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Abstract

In this paper, we introduce the concept of a (A, @1,, @, )-interpolative Ciri¢-Reich-Rus
contraction iterated function system and an iterated multivalued system using interpolative
Ciri¢-Reich-Rus operators. The objective of this paper is to construct fractals using the
Hutchinson operator and Hutchinson-like operator involving interpolative Ciri¢-Reich—
Rus contraction mappings, which extend the class of classical contractions, in b-metric
space. The use of interpolative Ciriéc-Reich-Rus contraction guarantees unique fractal
attractors, thereby playing a vital role in the analysis of geometric structures and their
wide-range applications in scientific and engineering fields. Using the above new defini-
tions, we present a version of the Collage theorem adapted to iterated function systems
satisfying interpolative Ciri¢-Reich-Rus contractions. Further, we study the well-posedness
of the new interpolative Ciri¢-Reich-Rus contraction-iterated function system-Hutchinson
problem. Our findings unify, generalize, and extend various earlier results reported in
the literature.

Keywords: fractals; attractor; fixed point; interpolative Ciri¢-Reich-Rus mapping; b-metric
space; Hutchinson operator

MSC: 47H10; 54H25

1. Introduction and Preliminaries

Fractals are complex geometric structures that exhibit self-similarity across multiple
scales; i.e., regardless of the level of magnification, each part resembles the whole. In 1975,
the term fractal was introduced by Mandelbrot [1], and fractals are well known for their
self-repeating structures and unbounded complexity. The significance of this concept lies
in its extensive applicability across various branches of mathematics, such as geometry,
dynamical systems, and topology, and in its applications to data compression, signal
processing, image compression, and the modeling of human body organs in addition to
inspiring fractal art. In 2023, Chandra et al. [2] developed fractal constructions based
on Kannan mappings and investigated their smoothness properties. Thangaraj et al. [3]
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developed a controlled Kannan iterated function system (KIFS) in the setting of controlled
metric spaces (MSs), utilizing Kannan contractive mappings to construct a new type of
invariant set, referred to as a controlled Kannan attractor or controlled Kannan fractals.
Some other the generalizations of fractals can be found in [4,5] and references there in.

Iterated function systems (IFSs) constitute a powerful method for generating frac-
tals and are grounded in the mathematical theory developed by Hutchinson [6] in 1981.
The concept of IFSs was popularized by Barnsley [7] in 1988 as a natural extension of the
Banach contraction principle (BCP) [8]. Hutchinson established that a finite collection of
contraction mappings defined on R"” generates a Hutchinson operator (HO) whose fixed
point (FP) is called the attractor of the IFS. An IFS is a versatile framework widely used in
fractal geometry, image processing, data compression, computer graphics, wavelet analysis,
quantum physics, and various other disciplines. Later, this topic has attracted substantial
interest among mathematicians and computer experts as seen in various research studies.

FP theory continues to be one of the key areas of ongoing research in nonlinear sciences.
A significant amount of research has been carried out to obtain FP results for single and
multivalued mappings in MS and its generalizations. BCP is a fundamental result in FP
theory. It is significant due to its broad range of application in various fields of mathematics
and other scientific disciplines. Indeed, Banach [8] introduced a simple yet ingenious
method for locating a desired FP. This technique significantly enhanced the potential for
solving diverse problems across various fields of research. This motivated many researchers
to broaden and enrich the framework of metric FP theory. Accordingly, BCP has been
generalized in two main directions: expanding the domain of the mapping and modifying
the contractive conditions. In various settings, replacing the range X’ of a mapping with a
family of sets possessing a topological structure naturally results in the extension of single-
valued mapping to multivalued mappings. In 1969, Nadler [9] was the first to combine the
concepts of multivalued mappings and contractions, thereby initiating the study of metric
FP theory of multivalued operators. This development enhanced the traditional concept of
mappings, in which each input usually determines exactly one output. Nadler’s work on
multivalued mappings offered a broader and more adaptable way to capture relationships
among sets. The motivation for Nadler’s research arose from the realization that numerous
real-world systems are naturally multivalued. Multivalued mappings are widely used to
model complex systems involving diverse types of relationships. Multivalued mapping
play an important role in several areas of mathematics, such as topology, optimization and
functional analysis.

On the other hand, the mapping in the BCP is continuous. This naturally leads to the
following question:

Can a discontinuous mapping on a complete MS admit a FP, while satisfying a contractive
condition analogous to BCP?

This question prompted extensive research in the area and was answered in the affirmative
by Kannan [10]. According to Kannan, J: X — X is Kannan contraction (KC) if 3 A € [0, %)
st.Vh fe X

S5(Jh, 36) < A[5(h, Th) + 6(£,30)]

where J is not a continuous mapping. He obtained FP results for KC by proving that if & is
a complete MS and J is a KC mapping on &, then it has a unique FP. A Kannan mapping
may not be continuous on the given space; however, it is continuous at its FP.
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In 1972, Reich [11] developed the Banach and KC principles. According to Reich,
J: X — X is Reich contraction if 3 @1, @, @3 € [0,1), where @1 + @2 + @3 < 1, such that

5(Ih,30) < @18(h, Th) + @,6(£, 5€) + @38(h, £)

Vh (e X.

Further important generalizations of the BCP were independently investigated by
Ciri¢, Riech, and Rus [12-16]. Their combined contributions lead to the result presented
below, commonly called the Ciri¢-Reich-Rus contraction (CRRC). Then, J: X — X is
CRRCif 3 A € [0, }) such that

5(In, J0) < A[6(h, €) + 6(h, Th) + 5(£,J0)]

Using the interpolation technique, Karapinar [17] re-examined Kannan-type contrac-
tions in 2018. Before this study, interpolative techniques were mainly used in interpolation
theory, which belongs to functional analysis. Karapinar et al. [18] pointed out a gap in
Karapinar’s analysis related to the uniqueness assumption of the FP. They achieved this
by providing a counter example and formulating the concept of interpolative Ciri¢-Reich—
Rus contractions (ICRRC). Then, J: X — X is ICRRCif 3A € [0,1) and @1,@; € [0,1),
such that

8(Ih, J0) < A[S(R, IR)]®1.[6(L, T0)]22.[8(h, £)]}— 1~

YV ht € X\ Fix(J) where Fix(J) = {h: Jh =h, h € X}. Further, Karapinar [19]
extended the concept of interpolative contractions by introducing interpolative Kannan-
Meir-Keeler contractions in complete MSs. The work of Karapinar is extended to a new di-
rection by Shi et al. [20] through the introduction of fractal interpolative Kannan mappings.
In another development, Monika and Rohen [21] extended interpolative Kannan-type
F-contraction and Reich-Rus- -Ciri¢ type F-contraction in S-MSs and in depth study about
as-interpolative Kannan and CRRC in 5-MS by Pradeep et al. [22].

In 1989, Bakhtin [23] introduced the concept of a b-MS as a generalization of the
traditional MS. He established the contraction mapping principle in b-MS, extending the
classical BCP in MS. Stephen Czerwik [24] made b-MS popular among researchers in
FP theory.

Inspired by the works mention above, in this paper, we introduce the concept of
(A, @14, @24)-ICRRC iterated function system (ICRRC-IFS) and (A4, @1,, @24 )-ICRRC
iterated multivalued system (ICRRC-IMS) using ICRRC. The objective of this paper is to
construct fractals using the HO and Hutchinson-like operator (HLO) involving ICRRC
mappings, which extend the class of classical contractions, in b-MS. Using the above new
definitions, we present a version of the Collage theorem adapted to IFSs satisfying ICRRC.
Further, we study the well-posedness of the new ICRRC-IFS-Hutchinson problem.

Definition 1 ([23,24]). Let X # ¢pand 6: X x X — [0,00) is called a b-metric if for some s > 1
(i) o(hl)=0iffh=1

(ii) 6(h,0) =06((,h)

(iii) 6(h,0) <s[é(h,z)+(z,€)|Vhtze X,

The pair (X,6) is called a b-MS with s > 1.

Let (X, ) be a complete MS, and let C(X) represent the set of all non-void compact
subsets of X'. The Hausdorff metric (HM) H; on C(X) is defined as
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Hs;(0,0) = max{D(0,0),D(Q,0)}, VO,0 e C(X)
= max{max o(h, Q)), max 5(2,@)}
he® teQ)

= max{maxmin&(h,ﬁ),maxminé(ﬁ,h)}.
he® fleQ) teQ) he®

Since the function H; fulfills all the conditions of a metric, it is referred to as the HM
defined on C(X') with respect to metric 6. If X' is complete, then C(X) is also complete.

Lemma 1 ([20]). Suppose (X,6) is an MS and ©, Q), C € C(X). Then, the following state-
ments hold

(i) QCC = supd(h,Q) <supd(h,C);

he® he®
(i)  sup 6(¢,C) =maxg supd(h,C),supd(z,C) p;
Le®UQ he® zeQ)
(i) If{®p: 0=1,2,--- ,x}and {Qy: 0 =1,2,--- Kk} are two finite collections of subsets

of X, then

Hs ( LKJ Oy, LKJ Qg> < 1}1%{%5(@0, Qo).

o=1 =1

Lemma 2 ([9]). Suppose (X,6) isan MS, ©,Q0 C X and K > 1. ThenVh € ©,3 /¢ € Q,
such that

(1, 0) < KHs(0,Q)

Lemma 3 ([20]). For any non-negative real numbers {h,}, {{,}, whereoc =1,2,- - ,x, the fol-
lowing inequality holds:

max{ ﬁ heo, ﬁ &7} < ﬁ max{fg, {s}.
=1 o=1 =1

Definition 2 ([20]). Suppose (X, ) is a complete MS and {J(”) XX, Voe=1,2,--- ,x}
is a set of continuous contraction mappings with contraction factors(CFs) Ay, Vo =1,2,- -+ , k.
Then (X;JM, 1), ... 1)) is called IFS.

Theorem 1 ([7]). Let (X;JM,J®), ..., 1)) be an IFS with CFs Ay, ¥ 0 = 1,2,- - - , k. Then
H: C(X) — C(X) is defined as
K
H(®) = |J I9(©), VO cC(x)

=1

which is also a contraction on (C(X'), Hs) with CF A = mg% Ag. Furthermore, H has a unique
o=

attractor, i.e., 30* € C(X) such that

0" = (0%) = LKJ J19(e*), VO e C(x)
=1

and is achieved by ©®* = lim J(Q), for an arbitrary initial choice Q) € C(X). Here, H” (Q)) is

T—00

given by H7 (Q) = H(H~1(Q)).
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Definition 3 ([25]). Suppose that (X,6) is an MS. A mapping J: X — C(X) is called a
multivalued interpolative Kannan-type contraction (MIKC) if 3 A € [0,1) and @1 € (0,1)
such that

Hys(Th, J0) < A[6(h, In)]|D1[6(€,T0)]1 %1, VR, £ € X\ Fix(]).

Theorem 2 ([26]). In a complete MS (X, ), take Q) as a fixed set in C(X'), with € > 0 and KIFS
{X,' JW, 3@, 3 }, with a CF A. If © is the attractor of the KIFS and

Hs (Q U J(”)(Q)> <e

=1

then

Hy(Q,0) < H

This inequality characterizes how the distance from () to ® depends on the constants A and e,
offering a measure of convergence to the attractor ©.

Using interpolative KC operators, Shi et al. [20] established the interpolative KIFS and
IMS as follows:

Definition 4 ([20]). Let (X,0) be an MS and {J\9): X — X,o = 1,2,---,x} be a finite
collection of interpolative KC operators (IKCs) with contraction (Ay,@1,), Vo =1,2,--- k.
Then (X;J9), 0 =1,2,--- ,«), is called a (Ay, @1, )-IKC-IFS or IKC-IFS.

Definition 5 ([20]). Suppose that (X,9) is an MS, and {J\7): X — C(X), 0 =1,2,--- ,x}
is a finite collection of multivalued interpolative KC operators (MIKCs) with the contraction
Ay, @1,)Yo = 1,2,--- k. Then, (X;J]("), c=1,2,---,x),iscalled a (Ay, @1, )-interpolative
KC-iterated multivalued system (IKC-IMS).

Definition 6 ([20]). Consider (X,6) be an MS and {J(”)}, where o = 1,2,-- - ,x, be a finite
collection of (Ay, @1,)-IKCs. Then H: C(X) — C(X) is defined as

H(®) = LKJ J19(@), vo e Cc(x), (1)

o=1
and is called the HO involving IKCs.
Definition 7 ([20]). Let (X,8) be an MS and {J\7)}, where 0 = 1,2, - - -, x is a finite collection
of (Ag, @1,)-MIKCs. Then H: X — C(X) is defined as

K

H(z) = | J9(), Vze X, )
o=1

and is called the HLO related to MIKCs.

Inspired by the works of Shi et al. [20] who introduce the IKC-IFS and IKC-IMS, we
redefine the concept of ICRRC-IFS and IMS using ICRRC operators.
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Hs(JQ, JO)

IN

max {
max {

A[Hs(

2. Main Results

In this section, firstly, we define the ICRRC-IFS and IMS Using traditional ICRRC
as follows:

Definition 8. Let (X,6) be a b-MS with s > 1 and {J(‘T): X = X,0=1,2,---,k} bea finite
collection of ICRRCs operators with contraction triple (Ag, @1,,@2,), V0 =1,2,--- k. Then,
we call (X;J9), 0 =1,2,--- ,x),a (Ay, @14, @25 )-ICRRC-IFS or ICRRC-IFS.

Definition 9. Suppose (X, ) is a b-MS withs > 1and {J): X — C(X), ¢ = 1,2,---x}isa
finite collection of multivalued interpolative Cirié-Reich-Rus contraction operators (MICRRCs) with
the contraction triple (A, @14, @2,) Vo =1,2,- -+, k. Then, we call (X;J(‘T), c=12--,x),
a (Ag, @1, @2 )-MICRRC-IFS.

Using this outcome, we present the following result.
Theorem 3. Let J: X — X be a continuous (A, @1,@,)-ICRRC. Then, H is defined by
H(Q) = {J(h);h € Q}, VQ € C(X) and maps C(X) into itself, and H is also a (A, @1, @;)-
ICRRC on (C(X), Hy).

Proof. By continuity of J. Then, H maps C(X) into itself. Next, we have
D(Jn,JO) = inf{s(Jh J0)}
le®

IN

inf {A[8(, 012 [5(n, I0)) 56, JO]' 2 |
AlHs(n, ©)]2 (5 (1, 1)) [Hs(©, JO)]! =172, ©)

IN

Similarly,

D(JLI0) = inf{6(3¢,I)}

IN

%’é‘é{“‘s(&hﬂ‘% [8(6,50)]° 5(n, Tm)]1 =12}

IN

A[Hs (€, Q)2 [6(L, JO)] [Hs(Q, Q)12 @
Thus, using (3) and (4), we obtain

supD(Jh,JO), supD(JY, JQ)}
heQ Le®

:ug/\[?-lg(h,(a)]wz (61, J1)]1 [Hy(©, JO)]1 @12, iug A[Hs (6, Q)22 [8(£, J0)] [H(;(Q,JQ)]“‘UT“VZ}

0,0)]%2[H;(Q,JO)|% [H,(©,10)] 12,

This shows that H is also a (A, @1, @,)-ICRRC.
We define the HO and HLO involving ICRRC mappings as follows. [

Definition 10. Consider (X,5) to be a b-MS with s > 1 and {J\9)}, where e = 1,2,--- ,x, bea
finite collection of (Ay, @1,, @24 )-ICRRCs. Then H: C(X) — C(X) is defined as
K
H©) = [JI(©),V0eeccC(X), (5)

=1

and is called the HO involving ICRRCs.
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IN TN

IN

IN

Definition 11. Let (X, 5) be a b-MS with s > 1 and {,]I(”) }, where o = 1,2,- -+ ,x is a finite
collection of (Ay, @15, @25)-MICRRCs. Then H: X — C(X) is defined as

K
H(z) = |J I (), Vze X, (6)
=1
and is called the HLO related to MICRRCs.

Further, we present the following results by using the HO involving ICRRCs as well
as MICRRCs formed by the ICRRC operators.

Theorem 4. Suppose (X, 5) is a b-MS with s > 1 and {J(“)}, where o =1,2,-- -,k is a finite
collection of (Ay, @15, @24 )-ICRRCs. Then H: C(X) — C(X) is defined as

U 19(Q), VO e C(x), @)

isalsoa (A, @1,@2)-ICRRC on (C(X), Hy), with A = m}falx Ay, @1 = m’fa? @1,, @) = m}fa{( @2y
o= o= o=
and 01,y € [0,1) s.t. 1+ @y < 1.

Proof. From Lemmas 1 and 3.

Hy ( U39, () W(@))
=1 =1

max #,(J(Q), 1) (@)

max Ao [Hs(0, ©)]°2 [H (0, ) 0) |10 [1,(©, T @)1~ 1o~

Amax[H5(0, ©)]% [H (0, Q)| [Hs(©, I @)1~ 120
o=

K K K
(where A = max Ay, D1 = max D1y, @) = max @2, and @1,@; € [0,1) s.t. @1 + @ < 1)
o= o= o=

AT Tmlax{ [#5(02, ©)]°2 [35(, 1) [0, 3 @)] -1~ 2

=1 =1

K @1 P 1—w@1—w@y
AH{ [Hs(0, ©)] [’H(s(ﬂ, U J“’)Q)] lm(& U J(@@)] }

" @1 " 1—w@1—w@y
AHs(Q,©)]° [ Q, It ] [%;(@,UJ(”)@)]

=1 =1

AH (€2, 0)] [H5(0 H(Q))| [P5(©, H(©))

. K K K
Thus, His also a (A, @1, @;)-ICRRC, where A = max Ay, @1 = max@1,, @ = max@s,
=1 o=1 =1

and @1,@; € [0,1) s.t. w1+ @ < 1.
The HO involving ICRRC is also a CRRC. So, we simply call it the (A, @1, coz)-ICRRC-

Hutchinson operator (ICRRC-HO), where A = m’é{( Ao, 01 = ma{< @1y, 0y = ma{< @y, and
o= o=

@1,@ €[0,1)st. 0w +@m<1. O

Theorem 5. Consider the (Ay, @014, @2,)-ICRRC-IFS (X;J(”),U = 1,2,---,x) on a com-
plete b-MS (X 5) with s > 1 and the (A, @1,@;)-ICRRC H: C(X) — C(X) defined by

K K K
U I ,VQ e C(X), where A = max Ay, @1 = max @y, @y = max @y, and
o=1 o=1 o=

@1,@) € [0 1) s.t. @1 + @y < 1. Then, H has a unique attractor of the IFS, say Q* € C(X),

https://doi.org/10.3390/fractalfract10070433
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K

satisfying QO = H(Q*) = J(O*) and is given by O = Ulgn H?(©) for an arbitrary
o=1

initial choice of © € C(X).

Proof. Let )y € C(X) be any set and construct the sequence Q1 = H(Q)y), Vo € N.
By using Theorem 4, clearly H is a (A, @1, @;)-ICRRC, where A = m’élx Ao, @ = mg% @14,
o= o=

@0 = m’é{( @7, and @1, @, € [0,1) s.t. @1 + @, < 1. Then, we have
o=

H&(Qm Qa+l) = Hé (H(Qa—l)f H(QO‘))

INA
>

Q2N 5(Qr—1, Q)] [Hs(Q0, Q(H_l)]l_wl—@z
@1+@3 [Hé(Qm QU+1)]17(91 —@y

= [Hs(Qp, Qpiq)] 1T

IN
>

—

= [Hs(Qo, Qri1)] < A2 [H(Qp 1, Q)]
2
< AR [Hs(Qyp, Q)]
< AT [H,(0g, )],

Since A < 1, and by taking o — co in the above inequality, we obtain Ulgn Hs(Qo, Qyy1) = 0.
Next, we show that {Q);} , is a Cauchy in (C(X), H;). For r > o, we have

7'[(5 (Qor Qa+r)

IN

SH(S(QUI QU+1) + SzH&(QaJrlr Qa+2) + 53%5(00—0—2/ Qa+3) +ot Sr/HzS(Qa+r71/ QU’-H’)
o o+1 o+2 o+r—1
SACTTR Mg (O, Q) + SPAPT 92 Mg (Qg, Q) + A2 H 5 (Qg, ) + -+ - + 5 AT Hg (O, )

IN

S)L‘Dli‘oz/H(s(Qo,Ql)(1+S)L‘011‘D2 +52/\w1~2+w2 +S3/\w143rw2 +.--+sr_1/\‘f’1r:r}*’)2>

r

1 _ <S)\wl+tﬂz>
= SATR2H(Oy, V)| ——————
1 _ sAw1+w2

— 0as o — oo.

Therefore, {Q);} is a Cauchy and by completeness of C(X), we can find Q* € C(X)
such that Q, — Q" as o — oo.
Next, we show that QO* € Fix(H). Using the definition of (A, @1, @;)-ICRRC, we have

Hs(Qorr, HIQY)) = Hs(H(Qo), H(Q))
< A[Hs(Qo, )] P2 [Hs(Qo, H(Q))| 1 [Ha (QF, H(QF)) 17172,

Taking o — oo, we have obtain Hs(Q*, H(Q*)) = 0, so Q* € Fix(H), and Q)* is an attractor
of the ICRR-IFS. Taking 3, ® € Fix(H) with Q) # ©. By definition,

Hs(Q,0) = H;(H(Q), H(O))

< A[Hs(Q,0)]%2[Hs(Q, JQ)] [H,(©,]@)) -1 @2
= A[Hs(Q,0)]%[Hs(Q, Q)] [Hs(©,0)]' 1
0
:>H(5(Q,@) = 0

https://doi.org/10.3390/ fractalfract10070433
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a contradiction. Hence, the FP of H or the attractor of the ICRR-IFS is unique. O

Example 1. Let X = [0,00) and 6(h,¢) = (h — £)?. Consider a system of three operators
defined as

0, iffielol
J<1><h>={h fhelon
e'—1,ifh>1

1O () = {o, ifel0,2)

e —2,ifh>2
0, ifhel0,3
and, J©® (h) = ifnelos)
e"—3,ifh>3
on X. Suppose that operators JV), J?) and J©®) are CRRC. Firstly, check J) with i = 0
and £ = 1.
Then,
s(IWRIWe = 50IW0,IM1) =5(0,e—1)=(e—1)2=e2—2e+1
5(n, JMn) 5(0,JM0) = 5(0,0) =0
s6,JMey = 51,JM1) =6(1,e—1)=(1—e+1)2=(e—2)> = —4e+4
ont) = 6(0,1)=(0-1)2=1
Now,

e —2e+1<@ x04+@y(® —de+4)+(1—@ —@) x 1
= 2 —2e+1< @ —4dew, + 40y +1— @ — @y
= % —2¢ < *@y — de, + 3@, — @

which is contradiction as w1, @, € [0,1) such that @, + @, < 1. So, I is not a CRRC mapping.
Secondly, check J®) with h = 0 and £ = 2.

Then,
5(J@n,3?0) 5(J@0,12) = 5(0,¢* —2) = (2 —2)2 = e* —4e* + 4
§(h,JPn) = 6(0,J0) = 5(0,0) =0
5(6,10) = 652,J%2) =6(2,¢%—2) = (4— )2 =e* — 82 +16
o(h, ) = 6(0,2)=(0-2)* =4.
Now,

et — 40 +4 <@ x 04 @y(e* — 862 +16) + (1 — @ — @) x 4
= ¢t —4e® +4 <oy, — 82, + 1600, + 4 — 40y — 4Dy
= et — 4% < ¢ty — 8620y + 1200y — 40

which is contradiction as w1, @, € [0,1) such that 0 + @, < 1. So, J (2) is not a CRRC mapping.
Lastly, check J®) with h = 0 and ¢ = 3.
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Hs(H(p), H(v))

IN A

IN

Then,
§(TOR IO = (5(J<3 0 .JI (®)3) = 5(0,6® —3) = (¥ —3)2 = ¢® — 6% +9
5(h,J®r) = 6(0,J%0) =6(0,0) =0
56,190 = 43 J(3 3) =63, —3) = (6—¢°)2 =¢® —12¢% + 36
§(h,¢) = 6(0,3)=(0-3)2=09.
Now,

e® — 66 +9 < @ X0+ @(e® —126% +36) 4+ (1 — @ — @) X 9
= ®—6e2+9 < by, — 12630, + 3603 + 9 — 9D, — 9D,
= % —6e? < ®wy — 1263, + 2707 — 904

which is contradiction as @1, @, € [0, 1) such that @, + @, < 1. So, J©®) is not a CRRC mapping.
1t is evident that JV, J@) and J®) satisfy ICCRC with @, = @, = Land A = 1 . Hence,
this forms an ICRRC-IFS.

On the other hand, the corresponding (3, 5 2) -ICRRC-Hutchinson-like operator is define as
H(z) = ]V (2) uIP () UI®)(z), Vze X.
The attractor of the ICRRC-HO is {0}.
Next, we present some results concerning the HO related to the IMS

Theorem 6. Suppose (X, ) is a b-MS with s > 1 and {J(”)}, where o = 1,2, -,k is a finite
collection of (Ay, @15, @25)-MICRRCs. Then H: X — C(X) is defined as

= UJIw), vuex, @®)
=1

. K K K
is also a (A, @1, @,)-MICRRC on (X, 6), where A = max Ao, @1 = mafcola, @y = max D2y
o= o= o=

and @1,@, € [0,1) s.t. @1 + @, < 1.

Proof. By Lemmas 1 and 3, we get

H, (O 1 (), | 3 <v>>
o=1

=1

max M, (39 (), 39 v))
max Ag[8 (s, 1)) [6(1, 3 (1)1 71 [8(v, T (v))]' -1

=1

Amax[5 (i, v)] %2 [6(p, I (1)) 5 (0, 31 (v))) - 12

o=

K K
(where A = max Ay, 01 = MAX®@1,, @2 = MaX @y, and @1, € [0,1) s.t. @1 + @ < 1)
=1 =1 =1
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IN

AT 160101, 150, 3 ()], 5(0, 3 ()]

K [ X 1—@1—w@y
AH{[CS(%V)]‘DZI [5(% U J(”)(V))] , [5(1// URAL (V))] }
o=1

=1

1—w@1—w@y

A.[&(y,y)]wz,lé(;{, LKJ J(”)(y))] .[5(1/, LKJ J(a)(v))]
o=1 o=1
A'[é(ﬂfV)]wz-[é(H,H(H))}wl-[M%H(V))}l_wl_wz,

. K K K
Thus, His also a (A, @1, @;)-MICRRC, where A = max Ay, 0] = max @, @; = mai( @2,
=1 =1 o=

and @, @; € [0,1) st +@ <1. O

Theorem 7. Consider the (A, @1, @;)-MICRRC, (X : ] @ e=1,2,---, i) on a complete b—MS
(X,0) with s > 1 and the (A, @1, @;)-ICRRC H: X — C(X) defined as

(0 = U 1000, vy € X,
o=1
where A = I?Ei( Ag, @1 = I(I;IEI{( @D1,, Oy = I(lT’IEIi((DQU and @1, @, € [0,1) s.t. @1 + @2 < 1. Then
H has a unique attractor of the IMS, say y* € X, satisfying y* = H(pu*) = o I () and is
given by u* = Ulg{}o H*(u), for an arbitrary initial choice of u € X. -

Proof. Let yp € X be an arbitrary point and construct the sequence ;. Suppose p; € X
such that y; € Hpp. By using Lemma 2, we can find an pp € Hy; such that

(1, 2) < Moo, 1)1 (8 o, )] [8(pun, )]~

By induction, we can construct y,, 1 € Hu,, V n € Nsuch that

St tor1) = O(H(poe—1), H(pe))

= [6(pe, Ho+1)]

< A (po-1, o)1 [0 (o1, B po—1))| 8 (por, H (i) ) 10172
= /\[5(#‘7*1’]’10)]@2 [5(?11771/]40)]@] [5(Vmﬂa+l)]liw]7w2
Q@ < A[S(pg—1, o) T2
_ 1
= (o, fos1) < AT (o1, o)
_2
< A2 (p 2, po1)

Since A < 1 and by taking o — coin (9), we get Ulgn 0o, phot1) = 0.
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Next, we prove that {i}5_, is a Cauchy in (X, 6). For r > o, we get

IN

s0(pto fro41) + 50 (Hos1, Hova) + -+ 8 6 (Hosr—1, potr)
- o+1 otr=1
SATIT® (g, 1) + SPATT2 8 (o, 1) + - -+ S"ACT®2 (g, )

5(,”(7; ,”a+r)

IA

SATT2 6(jug, 1) (1 SATTO 4 2ATIO .. +Srl)x‘f’;+‘l‘72)

1 r
1 _ (S/\w1+w2>

_1
1 —sA@+@

= sAT® 6(po, 1) —04as o — oo,

Therefore, {ji¢ } is a Cauchy and by completeness of X, we can find p* € X such that
Ho — u* as o — oo. Next, we show p* € Fix(H). Using (A, @1, @;)-ICRRC, we obtain

Ho(po1, H(p*)) = Hs(B(po), H(x"))
< At 1)]°216 (i, H (1)) 6 (", () )] 1212,

Taking 0 — oo, we obtain Hs(p*, H(p*)) = 0, so u* € Fix(H), and p* is an attractor
of the ICRR-IMS. [

Example 2. Let X = [0,00) and 6(h,¢) = (h — ¢)%. Consider two multivalued mappings
defined as

W J{0h  ifre(o1)

and, J@(n) = {{2}' if‘h €[0.2)
(Ln+2}, ifn>2.

Then both mappings are MICRRC mappings with contraction triple (3,1, 1) and (3,1, 1) respec-
tively. Then the corresponding (1,1, 1)-ICRRC-Hutchinson-like operator is defined as

H(z) = JV(2)uI@P(z), Vze X.
The attractor of the ICRRC-HO is the set {0}.
Theorem 8 (Generalized Collage Theorem). Let (X,0) be a complete b-MS with s > 1,

(X;79), 0 =1,2,---,---)a (Ay, @1, @2, )-ICRR-IFS and H be the corresponding (A, @1,@;)-
ICRRC mapping with attractor O* € C(X). If ® € C(X') and € > 0 such that

K
Hs (@, URAR (@)) <e (10)
=1
then
€ _1
Hs(QF,0) < — Ss.bhsATTR2 < 1.
1 _ SA01+02

Or equivalently,

K
Hs(QF,0) < — 3, (@, U J(”)(®)> 5.t AT < 1,

1 —sA®@t@ o=1
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Hs(Qo, OF)

= H&(Qo‘, Q*)

IN

IN

IN

Proof. By Theorem 5 and (10), we have

Hs(QF,0) = Hy(©,0F)
< 5Hs(0,H(O)) + s*Hs(H(®), H(0)) + s Hs (H*(©), H* (@) + - - -
< $Hy(0,H(O)) + PATTE H, (0, H(O)) + AT 72 Hy (@, H(B)) + - -
_ (1+5Amliwz +52Am1iw2 +--->H5(®,H(®))
1
- sH(0,H(0))
1 _ S/\(D1+(D2
= %sm (@, U I (@)).
1 . S/\(Dl+a72 =1
Or equivalently,
€ 1
Hs(QF,0) < — & stsAm@m <1,
1 —sA@to
O

3. Application in Well-Posedness of the ICRRC-Hutchinson Problem

Let (X,6) be a b-MS and H: C(X') — C(X) be an ICRRC-HO related to ICRRC-IFS
(X;J), ¢ =1,2,---,x). Then the ICRRC-IFS problem is called well-posed if

() Fix(H) = {0°);
(i) For asequence Q1 = H(Qy), for o € Nand Hs(Qy, H(Qy)) — 0as o — oo implies
Hs(Qr, OF) — 0as o — oo.

Theorem 9. The ICRRC-Hutchinson problem related to ICRRC-IFS (X; 9, v=1,2,---, K)
is well posed.

Proof. Since His a (A, @1, @)-ICRRC-HO by Theorem 5, we get Fix(H) = {Q)*}. For the
sequence ;1 = H(Qy), foro € N,

Hs(Qr, H(Qy)) — 0as 0 — oo.

Then, we obtain

sHs(Qp, H(Qp)) + sHs(H(Qp), Q)

sHs(Qo, H(Qy)) + sHs (H(Qy), H(QY))

sHs(Qo, H(Qg)) + 5A [Hs(Qo, OF)] P2 [Hs (Qr, H(Qr) )| [Hs (QF, H(QF)) -1 72
sH5(Qo, H(Qo)) + A [H5(Qo, )] P2 [Hs (Qo, H(Qr))| O [Ha (O, QF)] 1012
sHs(Qp, H(Qy)) — 0aso — oo.

Hence, the ICRRC-IFS-Hutchinson problem is well-posed. [

4. Conclusions

Firstly, we introduced the concept of (Ay, @1,, @2, )-ICRRC-IFS and IMS using ICRRC
operators which is expanding the traditional CRRC mappings and more flexible. This
outcome was presented the initial finding and sets the stage for further analysis in Theorem
3. The objective of this paper is to construct fractals using the HO and HLO involving
ICRRC mappings, which extend the class of classical contractions, in the framework of
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b-MS. The use of ICRRC guarantees unique fractal attractors, thereby playing a vital role
in the analysis of geometric structures and their wide-range applications in scientific and
engineering fields. We verified our results with the help of examples. Using the above new
definitions, we established the well-known Collage theorem in the context of IFSs involving
ICRRC. Further, we studied the well-posedness of the new ICRRC-IFS-Hutchinson problem.
Our findings unify, generalize, and extend various earlier results reported in the literature.
The present results provide a foundation for future investigations aimed to establishing
new existence conditions for solutions of integral and differential equations. Additionally,
the operators developed in this study may be utilized to analyze the existence of FPs in
different generalized spaces.
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