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Abstract

The Kuramoto-Sivashinsky (KS) equation and its fractional form (FKS) are widely used
across scientific fields, including fluid dynamics, plasma physics, and chemical processes,
to model nonlinear phenomena such as shock waves. It is worth emphasizing that this
contribution is part (II) of a larger, systematic research program aimed at modeling, for
the first time, completely nonintegrable, nonplanar, and fractional nonplanar evolutionary
wave equations. This work focuses on the nonplanar KS framework and its applications
to dust-acoustic shock waves in a complex plasma composed of inertial dust grains and
inertialess nonextensive ions. This study analyzes both the nonplanar integer KS and
nonplanar FKS equations, accounting for geometric effects. This is because the nonplanar
model is most suitable for analyzing various nonlinear phenomena (e.g., shock waves)
that arise and propagate in plasma physics, fluids, and other physical and engineering
systems. Since the nonplanar KS equation is a fully non-integrable problem, its analysis
poses a significant challenge for studying the properties of nonplanar shock waves in
plasma physics. Therefore, the primary objective of this study is to analyze the nonplanar
KS equation using the Ansatz method, thereby deriving semi-analytical solutions that
simulate the propagation mechanism of nonplanar shock waves in various physical systems.
Following this, we investigate the effect of the fractional factor on the profiles of nonplanar
dust-acoustic shock waves to elucidate their propagation mechanism and assess the impact
of the memory factor on their behavior. To achieve the second goal, we face a significant
challenge because the model under study does not support exact solutions and is more
complex than simpler physical models. Thus, the Tantawy technique is employed to
overcome this challenge and to analyze this model for generating highly accurate analytical
approximations suitable for modeling nonplanar fractional shock waves in various plasma
models and in other physical and engineering systems.

Keywords: nonplanar fractional KS equation; nonplanar fractional dust-acoustc shock
waves; the Tantawy Technique; Caputo operator; complex non-maxwellian plasmas
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1. Introduction

This study builds on our previous work [1] on the planar FKS equation. Nonplanar
evolutionary wave equations constitute one of the most realistic mathematical frameworks
for modeling nonlinear phenomena in a wide variety of physical, engineering, optical,
and communication systems [2-5]. In particular, nonlinear wave structures arising in the
laboratory, space, and astrophysical plasmas are more accurately described by nonplanar
models than by their planar counterparts, since curvature effects play a fundamental role
in wave propagation, energy redistribution, and amplitude evolution [6-9]. In plasma
physics, numerous experimental and observational studies have shown that cylindrical
and spherical wavefronts naturally emerge in the propagation of electrostatic and elec-
tromagnetic disturbances. Consequently, nonplanar evolutionary equations have been
widely employed to investigate ion—acoustic, dust-acoustic, and magneto-acoustic nonlin-
ear waves, shock structures, and solitary excitations [10,11]. In these models, the geometric
curvature introduces explicit time-dependent terms that significantly modify the amplitude,
width, and stability of nonlinear waves relative to the planar case.

Among these models, the Kuramoto-Sivashinsky equation (KSE) occupies a distin-
guished position due to its ability to capture the combined effects of nonlinearity, instability,
dissipation, and higher-order dispersion, leading to shock waves, pattern formation, and
spatio-temporal complexity [12-16]:

Vi+aVVy— ﬁvxx + Y Vyxxex =0,

where the wave function V = V(x,t) has a real value and « indicates the coefficient of
the nonlinear term and (f, ) represent, respectively, the coefficients of the second-order
unstable (or dissipative) diffusion term and fourth-order dissipation that regularizes the
small scales. The values of these coefficients are related to the model under study, as they
contain several different physical parameters that simulate the configuration system. Since
one application of this equation in this study will be shock waves arising in a complex
plasma composed of inertial dust grains and inertialess nonextensive ions, the values of
these coefficients will be derived as functions of the various parameters relevant to this
plasma model.

Originally introduced in the context of reaction—diffusion systems and flame-front
instabilities, the KS equation has since been successfully applied to plasma waves, interfa-
cial dynamics, and non-equilibrium transport phenomena. In most existing studies, the
KSE is formulated under the assumption of planar geometry. While this approximation is
mathematically convenient, it fails to capture the intrinsic curvature effects that dominate
wave propagation in realistic laboratory and space plasma environments. Dust—acoustic
(DA) shock waves, ion—acoustic disturbances, and nonlinear structures in complex plas-
mas often propagate in cylindrical or spherical geometries, where geometric spreading
plays a decisive role in shaping the wave profile and energy distribution [10,11]. Conse-
quently, nonplanar evolutionary wave equations provide a far more accurate and physically
consistent description of such systems.

In parallel with geometric generalizations, fractional calculus has emerged as a robust
mathematical framework for modeling memory, nonlocality, and hereditary effects in com-
plex media and various physical, chemical, biological, and engineering systems [17-21].
Fractional-order evolution equations have been shown to describe anomalous transport,
viscoelastic effects, and long-range temporal correlations that classical integer models can-
not capture [22-26]. In plasma physics, fluid dynamics, and many other scientific media,
time-fractional extensions of Burgers [27,28], KdV [29-31], nonlinear Schrodinger [32,33],
and KS [34,35] equations have demonstrated remarkable success in modeling experimental
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observations and numerical simulations. Despite these advances, the combined effects of
nonplanar geometry and fractional time dynamics on KS-type equations remain largely
unexplored. This is primarily due to the severe analytical challenges posed by models—the
nonplanar KSE is fully non-integrable, and its fractional counterpart lacks exact solu-
tions and standard variational structures. Most existing work is limited to either planar
geometries or purely numerical approaches, resulting in a significant gap in analytical un-
derstanding. Many researchers have analyzed various versions of the FKS-type equations,
but all have been based on the planar versions, and no one has addressed the nonpla-
nar versions, which are stiff and completely non-integrable. For example, the natural
decomposition method was employed to analyze the planar FKSE and to generate some
approximate solutions [36]. Also, the planar FKSE was analyzed, and an analytical ap-
proximation was derived using the g-homotopy analysis transform method [37]. The
Riccati equation method was applied to solve the planar stochastic FKSE, yielding analyt-
ical approximations [38]. The planar FKSE was solved via a novel approach employing
the fractional complex transform, yielding some exact solutions [39]. In the framework
of Atangana—-Baleanu and Caputo—Fabrizio fractional derivatives, the planar FKSE was
analyzed using the Laplace transform, and the homotopy transform methods [40]. Fur-
thermore, the sub-equation method was successfully applied to determine exact traveling
wave solutions of the conformable planar generalized FKSE [41]. This is in addition to
numerous numerical methods that have successfully analyzed various forms of the FKS-
type equations, including only their planar forms [42,43]. As is evident, all these studies
focused on the integral planar forms of the KS equation and examined it in fractional forms.
The gap between theoretical results and real-world experiments and observations persists
as long as these studies are based on the planar forms of the FKSE. To bridge this gap,
various physical effects must be accounted for, including geometric, collisional, noise, and
perturbative effects.

Motivated by these challenges, the present work develops novel direct analytical
techniques to investigate both integer- and fractional-order nonplanar KS equations. This
study is a natural continuation of our recent work on planar FKS models [1] and, to the best
of our knowledge, represents the first comprehensive analytical treatment of nonplanar
FKS equations relevant to dust-acoustic shock waves in complex plasmas. The objectives
of this work are twofold. First, we analyze the integer nonplanar KS equation using a
physically motivated Ansatz method [10,11] that allows the construction of semi-analytical
shock-wave solutions with explicitly time-dependent amplitude, width, and velocity. This
approach offers straightforward explanations for the role of curvature in cylindrical and
spherical shock-wave propagation and establishes a reliable analytical reference solution.
Second, we extend the analysis to the nonplanar FKS equation by employing the Caputo
fractional derivative and applying the recently developed Tantawy Technique (TT) [44—48].
This novel technique enables the derivation of stable, high-order analytical approximations
in situations where neither exact solutions nor standard numerical schemes are feasible.
This technique has successfully analyzed several fractional evolutionary wave equations
(FEWEs) widely used to model natural and engineering phenomena, such as the fractional
Burgers-type equations [44,45], the fractional KdV [46] and modified KdV [47] equations,
the fractional KdV-Burgers equation [45], fractional linear KdV-type equations [48], and
many others. Given the promising results of this technique on more complex FEWEs,
we can apply it to analyze the current problem. As a concrete physical application, the
obtained results can be applied to investigate dust-acoustic shock waves in electron-
depleted, nonextensive dusty plasmas [49], where the reductive perturbation technique
(RPT) can be applied to reduce the fluid model equations to the nonplanar integer KSE,
thereby establishing a direct connection between plasma parameters and the coefficients of
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the evolution equation. Comprehensive numerical investigations are performed to examine
the influence of geometry, viscosity, and fractional order on shock-wave profiles. Residual-
and absolute-error analyses are presented to assess the accuracy and convergence of the
proposed approximations rigorously.

The paper is organized as follows. Section 2 presents the Ansatz-based analysis of the
integer nonplanar KSE and derives semi-analytical shock solutions. Section 3 introduces
the TT and applies it to the time-fractional nonplanar KSE. Numerical simulations and
error analyses are discussed in detail. Finally, conclusions and perspectives for future work
are summarized.

Notation and Parameter Conventions

For the reader’s convenience, we summarize here the principal notations and parame-
ters used throughout this work as follows:

¢  The independent variables x and t denote the spatial and temporal variables in the
nonplanar evolution equations after applying the RPT; r is the radial coordinate in the
underlying fluid models.

e The physical quantity ¢ = ¢(x,t) denotes the wave function or electrostatic potential
associated with the dust-acoustic shock wave in the framework of nonplanar geometry.
When the physical quantity V(x, t) is written, we refer specifically to an exact planar
KS shock solution used as input for the Ansatz construction.

¢  The coefficients «, B, and J denote, respectively, the nonlinear steepening, second-
order dissipative/unstable diffusion, and fourth-order dissipative coefficients in the
KS equation. Their explicit expressions in terms of plasma parameters are given after
the RPT reduction of the fluid model.

e The curvature coefficient ¢(t) = 5 (Where v = 0 for planar case and v = 1(2) for
cylindrical (spherical) geometry).

e In the fractional model, D! ¢ represents the time fractional Caputo derivative (TFCD)
of order 0 < p < 1 with respect to time, which introduces a genuine memory effect
into the model. The case p = 1 corresponds to the integer nonplanar KS equation.

e The functions g(t), h(t), A(t), and ©(t) = (kx — ut) in the Ansatz method denote
the time-dependent amplitude, inverse width, velocity, and phase variable of the
nonplanar shock, respectively. From now on, we can use ©(T;) = (kx — uT;) to denote
the initial value phase variable.

*  Inthe Tantawy Technique (TT), gj(x), Vj=1,2,...,denote spatial coefficient functions
of the fractional series expansion, and should not be confused with the time-dependent
amplitude g(t) of the Ansatz method.

2. Ansatz Method to Analyze the Nonplanar Integer KSE

In certain fluid media, such as plasma physics, the nonplanar KSE can be derived from
the fluid equations for some plasma models when specific physical effects are considered.
For instance, if the geometrical effect is considered, then the fluid equations for the model
under consideration can be reduced to the following nonplanar KSE after applying the
reductive perturbation technique

R = ¢t +a@@y — BPxx + YPxxxx + P(t)p =0,
o(x, T;) = f(x), 1)
Tigthfand—nggX.

Remember that the term ¢(t)¢ appeared due to taking the nonplanar geometrical impact
into account, as this effect is widely spread in studying the characteristics of nonlinear
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phenomena in experimental and space plasmas. Also, this term embodies the curvature
(nonplanar) contribution that decays over time and reduces to the planar configuration as
time t increases.

The basic steps for applying the Ansatz method [10,11] to analyze and solve
Equation (1) can be summarized as follows:

Step (1) To begin the analysis of problem (1) using the Ansatz method, we first consider
the following exact solution to the planar integer KS equation, i.e., problem (1) at
v=0:

Vi +aVVy — BVix + Y Vixxx = 0, ()
where V' = V(x,t) indicates any exact solution to Equation (2), such as the
following shock-wave solution [1]

V = A+ Btanh(®) + C tanh®(©), 8 > 0, @)

_wspr s 1 [p e[

T T a9y 19ay19y ¢ 2\ 199 SHF T 2\ 194
where © = O(x, t) = (kx — ut) indicates the phase variable and A is a free and
non-zero parameter. It should be mentioned here that the shock-wave solution (3)

with

satisfies the integer planar KS Equation (2).
Step (2) After that, the analytical approximation to problem (1) can be introduced in the
subsequent Ansatz form:

¢ =gV (h(t)x,A(t)) = gV (hx,A) = gV (O(1)), 4)

where O(t) indicates the phase function in the framework of nonplanar KSE,
¢ = ¢(x,t), g = g(t) indicates the amplitude of the shock waves, h = h(t)
indicates the inverse of the width of the shock waves, and the shock-wave velocity
is given by A = A(t). Note that, for simplicity, the following notations are
considered: ¢ = ¢'(t), h = I'(t),and A = A/ (¢).

It is important to note that Formula (4) is based on a valid physical idea. Specifically,
when considering the impact of wave curvature, the wave’s amplitude, width, and ve-
locity would vary with time, resulting in a non-stationary wave. Hence, the structure is
constructed so that the wave’s amplitude, width, and speed vary with time.

Step (3) We rewrite the fourth-order spatial derivative Vyyyy in Equation (2) in the follow-
ing form:

1
~ (Ve + aVVi = BVax)| (10) = (h, 1) ®)

Vxxxx =

Step (4) Next, we calculate each term separately, building on Ansatz (4). By inserting
Ansatz (17) into each term in problem (1), we obtain the following:

gt = §V(hx,A) + g[A0V(O(t)) + xhd V (O(t))],
aggx = ag?hV(©(1)d:V(O(1),
—Borr = —Bgh*AV(O(1)),
Ypueax = —gh* [3V(O(1) +aV(©(1)2:V(O(1) — pRAV(O(1) ],
9(t)g = gV (O(1))p(1). ©)
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Step (5) Substituting the results given in Equation (6) into Equation (1) yields:

R =gV(O(t)) + g[AdV(O(t)) + xhd,V (O(t))]
+ ag?hV (©(1))2,V (©(1)) — Bgh?a2V (O((t))
— g |3 V(O(1)) +aV (O(1)3:V (O(1)) — 3V (O(1))]
+(HgV(O(t)), @)
which leads to
R = g()\ - h4)8tV(®(t)) + agh (g - h3) V(O(1)aV(O(t))
+ (@ +9(V(O(1) + ei (W — 1) 2V (O(1))
+ xgho;V (O(t)). ®)

Step (6) From Equation (8), the following choice is considered:

A—nt=0,
§+¢g=0, 9)
g—h*=0.

Note that for & = 1, the planar case is recovered.
Step (7) According to choice (9), the following residual error is obtained:

R(x,t) = pgh? (h2 - 1)a§V(@(t)) + xghd, V(O(t)). (10)

Step (8) By solving system (9) at initial conditions (ICs) g(T;) = 1 and A(T;) = 0, we have

t t T\ 2
9= exp(— /jl([)(T)dT) = exp(—/Ti ;_dT) = (t) , (11)

1

h=gh = (f) (12)
/\:/Tth‘LdT:/le(?)grdT
20 i (L 231}1:|
:/t<Ti>3dT=T[l () . (13)
L\T 1

Step (9) By inserting the obtained values of the time functions (g,/#,A) given in
Equations (11)-(13) into Ansatz Formula (4), we obtain the following general
analytical approximation to the nonplanar integer KS equation:

o= (7) (Tti)g'x'n(l({) ) - (1)

(5-1)

Step (10) To obtain an explicit form of the analytical approximation (14), we combine the
exact shock-wave solution (3) with the general analytical approximation (14),
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which leads to the following explicit form of the analytical approximation of the
nonplanar integer KS equation

¢=gQXA+Bmmn@m)+cmm%®m0

= <7;1) : (A + Btanh(O(t)) + Ctanh3(®(t))), (15)

with

s T(1- (% ¥
Tt) - <(23v()1) )

Step (11) Explicit form of the residual error according to the relation (10) reads

2v
)3 7!
i

((?)g—1>a§v (Tti)leT{l(zgv(l)
T\Z. [T\ T\ & _1_ f)?_]
(B a2 o] (2 »

The Ansatz construction employed in this work is deliberately tailored to any single-

ot) = kx(

d
1l
=
7 N
e
N——
Nl
7 N\
s
N—
Wl

front nonplanar structures, such as shock-like ones. By starting from an exact planar KS
shock and allowing for time-dependent amplitude, width, velocity, and phase modula-
tion, the Ansatz Formula (4) captures a broad class of monotone-front profiles relevant
for nonplanar dust-acoustic structures, such as single-front nonplanar shock waves. In
particular, the Ansatz accounts for the key physical features observed in experiments and
simulations, namely a localized transition layer, geometric attenuation at large times, and
curvature-induced modification of the effective width and speed. In general, this family
can cover all possible single-front solutions of the nonplanar KS equation. It is also easy to
generalize, making it suitable for any evolutionary equation of ascent in multidimensional
space or even for studying multi-wave interaction. However, the current investigation
focuses on physically motivated, single-front nonplanar shocks.

A Plasma Application and Numerical Example

We can apply our findings to plasma physics models as a realistic application for
studying acoustic nonplanar shock waves in a plasma. As a practical application, we
can follow Prof. Mamun’s work on the study of dustic—acoustic shock waves in electron-
free dust plasmas containing inertialess nonextensive positive ions and inertial negatively
charged dust grains [49]. In this model, the research team reduced the fluid model equations
to the planar Burgers equation. However, our idea is to reformulate the model equations
from their planar form to their corresponding nonplanar form and apply the RPT to obtain
the nonplanar Burgers equation. Thus, the following fluid governing equations for the dust
plasma model in nonplanar form read [49]:

dng + %U r(rPnguy) =0,

Octig + ity — 0, — 53, (r'0yug) = 0, 17
19,(r9,¢) — ng+n; = 0,
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where 71 & u, represent the normalized density and velocity of the dust grains, ¢ indicates
the normalized electrostatic wave potential, while # denotes the normalized kinematic
dust viscosity.

The inertialess ions follow the nonextensive distribution as follows [49]:

q+1

mi = pill = (= 1)g)0°7, (18)

where g indicates the nonextensive parameter and y; represents the ion concentration.
In this model, the neutrality condition reads: n;y = Z;ng, which is equivalent to
ui = nig/ (Zgngo) = 1, where njp and nyg indicate the unperturbed values for the ion and
dust number densities, respectively, and Z; is the number of charges that inhabit the surface
of dust particles.

Now, to derive the nonplanar Burgers equation, the RPT is employed. According to
this method, the following stretching for independent variables is considered

x=¢e(r—V,) &t= 2T, (19)
Additionally, the following expansion for the dependent physical quantities is introduced

()

ng 1 w [ N4
ug | =10 | +yxe| Y | (20)
¢ 0 j=1 pU)

By inserting both the stretching (19) and expansion (20) into the system (17), we can
ultimately obtain the following nonplanar Burgers equation:

@t +appy — ,Bq)xx + %90 =0, (21)

where the coefficients of the nonlinear and dissipative terms, respectively, are given by

V3 :
n= | gat P e -3)| &p=1,

where the phase velocity V), is defined as

2
pilg+1)

The planar form to Equation (21), i.e., v = 0, supports the following shock-wave solution

Vp:

¢ = pm[1 — tanh[k(x — ugt)]], (22)

where ¢, = up/a indicates the amplitude of shock waves and k = 1/ (2p) indicates the
inverse of the shock-waves width.

However, due to some other factors such as noise, perturbations, or other effects, one
may observe a discrepancy between the theoretical results and the lab results, or space
observation results. To overcome this gap, we follow the same approach discussed in
Ref. [10] by adding a corrective term (fourth-order dissipative term) to the nonplanar
Burgers Equation (21), which ultimately leads to the following nonplanar KSE:

v
Pt + aPPx — PPxx + Y Pxxxx + 5%?= 0, (23)
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where the coefficient y has a minimal positive value (0 < o < 1) because this is a corrective
term. When analyzing this model, the following IC is considered:

¢(x,T;) = A + Btanh(©(T})) 4 C tanh®(O(T})). (24)

First, let us clarify the difference between the shock-wave profiles described by both the
planar (v = 0) Burgers Equation (21) and KSE (23). Figure 1 demonstrates the comparison
analysis between the two planar (v = 0) shock-wave profiles (3) and (22). As is evident
from Figure 1, there is a significant difference between the two profiles due to the fourth-
order dissipative effect. This may explain some of the discrepancies between theoretical
and experimental results. Therefore, KSE can sometimes bridge the gap between theoret-
ical and experimental results when the theoretical results do not agree with the Burgers
Equation (21).

Figure 1. Profiles of planar (v = 0) shock-wave solutions (22) and (3) to the planar Burgers
Equation (21) and the planar KS Equation (23), respectively, are compared: (a) the planar (v = 0)
Burgers-shock-wave solution (22) in the plane (x, t) and (b) the planar (v = 0) KS-shock wave solution
(3) in the plane (x, f). Here, (q,1,v,A) = (0.7,0.1,1,0.1), which leads to («, 8) = (—0.759257,0.05).

The profiles of both cylindrical and spherical shock waves of the problem (23) accord-
ing to the approximation (15) are investigated graphically, as displayed in Figures 2 and 3.
In Figure 2, we examined how time affects the behavior of dust-acoustic cylindrical
(Figure 2a,b) and spherical (Figure 2c,d) fractional shock waves. It is observed that, as
time progresses, the dust—acoustic shock-wave profile contracts, i.e., its amplitude and
width decrease until it resembles the planar case. In this state, the effect of the geomet-
ric term diminishes until it disappears after an extended period, i.e., at the limit t — oo.
Furthermore, we investigate the effect of the dust kinematic viscosity # on the profile
of cylindrical (Figure 3a,b) and spherical (Figure 3c,d) dust-acoustic fractional shock
waves, as shown in Figure 3. It is clear from this figure that both the amplitude and
width of the wave decrease with increasing values of the viscosity parameter 7. For
t > 0, a comparison between the cylindrical and spherical dust-acoustic shock waves
reveals that cylindrical waves exhibit a significantly larger amplitude than their spherical
counterparts, but for t < 0, both cylindrical and spherical dust-acoustic shock waves
have opposite behavior. Moreover, the numerical values of the maximum residual er-
ror R(x,t) =maxq, |¢r + a@@x — BPxx + Y Pxxxx + % ¢| to both cylindrical and spherical
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shock-wave approximations are estimated over the domain Qr € [xl-, x f} X [ti, t f} =
[—80,80] x [1,30] at A = 0.01 as follows:

R(x,1)],_;=0.000906767, 25)
R(x,1)|,_, = 0.00367054.
0.010}
0.008 |
S 0.006]
0.004 ]
0.002
0.008 =
0.007 | B
0.006f |3
0.005f | &5 _ -
S 0.004} e
0.003} P SR
0002 _ — ~ .
0.001F v aeett?
-50 0 50
x
d

Figure 2. The nonplanar dust-acoustic shock-wave approximation (15) of problem (23) is examined
for t > 0: (a) a three-dimensional graph for cylindrical case (v = 1) in the plane (x,t), (b) a
two-dimensional graph for the cylindrical case (v = 1) at different values of f, (c) a three-dimensional
graph for spherical case (v = 2) in the plane (x, ), (d) a two-dimensional graph for spherical case
(v = 2) at different values of t > 0. Here, (q,7, A, T;) = (0.7,0.1,0.01, 2).

In the integer nonplanar case, the Ansatz construction starts from an exact planar shock
solution V (x, t) of the classical KS Equation (2) and introduces slowly varying amplitude,
width, and phase functions g(t), h(t) and ©O(t) through the Ansatz formula given in
Equation (4). This choice has two important consequences. First, by construction, the
profile V already satisfies the planar KS balance between the nonlinear, quadratic-gradient,
and fourth-order dissipative terms. Second, the residual associated with the nonplanar
geometry appears entirely through the explicit time-dependent curvature contribution and
the slow modulation of the three time-dependent functions.
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Figure 3. The nonplanar dust-acoustic shock-wave approximation (15) of problem (23) is examined
with respect to # for t > 0: (a) a three-dimensional graph for the cylindrical case (v = 1) in the plane
(x,7); (b) a two-dimensional graph for the cylindrical case (v = 1) at different values of 7; (c) a
three-dimensional graph for spherical case (v = 2) in the plane (x, 77); (d) a two-dimensional graph
for the spherical case (v = 2) at different values of 4 for t > 0. Here, (g,7, A, T;) = (0.7,0.1,0.01,5).

Inserting the Ansatz into the nonplanar KS equation and enforcing the algebraic
conditions in Equation (8) reduces the full PDE to the low-dimensional dynamical
system (11)—(13) for g, h, and ®. For these ODEs, one can derive standard Gronwall-
type bounds on the time variables (g(t),h(t), ®(t)). In particular, for the physically rel-
evant range of times and parameter values used in our plasma application, the solu-
tions (g(t), h(t), ©(t)) remain bounded and smooth, which implies that the corresponding
Ansatz profile R(x, t) is a stable modulation of the underlying planar shock. The resid-
ual error R(x,t) of the Ansatz approximation is given by Equation (10). After inserting
the explicit form of V and the solutions of Equations (11)—(13), this residual error is a
smooth function of (x, t) that can be estimated uniformly on the computational domain.
Numerically, we compute

v
R(x,1) = max|g; + a@px — Bgxx + Y Prvex + 5,900,
T
for the cylindrical and spherical geometries, and obtain the values reported in Equation (25).

Here, Q1 € [—80,80] x [1,30] indicates the whole study domain, which is a crucial point
because we calculated the residual maximum error along the entire domain. We also
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expanded the domain (i.e., using large values for the independent variables x and t) to
verify the stability and convergence of the derived approximations at any point within
it, regardless of the specific value. These maxima errors are of order 10~4~102, which is
consistent with a second-to third-order truncation of a regular perturbation expansion in
the small curvature parameter.

3. Tantawy Technique (TT) for Analyzing Nonplanar FKSE

In part (I) [1], the following planar FKSE was analyzed using the TT and an analytical
approximation was derived in detail:

Df(P +aQPx — BPxx + YPxxxx =0,
¢(x, Ti) = f(x), (26)
0<t<Tand - X <x <X,

where D} ¢ represents the TFCD of order p. Here, p indicates the fractional-order parameter
in the range 0 < p < 1, and at p = 1, the planar integer KSE is recovered.

For 0 < p < 1, the TFCD of a sufficiently smooth function ¢ = ¢(x, t) with respect to
t is defined by [50,51]

t
CDfg(x,t) = D/ p = F(ll— 3 /Ti a&q’_(’:)? dt,Vt>T, 27)
where I'(-) denotes the Gamma function. This operator represents a nonlocal, memory-
dependent generalization of the classical first-order time derivative, since the present value
of D! ¢ depends on the entire past history of 9:¢(x,T) over 0 < T < t.

The initial condition (IC) f(x), can be obtained from the exact shock-wave solution (3)
att = T;, as follows:

f(x) = A+Byp+Cy’,

where ¢ = ¢(x) = tanh(kx).
The explicit form of the generated third-order approximation of the planar model (26)
reads [1]

2 2 2 8
o= f(x)— ksed;ﬂ(/w + Yo tanh (kx) ) ¥ — W( yj> 2r .. @8)
1 2 1

=

where the coefficients Y]- Vj=0,1,---,8 were defined in Part-I [1] and T, = T'(1+ np),
Vn=123---.

However, the second goal of the current investigation is to analyze the fractional
model (26), taking the nonplanar geometric effects (cylindrical and spherical geometry)
into account, as follows:

Dl ¢+ ap@x — Boxx + YPxxxx + ¢(t) @ =0,
o(x, T;) = f(x), (29)
TiSfSTfand—XSXSX,

with ¢(t) = (%), where v = 0 corresponds to the planar case and v = 1(2) corresponds to
the cylindrical (spherical) geometry. Note that the IC f(x) can be obtained from the planar
shock-wave solution (3) at t = T; as follows:

f(x) = A+ By + CyP. (30)
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For the nonplanar case, the condition T; T > 0 is satisfied.
To analyze problem (29), we first introduce the following transformations:
t=1t+4+T,
¢=¢x1+Ti), (31)
0 S T S Tf — Tir
which lead to
v
7, = D—{Zq) + DCQDQ)x — ,quxx + ’)/q7xxxx + |:2(T—+—Tl):| ql) =0. (32)

Now, we can apply the TT to analyze model (32).
For simplicity, we can summarize the algorithm of this technique in the following brief
points [44—48]:

Step (1) According to the TT, the solution to the problem (32) is presumed to take the
following Ansatz form:

x) + Zg]-(x)rj”, (33)
where g = gj(x), Vj=1,2,3,--,00, are unknown space functions that will be

determined later and f = f(x) indicates any initial solution to this problem.
For simplicity, we can consider the first four terms in Ansatz (32), i.e., (j = 4):

)+ Z gj(x)TP. (34)
Step (2) The time fractional Caputo derivative D ¢ can be defined as follows:

4 4 Tlip+1 .
Dly=LoiDl[7"] = Lo e O
]:

Step (3) Inserting Equations (34) and (35) into model (32) yields

4 T[jp +1] .
Y gje P ip LG-1)p

Z
Ii(j—1) p+1]

=1

+rx<f +Zg] T]P><f(x)+igj(x)rf”>
i=1

X

4 .
ﬁ(f +Zg; T”’) +7<f(X)+;gj(X)T”’>

+{2(T+Ti)}< +Zg] TJP) (36)

Step (4) After rearranging all terms of Equation (36) and collecting the coefficients of T'7,
we ultimately obtain the following form:

Z = Wot® + WytP + Wot?P + W3t + ... =0, (37)
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Wo=T1g1+ <2(T +04f1> 0= Bf2+7fs

r . .. weee
lerjg2+<2T+T +0¢f1)g1+0¢f0g1—‘[3g1+7g1,

r . . . aeee
Wz_lf;g3+<2 T T) +0¢f1>gz+rxg1g1+acf0g2—‘[332+7g2,

r
W3 = Fig4+ (2 T+ T +0¢f1>83+0¢g2g1 +1xg1g2+1xf0g3 7‘3g3+,yg3,

Here, the following notations are considered for any i:

n — - n —

{ fOx) = f9) =f fx) = f = fo,
§i=8.8=8.8"=8,8"=%.,

whereI; =T[jp+1],Vj=1,2,3,---
Step (5) Equating the above coefficients W]- Vj=0,123,---,tozero and integrating the
resulting equationsover 0 <t < T,V T = Tf — T;, yields

T
*fo 108( f) + T(T181 +afifo— Bfa+vfa) =0,
Ty , .

2g1 10g< ) + T( g +afigr +afodr — B +7g1> =0,

v Ty
582 10g<,> ( g3 +afigr +agigr +afoda — Bg2 + 782) =0,

T
283 108( f) + T( Qs +afi1g3+agrg1 +agi1$r +afods — g3 + 783) =0,
(38)

Step (6) By solving system (38) in the time functions g1, g2, g3, and gu, the following
values are obtained:

-1 -
81 = 577 [foM +2T(—Bf2 + v f1)],
71"1 _ X .
82 = 7p; (1M + 2T (wfogn — b1 +781)],
_Fz _ . . .
83 = 77, @M+ 2T (ag181 + afode — B2 +782)],
-T - . . :
84 = ﬁ [83M +2T (agag1 + ag182 + afogs — Pgs +7183)].
(39)
with

M= (ZvcflTJrvlog(Yg)).

Remember that f; = fD(x) forj=1,2,3,.,and fy = f(x).
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Step (7) To obtain explicit values for g1, g2, g3, and g4 in the IC fj, the system (39) can be
solved using MATHEMATICA with the help of the following values of the IC
(30) and its derivatives:

fo=A+By+Cyd,

fi = —ky*(B —3C) + kB — 3kCy?*,

fo = 2k*¢p3(B —9C) — 2k?¢(B — 3C) + 12k*Cy?,

fz = —6K°y*(B — 19r) + 4k>p? (2B — 15C) — 2k>B — 60k>Cyp® + 6k°C,

fa = 24k*y°(B — 34C) — 8k**(5B — 72C) + 8k*p(2B — 15C) + 360k*Cy”,
where (x) = ¢ = tanh(kx — uT;) = tanh(O(T;)).

In general, we can receive any derivatives for f using the following simple
MATHEMATICA code:

flx_] = A+By[x] + Cylx]’

Deol = Table|D|y'[x] — k(1 - y[x]*), {x./}], {j,0,100} ;

Dev2 = Table[f; — Derivativelj][f][x], {],0,50}]/ /.Devl
Note that we refrained from including these expressions here because of their
considerable size; however, acquiring them is straightforward.

Step (8) By substituting the obtained values of g1, g2, g3, and g4, into the Ansatz (34), the
following analytical approximation to the i.v.p. (29) up to fourth order is obtained:

¢ = f(x) +g1(x)(t = )" +g2(x) (t = T)* + g3(x) (¢ — T)* + ga(x) (¢ = T))*
= A+ By + Cy?

1 _
_ _ _ T\P
27T, [foM + 2T (—=Bf2 + v fa)(t — T)
I _ _ .
— ﬁ [g]M + ZT(leOgl - ,331 + 'Ygl)] (t - Ti)zp
T - .
~ 37 [82M+ 2T (g + afoga — B +983)] (= T
T - .
- ﬁ [§3M + 2T (xg281 + ag1$2 + afogs — Bgs +183) | (t — T;)*. (40)

It should be noted here that the approximation (40) covers the approximate
solution to the planar FKSE (26) at v = 0. For simplicity, we denote the second-
order approximation by ¢(2), the third-order approximation by ¢(®), and the
fourth-order approximation by ¢(*.

3.1. A Plasma Application and Numerical Example

Here, we consider the same above-discussed plasma model and use the same numeri-
cal values for the related physical parameters (g, 7), as used in Ref. [49]. For example, at
(9,m) = (0.7,0.1), we obtain (&, B,v) = (—0.759257,0.05, 1). Thus, following the nonplanar

time FKS problem reads
fop+“§9([)x *,quxx+7([)xxxx+%§0 =0, 1)
¢(x,T;) = A + Btanh(kx — uT;) + C tanh® tanh (kx — uT;).

The approximation (40) for both cylindrical and spherical cases is numerically investigated,
as presented in Figures 4 and 5, respectively. In both cases, the effect of the fractional

https:/ /doi.org/10.3390/ fractalfract10020120


https://doi.org/10.3390/fractalfract10020120

Fractal Fract. 2026, 10, 120 16 of 24

parameter p on the nonplanar fractional shock-wave profile is examined. It is observed
that the shock wave’s amplitude and the width decrease with increasing fractionality p.
Furthermore, it is noted that the influence of the fractional parameter p on the profile of
fractional spherical shock waves is more significant compared to cylindrical ones. Moreover,
the maximum residual error R(x, t) = maxQTJ quo +a@Px — BPxx + Y Pxxxx + 5 ¢| for the
second-order approximations is estimated for both the cylindrical and spherical cases
during the domain Qr € [xi, xf} X {ti, tf} = [—80,80] x [1,10] at A = 0.01 and at different
values of the fractional parameter values p as follows:

R(2,1)] e p—oq = 00112129,
R(2, )]y pg7 = 0.00424911,
R(2,1)]_1,y—09 = 0.00475565,

and

R(%, )|y pp1 = 0.0214968,
(%, )|y ppy = 0.00234912,
(

R(x,t)
R(%, )] y—1 p—go = 0.00526444,

124 p:01 R a - -
1.0 P08 Ry :
o~ - p=0.75 o
8% 08 /—
0.6/ ]
0.4 el
50

Figure 4. The cylinderical (v = 1) approximation (40) of problem (41) is plotted in the (x, t) —plane
for different values of the fractional parameter p : (a) p = 0.1, (b) p = 0.5, (¢) p = 0.75, and (d) a
comparison between (a—c) cases at t = 6.
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We also calculated the absolute error of the derived approximations, as shown in
Tables 1 and 2 for the cylindrical and spherical cases, respectively. However, the compari-
son is not performed with an exact solution of the nonplanar integer KS equation, since
it does not support an exact solution; instead, the comparison is carried out with the
semi-analytical solution (15) derived above using the Ansatz method:

L® = max |ga — QRef|-
(x,t)e()|(P pprox ~ PR

For the second- and third-order approximations, denoted by ¢® and ¢(®), respectively, the
L* norm can be written as follows:

o _ (2)
Ly = (E}f‘é‘g’q"(@ ~ Pl

Ly = P05 — o)
3 (g}?exﬂ P15) 90(40)
The analytical results clearly indicate that the generated approximations exhibit both
accuracy and stability across the whole study domain. Consequently, the analytical results
confirm the efficacy of the employed approach.

1.2 i
. p=0.1
100 °
== p=05 R
0.8[l— p=075 ST T T

Figure 5. The spherical (v = 2) approximation (40) of problem (41) is plotted in (x, t)—plane for
different values of the fractional parameter p : (a) p = 0.1, (b) p = 0.5, (¢) p = 0.75, and (d) a
comparison between (a—c) cases at ¢ = 6.
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Table 1. The absolute error of the cylindrical second-order approximation (40) for cylindrical fractional

dust—acoustic shock waves is estimated at T = 2.

()

(3)

X P (15) P (a0) p=1 @0) |, Ly Ly

—80 0.00331344 0.00411461 0.00411298 0.00080117 0.000799539
—70 0.0033332 0.0041272 0.00412556 0.000793995 0.00079236
—60 0.00337894 0.00416033 0.00415868 0.000781386 0.000779738
—50 0.00348059 0.00424433 0.00424265 0.000763736 0.000762055
—40 0.00369336 0.00444516 0.0044434 0.000751801 0.000750043
—30 0.00410201 0.00488403 0.0048821 0.00078202 0.000780092
—20 0.00479964 0.00572529 0.00572303 0.000925647 0.000923393
—10 0.00582243 0.00707416 0.00707138 0.00125173 0.00124895
0 0.00707193 0.00880524 0.00880178 0.00173331 0.00172985
10 0.00832126 0.0105357 0.0105315 0.00221441 0.00221027
20 0.00934364 0.0118831 0.0118784 0.00253946 0.00253477
30 0.0100408 0.012723 0.0127179 0.00268212 0.00267709
40 0.0104492 0.0131609 0.0131557 0.00271174 0.00270653
50 0.0106617 0.0133613 0.013356 0.00269952 0.00269422
60 0.0107633 0.013445 0.0134397 0.00268175 0.00267642
70 0.010809 0.0134781 0.0134727 0.0026691 0.00266376
80 0.0108287 0.0134906 0.0134853 0.00266191 0.00265656

Table 2. The absolute error of the spherical second-order approximation (40) for spherical fractional
dust—acoustic shock waves is estimated at T = 2. Remember that at T = 1, we can obtain the same
results of cylindrical case.

(2)

(3)

X P (15) P (40) p=1 (40) |y Ly Ly

—80 0.00235443 0.0036314 0.00361835 0.00127697 0.00126393
—70 0.00237909 0.00364251 0.00362943 0.00126342 0.00125034
—60 0.00242986 0.00367175 0.00365856 0.00124189 0.0012287
—50 0.00253007 0.00374588 0.00373243 0.00121581 0.00120235
—40 0.00271653 0.00392312 0.00390904 0.00120659 0.00119251
—30 0.0030368 0.00431043 0.00429498 0.00127363 0.00125817
—20 0.00353264 0.00505286 0.00503476 0.00152022 0.00150213
—10 0.00420788 0.00624328 0.00622094 0.0020354 0.00201306
0 0.00500048 0.00777102 0.00774322 0.00277054 0.00274274
10 0.00579301 0.00929823 0.00926495 0.00350523 0.00347194
20 0.00646806 0.0104875 0.0104499 0.0040194 0.00398181
30 0.00696367 0.0112287 0.0111885 0.00426507 0.00422478
40 0.00728376 0.0116153 0.0115736 0.00433153 0.00428983
50 0.00747009 0.0117921 0.0117498 0.00432204 0.00427968
60 0.00757022 0.0118661 0.0118234 0.00429585 0.00425323
70 0.00762095 0.0118952 0.0118525 0.00427428 0.00423155
80 0.00764559 0.0119063 0.0118635 0.00426072 0.00421795

Physically, the analysis clarifies how fractional time-derivatives encode memory and
hereditary effects in the evolution of planar shock waves, and how these effects modify the
amplitude, width, and propagation speed of structures supported by KS-type equations
in complex plasmas and viscous fluids. In the present model, the fractional parameter
p is not fixed a priori by a single microscopic derivation. Rather, it plays the role of an
effective phenomenological exponent that can be tuned to reproduce empirically observed
relaxation rates and wave damping profiles. In particular, values p < 1 correspond to
slower than exponential decay of disturbances and to enhanced memory of past states,
which is consistent with laboratory observations of dusty plasmas and with space plasma
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measurements, where dust and non-Maxwellian ions coexist. The integer limit p — 1 re-
covers the classical nonplanar KS description, thereby providing a natural bridge between
standard dissipative models and their fractional, memory-rich counterparts. The technique
proposed, therefore, provides a flexible and robust analytical tool for modeling fractional
shock waves in plasmas and fluids, and it can be extended to other non-integrable frac-
tional evolution equations in engineering and mathematical physics, where an accurate
representation of memory effects is essential.

3.2. Comparison with Other Analytical and Numerical Methods

Several analytical and semi-analytical techniques, as well as numerical schemes, have
been applied to analyze planar FKS-type problems and derive analytical and numeri-
cal approximations [36—43]. For instance, Alshehry et al. [36] used a new fractional-
derivative-based version of the natural decomposition method to obtain an accurate ap-
proximation solution to the planar FKS-type equation: DY + @@y + X@yy + YPxry +
z@yxxy = 0. Veeresha and Prakasha [37] applied the gq-homotopy analysis transform
method, an approach blending Laplace transforms with the homotopy analysis frame-
work, to construct accurate approximations to the subsequent planar FKS-type equation:
DY@ + @@y — @xx + Prrxx = 0- Mohammed et al. [38] derived analytical solutions to the
planar space-fractional stochastic SK-type equation, formulated with a conformable deriva-
tive, by employing the Riccati equation method. Sahoo and Saha [39] solved the planar
FKS equation DY ¢ + a@@y + bgyy + k@xxx = 0, and derived analytical solutions for this
problem using a newly proposed method based on the fractional complex transform and
Jumarie’s modified Riemann-Liouville derivative. Nadeem and Iambor [40] introduced the
Sumudu Homotopy Transform Method (SHTM), which combines the Sumudu transform
with homotopy perturbation to efficiently solve planar nonlinear FKS-type equations with
Caputo derivatives, delivering accurate series solutions after minimal iterations. Addi-
tionally, in the framework of the Sumudu transform with the Adomian decomposition
method, the planar FKS-type equation—D} ¢ + ¢@x + Upxx + BPrxx + Y Prxrx = 0—was
analyzed [42]. Choudhary and Kumar [43] developed a numerical scheme combining
backward Euler time-stepping with quintic B-spline spatial collocation to analyze the pla-
nar linear FKS-type equation in the Caputo sense. All these methods and investigations
have proven effective for problems where either an exact planar solution is available as
a benchmark or the geometry is strictly planar, and the coefficients are relatively simple.
However, the TT differs from these approaches in several respects; first, it directly treats the
nonplanar geometry and the fully nonlinear structure of the FKS operator, without requir-
ing linearization or truncation at low orders in the nonlinearity. Second, the TT generates a
systematically improvable series expansion in the fractional time variable, with coefficients
obtained from an algebraic system that can be handled symbolically for general initial
data. Third, the technique yields closed-form expressions that are valid for both integer
and fractional orders and that reduce to the known integer KS shock in the limit p — 1,
thereby providing a unified framework for comparing integer and fractional dynamics.
Additionally, the current investigation addressed a different form of a real-world problem
related to a real-world physics application, as we discussed above.

On the other hand, the TT is not a comprehensive replacement for numerical methods
but rather a technique that is easily applicable to analyze more complicated problems.
Furthermore, the approximations generated by this technique are stable and convergent
despite their simplicity. We can study the current problem using other analytical and
numerical methods in future work and compare it with the current research. In general,
we emphasize that the TT is particularly well suited for deriving accurate semi-analytical

https:/ /doi.org/10.3390/ fractalfract10020120


https://doi.org/10.3390/fractalfract10020120

Fractal Fract. 2026, 10, 120

20 of 24

benchmarks in parameter regimes where numerical or some other analytical methods
are expensive.

3.3. Extension to Other Plasma Configurations

In this study, we picked a specific dust-acoustic shock model that is important in
physics, which includes electron depletion and nonextensive ions, to test the nonplanar
integer and fractional KS equations. The reduction from the fluid system to the nonplanar
KS equation uses the RPT and a particular ordering of parameters, which are tailored
to this dusty plasma configuration. However, this method can also be used for other
plasma models where nonplanar shock-like structures happen when the balance between
nonlinearity and dispersion is upset, along with other factors that cause nonplanar shock
waves in plasmas. Examples include nonplanar ion-acoustic shocks in multi-ion or pair-ion
plasmas, degenerate quantum plasmas, and electronegative plasmas with different electron
distributions, several of which have been studied at the level of Burgers- or KdV-type
equations. In these situations, the reductive perturbation method usually results in a
nonplanar evolution equation that has the same KS structure but with different coefficients
that represent the specific fluid model. After receiving the integer or fractional nonplanar
KS form, we can use the Ansatz method and the TT as they are, which will provide us with
semi-analytical and fractional shock profiles for these different plasma types. We briefly
outline this generalization route and provide references to existing nonplanar shock models
that can be recast within the present framework.

4. Conclusions

In this study, one of the most challenging problems encountered by many researchers
in analyzing acoustic shock waves—namely, the integer and fractional nonplanar Kuramoto-
Sivashinsky (KS) equations—has been addressed. The study has been divided into two
main parts.

e The first part focused on the integer nonplanar KS equation and its analysis, yielding
an analytical approximation to understand the dynamical behavior of shock waves
that can arise and propagate in various plasma systems. To this end, the Ansatz
method has been applied, yielding some semi-analytical approximations for this
model. As a practical application, the fluid equations governing the propagation of
acoustic shock waves in a non-Maxwellian dust plasma have been reduced to the
integer nonplanar KS equation using the reductive perturbation method. After that,
this equation was analyzed using the derived semi-analytical approximations, and the
influence of various physical parameters on the profiles of acoustic shock waves was
numerically discussed.

*  As for the second objective, the integer nonplanar KS equation has been transformed
into its fractional counterpart (fractional KS (FKS) equation) to study the effect of
the memory factor on the dynamical behavior of the dust-acoustic shock waves.
This equation has been analyzed using one of the most modern, accurate, and user-
friendly analytical methods, namely, the Tantawy technique. A fourth-order analytical
approximation has been generated, and based on it, the effect of fractionality on the
behavior of dust-acoustic shock waves has been examined. To verify the accuracy of
the derived approximations and the efficiency of the used technique, the maximum
residual errors of the derived approximations have been calculated for both cylindrical
and spherical fractional dust-acoustic shock waves, in addition to calculating the
absolute error of these approximations compared to the semi-analytical solution for
the integer case. The results of the analysis showed promising results, which enhances
the efficiency of the methods used.

https:/ /doi.org/10.3390/ fractalfract10020120


https://doi.org/10.3390/fractalfract10020120

Fractal Fract. 2026, 10, 120

21 of 24

¢  The nonplanar FKS has been thoroughly examined in the concluding phase of the
present study, leading to the derivation of a highly precise analytical approximation
for this equation. It was found that the analytical approximation for the nonplanar
FKS equation covers the analytical approximation for the planar case, i.e., the planar
FKS equation.

Last but not least, the proposed technique presents a pragmatic and precise approach
to solving and analyzing the nonplanar fractional KS-type equations. This method is
advantageous for examining diverse engineering and mathematical physics issues without
any challenges. Our novel methodology provides a powerful tool for analyzing intricate
systems. It has potential applications across a range of challenges in fluid dynamics, plasma
physics, chemical processes, and other engineering fields. This study is the first to address
stiff evolutionary wave equations governing the propagation of nonlinear, nonplanar
structures in various physical and engineering media. Therefore, it is expected to serve
as a foundational work for researchers interested in multiple physical and engineering
phenomena, as this type of problem offers the most comprehensive and realistic approach
to modeling diverse natural phenomena.

Finally, this study provides a basis for systematic comparisons of experimental and
observational data on nonplanar shock structures in complex plasmas and associated
dissipative media. Comparisons will be crucial for assessing the predictive capacity of
fractional nonplanar models and for delineating regimes where memory and geometric
effects influence wave evolution. This paper presents a versatile and scalable methodology
for forthcoming theoretical, computational, and experimental investigations of nonlinear
waves in intricate systems.

Future Work

The present contribution opens several concrete directions that we intend to pursue
in forthcoming studies, closely connected to the current (non)planar fractional damped
KS framework.

(i) Inadirect continuation of the analysis developed here, the next part of this research
program will address the same nonplanar KS-type problem and some related physical
problems while explicitly incorporating collisional forces between the charged /neutral
particles in a plasma [52]. In particular, we shall account for momentum transfer
between neutral and charged constituents of the plasma, as well as collisions among
the charged species themselves, and investigate how these additional dissipative
and dispersive effects reshape the structure and evolution of (non)planar dissipative
dust—acoustic fractional shock waves.

(i) Additionally, the new iterative method [53-55] can be applied for analyzing the
(non)planar fractional (un)damped KS problem and making a comparison between
its approximations and the approximations generated via the TT. Such a comparison,
carried out for both planar and nonplanar fractional (un)damped KS problems, will
make it possible to quantify the relative convergence rates, stability properties, and
error levels of the two approaches over a broad range of physical parameters.

(iii) Finally, we envisage extending the collisional, nonplanar fractional methodology
beyond the dust-acoustic regime considered here. In particular, the same analytical
machinery can be adapted to ion—acoustic and magneto—acoustic shocks in multi-
component plasmas, where both curvature and collisions play a decisive role, hence
offering a broader testing ground for the new iterative method and for the TT.
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