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Abstract

This paper investigates the fully distributed observer-based dynamic double-event-
triggered bipartite consensus tracking problem of fractional-order multi-agent systems
(FOMASs) with input saturation under a directed graph. First, to address this complex
challenge, a pull-based dynamic double-event-triggered mechanism (DDETM) with differ-
ent event-triggered conditions and capable of operating independently is designed, which
can effectively reduce communication costs and controller updates concurrently. Then, the
low-gain feedback technique is used to solve the input saturation problem faced by FO-
MASs under a directed graph. Based on the estimated state information, a fully distributed
control protocol with pull-based DDETM is proposed to ensure the achievement of bipartite
consensus tracking for FOMASs. A noteworthy feature of this control protocol is its ability
to achieve system stability without the need for global information. Correspondingly, the
sufficient conditions for achieving bipartite consensus is obtained with the help of low
gain feedback technology and Lyapunov stability theory. Moreover, the Zeno behavior is
precluded. Finally, a simulation example is presented to illustrate the theoretical results.

Keywords: fractional-order multi-agent systems; dynamic double-event-triggered
mechanism; fully distributed control; bipartite consensus tracking; input saturation;

directed graph

1. Introduction

In the context of the rapid development of information technology, the problem of co-
operative control of multi-agent systems (MASs) has attracted a great deal of attention, with
a wide range of applications in the fields of multi-robot systems [1], sensor networks [2],
and social networks [3] due to its characteristics of autonomy, distribution, and coordina-
tion. As one of the most fundamental and primary cooperative control issues for MASs,
consensus control has also raised many concerns. To date, researchers [4-6] have provided
numerous insights for the consensus, optimization and resource allocation of MASs, cover-
ing integer-order systems from first-order, second-order to higher-order dynamic systems
as well as nonlinear fractional-order multiagent systems over unbalanced digraphs, where
the pull-based event-triggered mechanism is further extended to fractional-order scenarios
with time delay and nonlinearity to reduce communication congestion. However, with
the advent of fractional calculus, fractional-order multi-agent systems are investigated by
more and more people, offering a more comprehensive and flexible framework to address
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the complexities of cooperative and distributed systems, which have been investigated
in [4,7-10]. In [4], a distributed event-triggered control law with time delay was proposed
for nonlinear FOMASs. It is noticed that the papers mentioned above are based on an
assumption that the information interactions among agents are cooperative, that is, the edge
weights of the communication network graph among agents are all non-negative. However,
in the real world, such as in social networks, cooperation and antagonism between agents
exist simultaneously.

To address the issue of information interactions among agents highlighted above, the
concept of bipartite consensus was first introduced by Altafini in [11], which means that
the edge weights of the communication network graph among agents are both positive
and negative. Further, some corresponding results about the bipartite consensus have
been achieved in [12-14]. In [13], a straightforward algebraic graph condition was ob-
tained for the bipartite consensus of matrix-weighted second-order MASs. The distributed
bipartite control was investigated by proposing a novel distributed hybrid event-driven
strategy in [14]. It is crucial to observe that controllers in several articles, such as [4,15,16],
are intricately linked to the global information of the communication graph. Neverthe-
less, in practical scenarios, the introduction or removal of an agent or alterations in the
graph’s connectivity will lead to corresponding modifications in the Laplacian matrix of
the communication topology. Consequently, addressing the global information issues of
the communication topology graph poses a substantial challenge.

How to design an appropriate controller so that each agent can realize cooperative con-
trol without relying on global information? This question has garnered significant attention
within the academic community. Through the efforts of researchers, some corresponding
results have been obtained in [17-23], covering both integer-order and incommensurate het-
erogeneous fractional-order multi-agent systems. As mentioned above in [15,21,22], all of
them only investigated the consensus of MASs (including incommensurate heterogeneous
fractional-order MASs) under undirected communication topology graph without input
saturation. It is essential to recognize that directed graph is capable of building complex
topologies that represent in detail the dependencies between agents in real-world scenarios.
Moreover, input saturation is an inevitable phenomenon in practical applications, stemming
from the security requirements of real systems and the limitations of physical devices.

In recent years, consensus and consensus tracking problems of multi-agent systems
(MASs) under practical constraints have attracted increasing attention. In particular, input
saturation and state constraints are inevitable in real-world applications due to actuator
limitations and safety requirements, and may significantly degrade system performance
if not properly addressed. To this end, various control strategies have been developed to
handle constrained consensus problems in both integer-order and fractional-order multi-
agent systems. For integer-order MASs, consensus control under actuator saturation has
been investigated using low-gain feedback, anti-windup techniques, and auxiliary dynamic
systems [24,25]. In addition, constrained observer-based and event-triggered designs have
been explored for systems with practical limitations [26]. Meanwhile, increasing attention
has also been paid to fractional-order multi-agent systems (FOMASs) under actuator satu-
ration and state constraints. For instance, semi-global leader-following output consensus
of heterogeneous FOMASs with input saturation was studied via observer-based protocols
in [27], and fuzzy adaptive tracking control combined with event-triggered strategies was
developed for FOMASs with partial state constraints and input saturation in [28]. However,
most existing studies are limited to undirected communication graphs or require global
topology information. Moreover, they mainly adopt continuous communication schemes
or static event-triggered mechanisms, which may lead to frequent controller updates and
increased communication burden.
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To tackle these challenges, researchers have explored the control protocols incorpo-
rating a static event-triggered mechanism (ETM) to alleviate communication congestion
or reduce the frequency of controller updates. While the static ETM initially proves ef-
fective in reducing communication costs, its drawback lies in the increasing frequency of
event-triggered as the threshold diminishes. In response to this issue, the dynamic event-
triggered mechanism (DETM) was proposed in [29]. Subsequently, numerous scholars have
focused on addressing consensus and formation control problems in fractional-order MASs
utilizing dynamic event-triggered mechanisms (DETMs), such as the dynamic-threshold
DETM proposed for underactuated AUVs in [30-32]. Building upon DETM, the DDETM
was examined in [33] with the aim of simultaneously decreasing communication costs and
controller updates. Recently, DDETM have been proposed to further reduce communi-
cation and controller update frequency compared with traditional single event-triggered
strategies. For instance, fixed-time cluster consensus of nonlinear multi-agent systems was
investigated via DDETM in [34], where convergence speed and communication efficiency
were simultaneously improved. Moreover, the bipartite leader-following consensus of
linear multi-agent systems with unknown disturbances under directed graphs was studied
using DDETM in [35], demonstrating the effectiveness of double triggering in complex
networked environments. Although these studies have revealed the advantages of DDETM
for integer-order multi-agent systems, they mainly focus on linear or nonlinear integer-
order dynamics and do not simultaneously address fractional-order dynamics and actuator
saturation. Motivated by this observation, the present paper develops a fully distributed
observer-based dynamic double-event-triggered control framework for fractional-order
multi-agent systems with input saturation under directed graphs. To the best of the authors’
knowledge, results on fully distributed DDETM-based semiglobal bipartite consensus
tracking for fractional-order multi-agent systems under directed graphs remain limited,
which further highlights the significance of the proposed study.

Inspired by the preceding discussion, this paper addresses the fully distributed dy-
namic double-event-triggered SBCT problem for FOMASs with input saturation under
a directed graph. The key contributions of this work include the design of a pull-based
DDETM with different event-triggered conditions that can operate independently to si-
multaneously reduce communication costs and the frequency of controller updates. The
challenge of input saturation in FOMASs is tackled through the application of low-gain
feedback technology. Building on the estimated information, a fully distributed DDETM
control protocol is proposed to address SBCT in FOMASs under directed graph, and a
rigorous proof excluding Zeno behavior is given.

In comparison to the existing literature, the advantages of this article include the
following. Unlike [30,36], which focus solely on communication resource consumption or
the cost of controller updates for event-triggered strategies, we consider both factors and
adopt a DDETM with different event-triggered conditions that can operate independently.
As a result, our design provides a better balance between dynamic performance and com-
putational cost by reducing the cost of controller updates while minimizing unnecessary
communication resource consumption. The algebraic Riccati equations in some of the exist-
ing results [15,16] usually require global communication topology information; however,
obtaining global information in practice is challenging, especially when the connectivity
of the network topology graph changes and the Laplace matrix of the communication
topology changes accordingly. To address this challenge, this paper proposes a fully dis-
tributed controller by employing an adaptive technique so that the control protocol does not
depend on any global topology information. This approach helps to improve the feasibility
of the controller in practical applications. The results in the existing research [15,21,22]
typically do not take input saturation into account. However, in practical applications,
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inherent security requirements and constraints imposed by physical devices have a signifi-
cant impact on system behavior and performance. Based on this, we employ a low-gain
feedback technique to address the input saturation problem faced by multi-agent systems
under directed graph, thereby improving the stability and performance of multi-agent
systems in the presence of input constraints. To the best of the authors’ knowledge, there
is a shortage of results on the fully distributed DDETM bipartite consensus of FOMASs
under a directed graph. Consequently, investigating this problem for FOMASs presents a
significant challenge.

The remainder of this article can be summarized as follows. Section 2 presents the
elementary preliminaries and problem formulation. Section 3 investigates the fully dis-
tributed observer-based SBCT problem under the DDETM. Section 4 presents a simulation
experiment to validate the theoretical results. Section 5 summarizes the article.

Notations: For any given real vector x = [x1,Xp,...,x,]T € R, ||x|| is defined as 2-
norm. ® denotes the Kronecker product. Iy stands for the N x N identity matrix. diag(...)
represents a block-diagonal matrix. AT means the transpose of matrix A. A > 0 (or A < 0)
signifies that A is positive definite (or negative definite). The notations R"” and R™*" are the
spaces of n-dimensional real column vectors and m x n real matrices, respectively. sgn(-)
represents the sign function.

2. Preliminaries and Problem Formulation
2.1. Graph Theory

We consider a signed communication graph G = (W, R) that consists of one leader
and N followers, where W = {1,2,..., N} is the set of nodes, R C W x W is the set of
edges. Consider a diagonal matrix 7 = diag(ayg, a0, - . ., ano), where a;y = 1 represents
agent i that can receive the information from leader agent; otherwise, a;0 = 0. For two
diverse nodes, (i,j) € R indicates that agent j can get the information from the agent
i. Denote the adjacency matrix o = [llij]NxN ; if an edge (j,i) € R, then ajj # 0, where
ajj > 0 (a;; < 0) represent the cooperative interaction (antagonistic interaction) between
agent i and j, respectively. The Laplacian matrix .#’ can be given as ¥ = .¥ — &/, where
& = diag(by,by,...,by), bi = Z]-Iil |a;j| and Ly is defined as Ly = L+ .

Definition 1 ([11]). A signed communication graph G is called a structurally balanced graph, if
W can be classified into two disjoint subsets Wl, W, satisfying VV1 U, =W, Win W, =g,
a;j > 0,i,j € Wyand a;; <0,i € Wy, j € Wa_y (7 € {1,2}).

Lemma 1 ([11]). A signed communication graph G is structurally balanced if, and only if, one
can always find a matrix D € 9 = {diag(s1,sy,...,sn)}, such that 5% = DLy D is positive
definite, and £* = DD is semipositive definite, where s; € {1, —1}. Moreover, the bipartition
of W depends on D, such as Wy = {i|s; = 1} and W, = {ils; = —1}.

Assumption 1. The signed communication graph G includes a directed spanning tree rooted at
the leader.

Lemma 2 ([37]). There exists a positive diagonal matrix G such that GLy + L:IEG > 0. One
such positive diagonal matrix G can be chosen as diag(g1, 2, - - -, &N), where [¢1,82,---,8n]T =
(ﬁ}_})il -1y

Lemma 3 ([37]). Given any constants k1 > 0, x, > 0 and k3 > 0, there exists a large enough
constant k4 > 0 such that

—#1C2(t) 4 xoI + k3GC(t) — k4G < —GC(t) 1)
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holds for all t > 0, where C(t) = diag(¢1(t),c2(t), ..., en(t)).

2.2. Caputo Fractional Derivative and Its Properties

Definition 2 ([38]). The Caputo fractional derivative of function f with order 0 < a < 1 can be

given as

1

D) = rry [, (6= 07 (O, ®

where T (a) = [;° t* e tdt.

Definition 3 ([38]). The Caputo fractional integral of function f with order & € (0,1) is defined as

) = i -0 (o G)

Lemma 4 ([38]). Consider a continuous function f(t); if 0 < a < 1, then the following equal-
ity holds
I*Df(t) = f(#) = £(0). )

Lemma 5 ([39]). For a continuous function f(t), if Vt > tg > 0, limy—eo t, IF| £ (£)|7 < M, then
lim;_e0 f(t) = 0, where 0 < & < 1, p and M are positive constants.

Definition 4 ([40]). For c > 0and d > 0, the Mittag—Leffler function is given as follows

o0 l9k
Eca(®) = ) vy ©)
¢ kzzo I'(kc+d)
where ¢ € C and E11(9) = e®. Denote E1(8) = E.(9). Especially, note that if c € (0,1],d > 0
and t > 0, then 0 < E¢(—dt°) < 1, Eqc(—dt?) > 0and 0 < t°E. .1 (—dt¢) < L.
Lemma 6 ([40]). For a € (0,1] and constant q € R, considering a continuous function h(t), the
solution of Dix(t) = qx(t) + h(t) can be described by
t
x(t) = x(to)Ea(q(t — t)*) + [ (t —£)*  Enu(q(t — £)*)R(£)de. (6)

to

Lemma 7 ([40]). Consider a differentiable and continuous function y(t) € R". For £ > 0,
0 <& <1, and matrix Q > 0, the following inequality holds:

D*(y" ()Qy(£)) < 2y" ()QD"y(0). )
Lemma 8 ([41]). For any vectors wy,wy € R", the following relationship holds:
2wl EFwy < wl EGETw; + wl FTG~'Fw,, (8)
where matrices G > 0, E and F are with appropriate dimensions.

2.3. Problem Formulation

Consider a group of FOMAS consisting of one leader and N followers. .# = {1,...,N}
represents the set that consists of N followers and 0 represents the leader. The dynamic
model of follower i is given as follows:

©)
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where 0 < a < 1, x;(f) € R", u;(t) € R™, and y,(t) € RP represent the state, con-
trol input, and output of follower i, respectively. ¢; : R — R™ denotes a satura-

tion function, and ¢s(u;(t)) = (Ps(ui1(t)), s(uin(t)), ..., Ps(wim(t)))T with ¢s (ui(t)) =
sgn(u;j(t)) min{|u;;(t)|, v}, where input saturation threshold v > 0, and sgn(-) represents
the sign function.

The dynamic model of leader is shown as follows:

10
Yo(t) = Fxo(t), (10

where 0 < a < 1, xo(t) € R", and yo(t) € R” represent the state and output of leader 0,
respectively.

Definition 5. The FOMAS (9) and (10) are said to reach SBCT; if for any initial conditions
x(0) € Q,1=0,1,...,N, the following condition satisfies:

tlim ||Xl'(t) — SixO(t)H =0, ieF (11)
—00

where s; = 1 or —1, Q) is a bounded set.

Assumption 2. The matrix pair (A, B) is stabilizable and detectable.

Remark 1. Assumption 1 is a sufficient condition for achieving consensus of MASs on a directed
graph. Assumption 2 is a basic assumption, which is a prerequisite to achieve consensus for MASs
in [15,16].

Under Assumptions 2, we construct the following state observer for each agent:

Df@;(t) = Aw@;(t) + Bes(ui(t)) + R(Fai(t) — yi(t)),

(12)
D@ (t) = Ao (t) + R(Fao(t) —yo(t)),

where @;(t) is the estimation of x;(), R is designed such that A + RF is a fractional-order
Hurwitz matrix.

3. Main Results

In the section, a fully distributed observer-based controller by utilizing pull-based
DDETM will be proposed to realize the SBCT of FOMAS (9) with the leader (10) under a
directed graph, and the Zeno behavior will be precluded.

Denote the combined measurement as

N
q:(t) = 21 |aij| (@i (t) — sgn(a;j)@;j(t)) + ajo(@i(t) — si@o(t)). (13)
iz

Then, for FOMAS (9), the distributed observer-based pull-based event-triggered con-
trol protocol can be designed as

ui(t) = Kei(t)qi(t), t€ [t ti ), (14)

https://doi.org/10.3390/ fractalfract10030162
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ci(t) = aipi(t) + bigi(ty), (15)
i(t) = 4] (1) Pqi(t), (16)
D*pi(t) = q] (,)PBB Pgi(t}), t € [t ti 1), (17)
K = —BTP is the feedback gain matrix, a;, b; are positive constants, and t}; denotes the k-th

triggering time sequence of the i-th agent.

Define the communication measurement error as

Ei(t) = qi(ty) —qi(t), telt ), (18)

the event-triggered sequence t. determines the -th triggering time sequence of communi-

cating with neighboring agents, which is determined by the following triggered function:
th =0,

b= inf{t > H| Ta(t) > 0}, (19)

where ~7rz( ) = Jy;(A rz'—‘n( )PBBTP‘—‘H( ) quz‘T(t;)PBBTPQi(ti)) - lpli(t)r Ay o= (1 =+

02)(22(t) + ¢;(t)), ci(t) = a;pi(t) + bip;(t) and e € (0,1). The dynamics of ¢y;(t) is charac-
terized by

D%yy;(t) = — ey (t) — (AuE5(t)PBBT PE,;(t) — geq] (£,)PBBT Pg;(t))), (20)

where €1; > 0 and ¢1;(0) > 0. Then, define the control measurement error as

Ei(t) = qi(8) — qi(8), te [t e ). (21)

The event-triggered sequence . determines the k-th triggering time sequence of the
updating controller, which is determined by the following triggered function:

th=0,
A inf{t > B J(t) > 0}, (22)

where Jii(t) = 521(Ak11~k1(t)PBBTPEki(t) — Diiqf (#)PBBT Py;(t,) — 25(;(+)PBBT Pg;(1}))
—2i(t), Ay = (14 5;) (@ (1) +&i(1) +d3 (1), Do = ¢(1 — &) — dF (1), and d;(t) = @i(t) —
i(t1). The dynamlcs of P (t) is characterized by

D"yni(t) = — exitpai(t) — (A1 (t) PBBT PEy(t)
— Mg} (t;)PBBT Py;(t)) — 22;(t)PBB  Py;(t1)), (23)

where €;; > 0 and ¢»;(0) > 0. Meanwhile, the parameter ¢, in inequalities (19) and (22) is
a positive constant.

Remark 2. The literature [26] only focuses on static ETM, which, while initially efficient in resource
minimization, encounter the issue of increasingly frequent event triggering as error decreases. In
contrast, our article introduces dynamic variables y;(t) and ,;(t) in inequalities (19) and (22).
These variables serve as the key elements in dynamically adjusting triggering thresholds, thereby
mitigating the aforementioned challenge. It is worth noting that the adaptive variables are updated
in a self-regulated manner and do not introduce additional communication requirements, which
helps maintain low computational complexity at each agent.
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Remark 3. It is worth noting that the event-triggered strategy in [30,36] only considers the
consumption of communication resources or the cost of controller updates, while in this paper, a
DDETM—as shown in (19) and (22)—is introduced to take both of them into consideration, which
not only adjusts the threshold dynamically according to the preset conditions, but also reduces
controller updates and unnecessary communication resources simultaneously. In addition, the
event-triggered control mechanism in this paper is pull-based, which means that each agent only
updates the controller based on its own trigger instants.

Lemma 9. For the priori given parameters 61;, &y, €14, €2i, and ¥;(0) > 0, P;(0) > 0, the
dynamic variables 1;(t), ,;(t) in event-triggered function satisfy

P1i(t) >0, yPy(t) >0, i€ Z. (24)

Proof. Fort € [t t +1), referring to Equation (17), one obtains that
AET(£)PBBTPE,i(t) — g7 (£)PBBT Py () < Y1) 25
riZyi(f) Eri(t) —q; (1) 9ilty) < =5 = (25)
1

Based on Equation (20), one gets that
" 1
Dri(t) = —{ eri + o Pri(t). (26)
1

According to Definition 4 and Lemma 6, it yields that yy;(t) > ¢1;(t)Es(—(e1; +
%ﬂ)(t — t1)%). Then, for t € [t |, ), the following inequality holds: ;;(t)
1p1i(t;_1)Ea(—(e1i + 5 - t )%). Thus, for t € [ti.—l’.tiﬁ)’. one has ¢1;(t)
P1i(t,_1)Ea(—(€1; + %ﬁ)(t —t,_1)%). Then, fort € [0,00) = [t;, t]) U [, t5) U... Ut} £, ),
it can be further derived that

>
>

P1i(t) = 91:(0) Eq (— (€1i + (511) t“) > 0. (27)

Using the similar method, one can also obtain that

Pai(t) > i (0)Ey <— (Gzi + 512) f“) > 0. (28)
O

Remark 4. The event-triggering thresholds are jointly requlated by the error-related terms and the
dynamically evolving threshold variables. The parameters 01; and 6,; adjust the sensitivity of the
triggering conditions, thereby determining how measurement and control errors affect the triggering
instants. The dynamic variables y;(t) and y;(t) serve as adaptive thresholds, which effectively
prevent excessive triggering and play a key role in ensuring Zeno-free behavior. Meanwhile, the
coefficients Ni, Ay, and Ayy; explicitly incorporate the sampling-induced mismatch characterized
by d;(t). This design quarantees that the event-triggered mechanism remains consistent with the
Lyapunov-based stability analysis, and thus ensures the closed-loop stability of the overall system.

Theorem 1. Suppose that Assumption 2 is satisfied, for initial values x,(0) € Q,1 =0,1,...,N,
the FOMAS (9) with the leader (10) achieve SBCT under the state observer (12) and the observer-
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based control protocol (14) driven by DDETM (19) and (22), if there exists a symmetric positive
definite matrix P satisfying:

PA+ AP — PBBTP +vI, = 0. (29)

Proof. Denote J;(t) = x;(t) — sixo(t), {(t) = l(t) — Si(?o(f),~and Zi(t) = i) = &),
je 7 Letd(t) = [¢1(,TL (0., Ch (O] and (1) = [E1(),E0(0) ..., CH(D]T- By the

definition of {;(t), we derive

D“Z;(t) =D"x;(t) — s;D"xo(t)
=AZi(t) + B (ci(t)Kai(t)))- (30)

By recalling the definition of {(t), we obtain
D*{;(t) = D*;(t) — D*it) = (A + RE){(t). (31)

Since the condition in Theorem 1, A + RF is a fractional-order Hurwitz matrix, it is clear
that lim;_,e {;(t) = 0, and this demonstrates that the state observer is available.

Let Vo (t) = LY 181( aipi(8)@i(t) + 397 (1) + LN o LSi(pi(t) — 72 Vaalt) =
L G (0QG(1), Vaa(t) = TN ¢uit), Vea(t) = T LY $2i(t), where matrix P is de-
fined in Theorem 1, oy and ]/t are positive constants, and Q satisfies Q(A + RF)T + (A +

RF)Q+1I, =0.
Consider the Lyapunov function:

U3||PRF||2

VT(t) = Vrl(t) + 2

V() + Vs () + Vau(t), (32)

where 03 is a positive constant. Evidently, V+(t) is a positive definite function in the light of
Lemma 9. Define a constant ¢ > 0 such that

P > sup Vz(0). (33)
x,(0)€0,1=1,2,...,.N

The constant g can be guaranteed as a result of the existence of a bounded set (2 and
lim, o P = 0. Define L, (p) = {p(t) € RN, ¢(t) € RN, (t) € RN, py(t) € RN : V(¢) <
p}. Then, 3v* € (0,1] s.t. p(t) € Lo, (), ¢(t) € Lo. (), P1(t) € Lo (p) and () € Lo, (p)
forany v € (0,v*]. The existence of the constant v* is by reason of the fact that lim,_,o P = 0.
Moreover, due to A + RF is a fractional-order Hurwitz matrix, we can obtain that {(t) is
bounded. Therefore, combining lim,_,o P = 0, one obtains that

[[1i() [loo < 0. (34)

Thus, referring to inequality (34), one gets that ¢s(u;(t)) becomes u;(t), then
Equation (30) can be transformed as

D*Ci(t) = ALi(t) + Bei(H)Kqi(t,). (35)
Furthermore, by the definition of g;(t), we derive

D*q(t) =(Iy ® A)q(t) + (LuC ® BK)(q(t) + Ex(t) + E(t)) — (Lu ® RE)((t),  (36)

https:/ /doi.org/10.3390/ fractalfract10030162
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whete C = diag{c1(t),2(0)-.. en(D}, q(t) = [T (0,al(8), ..., qk (D)7, Eelt) =
=L, 2L (), ..., BL(1)]T, and B,(t) = [EL (1), EL (1), ..., ELy(t)]!. Taking the a-order
derivative of Vi (t) gives

N N
D"‘Vﬂ(f) = Zngz(t)Da Z] l? i Cl ) _’Zl’Y) pl( )
P)q

() =297 (1)(CGLHC @ PBBP)(q(t) + Ex(t) + E(t))

Nai

—2¢"()(CGLy ® PRF){(t) + Y Egi(fi(t) —a;y)D*pi(t), (37)

i=1

=1
<qT(t)(CG® PA + ATP

where C £ C(t) = diag{¢;(t),e2(t),...,en(t)}. Inlight of Lemma 2, one has

—2¢7(t)(CGLyC @ PBBTP)q(t ) g7 (H)(C(GLy + LEG)C ® PBBTP)q(t)
Xog" (+)(CC ® PBBTP)q(t), (38)
where Xy = A(GLy + LLG). According to Equations (18) and (21), and Lemma 8,
we obtain
—247(1)(CGLYC ® PBBTP) (& (t) + E,(t))

<1 -4 (0(CCLuLhGC © PBBP)q(t)

+ 01 (Ex(t) + E,(t))T(CC ® PBBTP) (i (t) + E(t)) (39)
and

24" (1)[CGL1(C ~ C) @ PBBTP](q(t) + =0 +210)

gaiqT(t)(CcﬁHﬁgcc‘ ® PBBTP)q(t) + 0 Z b7d? (t)q] (t,)PBBT Pgi(t}),  (40)
2 i=1

where b;d;(t) = ¢;(t) — ¢;(t), o1 and 05 are positive constants. Combining [|g;(£)[|> <

2[|Z5i ()12 + 201 (#)) |12, one gets that
N . .
o2 Y b2d2(t)q] (ti) PBBT Pg;(tL) (41)
i=1

<2(722b2d2 EL(H)PBBTPE(t) +2022b2d2 )ql (£.)PBBT Pg;(t1).
i=1 i=1

In view of Lemma 8, it is easy to obtain that

~29" (t)(CGLy ® PRF){(t) <—<q" (1)(CGLLY,GC @ PBBTP)q(t) + o3||PRF[?CT (1){(t), (42)

(73

where 03 is a positive constant, and A= Amin(PBB TP). Based on Equation (17), we obtain

N g N g .
Z bf 1')/)D Pz( ) = 2 Egi(fz( ) 1'7)‘71 (tk)PBB qu(tl)
-1 i=1
N a; T
= beigi(cz( ) —aiv(1—¢))q] (t,)PBBT Pg;(})
i=1
Noa or T j
— 67 ) 58 (t)PBB Pai(ty), (43)
i=1 Vi
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where ¢ € (0,1). By employing Young's inequality, Equations (18), and (21), it derives that

N a;
; b3 — a;y(1—))qf (ti)PBBT Pg;(t})
N
< Y (T1h¢;(t)gi — v112g;:)q} (t)PBBT Pg;(t)
i=1
N
+(1+01) Z b*é’ i@ (1) — ay (1= 6)) (Eri(t) + By (1)) T PBBTP(Eki(t) + Bri(t)),  (44)

2
where IT) = max{%ﬁ(l +o01)}and I, = min{%(l —¢)(1+01)}. According to the defini-
tion of g;(t) and Young’s inequality, we obtain

N N
Y (Bki(t) + E,i(1))TPBBTP(Ei(t) + B,i(1)) <(1 + 2 4 (£)PBBT PEy;(t)
i=1 i=1

[I]

Mz

E1(t)PBBTPE,(), (45)

ri

+ (14 02)

Il
_

i

where ¢, is a positive constant.
Taking the a-order derivative of Vi, (t) gives

D" Voo (t <22a )QD*;(t)

N
= Z G ((QA+RE)T + (A+RF)Q)Gi(t) = = Y &1 (HGi(1).  (46)
i=1 i=1

Then, combining inequalities (37)-(46) yields the following estimate. Specifically,
substituting the bounds in (38)—(45) into (37), and then adding (46), we obtain

D*Vy1(t) + D*Via(t) < q'()(CG @ PA+ ATP)q(t) — " (1) (CGLyC ® PBBTP)q(t)
— 24" (t)(CGLy ® PBBTP) (Ex(t) + B/ (1))
—2q"(t)(CGLy ® PRF){(t)

N
a;
+ 35 8i(E(t) — am) D*pi(t) ZQT ()it
i=1 "1

<q"(t)(CG® PA + ATP)q(t)
(

+q t)(fmCz - H1GC — I1,G®)PBBT Pq(t)
(% C ;
+22 1y <1+ > 2# giti(1) | (1+02) E ( )PBBTP'—W( t)
H =1 01 b, Yi
N
7 & | ey aip < 1 > - .
+2 1+ — 1+ — | EL(+)PBBTP 5yt
Vl_zll o (14 ) s | (14 ) EhopssTPEL)
N ‘ ‘
+205 Y b?d?(t) B (+)PBBTP Eg(t) + 207 szdZ ) g (t.)PBBTPg;(t))
i=1 i=1
Noap g T j
=8 ). 5819 () PBBIP qi(t), (47)
i=1 i
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where 0y = A)(GLy + LG) — (a% + Uiz + U%) Amax(GLy + L},G). Specifically, the con-
stant oy can be chosen as

v > max{(rly, 207071, (1 + aiy ‘gi> }, where y >

lei Vi alz

i

According to Lemma 3, one can take a sufficiently large y such that

—03C%(t) + I, GC(t) — yI1,G < —GC(t). (48)

Finally, combining (18) and (21), we have

Ei(t) = qi(t) —ai(t),  Bi(t) = qi(t) — qi(ty),
which implies g;(t1) = B, (t) + g;(.). Hence,

ar ()PBBTP ;(t}) = (Si(t) + q:(t)) PBBTP (Sxi(t) + (1))
— S1L(1)PBETPE(t) + g7 (£)PBE™P (1)) + 2E],(1) PBETP g, (£).

Multiplying the above identity by —¢ 7% gi and summing overi =1,..., N yields
—C’rZ b, T () PBETP (1) — —évZ b, S ()PBBTPE (1)
oy z %gi ! () PBB"Pq;(t})
—2572 b o EL(PBETP (). (9)
Based on inequalities (48) and (49), inequality (47) can be further rewritten as

D*Vz1 () + D*Va(t) <q" (1)(CG @ PA + ATP — PBBTP)q(t)

+
Z

+
= =
=z I

_|_

(2(t) +¢i(1)) (1 + @2)Z(t) T PBBTPE,i(1)

Il
—_

&(0)(1+ le> +d2(+) | E44()T PBBT PE (1)

d;

+
==
gk
~N

|
=3
= -

()47 (+)PBBT Py;(£) ’jf):ukz t)PBBT P2y (t)
i=1

N
g7 (t)PBBT Pg;(t}) 21192% (t)PBBT Pg;(t)). (50)
i=1

Taking the a-order derivative of V3(t) gives

¥ N
DaVTS(t) :ﬁ Z Dalpzl(t)
i=1
v N
=— LY enty; 4 eE qu (t1)PBBT Pg;(t.)
.3 u
N
= % Y () +&(1) (1 + 02)2% () PBBT PE,i(t). (51)
=1
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Taking the a-order derivative of Vi 4(t) gives

N
D* Vo (t) =1 Y D ()
Hiz
T N Y N ) 1 2 =T T pm
=— =Y ey —— Y |G (1) +&(H) (1 + —) +d; (t) | Ef;(t) PBB' PEy(t)
‘ut:l ‘uz 1 Q2
Y N 2 T (4i T i v al =T T i
o Z%[c;(l —¢) —dj(t)lq; (t,)PBB" Pq;(t,) +2ﬁ E‘E‘ki(t)PBB Pa;(t;). (52)
i= i=
Furthermore, it is easy from inequalities (45)—(48) to obtain
N
D*V,(t) <q"(t)(CG @ PA+ ATP — PBBTP)q Zehlph —%ZGZilpZi(t). (53)
i=1

Let §(t) = (VCG ® I,)q(t), from inequality (53), it can be further obtained

D*V(t) <q'(t)(Iy ® PA+ ATP — PBBTP)§(t)
< —vllg(®)]* (54)

From inequality (54), we can derive that V;(t) is bounded. Furthermore, combining
Definition 3 and Lemma 5, one has

w7 = 0 01 < J(ve0) = V(o). >

In light of Lemma 5, {(f) can converge to 0 as t — oo. Therefore, combining
lim 0 {(f) = 0 and the definition of g;(t), we further have lim;_, {(t) = 0, that is,
the FOMAS (9) and (10) with fully distributed observer-based control protocol (14) realize
the SBCT by employing DDETM. This proof is completed. [

Remark 5. Under Assumption 2, the pair (A, B) is stabilizable. It is well known that, for a
sufficiently small design parameter v > 0, the algebraic Riccati Equation (29) admits a symmetric
positive definite solution P. This property is commonly exploited in low-gain control design and
provides the theoretical foundation for the stability analysis in Theorem 1.

Remark 6. In contrast to [15,16], which require global communication topology information,
this paper proposes fully distributed controller (14) that makes the control protocol independent
of global information. Indeed, it is well known that obtaining global information faces significant
challenges for large networks. Moreover, when the connectivity of the topology graph changes, the
Laplace matrix of the communication topology changes accordingly. Therefore, the design of a fully
distributed controller facilitates its application in practice.

Next, we will show that agents are free from Zeno behavior under the corresponding
DETM. Specifically, by establishing the boundedness of the fractional-order derivative
D*q;(t) and deriving explicit strictly positive lower bounds on the inter-event times, the
Zeno behavior can be rigorously excluded.

For any t € [t £ 1), based on the Caputo fractional integral and Equation (18),
one gets

https://doi.org/10.3390/ fractalfract10030162
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1Eri (B[ =ll:(2) — qi(fi)II
=[I1*(D*q;(t)

(o)l
T e 23
(- e

I'(w) I'(a)

According to Theorem 1, we can derive that D*Z;(t) and D*{;(t) are bounded. Thus,
we can further obtain that D*g;(t) is bounded, it is clear that there exists a positive constant
M > 0 such that D*g;(t) < M. Then,

M|t 1
dar
/ta (t—e)te ‘

Qt% -G )+ i

ey (=) = @+ (-0))
2M(t—t)"
" T(a+1)

<

t D%q;(¢)
N

M

”Eri(t)H Sm +

(57)

It can be seen from the corresponding DETM (19) that J,;(t) < 0, and we obtain the
next event, which will not be reached before

o1 (B IZ5 () PBI — cellgl (#)PBI2) = ). 8)

Denote A1 = t] — ti; it follows from inequality (57) and Equation (58) that

A+t
PN ) | colaf 1) PBI? = ST (A + )PP
1
AM2AL2E
< A,||P 27
PRI o Ty 59)

Thus, we can obviously get that

l
4 . 2 (a+1) Pri(Aq +£)
1 _ 4l > > 1 2
=2 2| et (P i) | >0 60

Following this, we obtain that the positive lower bounds are obtained for interevent
intervals of communication among agents, that is to say, the Zeno behavior is precluded
under the corresponding DETM (19).

Next, for any t € [t t 1), based on Equation (21) and Eri(t) = 0, it yields that

25 =l9:(6) = 8:(H) + Ew (1) + B (1]
—lai(t) = a1(8) + E(8) — ()|
<Nas(®) = gD + 1 (8) — En(tp) . 1)
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According to the Caputo fractional integral in Equations (18) and (21), inequality (61)
can be transformed as

IE(O] =[1(D*q;(5)) — I* (D*as( tk)|+|m Ei(1) = 1*(D"Eni()) )|
(L a1 o f)H

e (4 @ /fk i)

2 || [t (_Dqi(0) D%;(¢) 2 Dq;(£)
< - — .
ST (u—@vﬂ =0t )| T |y oo
Since D“g;(t) is bounded, inequality (62) can be further derived as
M | [t 1 1 oM |t 1
B0 <=2 - dr / dv
12l <55 ((t—@la <tlk—e>w> TT@ |y = ‘
__2M AR i\
“Harn (=) e @] (-4))
AM(t— )"
= TTa+1) 63)

Note that Ay EL () PBBTPE(t) — Agaiq! (£)PBBT Py;(t) — 2EL () PBBT Py;(t) >
(Ap1i — 2p)ukl( )PBBTPHkl( ) — (§ + Drai)gT (£)PBBT Pg;(t.), where p is a positive design
parameter to guarantee Ayy; — ﬁ > 0, g + Ayy; > 0, and it can be seen from the corre-
sponding DETM (22) that J;(t) < 0, Thus, we obtain the next event, which will not be
reached before

o ( (v = 35 ) IR GPBIR = (§ + o) T GOPBI ) = paies). (69
Denote Ay = t5 — tl it follows from inequality (63) and Equation (64) that

2i(A2 + 1) ' i
P22 T8 4 (8 4 ) laf (£)PBIP = Aku— |Ef (A2 + t])PB

(521' 2
16 M2 A%
<[ Aw PB 27 65
<(ui- 5 )| P 6
Thus, we can obviously get that
fron =t = Ao
1 1
1_'2(0(—{—1) (l[)zi(A2+t;() Y 2):|2
+ +A t\)PB
TV Tl (& +ai) laf (£)PBI

Following this, we obtain that the positive lower bounds are obtained for interevent
intervals of the controller update, that is to say, the Zeno behavior is precluded under the
corresponding DETM (22). Therefore, both the communication-triggering sequence and
the controller-update sequence admit strictly positive minimum inter-event intervals.
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4. Simulation

All numerical simulations in this paper are performed using MATLAB R2023a. The
simulation results are generated and implemented in the MATLAB environment.

In this section, a simulation example is used to validate the above theoretical result.
Consider a FOMAS consisting of one leader and four followers (labeled as 0, 1, 2, 3, and 4).
The directed communication graph among agents is depicted in Figure 1. The system
matrices of FOMAS (9) with the leader (10) under the fully distributed control law (14) are

presented as
0 —-26 = 1 F= 1 —4 .
3 0 1 0 1

According to Figure 1, the Laplacian matrix among agents is represented as

A: , R:

1 10 0
y 0 2 1 -1
"%_—1010
0 01 1

Solving (29) with v = 0.5, we obtain

| 06756  —0.0093
1 =0.0093 0.7500 |

Moreover, the matrix K is given as
K= [-0.6663 —0.7407].

Assume thata; = 1, b; = 0.02, ¢ = 0.1, ¢ = 0.05, 611 = 0y = d1p = dpp = d13 =
023 = 014 = 04 = 30, €1; = €y = 1.2, and g, = 10. Suppose the initial values of dynamic
parameters are ¢11(0) = 3.4, ¥12(0) =5, ¥13(0) = 6, P14(0) =4, ¥1(0) = 8, P2 (0) = 12,
23(0) = 6, and 24(0) = 7.

Figure 1. Communication topology graph.

Figure 2 illustrates the evolution of the observation errors of all followers. It can be
observed that the observation errors converge to zero, which verifies the effectiveness of
the proposed observer-based control design. Figure 3 depicts the temporal evolution of
the dynamic variables 1;(t) and ;(t). It is observed that these variables remain strictly
positive, which provides convincing evidence for the validity of Lemma 9 and the feasibility
of the proposed dynamic event-triggering mechanism.

Figure 4 shows the evolution of the adaptive gains c;(t) for all followers. It is notewor-
thy that these gains converge to stable positive constants, indicating the effectiveness of the
adaptive adjustment mechanism. Figure 5 presents the control inputs of all agents. It can be
seen that the control inputs remain bounded throughout the simulation, which confirms the
practicality of the proposed low-gain control strategy in the presence of input saturation.
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Figure 2. Observation errors of (a) x;1 () — @1 (£), and (b) x;5(£) — @02 (t).
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5 — Agent 3| = Agent 3
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005 &
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Figure 3. Evolution of each dynamic variable (a) ¢1;(¢), and (b) py;(¢).

35

3

The adaptive gains ¢;(t)

1 —— Agent 1
= Agent 2
0.5 — Agent 3| 4
—— Agent 4
0 L L L
0 5 10 15 20
Time(s)

Figure 4. Evolution of the adaptive gains ¢;(t).

= Agent 1
6 —— Agent 2|
— = Agent 3
:: 4 — Agent 47
3
z 2 1
2
0
e .
£
=}
G -
-6 i
8 L L L
0 5 10 15 20

Time(s)

Figure 5. Evolution of the control inputs u;(t).

Figure 6 illustrates the trajectories of the leader and followers in the state space. It
can be observed that all followers asymptotically track the leader’s trajectory with iden-
tical magnitudes but opposite signs, which demonstrates the achievement of semiglobal
bipartite consensus tracking. Figure 7 further depicts the tracking errors of the followers.
The convergence of these errors verifies the theoretical result established in Theorem 1.
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Figure 8 illustrates the triggering instants generated by the proposed dynamic double-event-
triggered mechanism. It can be clearly seen that the triggering instants do not accumulate
in finite time, which indicates that the Zeno behavior is precluded, in agreement with the
theoretical analysis.

= Agent 0
= Agent 1
= Agent 2

4 = Agent 3
— Agent 4
2
N O
-2
-4
5
20
0
10
Y - 0 X

Figure 6. Trajectories of agents.
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10 — Agent 2 1 10 —— Agent 2
N — Agent 3 a — Agent 3
'ﬁ ——— Agent 4 T —— Agent 4
= S 1 RO
S S
3 3
S 0 5 0
= ~
| |
= 1 =5
0 5 10 15 2( 0 5 10 15 20
Time(s) Time(s)
(a) (b)
Figure 7. Tracking errors of (a) x;1 () — s;x1(t), and (b) xj(¢) — sixpa(t)-
5 T 5
& i
£ £
2 4 | ovmae e o 2 - S 4 [ memmo 5
2 2
& 8
33 S e i e P 553 Smmoo 0 0 Sao® 6 o o ©
i i
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g 0 02 g 0 02
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z ]
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BB . 22 ] qmmmmmd 0 0000000 00 00 00 00 00 @ 0 O M W @ <
) — 0
0 e s o8 oo c
= =
H 0 0.2 H 0 0.2
0 . . . 0 A A
0 5 10 15 20 0 5 10 15 20
Time(s) Time(s)
(a) (b)

Figure 8. Triggering time of (a) triggered function 7,;(#), and (b) triggered function J;(¢).

Furthermore, Table 1 compares the total number of triggering events under the static
event-triggered mechanism and the proposed DDETM. The results clearly show that the pro-
posed DDETM significantly reduces the triggering frequency while maintaining satisfactory
control performance, thereby demonstrating its superiority in balancing communication
efficiency and control effectiveness.
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Table 1. Comparison with static situation.

Agent i 1 2 3 4 Total
ETM 478 536 575 473 2062
ETM 97 102 105 98 402
DETM-(19) 228 180 182 156 744
DETM- (22) 77 60 72 48 255

5. Conclusions

This paper has investigated the fully distributed observer-based dynamic double-
event-triggered SBCT of FOMASs with input saturation under directed graph. First, an
observer has been designed to estimate the state information of each agent. Then, the pull-
based DDETM has been proposed in order to decrease the communication costs and the
controller updates, simultaneously. Furthermore, the fully distributed observer-based con-
trol protocol with input saturation has been investigated by utilizing pull-based DDETM.
Correspondingly, the designed control laws have been proved to be effective by using
low-gain feedback technology and choosing suitable Lyapunov candidate functions. Finally,
Zeno behavior has been precluded. As for future work, it is of interest to extend the pro-
posed fully distributed DDETM framework to discrete-time multi-agent systems. Moreover,
incorporating communication delays and model predictive control into fractional-order
multi-agent systems is also a meaningful direction, which would require more advanced
observer-based designs and refined stability analysis.
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