measure that assigns probabilities to these events.

Example 1. Imagine a coin toss in which [] = {H = Head, T = Tail}, 2 includes complete
subsets of [ |, and P assigns a probability of % to each conceivable circumstance. So, ¥ (T) = 1 and
Y(H) = 0 would be the definitions of a random variable '¥.

Definition 7 ([27]). Ifforally € ], ¥(y, -) is a random variable, then a map ¥ : | x [T — R is
called a stochastic process.
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Example 2. Think about taking daily readings of the temperature at noon for a week. [] can
represent all possible weather conditions in this instance, | = {1,2,...,7} represents each day of
the week, and ¥ (y, w) gives the temperature on day y, provided that w is met. As a random variable,
¥ (y, -) for each fixed day y shows how the temperature varies under different meteorological
conditions. Temperature variation over time, as influenced by changes in y, is modeled by the
stochastic process ¥ (y, -).

Definition 8 ([27]). A stochastic process ¥ : | x [T — R, is called to be continuous on | C R, if
for every k € ], we have

P—lim¥(y-) =¥k, -).
y—k
The notation P-lim is used to represent convergence in probability within a probability space.

Definition 9 ([27]). A stochastic process ¥ : | x [T — R, is called to be mean-square continuous
on | C R, if for every k € ], we have

lim E[(¥(y,) — ¥(k,+))?] =0.
YA)

Where the random variable’s expectation is represented by E[¥ (y, -)].

Remark 3. Probability continuity is obviously shown by mean-square continuity, while the contrary
is not true.

Definition 10 ([27]). A stochastic process ¥ : | x [T — R is called to be mean-square differentiable
on ] C Ratk, ifa random variable ¥’ : | x [T — R is given. This means that:

¥'(k,-) =P — lim Fly) =¥lko)
y—k y'*k

7

Definition 11 ([27]). A stochastic process ¥ : | x [T — R, is called to be mean-square integrable
on | C R, if for every y € ], with E[‘I’(y,-)z] <o, [y1,y2) S y1 =ko <k <kp...<
kn = yo, partitions [y1,y2], andy; € [ki_1,k%;|,Vi=1,...,n then

lim E

n—oo

n 2
(;‘F(Yi/')(ki—ki—l)—S(-)> ] =0.

It indicates that the stochastic process’s mean-square integral is S : | x [T — R, and it may be
expressed as

S() = /y "% (y, )dy. ®)

1

Remark 4. The mean-square continuity of the stochastic process ¥ is sufficient to ensure the
existence of the mean-square integral.

Remark 5. It asserts that if ¥ (y,-) < S(y,-) forall y € [y1,y2|, then the following holds:

[ ¥y < [ sty )y ©)
M Y1
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Lemma 2 ([29]). Let a stochastic process ¥ : | x [T — R be defined by ¥(y,-) = A(-)y +B(-),
where A,B : T] — R are such that E(A?) < co and E(B?) < oo. If [y1,y2] C ], then the
following holds:

y2 22 — yq2
J )y = A0 FE B2 - ), (10)
1
where A and B denote random variables.

Definition 12 ([29]). We define a process ¥ : | x [T — 3 to be convex stochastic on | C R if, for
every B € [0, 1], the following condition is satisfied:

Y(BUy + (1= B)Vo,-) < BY (U, ) + (1= BYF Vo, -), (11)

foranyU,, V, € .

Ifp = % is chosen in (11), the process Y is referred to as Jensen convex. Furthermore, if ¥
exhibits convexity, then its negation —Y is regarded as a concave stochastic process. For more
interesting characteristics, the reader is referred to [28].

Lemma 3 ([28]). Ify1,y2 € Jo and y1 < yz, then the following inequalities hold.
Yo(yr,) S ¥ilyr) <¥l(yz ) < ¥ilyz o). (12)
where ¥',, and ¥'_, are the right and left derivatives of Y.

Theorem 5 ([28]). It states that if a convex stochastic process ¥ : | x [T — R is mean-square
continuous and satisfies Jensen’s convexity on ], then the following inequalities holds

Y . .
2 Y2 = Y1 Iy 2

forevery yi,y2 € |

Definition 13 ([41]). Let ¥ : J x [T — R be a stochastic process satisfying the conditions stated
in Definition 11. Then, the mean-square stochastic RLL fractional integrals of order « > 0, denoted
by I, + and I}, _, are defined for ¥ as follows.

) = o [, =90 ¥ s,y > Uy

and

L, -[¥l(y) = 1,(10() /yvo (s—y)" (s, )ds, y <V,

3. Analysis of Integral Inequalities Involving (P, m)-Superquadratic
Stochastic Processes

In this section, we begin by introducing the definition of an (P, m)-superquadratic
stochastic process, which generalizes the concept of an (P, m)-convex stochastic process.
This generalization allows for the development of more refined results. Based on this
definition, we investigate its properties and establish associated integral inequalities.
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Definition 14. Let ¥ : | x [T — R be a (P, m)-superquadratic stochastic process over | = [0,k],
Where k > 0 for m € [0,1] then

Y (BUy +m(1—B)Vo, ) < [¥(Us,-) =¥ ((1—B)|[Vo —Uol,-)]
+m[¥ Vo, ) — Y (BIVo —Usl,.)], (14)

holds for every B € [0,1] and Uy, V, € ].

If B = § is chosen in (14), then the process ¥ is termed as Jensen-(P, m)-superquadratic.
If the process ¥ is classified as (P, m)-superquadratic, then —VY is then termed as (P, m)-
subquadratic stochastic process.

Example 3. A process ¥: [2,00] x [T — R defined by ¥(y,) = y* for k > 2 is a (P, m)-
superquadratic stochastic process for every m € [0,1]. The graphs in Figure 1 illustrate the validity
of Definition 14 via the process Y considering different values of the parameters that go into it. Let
R and L denote the right and left sides of the expression (14) respectively. It has been shown in the
in Figure 1 that pink color represents the right term of the Definition 14 while black color represents
the left term of the Definition 14. We noticed that for various values of the parameters m, U, and V),
and B, the pink color always occurs above the black color. It implies that the Definition 14 holds true.

T ™ 25 R

(o) (d)

Figure 1. Graphical illustration of Definition 14. (a) m, U, and V), are fixed, while B varies such
thatm = 0.2, U, =3, V, =4 and B € [0,1]. (b) B, U, and V, are fixed, while m varies such that
B=05U=3V,=4and m € [0,1]. (c) U, and V), are fixed, while B and m vary such that U, = 3,
Vo=4,p€[0,1] and m € [0,1]. (d) U, and V, vary, while § and m are fixed such that U, € [3,3.4],
Vo € [35,4],p=05and m = 0.7.

Next, we investigate the core properties that define and characterize (P, m)-superquadratic
stochastic processes.
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Proposition 1. If ¥y, ¥, : [0,k] x [T — R are (P, m)-superquadratic stochastic processes, then
Y1 + Yo and Y, where r > 0 are (P, m)-superquadratic stochastic processes.

Proof. Let ¥ and Y, be (P, m)-superquadratic stochastic processes, we have

F1(BUo +m(1 = P)Vo, ) < (F1(Uo, ) = ¥1((1 = B)Vo = Uo|,-)) + m(¥1(Vo, )
—Y1(BVo — Uol, ),

and

Yo (BUs +m(1 = B)Vo, ) < (F2(Uo, ) = F2(1 = B) Vo —Us|,-)) +m(¥2(Vs,*)
—Y¥2(BIVo — Usl,")),

now

(Y1 +¥2) (Bllo + m(1 = B)Vo, ) = ¥1(BlUo +m(1 = )V, -) + Y2 (Bl + m(1 = ) Vo, -)

< ( uo/ - (( _ﬁ)wo - 0‘ )) +m(T1(V0/'> _‘Pl(ﬁwo —U0|,~))
+ (Y2 (Uo, ) = ¥2((1 = B) Vo —Uol|,-)) + m(F2(Vo,-) = ¥2(BIVo — U, ))
= ((¥1+¥2)(Uo, ") — (1 +F2) (1 = B) Vo — Uol,))

+m((¥1+¥2)(Vo, ) — (F1+¥2) (BVo — Usl, "))

Thus we have

(1 +¥2) (BUs +m(1 = B)Vo, ) < ((¥1+¥2) (Uo, ) — (F1 +¥2) (1 = B)[Vo —Uol,-))
m((¥Y1 +¥2)(Vo, ) — (F1 4+ ¥2) (BIVo — Uol, ). (15)

Similarly

¥ (BUy + m(1 — B)Vo, -)

< r((qj(um ) =¥((1— .B)Wo — Uy, )) +m(T(Vo/ ) - lIj(,BWo —U,|, )))
= (1Y (U, ") = 1¥((1 = B) Vo = Uol,-)) + m(r¥(Vo,-) — r¥(B|Vo —Uol, "))

Thus we have

¥ (BUo +m (1~ B)Vo, ) < ((r¥ (U, ) — ¥ ((1 = B)[Vo — Uol,))
+mE¥(Vo, ) — r¥(B|Vo — Uol, ). (16)

Therefore, (15) and (16) jointly imply that both ¥; + ¥, and r¥ satisfy the definition of
m-superquadratic stochastic processes. [J

Proposition 2. Let ¥1, ¥, : [0,k] X [T — R be the (P, m)-superquadratic stochastic processes,
then ¥ (y, -) = max{¥1(y,-), ¥Ya2(y, ) } is a (B, m)-superquadratic stochastic process.

Proof. Since one derives that
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Y(BUy +m(1— B)Vo, )
= max{¥1(BUy, + m(1 — B)V,, "), Y2(BU, + m(1 — B)V,, )}
< max{[¥1(Uo,-) —¥1((1 = B) Vo — Usl, )] + m[¥1(Vo, ) — F1(BIVo — U, )],
[¥2(Uo, ") —F2((1 = B)[Vo — Uol, )] + m[F2(Vo, ") — F2(B[Vo — Us|, )]}
< [max{¥1(Uo, ), Y2 (Uo, )} — max{¥1((1 = B)[Vo = Usl,-), ¥2((1 = B) Vo — Uo|, ) }]
+m[max{¥1(Vo, "), ¥Y2(Vo, ")} — max{¥1(B|Vo — Uo|, ), ¥2(BIVo — Uo|, ) }]
= [Y(Uo, ) =Y (1= B) Vo = Up|, )] + m[¥ (Vo) = ¥ (BIVo — Us|,-)]. (17)

Consequently, ¥(y, -) is a (P, m)-superquadratic stochastic process. [

Theorem 6. Let ¥ : [0,k] x [T — R be a (P, m)-superquadratic stochastic process and y1 < ya <
ys for all yq,y2,y3 € [0,K], then

Y(y1,- 1 Y(ys, - 1
RRCREN FI (}; : ) +mg (| —(y>3< g ) (18)
(DR (= D
holds, for every m € [0, 1].
Proof. Let the stochastic process ¥ is a (P, m)-superquadratic, then
¥ (By +m(1—B)yo,-) < (¥(y,-) =¥((1=B)ly —yol,))
+m(¥(yo,) = ¥ (Bly = Yol ))- (19)
Setting
y2 = By +m(l = p)yo. (20)
Next putting y = y; and y, = y3 in (20), we get
y2 = By + m(1 = pys.
= p= 3T Y2
my3 —y1
Substituting y = y1, yo = yz and § = % in (19), we get
(y2 = y1)(ys —y1) )}
Y(yo,-) < |Flyy, ) = F g
R o s
e [‘{’(yg,, ) _1{,<‘ (mys —y2)(y3 —y1) , ﬂ '
my3 —y1
It implies that
[T(YL ) _ 1{{(’ (yZ — yl)(YB — yl) , >:|
mys3 — Y1
(mys —y2)(ys — y1) )]
+m|¥(ys,,- —‘i’<‘ ) —¥(y2, ) >0. 21
(a0 e (v2.") @
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n—1 n—1
‘I’(Z,Biyi,'> <Y m" 1= "I’(
i=1 i=1

13 of 33
Inequality (21) can be written as follows
Y(y1,- 1 Y¥(ys, - 1
(v y( })](13' >y ) +m (my. (yyj(y) y1) ba) 0 (22)
27 )1 37 )1 37)2 37 Y1 -
T( my;—y; |’ ) 1 T(’ my3—yi ’ ) 1 0 1

Hence this concludes the proof. [

Next we provide the proof of an inequality of Jensen’s type for (P, m)-superquadratic
stochastic processes.

Theorem 7. Let ¥ : [0, k] x [T — R be a (P, m)-superquadratic stochastic process then

(i) sf a(e) - Fo (e £8)

m" i
Proof. We prove this result by using the principle of mathematical induction, therefore by

taking n = 2 in (23), we have
mb) () ¥ (b))

Which reflects the Definition 14. Thus the statement (23) is true for n = 2.
Next we assuming the validity of (23) for n — 1, it follows that:
) (24)

) =g

now let us prove that (23) is valid for n.

holds Yy, ..., yn € [0,K],B1, ..., Bn > 0, such that Y ; B; = 1, where m € [0,1].

¥(B1y1 + B2y2,-) < ¥(y2, ) — <ﬁ1

Z Biyi

mnlz

mnlz mnlz

T(léﬁi}’iw) = T<[3n}’n +mﬁj§1 iﬁ;)

where g = Zlf‘:_ll Bi, then it implies that

#(Lo) = voureme(E (25))
(o £ (55) E(®

)l B (5
using (24) in (25), then we obtain

, ) (25)
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() v Eoe () e H2))

_‘i’<,8yn—j l(fﬂ;))_m‘f(ﬁ ;(ﬁyz),
o () B o) B
)-en(opE ()1

)
F (o)
) - G- ) (e
)

mnl

Il
—_

mt‘l*l

Vi nz_l Biyi

=1

) - zqugw s
=Lt ( ) - zww%hm papoll)
oy (| e B ()

= m—i ’.)

- Xn:m"_i‘l’<yi . ) = Em“—iw(‘” - nf Piyi
= mn—? 4 - - -

- y = ( Biyi
(et ()
n n n

_ > y i Yi Biyi
- i:Zlmn Z‘.F<rnnll’.) o Zmn lY(‘mnli o ; m;:z

i=1

L (w5

)

Hence the proof. O

Theorem 8. The following statements are true for m € [0,1] and ¥V Uy, Vo, ¢, € [0,k] and
pelo]

1. Y € Sn[0,k], where Sm [0, k|=Set of (P, m)-superquadratic stochastic processes.

2. Theprocess Y holds the result given below:

Y(Bildo 4 (1= B1)Vo,") < ¥(Uy, ) — ‘P((l — B1)|U,

ee(r(5r) (oo 2))

3. For By + B2 =1, the process ¥ holds the inequality given below:

VW
m

¥ (Bildy + B2Vo, ) < ¥(Uy, ) — (/52 Y

en(r(5) o (e -21)

)
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4. ForlU, < ¢y <V, the inequality given below holds:

Proof. It is straightforward that (1) < (2) < (3) and (3) < (4). Since U, < ¢, <V, there
exists a scalar 81 € [0,1] such that ¢, = By + B2Vo = B1lho + (1 — B1)V,. Consequently,

the following results can be established.
Y
Y(eo, ) =¥ (B1lho + B2Vo,-) =¥ (Brlho + (1 = P1)Vo,-) = ‘F(ﬁluo +m(1— 51)ng )

(e -w(-mfu- ) (s () el 21).

Since it follows that

1 ¥(Uy,)—¥((1-p1) |uo—E,) 1
~1 m(¥(3, ) —¥(Alth—2]) 0
0 ¥(co, ) 1

Vo

o) o ) i

Hence, (4) is satisfied (4) = (1). In view of the assumption

¥t ) ¥ (1= poft— 2], ) +m (2 )

¥ (pife - 22| )) - ¥e <0

Y(co,-) = ¥ (B1lho + (1 = B1)Vo, ")
< <‘Y(Uo, ) - Y((l - B1)|U

it can be applied to

Vo VO

ml)) (e () (e -3

Hence the proof. O

Next we offer the H.H's inequality for (P, m)-superquadratic stochastic processes.
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Theorem 9. Let ¥: [U,, %] x [T — R be a mean-square integrable (P, m)-superquadratic stochas-

tic process, then
T(UO;VOI.>+V{)+I;0 /qu(
Svoiuo{/vo (y,- )dy+m/ (- )dy}
vt smfo () () (5
et de (P
o (P o)

m(VO _Z/{g)
holds ¥ Uy, V, > 0and m € (0,1).

—Uy) (Vo —mlUy)
21}{( (y o
m mZ(Vg_uO)
Proof. Since Y is a (P, m)-superquadratic stochastic process therefore we have
YHYo N oY (™) (X)) < Gty Yel .
(5 ) =G (B) () ) = (o (G5 )
Yo N _y(Lly_Yol.
() v Gh-3k) @

Replacing y by pU, + (1 — )V, and y, by BV, + (1 — B)U, in (27), we get.
T(ﬁvo + (1 — ,B)Z/[o )

m
, ) . (28)

Uy + Vo) — (m+1)y
2m

‘P(UD;LVW) <Y(BU, + (1 —B)Vs,") +

- +m)‘1’<’ (14 m) U + Voz(rln_ B)) — (Us + Vo)

After mean-square integration of (28) w.r.t § over [0, 1], we have

‘Y(MO;V",.) < /(;1‘1’([%{04— (1 —ﬁ)vo,-)dﬁ+m'/(;1‘1’(ﬁvo+(; BW")dﬁ

,-)dﬁ.

It implies after change of variables and simple calculations that

Uy + Vo 1 Vo
)<
‘P( ’>Vo—uo{/ ¥y, dy+m/ M)dY}

2

14+m /VD‘I’ Uy + Vo) — (m+1)y
Vo — Uy Ju, 2m

(Z/[o + VO) - (m+ 1)y
2m

(1 +m) /Ol‘I’(‘ (1+m)(u0'8+v02(3n_ ﬁ)) — (U + V)

Thus

U, +V, 14+m Yo
T( 2 ">+vo % LF( ")dy

Vo
{/ Yy, dy+m/ (y,- )dy} (29)

Since Y is an (P, m)-superquadratic stochastic process, it follows that

1
<
Vo —U
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Y(plUo + (1= B)Vo, ) + m‘Y([m’_'—(l_'B)u“, )

m

r{aeemi-a () ) eme(1-pi ()
(v (-p ) em(o () x5 )
Z/{o mI/lo — VO Vo muo _ VO
e () ¥ (] ) e (v (G - ¥(a- 0 )) 0
integrating (30) w.r.t § over [0, 1] and after simple calculation and change of variables we get
1 Vo Yo
Vo — U { /u ¥ ')dyﬂn/% ¥y, ~)dy}
<Y(U, )+ m{l{f(V", ) +xy<“0, ) n T<Vo2 ) }
m m m-

et de (Pt )

(e I ¥ Bl (=i 9
ety([ ) o) o

Combining (29) and (31), we get what we want. [

Corollary 1. When the inequality in (26) is reversed, it gives rise to an inequality of H.H-type
characterizing (P,m)-subquadratic stochastic processes.

To verify Theorem 9, we present the following example involving (P,m)-superquadratic
stochastic process.

Example 4. Consider the same process as given in Example 3, then we have the Figure 2a,b given
by Figure 2, depict the right, middle and left terms, which are denoted by R, M and L respectively
for Theorem 9.

7000F

m L M R 5000
0.1 | 2573.33 | 18,809.1 | 5.34x10°
0.2 | 276.909 | 2372.04 | 169,857 5000
0.3 | 72.4611 | 719.63 | 23,3615
04 | 30056 | 3174 5984.62
0.5 | 17.9503 | 174.162 | 2195.01 2000
0.6 | 14.0841 | 110.849 | 10224
0.7 | 12.9429 | 78.6475 | 564.916 2000
0.8 | 12.7918 | 60.57 354.138

4000

09 | 12.9999 | 49.6485 | 244.109 | '°%°
1.0 | 133151 | 42.6653 | 180.865 o , , , ,
U.IU 0:2 0.I4 U.IG 0:3 1:0
(a) (b)

Figure 2. Graphical and numerical description of ¥ = y® via Theorem 9 for U, = 3,V, = 4 and
m € (0.1,1.0). (a) Numerical description of Theorem 9. (b) Graphical description of Theorem 9.
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11}!(
o

—(1+m) /01 ﬂ“‘lw(‘ (1+m)(Uop +Vo(1- ) = U + V)

Uy +V,
2

)< [ B - gy apm [

In the aforementioned Example 4, the graph consists of three colors: pink, black
and red. Pink, black and red stands for the right, middle and right terms of Theorem 9,
respectively. It is obvious from Theorem 9 that right term is always greater than the middle
and middle term is greater than the left term, therefore the graph’s pink color always occur
above the black, and black always occur above the red color for various values of the
parameters involved in it. This graphically confirms that the established result is true.

4. H.H Type Inequalities for (P, m)-Superquadratic Stochastic Processes:
A Fractional Calculus Approach

This section is devoted to deriving fractional analogues of the H.H inequalities via RIL
fractional operators.

Theorem 10. Let ¥: [U,, %] x [T = R be a mean-square integrable (P, m)-superquadratic
stochastic process, then

Up+Vo

Y 7" o Y 7" d

( 2 ) - (Vo —Up)" -/Z/{o Vo =y) 2m Y
TF(1+a) [, o

S m |:JZ/{ +T(Vo, ) +m~JT,

<Y¥(U, )+ m{‘I’(K ) +¥

(
U o (e
)

(Vo — Y)(Vo —ml,) +
)}, 32)

+mY
(’ m(V, —Up)
holds for all Uy, V, > 0 and m € (0,1).

(e

Proof. Let the process ¥, satisfying the conditions of (P, m)-superquadratic stochastic
process, suggest that

Y&Yo N _g(Y (M) (Y) ) < Sy, _Ye
() =G (3)(R)) = (oo (-5
Yo N _y(Lly_¥e|.
A CORICTS) )
Replacing y with B, + (1 — B)V, and y, with BV, + (1 — B)U, in (33), we obtain the following

m

, ) (34)

Multiplying (34) by 8*~! and then integrating it via 8 over [0, 1], we have
PPl oy

m

(1 +m)(?/loﬁ + Vo(l — :B)) — (uo + Vo)

2m

- (1+m)‘1”<’

i,

2m

it implies that
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b ) < ot 0oy v [ (5= ) )

(V:J_r;;)a./;{ Vo —y)* T((u b+ Vo) — (m+1)y‘,.)dy,

2m
thus
() 2 [ (e )
= (vor—(ab)to)“ T ¥ Vor) iy, - Y@n)] )

again as Y is a (P, m)-superquadratic stochastic process, then we have

Y (BUy + (1= B)Vs, ") + m\}f<ﬁv°+(1_ﬁ)u, )
(

=¥ (- p)(22) ) +my (- pL v mp( %))
o)) o) (1)
(%) ¥ (42 )
_ V)) (36)

+m2(w(:§,.> —‘I’((l p)| "2

Multiplying (36) by 8! and then integrating it via 8 over [0, 1], we have

ﬁV+ )

< (‘f<uo,~> —¥((1-p)

/,B 9 (BUy + (1 — dﬁ+m/ﬁ 1y

(
< [t () - ((1 Bl ) )ap
7))

+m/01ﬁ,x1<1¥<1)n ) ‘F(ﬁ ml, — V, i
+m/01f8a_1(‘1j<zl ) "I’<ﬁ ml, — V ) i
o) o

It implies that

Wlu){ [y ey em [ (v %) )
v () () (2 )

M{/ o (+([P )

()
() )
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thus

T'(a) " . ”
(Vo —Uy)* [JUO+Y(V0,') +m J%)}f 2,

i1 ol () () oo ()

w2 ([

o P ) o ()
(i o)

The proof is completed by merging inequalities (35) and (39). O

Corollary 2. The fractional inequalities of H.H-type for (P, m)-subquadratic stochastic processes
are obtained by applying RL fractional integral operators, provided that the inequalities in (32)
are reversed.

Corollary 3. The H.H type inequalities for (P, m)-superquadratic stochastic process are obtained
by taking o = 1in (32).

Theorem 11. Let ¥: [U,, %] x [T — X be a mean-square integrable (P, m)-superquadratic
stochastic process, then

T(1+«) { 1
2(m+1) | (mV, —U,)
T (T )+ T O -))}
< (III(UUI ) + ‘IJ(VOI ))

- m ( /umv (mV, —y)* ! (‘Y (’ (mV”n:é)EV&O_ Uo)
(A

- “</VU (y — midy)*! (T(‘ (y = mly) (Vo — Us)

P (320+T<mV0, ) + jf“nvgilif(u()/ ))

+

2(Vo — mUy )™ \ Jmis, Vo — mid,
(| Qg Yop), @

holds for all Uy, V, > 0 and m € (0,1).

Proof. Suppose that the process ¥ exhibits (P, m)-superquadraticity, then

Y (BUo +m(1 = B)Vo,-) <Y (Uo,-) =¥ ((1 = B)[Vo — U, ")
+m(‘F(Vo,') _T(ﬁnju _u0|r'))/ (41)

and

Y((1—B)Uy +mpBVy,-) <Y (U, ) —F¥(BIVo —Usl,")
+m(¥Y Vo, ) = ¥((1 = B)|Vo = Usl,-)). (42)
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Adding inequalities (41) and (42), we arrive at the following result:

Y(BUy +m(1— B)Vo, ) +¥((1 — B)Us +mPBV,, )

S T(UU, ) _T((l - ﬁ)’Vo _Uo|r') ""m(\F(VO/ ) _T(:B‘Vo _Z/{o|r'))

+¥(Uo, ) =Y (BIVo —Usl, ) +m(¥(Vo, ) —F((1 = B)[Vo — U, -))

= 2¥ (Up, ) +2m¥ (Vo, ) — (14 m) (F(BIVo — Ul ) + ¥((1—B) Vo ~ U], ). (43)

The inequality (43) is multiplied by %! and integrating via 8 over [0, 1], so we then
attain that

/O1 B (BUy +m(1— B) Vo, )dB + /01 BT ((1— B)Uo +mpBVy, -)dp
= 2/01 gt (¥(Uo,-) +m¥(Vo,-))dp
) ([ IV -t [ (- BV - Ul ), e

it implies that

14

e vy Yy [Ty ) |
< (¥ (U, ) +2m¥(V,, )
__e(l+m) ( /m"o(mvo _ gy (ll,(’ (Vo —y) (Vo —Us) )

(Vo — Uo)* \ Ju, mV, — U
{25 )
thus
M{ng+‘l’(m1/o, SRR (78 ~)} < (¥ (Up, ) +m¥ (Vo))
- m ( /va (mVy — y)* ! (W (‘ <mvorgvyo> Ev&o— Uy) )
()

Likewise, there are

‘P(.BVO +m(1 - ,B)Z/(O, ) < 1II(VO/ ) - ‘F((l - .B)Wo - z/{0|r )
+m(¥ (U, ) —¥(BIVo —Usl,-)), (47)

and
Y((1=B)Vo+mBly,-) <Y (Vo,-) = Y(BIVo —Usl,-)
+m(¥ (U, ) —¥((1—=B) Vo —Us,-)). (48)

Adding inequalities (47) and (48), we derive:

Y (BVo +m(1 = p)lUo,-) + ¥ ((1 = B)Vo + mplh, -)
< 2¥(Vo, o) +2m¥ (Uy, -) = (1+m) (Y (BVo — Uol, ) + ¥ ((1 = B) Vo — Usl,-))), (49)
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the inequality (49) is multiplied by g%~ and integrating via f over [0, 1], we then attain that
[ BVl Bt M+ [ B~ Y+ )i
< 2/(;1 BN Y Vo, ) + m¥ (U, ) )dB
! x—1 ! a—1 .
~em ([ BB~ tl, B [ B BV -t M), GO

it implies that

S | = U Ry [ =y oy )

mido
/')

< (2¥(Vo, ) +2m¥ (U, -))
__a(lt+m) < /VO (y — midy)*! (‘I’(‘ (y —mly) (Vo — Uy)

(Vo - muo)“ ml, Vo — muo
(VO B Y) (VO - uo)
”(’ Vo — milly ))dﬁ) (51)
thus
2&51132w{3&T“m%f>+3§%+Y0%wX}S(W@hw%+mY04f»

e U U (e O

H,( (Vo = y) (Vo — Us) >)dﬁ) )

V, — ml,
The required result is obtained by summing (46) and (52). O

Corollary 4. Under the assumptions of Theorem 11, and by taking « = 1, one arrives at the
following inequality for (P, m)-superquadratic functions.

: {mVol—uo / R T —— ‘i’(y-)dy}s(‘F(uo,-qu(vo,»)

(m+1) Uo Vo —mUp Jmi4,
s Uy () e (g ) )
D) e

mVU_uO
o /Vv g (| 7 = mldo) (Vo — Uy)
2(Vo — mly) \ Jmud, Vo — ml,

) +‘Y(‘ (Vo — Y)(Vo —Up)
Example 5. Consider the same process as given in Example 3, then we have the Figure 3a,b given

V, — ml,

by Figure 3, shows the right, middle and left terms, which are denoted by R, M and L respectively
for Theorem 10.

In the aforementioned Example 5, the graph consists of three colors: pink, black
and red. Pink, black and red stand for the right, middle and right terms of Theorem 10,
respectively. It is obvious from Theorem 10 that right term is always greater than the middle
and middle term is greater than the left term, therefore the graph’s pink color always occur
above the black, and black always occur above the red color for various values of the
parameters involved in it. This graphically confirms that the established result is true.
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10,000
m L M R
0.1 | 5602.88 | 43,793.8 | 5.002 x 10° | 8000
02 | 606.688 | 5512.50 | 163,981
03 | 173250 | 166412 | 23,032.6 c000
04 | 839077 | 727.344 | 5975.39
05 | 57.7168 | 393.750 | 2204.63
0.6 | 485417 | 246296 | 1028.33 4000
07 | 45.0282 | 171.301 | 567.665
0.8 | 43.6457 | 129.199 | 355.275 2000
09 | 431186 | 103.764 | 244531
1.0 | 42,9375 | 87.5000 | 181.000 0

(a)

Figure 3. Graphical description of Theorem 10. (a) Numerical description of Theorem 10. (b) Graphi-
cal and numerical description of ¥ = y3 via Theorem (10) for « = 0.6, U, = 3,V, =4and m € [0,1.0].

5. Implications for Information Theory

Distinguishing between two probability distributions is a fundamental task across
various disciplines, including statistics, information theory and machine. Divergence
measures serve as quantitative tools for assessing the dissimilarity between probability
distributions. Lin [53], in 1991, proposed a novel class of divergence measures derived
from Shannon entropy, a core principle in information theory used to quantify uncertainty
and the informational content within a probability distribution. Lin’s departure provided
a principled, information-theoretic way of measuring distributional discrepancy. Shioya
and Da-te [54] later built on Lin’s contribution by bringing out the H.IH Y-divergence in
1995. Their development utilized the H.H inequality, a standard mathematical finding
connected with convex functions, to create an extended and more versatile basis. This
breakthrough greatly extended the range of application of divergence measures, allowing
deeper understanding and new applications in the comparative examination of probability
distributions.

For clarity and focus, we restrict ourselves to the definitions that are directly relevant
to the results that follow.

Definition 15 ([55]). Csiszdr Y-divergence is defined as follows:

ny(pollqo)=/qu(y)‘i’(zzg,;>du(y)r Po, qo € P.

In this context, P represents the collection of all probability densities with respect to a o-finite
measure U, U is assumed to be a nonempty set, and ¥ is a convex function defined over (0, 400).

P= {polpo 10— R,po(y) > O,/Upo(y)du(y) = 1}-

Remark 6. Taking the function Y as an (P, m)-superquadratic function yields the Csiszdr
Y-divergence for (P, m)-superquadratic function.

Definition 16 ([56]). HL.H Y-divergence is denoted and defined as follows:

Po(y)

00 g (v)d

Din(eellae) = [ ) XY ), g 50
o (B -y

qQoly
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“SDY (pllao) = T(+1) [ aol)

Definition 17 ([57]). RL fractional H.H Y¥-divergence is denoted and defined as follows:

po(y)
qo(y)

2365 1)’

RN (E5) + Oy ¥V

“Dfa(pollte) = [ an(y) AU(Y), po,00 € P (55)

Where the Definition 2 provides the fractional operators used in (55).
Remark 7. We obtain (54), if & = 1 is set in (55).

Definition 18 ([58]). Let ¥ : ] x [T — R be a convex stochastic process defined on ] C (0, 00),
satisfying the condition ¥ (1,-) = 0. Then, the stochastic divergence associated with p,,q, € P is
defined as follows:

$Dy (pullao) = | qo<y>w(§§g§ ,.)du<y>, bordo € P. (56)

Remark 8. When the convex stochastic process in (56) is substituted with an (P, m)-superquadratic
stochastic process, the resulting expression defines the stochastic divergence for (P, m)-superquadratic
stochastic processes.

Definition 19 ([58]). The stochastic H.H-divergence for p,,q, € P for a convex stochastic process
Y:JxII— Ron]J C (0,00) is stated as

Po(y)

Y ¥ (y,.)d
SDiri (ol [a0) = /U qa(y)fl(po(y)(yl))ydu(y), Po, o € P. (57)

9o(y)

Remark 9. We find stochastic H.H-divergence for P-superquadratic stochastic process when P-
superquadratic stochastic process is substituted for convex stochastic process in (57).

Definition 20 ([58]). A convex stochastic process ¥ : | x [T — R, defined on] C (0, c0) and
satisfies ¥ (1, -) = 0, provides the following definition for the stochastic divergence corresponding to
Po, 9o € P and is called RIL fractional stochastic H.IH-divergence.

Po(y
90(y)

2(2 -1)"

1] () 1 mm]

dU(y), po,do € P. (58)

The fractional integral operators appearing in (58) are those provided in Definition 13.

Remark 10. By replacing the convex stochastic process in (58) with an P-superquadratic stochas-
tic process, we derive the RIL fractional stochastic H.H divergence corresponding to the P-
superquadratic case.

Here, we present the proofs of the results pertaining to fractional stochastic H.H-
divergence and stochastic H.H-divergence for P-superquadratic stochastic processes.
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Theorem 12. Let ¥: [U,, ¥2] x [T — R be a mean-square integrable (P, m)-superquadratic

m

stochastic process, and ¥ (1,.) = 0, then

1 1
SDy <2q0 + 2p0||q0> +m1 < ZSD‘II-}H(IJOH%) < 25Dy (pol[q0) — 172- (59)

VY po,q0 € P, where

' do(y) 'zoéyg
SD it (ol 00) :/Up(y)</l oy ‘I’(Y/‘)d}’>du(§’),
(qo(y) - 1)
o(y)
9(y)(2) o) ( qo(y) +po(y) )
= — VY| | ——=2"—v|,- |dy |dU(V),
m /U (pg(y) 71) /l 25[0(}’) y y (Y)
qo(y)
and
Po(y) (y — 1)(2) —m)
i = {/ qo(y) (/qo(y) (‘Y(‘ 90(y) D
o (hg-1) M) m(g) — 1)
Po(y) _ Po(y) _ Po(y) Po(y) _
+m1}r< do(y) y?<qo(}’) m) ) +m1};< 90(y) Y) ;Iu(y) m> >
Poly) _ ! Po(y) !
Mgy — 1 m? (o) — 1
(v =D (p) —m)
2 do(y) i
(| ) Jay )i |

holds for all U,,Vy > 0and m € (0,1).

Proof. Consider the H.H's inequalities for (P, m)-superquadratic stochastic processes, from

Theorem 9:

U, +V, 1+m Y
b4 . b4
( 2’>+W%A,<

Vo L
Yy, - Yy, -
VO _ Z/{O { Aﬂ (Y’ )dy + m A‘;{ (Y’ )dY}

< vt em{r () () v (2h)
a1
e (| RS ) (| TR,

o) )

(Z/{o + Vo) - (m—|— 1)y

2m

<
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Now setting U, = 1,and V, = %, in (60), we obtain

y(Bl) ) ), Lm /ﬁzﬁziq,(qo
2%(}’) (L(Y)_1> 1
do(y)

oly

(y) tpo(y) (m+1)y
2md,(y) 2m

po(y

1 90(y) qa
< -
T VAR CRL I

y/)dy}
0 (y)
Sl{/(1/.)+m{‘{’<r§;£{) ) ( )JF\II(quo)y")}
M{Aszéz (q,( g:’i m))
y

)
90(y)

m (R 1)

Po(y) Po(y) po(y) Po(y)
+m‘P( (qo(y) Y)(qo(y) m) ) +m‘1;< (qo(y) Y)(qo(y> m) )
Poly) ! 2/ Poly) !
m{gwy — Y m? (g5 — 1)

o}

Since ¥(1,-) = 0, it follows that:

o(y)
9o (y) + Po(y) ) l+m (50 (
Y({—————, |+ — Y
( 2%(}’) (Pn(}’; _ 1) /1

qoly

g [ F o)

<m{w<;:;zz;>~>+w<;,->+i<n;o;:<;>)f>}
1 w8 (|0 DG —m

“mm b (Y(

(5% 13 1

Qo(y) +po(y) (m+1)y
2mq,(y) 2m

qo(y)

Po(y) _
9o(y) m(qa(y) 1)
Po(y) Po(y) Poly) Po(y)
+m'[If( <qo(}’) Y)(qo(}’) ) +m11;< (CIO(Y) Y) Clo(y) m) >
Pn(y) _ ! Po(}’) _ !
m(qa(y) 1) mz(qo(y) 1)
(v =15 —m)
+m2‘1’(’ “(*"g” ,~))dy}. (62)
mZ(Pa Yy _ 1)
9o(y)

Multiplying both sides of (62) by q,(y) > 0, for all y € U, and integrating the resulting
expression over U, yields:
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/Z (Ao(y)¥ <q°(y> Jr(;; W, -)dU (v)
Po(y)
I ] Clz(g}jzy()ljg) (/1qo(y) ‘*I’(

o(y) e ) i
<y (sggy—l) (/1q ) ‘y(y,.)dy> dU (y) er/U m (/1 20(y) ‘I’(y,')dy> auU(y)

Qo(y) +po(y) (m+1)y
2mq,(y) 2m

) ,->>dy> dU(y)}. (63)

By applying the definitions of stochastic divergence and stochastic H.H-divergence, we
arrive at the desired result. [

Theorem 13. Let ¥: [U,, %] x [T — X be a mean-square integrable (P, m)-superquadratic
stochastic process, and ¥ (1,.) = 0, then

1 1
SD‘P(Eq0+§P0||q0> 20(1+m)m
T(1+a) T(1+a)

< s {SDwuliman + [ anty)¥ (o, )auty) + masDe(eulina) |
KT
I(l1+a)

< ZDCSDmEH(pJ |d0)

N

Y 10,90 € P,and a > 0, where

aSDmgH(poqo):/zqo@)a[% (Po(y) )erajuwly(;,)]du(y),

T =

[ o — Pa(}’) _
%<Y>/q(zy§3<'§>(”(po<y) > 1\P<‘(1+qu<y)) (m+1)y
ol () _N\*N

(qo(y) 1)
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and

pa(y) Po(y) Poly) _ oy(Poly) _
Hﬁ,( (qa<y> Yoo — ™ ,)an,( (Gt =¥ ooty —™) )
m ety ~ 1 me (gt~
(y =5 —m)

,~>>dy>du(y)-

=

Po(y)
m Gy ~ U

holds for all Uy, Vo > 0 and m € (0, 1).

Proof. Consider the fractional H.H-type inequalities for (P, m)-superquadratic stochastic
processes, established via RL integral operators of order &« > 0, as presented in Theorem 10:

W+ V, 21+ m)a 5" et (| Uo + Vo) — (m+1)y
() e e 2m

rl+a) [. it U,
= m Ju +T(Vo,')+m 3%7‘Y E,'

o) () ()
“t U e ()
(|2 TR ) e me ([T )

+
f>)dy}, (64)

Now setting U, =1, and V, = EY; ,in (64), we obtain

e ([

(y)+po(y)

90 a—1
‘IJ(qO(yz)lq;L(;J)O(Y)")* (Z;E%t1))"‘/1 200y) (po(y) _y>
‘ (1+ Po(Y)) — (m+1)y )d
7" y

qu(y)z
o ) e ()
y

ﬂ<lf~>+m{‘f(£;§?§w)”’(i«-)”’( o)}
y

boly o )
) ()
y

qo0(y) do(y)
poly) Po(y) Poly) Poly)
—|—m‘I’< do(y) y><qo(}’) _)+m11,<(qo(y) Y)(qo(y) m) >
Poly) _ ! Po(y) !
m(qa(y) ) mz(qo(y) 1)
(v = D) —m)
2 do(y) .
i (e 9L ®
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Given that ¥(1, -) = 0, it follows that:

T(%(Y)‘FPO(Y),.>+ 24(1 4+ m) /1 soly)poly) (po(y) >,xl

i ) (ggoyth e
1+P0 - m+1)y,. ]
1("‘14-04 ~ po(y) ) ya o 1
MBI Jl*“’(qowr‘) o7
0 1
<m{*(ratr) (&) ¥ (Gt )}

L /12253 <po<y) _y)“ (T(‘ (y—1)(25 —m)

Po(y) po(y) _
(5 -1) () m (gt — V)
Po(y) Po(y) Poly) Po(y) _
+m‘-I’< do(y) Y)(qo(}’) ~)+m‘I’< 90 (y) Y)(CIO(Y) m) >
poly) ¢ Po(y) _ !
m(gi) — 1 m? (o) — 1)
(v -1 —m)
+m2‘I’<’ %(y) ,~>>dy}. (66)
mZ(Pa(Y) 1)
qo(y)

By multiplying both sides of (66) by q,(y) > 0, where y € U, and integrating the resulting
expression over U, we derive the following;:

1 4o (y) + po(y)
it /qu(y)‘l’(zqo(y) ,-)dU(y)

. 90 (y)+po(y) a—1
R )

9oy

XT(\(HEE%Q; (m+1)y ,-)dy)du(y)

L b () (8

90(y)

< e Ly 0¥ gy ) 4)

o o m2q,(y)
[ ®— i L(Y)_
o {/ % (y) (/SOE% <p0<y> _y) 1(11,(‘@ Diay —m )
T(1+a Po(y) z . Poly) ’
( ) o (qﬁ)q) 1 do(y) m (B 1)
Po(y)  y(Bo(y) Po(y) o\ (Poly)
+m‘1’< (qa(y) Y)(qa(y) m) )—f—m‘{f( (qo(y) y) qo(y) m) )
Poly) ’ 2(Poly) !
m( i)~ Y m?(y — U
(-1 —m
+m2‘1’<’ Y~ Dgy —m) ,~)>dy)du(y)}. (67)
mZ(PD y) 1)
90 (y)

Employing the definitions of stochastic divergence, stochastic H.H-divergence and RILL
fractional stochastic H.H-divergence, we obtain the required result. [
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Remark 11. By setting & = 1 in Theorem 13, we recover the result stated in Theorem 12.

5.1. Assumptions Underlying the Study and Their Limitations

This study is built upon a carefully designed set of assumptions that ensure both math-
ematical rigor and practical relevance. The new class of (P,m)-superquadratic stochastic
processes is treated within the context of mean-square continuity, a general but natural
assumption which ensures integrability of the stochastic RL fractional integrals used in
our construction. The random variables and the stochastic processes are assumed to be
square-integrable, thus enhancing the stability and robustness of the theoretical results.
The derivation of more intricate H.H-type inequalities finds its basis in the generalized
convexity through the m-superquadratic requirement, significantly broadening the range
of investigation beyond the conventional techniques based on convexity. Through the use
of RIL operators within fractional extensions, the article opens new doors in stochastic
fractional calculus and provides a sound basis for future investigation with other fractional
operators like Caputo or Hadamard. The methodology through demonstrating its applica-
tion within information theory, namely through the presentation of innovative stochastic
measures of divergence, and thereby highlighting its interdisciplinary importance. To
ensure the theoretical contributions are credible, the paper has informative numerical
examples and accurate visualizations with the computation times specifically noted. To-
gether, these contributions provide a solid foundation for future work and application,
positioning this paper as an important contribution to the new field of stochastic analysis
and applications.

5.2. Complexity and Implementation

In order to justify the theoretical results and verify the applicability of our suggested
framework to (P, m)-superquadratic stochastic processes, we supply numerical benchmarks
for all symbolic calculations and plot outputs. The symbolic procedures employed to create
figures and numerical results for the Jensen-type and H.H inequalities and their fractional
RL counterparts were run using Mathematica 11.3 on a typical computing platform (In-
tel Core i7 processor with 16 GB RAM). For illustrative tasks, the measured wall-clock
times varied between about 0.142565 and 5.36818 s, depending on the levels of symbolic
integration and plotting required. In spite of the symbolic character of the procedures,
these findings establish that the calculations remain within efficient and comfortably within
practical limits. To allow complete reproducibility and transparency of computations,
we share a publicly available GitHub repository with the entire Mathematica notebook:
https:/ / github.com/dawoodpk1947 /-P-m--superquadratic-stochastic-processes.git. Fur-
ther, precise timing results can be viewed through: https://github.com/dawoodpk1947/
time-for-P-m--superquadratic-stochastic-processes.git (visited on 10 July 2025), enabling
the users to navigate and replicate the computational steps stepwise.

6. Conclusions

In this work, we first proposed the notion of (P, m)-superquadratic stochastic processes,
which provided a new and mathematically rigorous extension of traditional superquadratic
theories in the context of mean-square stochastic calculus. Through rigorous analysis of
their structural characteristics, we established extended forms of Jensen’s inequality and
H.H inequalities, and then further extended these findings to their fractional analogues
by stochastic RL fractional integrals. These results greatly expand the analytical arsenal
available for fractional stochastic analysis.

The theoretical results were supplemented by well-conceived graphical representations
and tabulated illustrations, confirming both the applicability and the generality of the
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inequalities suggested. The legitimacy of the framework was also demonstrated further
through novel applications in information theory, specifically in constructing new classes
of stochastic divergence measures.

In order to facilitate reproducibility and computational transparency, all symbolic
procedures, graphical plots, and running times have been well documented and made
publicly available. This work not only contributes to the theoretical development of stochas-
tic inequalities but also opens the door for further investigation in fractional stochastic
processes and their inter-disciplinary applications.
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