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Abstract

In this paper, we investigate a class of fractional functional differential systems with
feedback control, in which the fractional derivatives are interpreted in the Caputo sense. By
applying Schauder’s fixed point theorem with the Arzela—Ascoli compactness criterion, we
derive existence results for the solutions. Furthermore, specific hypotheses are introduced
to establish uniqueness, continuous dependence of the unique solution, and Hyers—-Ulam
stability of the considered problem. The applicability and relevance of the theoretical
results are further demonstrated through several special cases and illustrative examples.
The main contribution of this study is to provide a qualitative analysis of a coupled Caputo
fractional functional system involving nonlocal integral conditions and feedback control.

Keywords: fractional functional differential systems; feedback control system; existence of
solutions; uniqueness of solutions; Hyers—Ulam stability; continuous dependence.

1. Introduction

Fractional differential and integral equations have a wide range of applications in
physics, engineering, and biomedical engineering. These equations represent a well-
established branch of applied mathematics that has been employed in numerous scientific
and engineering models, for example, viscoelasticity, signal processing, control theory,
and various biological processes [1-5]. Fractional and fractal models have also been used
to study pendulum-type mechanical systems [6—8]. On the other hand, nonlocal integral
conditions have gained considerable attention in mathematical analysis, since they allow a
system’s state to be determined by its behavior over an interval or domain rather than just
its value at a single location. Such conditions often arise when modelling physical systems
subject to constraints or integral-type objectives. Related results on fractional calculus in
Banach spaces and stability with nonlocal conditions were discussed in [9,10].

Feedback control systems are essential in engineering, automation, and biological
regulation. They change system inputs depending on observed outputs to achieve the
desired behavior [11]. In biological systems, feedback controllers serve as regulatory
mechanisms ensuring homeostasis, sensory adaptation, and long-term stability in complex
processes. Integrative feedback control is especially important for handling unexpected
external disturbances that can affect biological features. Such regulatory processes are
often described by mathematical models that capture the relationships between system
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components and their reactions to internal or external disturbances [12-14]. Feedback-
control mechanisms have also received considerable attention in the study of vibration
suppression and active damping systems; see [15,16] for recent results in this direction.

Several contributions in the literature have addressed related problems. In [17], the
authors established a sufficient condition for a positive periodic solution in a feedback
control model for chemostats. In [18], a positive periodic solution with feedback control was
examined for a nonlinear neutral delay population problem. The author of [19] investigated
the asymptotic stability and solvability of nonlinear functional-integral equations with
feedback control.

Stability analysis is a broad and well-developed field with strong theoretical foun-
dations and various applications in engineering, economics, biology, physics, and other
fields. It is a fundamental topic in the mathematical sciences [20]. Stability in the sense
of Hyers and Ulam plays a crucial role in understanding how solutions behave under
small perturbations: a slight modification in an equation or issue can produce a corre-
sponding small change in the outcome, which is essential for modelling physical processes
reliably. The Hyers—-Ulam stability of differential equations was first examined by Alsina
and Ger [21], and has since been studied widely for many classes of differential and integral
equations [22-29].

Another fundamental concept in stability theory is continuous dependence [30], which
examines how the behavior of solutions changes when the underlying data or parameters
are slightly varied. While Hyers-Ulam stability addresses a problem’s resilience to external
perturbations or functional deviations, continuous dependence examines the sensitivity
of the unique solution to small modifications in the initial data, boundary conditions, or
system parameters. Several studies have investigated the continuous dependence and
related qualitative properties of solutions; see [31-37] and the references therein.

Motivated by the above considerations, we are concerned with the existence of a
solution (x,y) € X to the problem of a fractional functional differential equation with
nonlocal integral condition:

& — fi(tg1(t, DMy(t))),

(1)
x(0) + fOng(s, DPiy(s))ds = xo, t € (0,T],
controlled by the following feedback control problem:
@ = Ft 221, Dx(1))),
)

y(0) + fOTg4(s, DP2x(s))ds = yo, t € (0,T],

where a;, B; € (0,1) fori = 1,2, and x, yo are the initial conditions.

The main objectives of this paper are to establish the existence and uniqueness of
solutions (x,y) € X to the system (1)—(2), and to analyze the continuous dependence of
the unique solution on the initial data and some functions involved in the system, which
reflects the sensitivity of the system to small variations in the given data. Furthermore, we
establish the Hyers—Ulam stability of the system, which ensures that the solution remains
stable under small external perturbations. Several special cases are derived, including the
absence of feedback control, proportional fractional feedback, and the initial value problem.
These cases demonstrate the generality of the framework. Some illustrative examples are
provided to validate the theoretical results.

In [38], the authors studied a constrained problem involving a single fractional-order
integro-differential equation subject to a quadratic functional integro-differential constraint,
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establishing existence, uniqueness, continuous dependence, and Hyers-Ulam stability for
a solution x € C[0, T].

The present work extends this framework in three crucial respects: (i) we consider a
coupled system of two equations rather than a single equation; (ii) the coupling is achieved
through an explicit feedback-control mechanism between the two state variables x and y;
and (iii) the analysis is carried out in the product Banach space C[0, T] x C[0, T], which
requires a fixed-point analysis on the product space.

Novelty and contribution.

*  The work studies a coupled fractional functional differential system in which feedback
control and nonlocal integral conditions appear together.

e The coupling between the two state variables is handled in the space C[0, T] x C[0, T],
which extends the single-equation setting.

*  The paper gives verifiable conditions for existence, uniqueness, continuous depen-
dence, and Hyers-Ulam stability.

*  Special cases and examples are included to support the applicability of the theoretical
results.

The structure of the paper is as follows. Section 2 presents the assumptions required
for the existence of solutions to the system (1)—(2), establishes the equivalence between
the system and its corresponding integral equations, and proves the existence of solutions.
Section 3 establishes sufficient conditions for the uniqueness of the solution. Section 4
addresses the Hyers—-Ulam stability and the continuous dependence of solutions on the
given data. Section 5 presents special cases and several illustrative examples to support
the theoretical findings. Section 6 discusses the obtained results, their implications, and
possible future research directions. Finally, Section 7 concludes the paper with a summary
of the main findings.

2. Main Results

Let I = [0, T] and let X = C(I) x C(I) be the Banach space of all ordered pairs (x,y),
where x,y € C(I), with the norm defined by

1(x,y)llx = sup |x(t)]+ sup [y(£)].
te[0,T) t€[0,T]

For simplicity, we write ||z|| instead of ||z||c for z € C(I).Following [39], for 0 < a < 1, the
Caputo fractional derivative of an absolutely continuous function u on I is given by

DYy (t) = ml_w) ./O.t(t _o)Mu(s)ds, tel

We impose the following conditions:

(1) The functions f; : IXR — R (i = 1,2)and gj : IXR = R (j = 1,2,3,4) are
measurable in t € [0, T] for every x € R and continuous in x € R for every t € [0, T].
Moreover, there exist functions a; € L1[0,T] (i = 1,2) and m; € Ly [0,T] (j=1,2,3,4),
and constants b; > 0 (i = 1,2) and ci>0 (j =1,2,3,4) such that

Ifi(t, )| < a;(t)| + bilx|, i=1,2,
gi(t, )| < [m;(t)] +cjlx|, j=1,234.
*

(2) There exist positive constants a; (i = 1,2) and m; (j =1,2,3,4) such that

la;(t)| <af (i=1,2), [m;(t)] gm;‘ (j=1,234), Vtel
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(3) The constant K defined by

{blclTl“Z szlei’Xl }
K = max

I(2—a) T(2—m)

satisfies 0 < K < 1.
(4) B; <a;fori=1,2,so that the operator I* ~Pi is well-defined.

The following lemma establishes the equivalence between system (1)—(2) and the
corresponding integral equations.

Lemma 1. The solution (x,v) of the system (1)—(2) satisfies the following fractional integral equations:

x(t) = x9 — /OT g3(s, I1"P1o(s)) ds + /Ot fi(s,g1(s,v(s))) ds, 3)
V0 =vo— [ gl 1 Puls)) ds+ [ ols, s u(9) ds, @
where u and v are defined by
u(t) = I fi(t,g1(t,0(1))), 5)
o(t) = I fo(t, ga(t, u(t))). (6)

Proof. Let (x,y) be a solution of system (1)—(2). Operating by I 1=42 on both sides of (1),

we obtain
dx

I = 1Ayt g (1, DYy (D)),

and hence
D®x(t) = I'"*2fi(t, &1(t, D y(t))),
Setting u(t) = D*2x(t), we obtain
u(t) = I'""2f (t, g1 (t, DYy(1))),
x(t) = x(0) + I"2u(t).

Similarly, operating by I'~% on both sides of (2), we get

—a d —x &
11 1% = 11 1f2(t,g2(t/D Zx(t)))’

D*y(t) = I' fo(t, g2(t, D*2x(t))),
Setting v(t) = D*1y(t), we obtain
o(t) = I fat, g2(t, D2x(1))),

and
y(t) =y(0) + I"Mo(t).

Now, we get

u(t) = I'2f1(t, g1(t,0(t)),
o(t) = I'"™Mf(tg(tu(t))).

Moreover,
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=Pig(t) = I1M~PiDMy()
I"‘l*/gl Il*txl dy(t)

- B dy(t)
dt
= DPiy(1).
Therefore,
T
x(t) = xp — / g3(s, I"P1o(s)) ds 4 I*2u(t).
0
Similarly,

T
v =0~ [ ga(s 1 Pru(s)) ds+ o),
0
Conversely, differentiating (3), we obtain

d d T
dit‘ - a[xo—/o 3(s, M Pro(s))ds + I*2u(t)]

— d %]
= EI u(t)

d

— Ewﬂ—“h(t,gl(t,D“ly(t)))

- %Ifl(t,gl(t,D“ly(f)))
= filt,&i(t,D"y(t))).

Analogously,

% = fa(t,&2(t, D™2x(t))).

This completes the proof. [

Existence of Solutions

This subsection establishes the existence of solutions to the system (1)—(2).

Theorem 1. Let assumptions (1)—(4) hold. Then, the controlled system (1)—(2) admits at least one
solution (x,y) € X.

Proof. Define the closed ball Q, by
Qr ={(u,0) € X:|lullc <r, [lollc <72, [[(w,0)][x <7},

where r = r; 4+ rp, and rq, rp are chosen as

o Ki+ LK, . Ky + LKy
L T Y S T
where, fori =1, 2,
(a} +bym})T - b T i
Y T2-asy) T2 -az)
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Then r; = Kj + Lirp and rp = Kp + Lorq. By assumption (3), we have 0 < L1 < 1 and
0 < Lp < 1. Hence,1—LiLy > 0, so r; and r, are well-defined and positive. Define the
operator Aj by

Aro(t) = I'"2fi(t, g1 (1, 0(1))),
and the operator A; by
Ayu(t) =TI fo(t, go(tu(t))).

Let (u,v) € Qy, then, for t € (0, T], we get

|Ago(8)] = [ fi(t, g1 (t, 0 (1))

< 12 (lay (8)] + balga (8, 0(1)))

< 1'% (Jay (8)| + ba|m (1) + breg[o(t)])

< 1'% (af + bymi + bycy o))

< IV (gt bymt + bycgro)

Tlfzxz

< (a] + bymi + blclfz)m

<Kiy+ Lirp =r1.

Thus,

HA]UH S r1.

Similarly,
Tl —q

IAaull < (a3 +bams + baean) =y

< Ky + Lory = 17.

Define A : Q, — X by
A(u,v) = (A1v, Asut).

From the above estimates, we obtain

1A, 0)|x 1(A10, Agu)|Ix
= [[Arof| + || Azu]]

< r+r=r

This proves that the class of functions {A(u,v)} is uniformly bounded on Q,. Let
t1,tp € (0, T], t1 < tp such that ‘i’z — t1| < ¢, then
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[Aro(t2) — Aro(ty)]
= I fi (8112, 0(02)) — I (b1, g1 (11, 0(0))
= 1B Ao+ [ B o)
-/ %)ﬁ(&gl(s’v@)))dﬂ
= 1 Ry ) Vi a0
+ [T BT Al s o)
< i = = (=9 (s 0(6) s
- / \tz‘s = 71 1fis81(,0(5)))lds
: ﬁ /0“ (12 =5)™*2 = (1 =)}y 9
+ brlmn(s)] + brcr o(s) s
b pay (=9 a9+ b )] + brero(s) s
Then
1 h — — * *
10{t2) — A10{11 R Y 1—S —\2=s5 aq 1My 1€172)as
Arw(t) = Aww(t)] € g )17 (=) o+ b + brer)d
1 tz 1 * *
+ F(l—az)/ |(t2_s>a2|(a1+b1m1 + bycirp)ds.

Thus, {A1v : (u,v) € Q,} is equicontinuous and uniformly bounded in C(I). Hence, by
the Arzela—Ascoli theorem [40], it is relatively compact in C(I). Similarly,

1 h - - * *
|A2u(t2) — Azu(t1)| < m /0 |(tl — S) ap _ (tz — S) ’X]|(a2 + bom; + b2C21’1)dS

1 ta 1
3+ bam3 + bacary ) ds.
* I'(1—a) / | (ty —s)m |(a3 4 byms + bocory)ds

Similarly, { Ayu : (u,v) € Q,} is equicontinuous and uniformly bounded in C(I), and hence
relatively compact by the Arzela—Ascoli theorem. Therefore, the operator A : Q, — Q,
is compact.
It remains to show the continuity of the operator A. Let {u,}, {v,} C Q,, and
u, — u, v, — v, then
Aron(t) = I'2 f1(t, g1(t, va(1))).

By Lebesgue’s dominated convergence theorem [40], we get

Tim Ayoy(t) = lim P2 (g1 (1on()

= I (t,gi(t, lim va(1)))

= I'"2f(t81(t,0(t)))
= Alv(t)

Similarly,
nli_r)r(}oAzun(t) = Au(t).

This means that A(u,,v,) — A(u,v) in X. Hence, the operator A is continuous. By
Schauder’s fixed point theorem [41], there exists at least one continuous solution (u,v) € X
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of the system (5)-(6). By establishing the existence of the solution (u,v) of (5)—(6), we
immediately obtain, from Lemma 1, that the system (1)—(2) admits at least one solution
(x,y) € X. This completes the proof. [I

3. Uniqueness of Solutions

For the uniqueness of the solution, in addition to conditions (3) and (4) stated in
Section 2, the following assumptions are imposed:

(Hp) The functions f; : [ xR = R (i =1,2)and g; : xR — R (j = 1,2,3,4) are continu-
ous on I x R and satisfy the Lipschitz condition in the second variable (uniformly for
tel),ie.,

[filtx) = filt,y)| <bilx —yl, b; >0, i=12,

18j(t,x) =gj(t.y)| <cjlx—yl, ¢ >0, j=1,234

(H2) |fi(t,0)| < af (i=1,2) and |g;(t,0)| < m} (j =1,2,3,4) forall t € I, where a} and m}
are positive constants.

Remark 1. Under assumptions (H1)—(Hp), we have fori = 1,2and j = 1,2,3,4,
[filt, )| < |fi(t,0)| + bilx| < a7 +bix|,  |g;(t,x)[ < [g;(t,0)] + cjlx| < mj +cjlx].

Theorem 2. In addition to conditions (3) and (4) of Section 2, assume that (Hy)—(Hp) hold. Then
the problem (1)—(2) admits a unique solution (x,y) € X.

Proof. By Remark 1, together with conditions (3) and (4) of Section 2, the assumptions of
Theorem 1 are satisfied. Let (11, v1) and (up, v3) be two solutions of (5)—(6), then

up(t) = I'""%2f1(t, g1 (t, 01 (t))),

up(t) = I'2f1 (£, g1, va(1))),

|ua(t) = (£)] 122 (fu(t g1t v2(1))) = fult, g1t v1(1)))))]

< bIM2|g(tva(t)) — gi(tvi(t))]
< b2y (t) — oi(t)]
< b I 2|0, — v
Thus,
o=l < BT, gy
2 1 i I—-(z — 062) 2 11]-
Similarly,
szle_al
- G —uql].
[va — 01| < T(2—a) [[uz —uq |
Hence,
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[(u2,02) = (u1,01)[[x = (w2 —u1,v2 —01)[[x
= |lug —uq|| + ||v2 — o1 |
b1y Tl- szleile
P S _ J2t2° _
— I"(z _ 062) Hvz Ul” + F(Z*U(l) Huz ulH
< K{lJvp — o] + [Jug — u1||}

K||[(u2,v2) — (u1,v1)|lx-

This implies that
(1= K)|[(u2,02) = (u1,01)[[x < 0.

Since 0 < K < 1, it follows that

[(u2,02) = (w1, 01)[|x = O.

Then (u1,v1) = (u2,v2), which proves that the solution of the problem (5)—(6) is unique.
For the uniqueness of the solution of the problem (1)—(2), let (x1,y1) and (x2,y2) be two
solutions satisfying (3)-(4), then

T
1 (t) = x — /0 @3(s, I P1oy (s)) ds + I"us (£),

T
x2(t) = x9 — /0 23(s, I“l_ﬁlvz(s)) ds + I*2u,(t),

() =] = Jxo— [ (5,19 Proa(s))ds + (1)

T
- X9 +/0 83(s, I "Poy (s))ds — I2us (1)

T
< / 183(s, I Proy(s)) — g3 (s, I Froy(s)) |ds + I"2|ua(t) — uy (¢)]
0
T
< o [P on(s) — 01(s) s + 1 ua(t) = m 1)
0
< C3T1+zx1—ﬁ1 TDQ
Xo — X Up — 0 + U —u
[x2 = x| < o2 1||(1+a1—[31)F(1+041—[51) (@) (%) lug — u1|
C3T1+a1—[31 T
Xp — X < ||y —01|| + ==——||U2 — u1||-
e =nll < gy I =l + gy Iz =l
Similarly,
C4T1+lxz—ﬁ2 T“l
- < = Mup —wq|| + =——||v2 — v1]|.
ly2 —mll < F(2+¢x2—[$2)” 2 —u| r(1+¢x1)H 2 — 01|

Hence,
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(2, y2) — (xuy1)llx = 12 = x1, 02 — 1) [Ix
= |2 —xall + fly2 — wmll
C3T1+0€17ﬂ1 TIXZ
= U — 0 -+ Uy —u
C4T1+D¢2—‘Bz T(Xl
+ Jug—u + U2 =0
|| 2 1||1—~(2+‘X2 _ﬁZ) F(l +0€1) || 2 1||
T4 C4T1+D¢2—,52
< + U —u
Tﬂcl C3T1+D€17ﬁ1
—+ + Uy — 01
{F(1+061) 1"(2+oc1—ﬁ1)}” 2 1”
Define the constant B by
T c3 T —h T% cy T1He2=F2
B = max{ + , + }
1—'(14—0(1) F(2+lX1 —‘31) 1"(1+zx2) r(2+0(2—ﬁ2)
Then
[(x2,92) = (x1,y)llx < B{lluz —wa|| +[lv2 — 01|}

= Bl[(uz,v2) = (u1,01)[x
Since we have proved that (11, v1) = (up,v2), we have
[(u2,02) = (u1,01)[[x = O.

Hence,
[ (x2,¥2) — (x1,¥1) [l x = 0.

Therefore,
(x1,y1) = (x2,¥2),

which proves the uniqueness of the solution of system (1)-(2). O

4. Stability Analysis
4.1. Hyers—Ulam Stability

Definition 1. Let the solution (x,y) € X of the system (1)—(2) exist. The problem (1)—(2) is
Hyers—Ulam-stable if, for every € > 0, there exists § > 0 such that for any é-approximate solution

(xs,ys) € X satisfying

max{| 5~ fi(t,01 (1 DYy (D)L ~ ot ga( Do) <5, )

implies
H(x/]/) - (xs/]/s)HX < €.

Theorem 3. Let assumptions of Theorem 2 hold. Then the system (1)—(2) is Hyers—Ulam-stable.

Proof. Suppose that (xs,ys) € X is a d-approximate solution of the nonlocal problem
satisfying (7) for all t € I. Then

dx

o — fi(t, g1(t, D"ys(t)))| <4,
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Similarly,
d
= — falt g2t D*2xs(1)))] < 4,

< % — Folt go(t, D*xs(1))) < .
Set us(t) = D*2x,(t), and vs(t) = D*1y,(t) where

T

xs(t) = x9 — /0 g3(s, 11" Prog(s))ds + I*2ug(t),

T
ys(t) = yo — /0 24(s, I“zfﬁZus(s))dS + Moy (t).

Then
5« 016, Dy (1) < 5
—5 Tl dxs —u o 6T
e < Il—azdit — T2 (t, g1 (t, DMys (1)) < T2—wm)
—oT %2 1-a o T
1—'(2—0(2) < Ms(t) -1 Zfl(tlgl(t/vs(t))) < r(z_az)'
Then 1
L oT ™2
|us(t) — =2 f1 (£, g1 (t,vs(1)))| < T2 —a)
lu(t) —us(t)] < 2 f(L gk 0(1)) — T2 f1( &1(E 0s(1))]
+ 2 (gt vs (1)) — us(t)]
ST
< 11*“2‘f1(t,g1(t,v(t))) = filt, g1t os(1))] + TWZZ)
T2 :
S R SO A CER O]
ST %2
S T ey Thal e — e
Tl b1C1T1_“2
< 1_,(2_“2) + F(Z—ﬂz) ”0705”’
then
Tl1-% by T' %
_ < — Us||-
|lu—us|| < 51"(2 —ay)  T(2—w) o= o
Similarly,
Tl-2 b2C2T17“1
_ < 4 - Hsll-
lo—oll < Srm—y T ey vl
I1,0) = (s, 09)llx = [l(u— 1,0 —05)llx
= ||u — MSH + ||U - Us”
T1-2 b1C1T170‘2
) -
= T2-a)  T(2—ay) o=
T1-a1 bzclef"‘l
Tl*th
< K — -
< K{llo—osll + llu = usl} + 05—+ OF oy
< K||(u —us, 0 —v5)||x + 7,
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where ) )
. T % T %
" =4ty * Ty
This implies that
[ (1, 0) — (us, vs) || x < K|[(u,0) — (us, vs) || x + 67
and 5
I(0,0) = (s 23) x < (g
Now
T
x(t) — xs(t)| = |x0—/ 3(s, 1 Pro(s))ds + I*2u(t)
0
T
— x4 / 23(s, T Prog(s))ds — Iug(1)]
0
T
< / 183(s, I F1o(s)) — ga(s, I Prog(s))|ds + I°2|u(t) — us(t)]
0
T
< c3/ 14-B1 [0 (s) — vg(s)|ds + 2 |u(t) — us(t)]
0
63T1+IX] ‘B TD(Z
— x| < |lo— - .
= x5l < o~ sl g3y + 14— sl g
Similarly,
ey TH T
— < llu — — .
||]/ ySH — ||u uS||r(2+0C ‘B ) + ||U US||F(1+UC])
Then
[(xy) = (xs,ys)llx = [(x—xs,y —ys)llx
3T —h T*
< — _
— ||U vs”r(2+a ‘B ) + ||u us“r(l +062)
C4T1+1x —B2 T*
+ ||u us”r(z_’_tx ‘B >+||’U_’USH1-'(1+051)
Then

1) — (o) lx < B{llu—us] + lo— o1}
= B(,0) — (15,001
5*
= fa-n

Choosing ¢ > 0 sufficiently small, we obtain

|(x,y) = (xs,y5)]] < e
This proves the Hyers—Ulam stability of system (1)—(2). O

4.2. Continuous Dependence

Definition 2. The solution (u,v), u,v € Qy of (5)-(6) depends continuously on f;, g; in the sense

that for every € > 0, there exists & > 0 such that

max{|fi = ], 18 = &/} <4, i=1,2.
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Then
[(u,0) = (u*,0")[[x <e,

where, u*, v* are given by
wt(t) = I'"2 7 (1,85 (£, 0% (1)),

() = I (1, g5 (1 u* (1))

Theorem 4. Let the assumptions of Theorem 2 hold. Then the solution (u,v) € Qy of (5)—(6)
depends continuously on f;and g;, i =1,2.

Proof. Assume that, fori =1,2,

Ifi—=fill <6,  llgi—g&ill <o.
Then
u(t) —u™(t)]
<2 fy (4, g1 (4 0(1)) — T2 f1 (4, g7 (107 (1))]
HI2 A (g7 (50 (1) = T2 £ (1,87 (8,07 (1)))]
< b I g1t 0(t)) — g1 (£ 0" (1))
HIT2 A g7 (10 (1) = T2 £ (1,87 (807 (1)))]

— * * * * o Tl_lxz
< b I gy (1, 0(t) — g1(t 0% (1) + g (£, 0% (1) — g5 (£, 0% (1) + T2—m)
1—w * * * * 6 Tl_txz
< b2 ([ga(to(t) — g1(t 0™ (1) + [81(t 0" (1)) — g1t v (t))l)+m
k) Tl—txz
1—ay ¥ 1—ap
< b I 2|o(t) —v*(H) |+ b6 I 2+ T2 —a)
by T~ lo— o[ + by T2 N 5 Tl
“TR2-a) [2—a) T(Q2-a)’

It follows that

blclTlilxz <b1 + l)Tliaz
—y* < -2 —p* A
Hu u H — 1—'(2 _ “2) ||U o H + 1—'(2 _ 0(2)
Similarly,
szQTl_al (by + 1)T1_“1
— ¥ < 2L —u* e s
Hv v || — 1—'(2_ 061) Hu u H + r(z _ 061) 4
Therefore,
[(u,0) = (", 0")| = u—u|[+[lo—2"
blclTl—l’lz " (by + 1)T1_“2
< — |l — N
S Toca P IH Tl
szle_al " (bz + 1)T1_a1
- [(2—a) e =l + ['(2—m)
This implies that

I(n,0) = (", 0")| < Kl[(w,0) = (u",0")] +9,
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_ ()T (41T
where § = 24 o) d+ 21,(2_“1)

[, 0) = (W, o)1 -K) < 9,

I(#,0) = (", 0")[x <

AN
S

O

Definition 3. The solution (x,y) € X of the system (1)—(2) depends continuously on xo, yo, and
gi, i = 3,4 in the sense that for every € > 0, there exists § > 0 such that

max{|xo — xpl, [yo = Yol |8i = &'} <4, i=3,4,

implies that
10 y) = (< y9)lx <e

where x*, y* are the unique solutions of
T

¥ () =5~ [ gl 1P (5)ds + 1 (1),
0

T
Y =i [ il 1 P (5))ds + 10 ),
0

Corollary 1. Let assumptions of Theorem 2 hold. Then the solution (x,y) € X of the system
(1)—(2) depends continuously on xo, yo, and g;, i = 3,4.

Proof.

[x(8) =x" ()] < |xo— x|+ /OT |83(s, I F1o(s)) — g5 (s, 11~ P1o*(s)) |ds
+ IPfu(t) —ur (1)
<

T
5+ [ 1gals, 1 Pro(s) - g5(s, 1M Pro”(s) lds + 1 — |
0
T
< 5 [ Igs(s 1M 1o(s)) — gals, I P (5))ds
0

T
+ / 183 (s, I F1o*(s)) — g3 (s, 1" P1o™ (s))|ds + 12 |u — u”||
0

T
< (5(1+T)+C3/ 1P [o(s) — o (s)|ds + 1°2||u — u”|
0
C3T1+0£1 131 T2
< 5(14+T)+|v—o* u—u*
A+T)+ o=l g5 + Fr ey 1~
Then -
c3T a1—Pp1 T%2
x—x*| <6(14+T)+ ||v—2o* u—u*|,
[ | <d( )+ I T2ta—p) T )II [
Similarly,
cyT1H2—F2 T
ly =yl < 6+ T) +Jlu —u'|| o —v*]|.

Ir2+ap — /32) I'(l1+ay)
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Hence,
[(xy) = (5 y9)llx = [(x—x%y—y")lx
C3T1+lxl ﬁ1 T%2
< 51+T)+||lv—20* u—u*
+1) 4 o=l =g * Ty
S+ T)+ = ST T
+ +T)4+||lu—u v—0"|.
F2+a — ﬁz) I(1+w)
< B{llu—u'[|+[lo—0"|} +25(1+T)
< Bl[(u,v) — (u*,0")||x +26(1+T)
5
< _— .
< Bl—K+25(1+T)

Choosing ¢ > 0 sufficiently small, we obtain

l(x,y) — (2", y")||x <e.
Therefore, the solution depends continuously on xy, 1o, and g;, i = 3,4. O

5. Special Cases and Examples

The following cases are obtained from the system (1)-(2) by imposing particular
structural conditions. The results of Sections 2—4 apply directly in each case.

(1) Absence of feedback control: When the feedback control is absent, the system (1)—(2)
reduces to the single fractional problem

d
o = fitgi (LD (1)),
(8)
0)+ /ng(s, DPx(s))ds = xo, te (0,T],
0
where 0 < f < a < 1. Setting u(t) = D*x(t), problem (8) is equivalent to
u(t) = ' f(t, g1(t,u(1))), ©)
with the solution
x(t) = x9 — /OT g2<s, I“*ﬁu(s))ds + I*u(t), te(0,T]. (10)

This problem is studied under the following assumptions:

(@) The functions f and gj, j = 1,2, satisfy the same measurability and growth
conditions as in (1) and (2) of Section 2, with constants b > 0 and ¢; > 0.

®) bey T«
r2—a)

() B<a,sothatI «=B is well-defined.

<1

Using the same techniques as in Sections 2—4, we obtain the following corollaries.

Corollary 2. Let assumptions (a)—(c) hold. Then problem (8) has at least one solution
x € C(I).

Corollary 3. In addition to (a)—(c), assume that f and g;, j = 1,2, satisfy assumptions

(Hy)-(Hyp) with K = beyT'=*/T(2 —a) € (0,1). Then the solution of problem (8) is
unique, Hyers—Ulam-stable, and depends continuously on xo and g».
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(2) Proportional fractional feedback: Let the assumptions of Theorem 1 be satisfied.
Suppose that

g1(t,z) = Mz, (t,z) = Az,

where A1 and A, are nonzero real constants. Then system (1)—(2) takes the form

% = fi(t, DMy(1)),

(11)
x0)+ [ gls, DPy(s) ds =0, 1€ (0,T)
dy
— = fa(t,A2D*2x(t)),
dt ’ 12
v(0) + [ ga(s, DPx(s)) ds = yo, ¢ (0,71

In this case, the Lipschitz constants of g1 and gy are |A1| and |A;], respectively. Hence, if

bi[A|T' 2 by|Ag| T'
ax ’ 1/
[2—a) " T(2—m)

then system (11)-(12) admits at least one solution (x, y) € X. Moreover, if the hypothe-
ses of Theorem 2 also hold, then this solution is unique, and the stability results of
Section 4 remain valid.

(3) Initial value problem: Let the assumptions of Theorem 1 be satisfied. If

then the nonlocal conditions reduce to x(0) = xg and y(0) = yo, and the system

% = fit, &1(t, D"'y(t))), x(0) = xo,
(13)

% = fAt,g2(t, D%x(1))),  ¥(0) = yo,

admits at least one solution (x,y) € X. Moreover, if the assumptions of Theorem 2 are
also satisfied, then this solution is unique.

Example 1. Consider the following system

1
dx _ 1 tz+4+1<5523t+ Diy() ) te(o,;],
8(1+[Dsy()]) (14)
1
2

dt 9 7
1
3(5+3s . 5 1 41 _
x(0)+/0( 15 Sin (25)+14€ D7y(s) | ds =

controlled by the feedback control problem

1
dy 1 _p . 1( 2t In(1+|Dix(t)|) 1
ar 4 sm(2t)+9<5_t+ 1+3t o e 03]

1 (15)
y(0) + /03 ;<1n(1 +5)+ ;eSDéx(s)> ds = %

Define

1 1 5— 3t |z]
tu)=—e "2 +4+ - t,z) =
fi(t,u) 3¢ +a+Zu, 21(t,2) B +8(1+‘Z|),
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t2e=t  In(1+]z|)
5—t 143t '

1 1
Folt,u) = Ze—fz sin(2) + gu,  galtz) =

543t ., 1 1 1,
g(t2) = = sin"(2) + 7e7'z, ga(tz) = SIn(1+16) + ze'z
We take . . . . . . .
T == = — = = — — _ — = .
3 M=gom=g B1 = B2 5 Yo=5 Y=g

_ 2 " 2 1 "
AL = g VETE< S =ai,  IA(L0)] = 4o [sin(2)] < = a3,
and (1732
5 1/3 1
< — = < = — =

Moreover, for all t € {O, %} and forall u,v,z,w € R

filbw) = Aol < =0l (=1),  |fltuw) - flho) < gli—ol (b2=1).
Also,

1
g1(t2) —sitw) < glz—w| (=§), Ig2(t2)-gntw)<|lz-w| (2=1),

1 1
83(t2) —gs(tw)| < plz—wl (e3=15),  Igalt2) —galtw)| < clz—w (ca=7g)-

With the above choices, we obtain L1 = 0.0085 < 1, L, = 0.04729 < 1, and K = 0.04729 < 1.
Therefore, all assumptions (1)—(4) of Section 2 and (Hy)—(H,) are satisfied. Hence, by Theorem 1,
the system (14)—(15) has at least one solution (x,y) € X, and by Theorem 2, this solution is unique.

Example 2. Consider the following system

d 1 1 (e tsint 1 1
= _ “t2e tcos? t + — (e > + Déy(t)), te <0, },

dt 6 12 3 10

Y1425 1 1 (16)
X(0>+/0 ( 5 +32D9y(s)) ds = .
controlled by the feedback control problem
1
d}/ 1 e—t 1 1+ln(1+‘D7x(t)’> 1. 1 1
=45 10 +20ix()|,  te(o],
dt 145—¢t 10 5—t 7 2
(17)
1
2 (14 2s 1 1
y(0)+/0 ( 5 +32D8x(s)> ds = ~
Define
1o 5,1 _etsint 1
fi(t,u) = 6t e cost+ 5, g1(t,z) = 3 %
_ 1t 1 C1+In(1+z) 1
fz(t'u)7ﬁ5_t+ﬁu’ gZ(t/Z)*T‘F?Z/
142t 1 142t 1
ga(t2) = —=+32 stz =——+5z
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We take

1 1 1 1 1 1 1

TIE’ M=g =g Bi=z, Pr=g5 X0=5, Yo=.

Fort € {0, %], we have

AL0)] = LRetcost < o~ —ai,  |fa(t0)] = - et 1 _
Y 6 -4 v ’ 145t~ 63 2
and
1 2 i
‘gl(tr0)| < 6 = my, |g2(t,0)| < 5 =m;,
2 1 .
gs(t,0) < 5 =m3,  [ga(t,0)| < g =m]

Moreover, for all t € [O, %] and forall u,v,z,w € R,

Al = fileo)] < glu—ol (=15, |flbn) - floo) < glu—tl (k2= 1y)

Also,
1
81(£2) = g1(t,w)| < 75lz —wl (1 = 1p),

1 23 ”
+7)|z—w| = @|z—w| (c2 = %)

O N

2(0,2) — alt )| <
Moreover,
1 1
183(t,2) —ga(t,w)| < 5z —w| (5= w) 18a(t2) — ga(t,w)| < plr vl (= )-

With the above choices, we obtain L4 = 0.00485 < 1, L, = 0.02178 < 1, and K = 0.02178 < 1.

Therefore, all assumptions (1)—(4) of Section 2 and (Hy)—(H,) are satisfied. Hence, by Theorem 1,
the system (16)—(17) has at least one solution (x,y) € X, and by Theorem 2, this solution is unique.

Example 3. Consider the following system

dx 1 /8 1 1

2 =3¢ 1+ 0+ ¢ <4 + 5D4y(t)), te (0/ 3], )
1 —s
s(eScoss 1 _1 1

x(0) +/0 ( 5 T 2D5y(s))ds =5

controlled by the feedback control problem
dy 1 et 1/ttt 1 1 1
dt‘31+et+5< 1 +3D5x(t)>’ e (04] (19)

1
31 e° 1 1 1
y(0) + A (24—5 +8D9x(s)>ds— o

Define
filt) = 240+ 4, sz =S4 le
falt,u) = %% + %u, ga(t,z) = t4f + %z,
i = L s L b
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Let

1 1 1 1 1 1 1
T_g’ 041—1,062—5, ,Bl_grl%Z—g/ xo—g,yo—g.
1
Fort e {O, 3},wehave
1 1 4 1
At 0)l < 3¢ 31“(3) —di, A0 < g =d
and
1 eil
t < — =m! t < — =m3
L0 < g5 =i Is2t0)] < G55 =3,
1 1 .
gs(t0) < g =m3,  [ga(t,0) < 5 =m].

Moreover, for all t € [0, %] and forall u,v,z,w € R,

filtw) = o) < glu-o] (=1),  Ifaltw) = Hlto)| < glu—o| (b2=1).
Also,

D) -nbo)l <glz-ol @=1  |nb)-pbo)l<gi-o @=1)
82—l <glz-ul (=1, |abn) -l <glz-ul (@=})

With the above choices, we obtain Ly =~ 0.0111 < 1, Lp ~ 0.0318 < 1, and K = max{Lq, Lp} ~

0.0318 < 1. Therefore, all assumptions (1)—(4) of Section 2 and (Hy)—(H,) are satisfied. Hence,
by Theorem 1, the system (18)—(19) has at least one solution (x,y) € X, and by Theorem 2, this
solution is unique.

6. Discussion

The results show that the proposed fractional system can be studied effectively through
its equivalent integral formulation. This formulation enables the use of fixed point tech-
niques to establish the existence of solutions under suitable assumptions.

The uniqueness result indicates that the solution is well determined when the nonlinear
terms satisfy Lipschitz conditions. Furthermore, the Hyers—Ulam stability and continuous
dependence results illustrate that the solution remains stable under small perturbations in
the equations and in the given data.

The particular cases illustrate that the model includes several simpler fractional sys-
tems. Thus, the obtained results can be applied to these reduced forms as well as to the
original coupled system.

Future work may extend the present study in different directions. The system pre-
sented here can be generalized to a system of n fractional equations, allowing for the
investigation of more complex interactions between several state variables. It is also possi-
ble to include additional parameters in the nonlinear terms or in the nonlocal conditions.
Another interesting direction is to study related problems involving fractional pantograph
equations, with proportional delay terms. Moreover, extensions to fractal spaces may also
be considered.
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7. Conclusions

In this paper, we investigated a fractional feedback-control system with nonlocal
integral conditions in the Banach space X = C(I) x C(I). By using the equivalent integral
formulation as well as fixed point theorem and compactness criterion, we established
sufficient conditions for the existence of at least one solution. We also proved the uniqueness
of the solution under suitable Lipschitz conditions. Moreover, the Hyers—-Ulam stability and
continuous dependence results demonstrated that the solution remains stable under small
perturbations in the equations and in the given data. Finally, special cases and illustrative
examples were presented to support the theoretical results and to show that the proposed
framework can be applied to related fractional systems. These results show the advantage
of treating the coupled dynamics, feedback effects, and nonlocal conditions simultaneously
within a qualitative framework.
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