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Abstract 

This paper studies the issues of human balancing and stability in the sagittal plane using 
fractional and integer order time delay feedback control. The neural-mechanical model of 
human balance is represented as an inverted pendulum controlled by torque. We present 
a finite-time stability (FTS) analysis for closed-loop neutral time delay systems 
(NFOTDSs) with fractional order 1 2β α< < ≤ . By employing a generalized Gronwall in-
equality, we derive new FTS criteria for these systems in terms of the Mittag-Leffler func-
tion. Finally, a suitable numerical example is presented to show the effectiveness of the 
proposed method. 

Keywords: human balancing; finite-time stability; time delay; neutral system; fractional 
order; Gronwall–Bellman inequality 
 

1. Introduction 
In the biomechanics of humans, it is well known that human balance is essential for 

daily activities and human mobility. Balance is a complex process that involves multiple 
biomechanical mechanisms, allowing the human body to maintain an upright position [1]. 
Conversely, issues with human balance and stability involve challenges in maintaining an 
upright posture. The upright position is inherently unstable, as even the slightest devia-
tion from a perfectly upright position accelerates the body towards the ground under the 
influence of the force of gravity. Stabilizing unstable nonlinear systems is a highly im-
portant task in engineering and science. Especially, it is observed that it is more efficient 
to start quick movements from an unstable position in any desired direction than from a 
stable one [2]. Typically, the inverted pendulum biomechanical model serves as a starting 
point for discussions on how humans maintain balance during standing and locomotion 
[3]. Furthermore, it has been observed that it is necessary to apply control continuously 
in order to achieve stabilization of the upright position, i.e., stabilization of unstable equi-
libria using feedback control is an important task [4]. It is also detected that the existing 
human reaction time allows for the consideration of time delay effects in a control prob-
lem. In general, time delays can induce system instabilities, bifurcations, and chaotic mo-
tion [5]. 

Conversely, when used appropriately, for example stabilizing an inverted pendulum 
[6], time delays can enhance system stability, suppress oscillations, and reduce unstable 
behavior in time delay feedback control (TDFC) [7]. Namely, the delayed signal in the 
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delay feedback control provides a quality prediction of the current acceleration, velocity 
and position, based on their delayed values [8]. Recently, in solving the stabilization of 

vertical posture of humans in the sagittal plane, time delay feedback control a 2PDD  
type is applied taking into account its position, speed, and acceleration [8,9]. 

Fractional calculus (FC) has received much attention in recent times. FC (or more 
precisely calculus of general order Rβ ∈  generalizes integer-order differentiation and 
integration to non-integer (fractional, real or complex) orders [10,11]. Over the last few 
decades, fractional-order dynamical systems (FODSs) have seen a surge in research [12]. 
They provide scientists with an improved modeling method to analyze systems with 
memory effects and long-range dependencies as well as hereditary properties. In the area 
of control engineering, fractional order controllers offer significant advantages over tradi-
tional integer-order controllers (like standard PID) due to extra tunable parameters (frac-
tional integration/differentiation orders), leading to enhanced robustness, better disturb-
ance rejection and improved performance [13]. Hence, compared to traditional PD-type 
TDFC, fractional-order TDFC (FOTDFC) increases the controllable parameters of the sys-
tem and offers advantages in robustness and control accuracy, thereby enhancing the sta-
bility of the control system [14]. Recently, authors in [15] studied the interaction between 
fractional properties and time delays in physiological systems with special focus on ap-
plication to the human neuromechanical homeostasis system, where time delays repre-
sent the response time of the nervous system and fractional properties play a role in mod-
eling memory and history in motor control. Neutral fractional order time delay systems 
(NFOTDSs) enhance the modeling of biological systems by incorporating memory effects 
and transmission delays, providing more precise, non-local dynamics than integer-order 
models [16]. NFOTDSs specifically model systems in which the derivative of the state at 
the current time depends on the derivatives of the state at previous times, a characteristic 
commonly found in complex biological systems, such as in neural modeling. Unlike tra-
ditional models, fractional-order systems take into account the entire history of the pro-
cess, making them ideal for systems with aftereffects, such as physiological processes. 

Here, it is of interest to solve human balancing by applying fractional-order TDFC, 

which includes proportional-fractional order derivative-acceleration terms, i.e., 2PD Dβ

-type. Particularly, the stability of FOTDs is a complex field of study where stability crite-
ria differ from integer-order systems [17]. Moreover, finite-time stability (FTS) in human 
balancing refers to the neuromuscular system’s ability to stabilize postural sway within a 
specific, limited duration, rather than over infinite time. It models postural control as a 
fast-converging, often nonlinear switched system that manages sway by utilizing propri-
oceptive feedback from muscles to maintain a stable, narrow range of motion. Specifically, 
FTS analysis of closed-loop neutral fractional order time delay systems (NFOTDSs) has 
been done as one of the important issues. Finally, a new FTS criterion for these systems is 
established by virtue of the generalized Gronwall inequality and the Mittag-Leffler func-
tion, respectively. 

This paper is arranged as follows: Section 2 provides basic definitions, notations, and 
lemmas related to FC. The main results are developed in Section 3; using the generalized 
Gronwall inequality, we derive two sufficient conditions that ensure the finite-time stabil-
ity (FTS) of closed NFOTDS. Section 4 presents a numerical example to validate the feasi-
bility of the proposed stability criteria. Finally, Section 5 summarizes this contribution. 
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2. Preliminaries and Problem Statement 
2.1. Preliminaries 

This section is devoted to recalling some basic definitions of fractional calculus the-
ory. In this paper, we use the norm ( )⋅  that denotes any vector norm, i.e., ( ) 1 ,⋅ ( ) 2 ,⋅  

or ( ) ,∞⋅ the corresponding matrix norm induced by the equivalent vector norm, i.e., 1 ,−  

2 ,−   or ∞ −   norm, respectively. Let [ ]( )0, , nC T R  be the Banach space of vector-valued 

continuous functions from [ ]0,T  to nR   endowed with the infinity norm

[ ] ( )0,supt TCx x t∈=   for a norm . on nR . 

Definition 1 ([12]). The left Caputo fractional derivative of orderα , ( 1n nα +− ≤ < ∈ )   of the 
function ( )f t  is: 

( ) ( ) ( ) ( ) ( )
0

1
,

1 ,
0

t
n nC

t t
t

D f t t f d
n

αα τ τ τ
α

− −= −
Γ −   (1)

where ( ) ( ) ( ) /n n nf d f dτ τ τ= . 

Definition 2 ([18]). The Mittag-Leffler function with one parameter is given as: 

( ) ( ) ( )( )1
0

/ 1 , 1, , 0,k h

k
E h h k E h e h Cα α α α

∞

=
= Γ + = = > ∈  (2)

Lemma 1 ([18]). 

( )( ) ( ) ( ) ( )
1

0 0
0

0 , 1 , 0
!

kn
kc

t
k

tI D f t f t f n n t
k

α α α
−

=
= − − < < >  (3)

when 1 2α< < , it yields 

( )( ) ( ) ( ) ( )0 0 0 0 , 0c
tI D f t f t f tf tα α ′= − − >  (4)

Lemma 2. Let 0, 1n n> > − < <α β β  and ( ) [ ],nf t AC a b∈ . Then 

( )( ) ( ) ( )
( ) ( )

1
0 00

0
0 .

1

kn
kc

t t
k

tI D f t I f t f
k

α β
β α βα

α β

+ −−
−

=
= −

Γ − + +  (5)

Remark 1. Assume that 1 2< < <β α ; then, we have: 

( )( ) ( ) ( )
( )

( )
( )

(1) 1

0 00
0 0

, 0
1 2

c
t t

f t f t
I D f t I f t t

α β α β
β α βα

α β α β

− − +
− ⋅ ⋅

= − − ≥
Γ − + Γ − +

 (6)

Lemma 3 ([19]). (Generalized Gronwall Inequality) Suppose 0α > , ( ), ( )w t v t  are nonnegative 
and locally integrable on 0 ,t T T≤ < ≤ +∞  and ( )g t  is a nonnegative, nondecreasing continu-
ous function defined on 0 , ( )t T g t M const≤ < ≤ = , 0α >  with 

( ) 1

0

( ) ( ) ( ) ( )
t

w t v t g t t s w s dsα−≤ + −  (7)



Fractal Fract. 2026, 10, 130 4 of 13 
 

https://doi.org/10.3390/fractalfract10020130 

on this interval. Then 

( )( )
( ) ( ) 1

10

( )
( ) ( ) ( ) , 0

t n
n

n

g t
w t v t t s v s ds t T

n

∞
α−

=

 Γ α ≤ + − ≤ <
 Γ α
 
  (8)

Corollary 1. Under the hypothesis of Lemma 3, let ( )v t  be a nondecreasing function on [ )0,T . 

Then it holds: 

( ) ( )( )( ) ( )w t v t E g t tα
α≤ Γ α  (9)

where Eα  is the Mittag-Leffler function. 

Proof. The hypotheses imply 

( )( )
( ) ( )

( )( )
( )

( )( )

1

1 00

( )( )
( ) ( ) 1 ( )

1

( ) ( ) .

nt n
n

n n

g t tg t
w t v t t s ds v t

n n

v t E g t t

α∞ ∞
α−

= =

α
α

  Γ αΓ α ≤ + − = =
 Γ α Γ α +
 

= Γ α

   (10)

□ 

Lemma 4 (an extended form of the GGI [20]). Suppose non-integer orders 0, 0,α β> >  and 

( )v t  is a nonnegative function locally integrable on [ )0,T , ( )1g t and ( )2g t  are nonnegative, 

nondecreasing, continuous functions defined on [ )0,T  , ( )1 1,g t N≤ ( )2 2 ,g t N≤

1 2( , )N N const= . Suppose ( )w t  is nonnegative and locally integrable on [ )0,T  with 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) [ )1 1
1 2

0 0
, 0,

t t
w t v t g t t s w s ds g t t s w s ds t Tα β− −≤ + − + − ∈   (11)

It follows 

( ) ( ) ( ) ( ) ( )
( )( ) ( )( ) ( ) [ )1

1 00
, 0,

n k kkt nn n n k k

n k

C
w t v t g t t s v s ds t T

n k k
α βα β

α β

−∞
− + −

= =

Γ Γ      ≤ + ⋅ − ∈   Γ − +  (12)

where ( ) ( ) ( )1 2g t g t g t= +  and ( )( ) ( )1 2 ... 1 / !k
nC n n n n k k= − − − + . 

Corollary 2. Under the hypothesis of Lemma 4, let ( )v t  be a nondecreasing function on [ )0,T . 

Then 

( ) ( ) ( ) ( ) ( )( )w t v t E g t t tα β
ϖ α β ≤ Γ + Γ  

, ( ),minϖ α β=  (13)

2.2. Dynamics of Neural-Mechanical Model of Human Balancing in the Sagittal Plane 

In biomechanics of the human locomotor system, balancing the human body in the 
sagittal plane is a complex biomechanical challenge to keep the body’s center of mass over 
its base of support. Figure 1 shows a corresponding neural-mechanical model of human 
balancing in the sagittal plane as an inverted pendulum with mass m and l  representing 
the distance between the center of gravity C and the stationary point O, while 0xJ  is the 
axial moment of inertia to the horizontal axis passing through the pivot point O [8,9]. The 
human body is controlled by torque ( )oxM t  , which consists of passive torque ( )pM t  

and active torque ( )aM t . The passive torque ( )pM t  depends on the ankle joints’ stiff-

ness ( )tk t  and damping ( )tb t   of a torsional spring. According to [21], the authors 
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concluded that the Achilles tendon, aponeurosis, and foot provide the ankle joint stiffness 
( )tk t  and are not large enough to maintain balance against the moment due to the forces 

of gravity. Moreover, here it is assumed that the coefficients ( ) ( ),t tk t b t const=  are con-
stants, and 𝑀௣ሺ𝑡ሻ can be presented as: 

( ) ( ) ( )p t tM t k t b tθ θ= +   (14)

Hence, balancing the human body in the sagittal plane during quiet standing, it is 
necessary to add active control torque 𝑀௔ሺ𝑡ሻ. It is generated by the contractile elements 
of the ankle joint muscles [22] and controlled by the central nervous system based on sen-
sory signals about the angle of rotation θ , angular velocity θ , and angular acceleration 
θof the human body around the longitudinal horizontal axis. 

The linear part of the saturated active torque [8] is given as follows: 

( ) ( ) ( ) ( )a p d aM t k t k t k tθ τ θ τ θ τ= − + − + −   (15)

where kp, kd and ka denote proportional gain, speed gain and acceleration gain, respec-
tively. Time-delayed signals of θ , θ  are provided by the vestibular system and propri-
oceptors, whereas Newton’s Second Law [21] states that the θ  is related to information 
coming from mechanoreceptors. 

 

Figure 1. A neural-mechanical model of balancing in the sagittal plane. 

Applying the theorem of angular momentum for the system about a fixed axis, we 
get the differential equation of motion as: 

( ) ( ) ( )sinox p aJ t mgl M t M tθ θ= − −
 (16)

Here, we study a more general case of balancing a human body in the sagittal plane, 
where the linearized active torque ( )aM t  includes a term with a derivative of fractional 
order β  as follows: 

( ) ( ) ( ) ( )Dc
a p d t aM t k t k t k tβθ τ θ τ θ τ= − + − + −  (17)

for 0 2β< <   and ( )D .. ,C
t
βθ   denote Caputo’s derivative of the fractional order β  

[12]. 
Therefore, we study the linearized system (16) assuming that sinθ θ≈ , 0tb ≈  , and 

it can be represented as a fractional order neutral time delay differential equation 
(FNTDDE), because there is the highest derivative of the state variable a in delayed form: 

( ) ( ) ( ) ( )Dpt cd a
t

ox ox ox ox

kmgl k k k
t t t

J J J J
βθ θ θ τ θ τ θ τ

−
− = − − − − − −   (18)
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or 

( ) ( ) ( ) ( ) ( )4 1 2 3 Dc
tx t c x t c x t c x t c x tβτ τ τ′ ′ ′ ′− − = + − + −   (19)

where 

( ) ( ) ( )1 2 3 4, / , / , / , / ,t ox p ox d ox a oxx t t c mgl k J c k J c k J c k Jθ ′ ′ ′ ′= = − = − = − = −  (20)

One may observe that the desired equilibrium state of the human body standing in 
the sagittal plane presents trivial solution 0θ =  of the linearized (19). 

3. Main Results 
3.1. FTS Analysis of Problem of Human Postural Balance in Sagittal Plane-Fractional Order 
Case 

In this section, we study the finite-time stability (FTS) of a fractional order time delay 
dynamical system in closed-loop form (19) with the associated continuous functions of the 
initial state ( )x t  as well as the first derivative of ( )x t : 

( ) ( ) ( ) ( ) [ ], ,0 ,x xx t =ψ t , x t t tϕ τ∈ −=  (21)

Definition 3 ([23,24]). The FNTDDE 1 2,β α< < ≤  delay system with state time delays given 
by nonhomogeneous state Equation (19) satisfying initial conditions (21) is finite-time stable w.r.t. 

( ){ }0, , , , ,t Jδ ε ⋅  0 < 𝛿 < 𝜀, if and only if: 

( ) [ ], , 0, , 0t J x t t J T Tρ δ ε< ∀ ∈  < ∀ ∈ = >  (22)

where	 { }max ,C C=ρ ψ ϕ  and ,δ ε  are positive constants. 

Theorem 1. The FNTDDE 1 2, 2β α< < =   time delay system given by the closed-loop state 

Equation (19) satisfying initial conditions (21) is finite-time stable w.r.t. ( ){ }0, , , , ,t Jδ ε ⋅  0 <𝛿 < 𝜀, if the following condition holds: 

( ) ( ) ( ) ( ) ( ) ( )( )
2

3 2 2
4

4

1 1 1 2 2
1 3

c t
t c E g t t t

c

β
β

β
εβ

β δ

−
−

 
  + ⋅ + + Γ − + Γ <  − Γ −  

 (23)

where ( ) ( )( )
( )

3

4

/ 2
1

c c
g t

c
β ΣΓ − +

=
−

, ( )1 2c c cΣ = +  and 4 1c < . 

Proof of Theorem 1. Using Lemmas 1 and 2, we can obtain a solution of (19) in the form 
of an equivalent Volterra integral equation, where 0 0t = : 

( ) ( ) ( ) ( ) ( )
( )
( ) ( ) ( ) ( ) ( ) ( ) ( )

4 4 4
2

13 3
1 2

0 0

( ) 0 0

3 2

x x
t t

x

x t x x t c x t c c t

c t c
t s x s ds t s c x s c x s ds

β
β

τ ψ τ ϕ τ

ψ τ
τ τ

β β

−
−

′ ′ ′= + ⋅ + − − − − ⋅ −

′ − ′
′ ′− + − − + − + −  Γ − Γ −  



 (24)

Applying the norm ( ).  and previous assumptions to the (24), we obtain 
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( ) ( ) ( ) ( )

( ) ( )
( )

( )

( ) ( ) ( ) ( ) ( ) ( )

4
2

3
4 4

13
1 2

0 0

0 0

3

2

x
x x

t t

x t x x t c x t

c t
c c t

c
t s x s ds t s c x s c x s ds

β

β

τ

ψ τ
ψ τ ϕ τ

β

τ τ
β

−

−

′≤ + ⋅ + − +

′− −
′ ′+ − − + − ⋅ − + +

Γ −

′
′ ′+ − − + − + −  Γ −  



(25)

Taking into account that: 

( ) ( ) ( ) ( ) ( ) ( )1 2 1 2 1 2c x t c x t c t c t c t c tτ τ τ′ ′ ′ ′+ − ≤ + − = + −x x x x , it follows: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

2
3

4 4 4

13
1 2

0 0

1 1
3

2

x xC C

t t

c t
x t c t c c x t

c
t s x s ds t s c x s c x s ds

β

β

ψ ϕ τ
β

τ τ
β

−

−

 
 ≤ + + + ⋅ + + −

Γ −  

 + − − + − + − Γ −  

 (26)

Hence, the nondecreasing function is introduced ( )
[ ]

( ) [ ]
,

sup , 0,
t

y t x t T
ζ τ

ζ
∈ −

= ∀ ∈  , 

where, for  [ ]0, ,t t∀ ∈  the following conditions satisfy 

( ) ( ) ( ) ( )* * * *,x t y t x t y tτ≤ − ≤  (27)

From the above, using previously obtained inequalities, the expression (26) can be 
reorganized as follows: 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1

2
3

4 4 4

3

0 0

1 1
3

2

x xC C

t t

c t
x t c t c c y t

c
t s y s ds c t s y s ds

β

β
ψ ϕ

β

β

−

−

Σ

 
 ≤ + + + ⋅ + +

Γ −  

+ − + −
Γ −  

 (28)

where is ( )1 2c c cΣ = + . Also, for [ ]0,t∀ ∈ν  we have 

( ) ( ) ( ) ( )

( ) ( ) ( )
1

2
3

4 4 4

3

0 0

1 1
3

2

x xC C
c

c c c y

c
s y s ds c s y s ds

β

β

ν ν

ν
ν ψ ϕ ν ν

β

ν ν
β

−

−

Σ

 
 ≤ + + + ⋅ + + +

Γ −  

+ − + −
Γ −  

x

 (29)

Taking into account that a nonnegative function ( )y t  is increasing, then the func-

tions ( )1

0
,

t
s y t s dsα β− − − ( )

0
,

t
s y t s ds−    2, 0, 0,α α β α β= > > − >    are increasing 

with respect to 0t ≥ . Also, 2 22 0, ,t tβ β β ββ ν ν − −− > ≤ ≤  it yields 

( ) ( )1 1

0 0
,

t
s y s ds s y t s ds

ν
β βν− −− ≤ −  ( ) ( )1 1

0 0
,

t
s y s ds s y t s ds

ν
ν − ≤ −   (30)

Further, based on the properties of the function ( )y t , it follows that 
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( )
[ ]

( )
[ ]

( )
[ ]

( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1

, ,0 0,

2
3

4 4 4

3

0 0

sup max sup , sup ,

, 1 1
3

max

2

t t

x x xC C C

t t

y t x x x

c t
c t c c y t

c
t s y s ds c t s y s ds

β

ν τ ν τ ν

β

ν ν ν

ψ ψ ϕ
β

β

−

∈ − ∈ − ∈

−

Σ

  = ≤  
  

  
  + + + ⋅ + + +
 Γ −   ≤  
 

+ − + − 
Γ −  

 

 (31)

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )
1

2
3

4 4 4

3

0 0

1 1
3

2

x xC C

t t

c t
c t c c y t

c
t s y s ds c t s y s ds

β

β
ψ ϕ

β

β

−

−

Σ

 
 = + + + ⋅ + +

Γ −  

+ − + −
Γ −  

 

or 

( ) ( )
( ) ( )

( ) ( ) ( ) ( ) ( )
1

2
3

4 4

4 3

0 0

1 1
31

1

2

x xC C

t t

c t
c t c

y t
c c

t s y s ds c t s y s ds
β

β
ψ ϕ

β

β

−

−

Σ

  
  + + + ⋅ + +
 Γ −   ≤

−  
 − + −
 Γ − 

 

 (32)

where it is assumed that condition 41 0a− >   is fulfilled. Now, if we introduce  

{ }max ,C Cρ ψ ϕ= we can get 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
1

3

4 0 0

1
1 2

t tc
y t t t s y s ds c t s y s ds

c

β
ρω

β

−

Σ
 
 ≤ + − + −

− Γ −  
   (33)

where a nondecreasing function ( ) ( ) ( ) ( )2
4 31 1 3t t c c t βω β−= + ⋅ + + Γ −

 , 
[ ]0 0,J T=  is introduced. Based on Lemma 4 for 2 0, 0= > >α β  , ( )2,min= =κ β β , 

we obtain: 

( ) ( ) ( ) ( ) ( ) ( )( )2 2

4
2 2

1
t

x t y t E g t t t
c

β
β

ρ ω
β −⋅  ≤ ≤ Γ − + Γ  −

 (34)

where ( ) ( ) ( ) ( )( )
( )

3
1 2

4

/ 2
1

c c
g t g t g t

c
β ΣΓ − +

= + =
−

. According to Definition 3 we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )
2

3 2 2
4

4

1 1 1 2 2
1 3

c t
x t t c E g t t t

c

β
β

βδ β
β

−
−

 
  ≤ + ⋅ + + Γ − + Γ  − Γ −  

 (35)

Finally, using the basic condition of Theorem 1, we can obtain the required FTS con-
dition: 

( ) , .t t J< ∀ ∈εx   (36)

□ 
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3.2. FTS Analysis of Problem of Human Postural Balance in Sagittal Plane-Integer Order Case 
In this subsection, we consider the case of the integer order 1,β =  where we have 

a closed integer order neutral time delay system (INTDS) that includes the integer order 
derivatives and in the form: 

( ) ( ) ( ) ( ) ( )1 2 3 4t c t c t c t c tτ τ τ′ ′ ′ ′= + − + − + −x x x x x    (37)

with the associated continuous functions of the initial state ( )x t  as well as of the first 

derivative of ( )x t : 

( ) ( ) [ ] ( ) ( ) [ ], ,0 , , ,0x xt t t t t tτ ϕ τ′= ∈ − = ∈ −x ψ x  (38)

We give a new criterion for FTS of (36) with the help of generalized Gronwall ine-
quality. 

Theorem 2. The INTDS time delay system given by the closed-loop state Equation (37) satisfying 
initial conditions (38) is finite-time stable w.r.t. ( ){ }0, , , , ,t Jδ ε ⋅   0 < 𝛿 < 𝜀,  if the following 

condition holds: 

( )( )( ) ( )( ) ( )2
3 4/ 1

4 3
4

1 1 1
1

c c t t c
c t c t e

c
ε
δ

Σ + + −
+ + + <

−
 (39)

where are ( )1 2c c cΣ = +  and 4 1c < . 

Proof of Theorem 2. Using Lemmas 1 and 2 (integer case), we can obtain a solution of (36) 
in the form of an equivalent integral equation, where 0 0t = : 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 4 4

3 3 1 2
0 0

0 0 x x
t t

x

t x x t c x t c c t

c t c x s ds t s c x s c x s ds

τ ψ τ ϕ τ

ψ τ τ τ

′ ′ ′= + ⋅ + − − − − ⋅ −

′ ′ ′ ′− − + − + −  + −   

x   (40)

After applying the norm ( )⋅  from the previous expression one can get: 

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

4 4 4

3 3 1 2
0 0

0 0 x x
t t

x

t x x t c x t c c t

c t c x s ds t s c x s c x s ds

τ ψ τ ϕ τ

ψ τ τ τ

′ ′ ′≤ + ⋅ + − + − + ⋅ −

′ ′ ′ ′+ − + − + − + −   

x 

 (41)

Taking into account that ( ) ( ) ( ) ( )1 2 1 2a x t a x t a t a tτ τ′ ′+ − ≤ + −x x   it yields: 

( ) ( ) ( )

( ) ( ) ( ) ( )

4 3 4 4

3 1 2
0 0

1 1x xC C
t t

t c c t t c c x t

c x s ds t s c x s c x s ds

ψ ϕ τ

τ τ

≤  + +  + ⋅ + + − 

 + − + − + −  

x

 (42)

Hence, nondecreasing function is introduced, ( )
[ ]

( ) [ ]
,

sup , 0,
t

y t x t T
ζ τ

ζ
∈ −

= ∀ ∈  , 

where, for [ ]0, ,t t∀ ∈ the following conditions satisfy (27) and applying on (42) we get 

( ) ( ) ( ) ( ) ( ) ( )4 3 4 4 3
0 0

1 1
t t

x xC Ct c c t t c c y t c y s ds c t s y s dsψ ϕ Σ≤  + +  + ⋅ + + + + −   x  (43)

Following the steps of the proof from the previous Theorem 1, it follows 
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( ) ( )( )

( ) ( ) ( )

4 3 4
4

3

4 40 0

1 1 1
1

1 1

x xC C

t t

y t c c t c t
c

c c
y s ds t s y s ds

c c

ψ ϕ

Σ

≤  + +  + ⋅ + + −

+ + −
− − 

      
(44) 

Introducing a function ( )tω   (45) that is nondecreasing as well as  

{ }max ,C Cρ ψ ϕ= we can get 

( ) ( )( )( )4 3 4
4

1 1 , 1
1

t c t c t c
c

ρω = + + + <
−

 (45)

and (44) may be written as 

( ) ( ) ( ) ( ) ( )3

4 40 01 1

t tc cy t t y s ds t s y s ds
c c

ω Σ≤ + + −
− −  . (46)

Based on the generalized Gronwall inequality Lemma 4 for 2 0, 1 0α β= > = >  ,  

( )2,1 1minκ = = we obtain 

( ) ( ) ( ) ( )( )2
1x t y t t E g t t tω  ≤ ≤ +  

 

( )( )( ) ( )( ) ( )2
3 4/ 1

4 3
4

1 1
1

c c t t a
c t c t e

c
ρ Σ + + −

≤ + + +
−

 (47)

where is ( ) ( ) ( )3 4/ 1g t c c aΣ= + − .Combining (39) with (47), we get  ( ) , .t t Jε< ∀ ∈x  

Hence, the proof is complete. □ 

Remark 2. It is easy to show that the stability condition of Theorem 2 is a special case of the 
stability condition of Theorem 1 for the case 1β = . 

Remark 3. The FTS criteria obtained are delay-independent. 

4. Numerical Example 
Let us consider the human body in the balancing task in the sagittal plane. The fol-

lowing numerical values of the human body’s physical parameters are used in the balanc-
ing task: 2 2

0600 [ / ], 60 [ ],xmg kgm s J kgm= =   471, 1[ ]tk l m= =  [9] and time delay 
0.1[sec]τ = . 
In particular, the interval values for the proportional, speed and acceleration gain 

parameters are known in advance: [ ]0,3000 ,pk ∈ [ ] [ ]0,600 , 12,48d ak k∈ ∈ − . Further-

more, one can calculate the value intervals for the coefficients as follows: 

[ ]1 2 02.15, / 0,50 ,pc c k J′ ′= = − ∈ [ ]3 0/ 0,10 ,dc k J′ = − ∈ [ ]4 0/ 0.2,0.8ac k J′ = − ∈ − , 

so that, for t]he adopted values 12,ak = 180dk = , 780,pk = we have: 

1 1 2 2 3 3 4 42.15, 13,c 3,c 0.167c c c c c c′ ′ ′ ′= = = = = = = = . (48)

Here, we test the first criterion from Theorem 1 where it is assumed that 1.7β =  
with initial functions ( ) 0.01x t =ψ [ ], 0.1 0t ∈ − ; ( ) 0.01x tϕ = [ ], 0.1 0t ∈ −   , that is, 

0.01x =ψ  0.01xϕ =    and { }max , 0.01 0.02C Cρ ψ ϕ δ= = < =   where ( ). ∞
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norm is used. Let us choose  0.02δ = and 80ε = ; then, from inequality (22), we can cal-
culate that the estimated time of FTS is e 0.122 sT ≈ . 

Remark 4. The calculated time eT  is of the order of magnitude for the fastest human reaction 
time, which is approximately (0.1–0.12) s. 

Sensitivity analysis was performed for the changes in Te, considering variations in 
the fractional order β and the control parameters ka for fixed kp, kd, and ,ε δ  (see Table 
1). The highest value of Te is observed when 1.3β =  is used, with 1aK = . 

Table 1. eT  for  80, 0.02ε δ= = 180dk = 780,pk =  in a numerical example. 

β  1Ka =  10aK =  20aK =  30aK =  

1.3 0.360 0.292 0.216 0.143 
1.5 0.355 0.265 0.172 0.094 
1.7 0.210 0.122 0.052 0.019 

5. Conclusions 
In this work, we applied a suitable fractional-order FOTDFC to address the human 

postural balance problem. The proposed TDFC, whether of fractional or integer order,
2PD Dβ -type is equivalent to a predictive controller that utilizes delayed angular position, 

velocity, and acceleration to predict the actual state. FOTDFC controllers provide more 
tunable parameters, improving stability and robustness. Also, the suggested FOTDFC 
may enhance humanoid robot balancing by more effectively addressing memory effects 
and reaction delays than integer-order systems. Specifically, we analyzed the FTS of the 
considered closed-loop system by applying the generalized Gronwall inequality. Our 
findings present new sufficient conditions expressed as inequalities involving the Mittag-
Leffler function, which ensure the FTS of the system, particularly for both fractional and 
integer orders. The two FTS criteria obtained are delay-independent, and future work will 
focus on exploring less conservative FTS criteria that are delay-dependent. Finally, we will 
provide a numerical example to illustrate the effectiveness and applicability of the pro-
posed theoretical results. Future research will focus on fractional-order control and the 
stability of biological systems, such as epidemic models, which can be represented as 
NFOTDSs. 
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