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Abstract 

Despite recent advances in metamaterials, experimental studies addressing the dynamic 
behavior of waveguide-type fractals manufactured by means of additive manufacturing 
remain scarce, limiting understanding of their performance in real-world vibration con-
trol. This study investigates the dynamic behavior of fractal waveguide beams based on 
Sierpinski geometry through combined experimental and analytical approaches. Beams 
with iterations i = 0–3 were fabricated via stereolithography and tested under a doubly 
clamped configuration subjected to harmonic excitation. The dynamic response was cap-
tured using an accelerometer and analyzed in both time and frequency domains using 
Fast Fourier Transform. A single-degree-of-freedom mass–spring model was employed 
to estimate dynamic stiffness and validate experimental results. The findings reveal that 
fractal geometry significantly influences vibrational behavior, producing a nonlinear and 
non-monotonic evolution of stiffness and energy dissipation. The highest-order fractal 
beam exhibited the greatest vibration aĴenuation and resonance frequency (27.2 Hz), de-
spite having the lowest effective mass, demonstrating an optimized stiffness-to-mass ra-
tio. Spectral area analyses confirmed that energy dissipation increases with fractal com-
plexity, enabling identification of transitions between stiffness- and inertia-dominated re-
gimes. By identifying these regimes, this work provides a framework for engineering 
lightweight, adaptive structures for advanced vibration aĴenuation and tunable mechan-
ical vibration control applications. 

Keywords: fractal waveguide beams; Sierpinski geometry; dynamic stiffness; energy  
dissipation; vibration aĴenuation 
 

1. Introduction 
Structural and mechanical elements, such as buildings, bridges, vehicles, and ma-

chinery, are exposed to vibrations generated by the propagation of mechanical waves in 
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elastic media [1,2]. These vibrations could cause structural damage, functional failures, or 
operational discomfort, which negatively affects the performance, efficiency, and lifespan 
of such systems [3,4]. To mitigate these effects, various vibration control systems have 
been developed. The most efficient have been achieved by using viscoelastic materials that 
are known for their ability to dissipate energy through internal friction [5,6]. However, 
viscoelastic materials present important limitations, such as low efficiency in the low-fre-
quency range, a poorly adaptable response to different load and frequency conditions, 
and a high dependence on properties that may vary over time and temperature [7–9]. 
These limitations have motivated the search for more versatile and efficient solutions, 
among which metamaterials stand out as promising candidates for vibration absorption 
and control [10–12]. 

Metamaterials are artificial materials designed to exhibit physical properties not 
found in conventional materials, for example, tunable mechanical properties [13], nega-
tive refractive index [14], negative magnetic permeability, or negative Poisson’s ratio 
[15,16]. These properties emerge from their internal architecture, whether periodic or non-
periodic structural paĴerns, rather than their chemical composition [17]. Among mechan-
ical metamaterials, fractal structures are well known and highly appreciated for their self-
similar structure, which repeats at different scales [18,19]. This feature facilitates multiple 
resonance modes [20], which imply an improvement of their ability to absorb energy and 
vibrations under a wide range of frequencies and amplitudes [21,22]. Nonetheless, to eval-
uate their effectiveness and determine their effective mechanical properties, it is necessary 
to conduct experimental tests and numerical simulations to firmly establish the corre-
sponding frequency range in which each type of metamaterials offers beĴer performance 
[23,24]. 

Several studies have leveraged simulations to analyze the dynamic properties of me-
chanical metamaterials [25,26], illustrating how fractal-cut architectures fundamentally 
alter effective elastic constants and structural responses compared to plain Euclidean ma-
terials. This body of research includes experimental characterizations of elastic structures 
[27] and the development of 3D-printed fractal prototypes fabricated from polymeric ma-
terials [28,29]. These studies found that architecture structures have significant mechani-
cal advantages in terms of dynamical behavior. Moreover, earlier theoretical investiga-
tions have been carried out on the dynamic and mechanical behavior of structures with 
fractal geometry [30–32], where it was found that the fractal configuration modulates the 
responses of the material. According to De La Rosa Silva et al. [33], 3D-printed fractal 
structures, particularly those based on iterations of the Sierpinski set and manufactured 
with materials such as TPU, offer significant advantages in structural efficiency and vibra-
tional behavior, at least in simulation. Quasi-static compression tests and finite element 
simulations showed that a higher fractal order improves energy dissipation capacity with-
out increasing mass, while maintaining comparable stiffness. Stress concentration zones 
were mainly located on the internal diagonal edges, suggesting opportunities for geomet-
ric optimization. The study concludes that these modular geometries allow for light-
weight, material-efficient, and adaptable designs for functional applications such as sup-
port components or dampers. In another study, Pascual-Francisco et al. [34] experimen-
tally investigated the creep properties of 3D-printed viscoelastic structures using a fourth-
iteration Sierpinski carpet-type fractal geometry. The samples were manufactured by 
means of photopolymerization with flexible resin (Resione F69), highlighting 3D printing 
as a key technique for replicating highly porous and complex geometries. Creep tests un-
der tension at different temperatures and stress levels revealed that the fractal structure 
reduces stiffness and promotes a more viscous behavior compared to the solid material. 
Additionally, an increase in the Poisson’s ratio was observed in the creep state, indicating 
greater structural adaptability, and it was demonstrated that the fractal geometry not only 
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modifies mechanical behavior but also enhances the conformability and energy efficiency 
of the material in long-term applications. Despite these recent advances, experimental 
studies addressing the dynamic behavior of waveguide-type fractals manufactured by 
means of additive manufacturing technologies are still very scarce [35]. 

In this context, the present work aims to contribute to the study of the dynamic be-
havior and vibration absorption capacity of waveguide-type fractal metamaterials, 
through the design and analysis of doubly supported beams with cross-sections based on 
the Sierpinski set in its first three iterations. The structures are modeled using Computer-
Aided Design (CAD) tools and manufactured using stereolithography 3D printing tech-
nology. The dynamic response of the beams is analyzed using a classical mass–spring 
model; the experimentally obtained responses are compared with the dynamic stiffness 
of the system. The results show a high concordance between the theoretical model and the 
experimental data, validating the methodology used and establishing a solid basis for the 
characterization of fractal structures as vibration aĴenuators. This research provides new 
evidence on the potential of fractal metamaterials in advanced mechanical applications, 
establishing future research aimed at designing more efficient and adaptive structural sys-
tems. 

2. Materials and Methods 
2.1. Design and Fabrication of Fractal Geometries 

For the design of the waveguide-type beams, the Euclidean geometry of the Sierpin-
ski set was used, considering up to the third iteration. The cross-sectional architecture is 
defined by the recursive generation of the square Sierpinski carpet, whereby each sub el-
ement is subdivided into a 3 × 3 grid and the central square is removed. The design rule 
establishes that the void side length at each iteration i is given by 𝑳𝒗𝒐𝒊𝒅,𝒊 =

𝟐𝟕

𝟑𝒊 . Thus, the 
resulting void dimensions are 9 mm (i = 1), 3 mm (i = 2), and 1 mm (i = 3), as noted in 
Figure 1. The models of the samples were designed with the software SolidWorks (Ver-
sion 2025); then they were converted to .STL files to facilitate the 3D printing. Figure 1 
shows the dimensions of the cross-section of the studied beams. The fabrication of these 
structures was carried out by a 3D stereolithography printing, using F69 resin from Re-
sione® (Resione, Dongguan, China) and a Creality® R6 printer (Shenzhen Creality 3D Tech-
nology Co., Ltd., Shenzhen, China). This technology allows reproducing a high-fidelity 
fractal geometry, this is essential for precise experimental characterization of their struc-
tural properties. The Euclidean and fractal samples were printed at a layer thickness of 50 
µm and post-cured during 2 h at room temperature. The F69 resin was selected due to its 
favorable mechanical properties, such as its flexibility, which is especially useful for stud-
ying dynamic phenomena in structures subjected to vibrations. This material has a density 
of 1079 kg/m3 and an elastic modulus of 2 MPa, tensile strength of 4.87 MPa and a Pois-
son’s ratio of 0.47 [34]. 

Considering the printing area limitations of the equipment, the maximum beam 
length was set to 15 cm. Figure 1 illustrates the printed structures, highlighting the high 
geometric precision and surface quality achieved through the additive manufacturing 
process. 
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Figure 1. Cross-section and fabrications of the beams: (a) Euclidean, (b) first iteration, (c) second 
iteration, and (d) third iteration. Units given in mm. 

2.2. Experimental Setup for Dynamic Responses 

To understand the dynamic behavior of structures subjected to vibrations, it is essen-
tial to develop a precise experimental setup that allows capturing and analyzing their 
structural response. In this study, a doubly clamped beam (Figure 2a) loaded at its mid-
span is considered. Figure 2b shows the experimental setup implemented in this study. 

The excitation system used in this study consists of a vibration motor designed to 
induce controlled vibrations in the tested beams. This motor has a maximum operating 
frequency of 80 Hz and is equipped with two eccentric masses (one at each end of the 
shaft) of 10 g each, specifically designed for vibration generation. The mass of the motor 
is 50 g. Thus, the total mass of the excitation system used is 70 g. This configuration en-
sures an adequate application of a punctual normal force, allowing for precise characteri-
zation of the dynamic excitation transmiĴed to the mid-span of the beam, as shown in 
Figure 2, ensuring that only a single vibration mode is induced in the beam being doubly 
clamped. Additionally, the motor is operated using a pulse-width modulation (PWM) 
system, enabling precise frequency control from 1 to 80 Hz. Thanks to this control, a com-
plete frequency sweep within this range can be performed, ensuring reproducible and 
reliable experimental conditions for evaluating the dynamic behavior of the studied struc-
tures. 

The WithMotion® accelerometer sensor (WitMotion Shenzhen Co., Ltd. Shenzhen, 
China) was selected for its advanced measurement capability in the three Cartesian axes 
(x, y, z), providing essential data on velocity, acceleration, displacement, and frequency. 
Its high precision and real-time capture permit the characterization of the dynamic re-
sponse of the doubly clamped beam under external excitations, correlating the experi-
mental results with theoretical models. The purpose of this setup is to validate the math-
ematical model that describes the vibration response of the doubly clamped beam with 
the traditional mass–spring model. The data obtained through the accelerometer will be 
processed with Fourier transforms, which will allow identifying key paĴerns in fre-
quency, vibration amplitude, and structural stability. This approach provides a solid basis 
for future research on adaptable stiffness control and material optimization in dynamic 
environments. 
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Figure 2. (a) Diagram of a doubly clamped beam and (b) experimental setup. 

2.3. Determination of the Theoretical Stiffness 

This section addresses the determination of the theoretical stiffness (𝑲) of the fractal 
beams. Based on the classical deflection equation for the doubly clamped beam configu-
ration, the stiffness is calculated as follows: 

K = 192EI
L3 , (1)

where 𝑬 is the elastic modulus of the material, 𝑰 is the moment of inertia of the cross 
section, calculated specifically for the fractal geometry of each beam (Table 1), and 𝑳 is 
the length of the beam (150 mm). This approach enables to obtain a fundamental param-
eter that characterizes the structure’s ability to withstand deformations under static load, 
which is essential for comparing the structural response of the different fractal configura-
tions and validating the experimental results. 

The precise determination of stiffness requires calculating the moment of inertia 𝑰, 
which depends on the complex geometry of the cross section of each fractal beam. Once 
the geometric parameters and the 𝑬 value are obtained, they are substituted into Equa-
tion (1) for each case studied, thus allowing comparison of the stiffness between the dif-
ferent fractal iterations and the reference Euclidean beam. 

By decomposing the cross section of the beams into geometric subelements (shown 
in Figure 1) and applying the parallel axis theorem, the moments of inertia 𝑰𝟎, 𝑰𝟏, 𝑰𝟐 and 
𝑰𝟑 corresponding to the Euclidean beam, first-iteration fractal beam, second-iteration frac-
tal beam, and third-iteration fractal beam, respectively, are calculated using the following 
expressions: 

𝑰𝟎 =
(𝒉)𝟒

𝟏𝟐
  (2)
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where 𝒉 is the width of the reference Euclidean beam and serves as the basis for gener-

ating the width of the fractal subelements ቀ
𝒉

𝟑
,

𝒉

𝟗
,

𝒉

𝟐𝟕
ቁ. The terms of the form 𝒉𝟒

𝟏𝟐
 represent 

the centroidal moments of inertia of each subelement, while the numerical coefficients (6, 
2, 18, 12) indicate the number of substructures generated in each fractal iteration. 𝑨𝟐 and 
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𝑨𝟑 represent the areas of the small voids in the second and third iterations, respectively, 
and 𝑫𝟐𝒙 , 𝑫𝟑𝒙 , 𝑫𝟒𝒙   and  𝑫𝟓𝒙  represent the distances from the general centroid to the 
centroid of each group of squares in the second and third iteration. In this way, the mo-
ments of inertia 𝑰𝟎, 𝑰𝟏, 𝑰𝟐 and 𝑰𝟑 reflect the progressive removal of material and the ge-
ometric redistribution characteristic of each fractal iteration. 

Table 1. Comparison of mass and inertial properties of the beams studied. 

Fractal Iteration (𝑰) Mass (g) Moment of Inertia (mm4) 
0 (Euclidian) 123 44,200 

1 111 43,700 
2 99 39,300 
3 88 35,100 

2.4. Determination of the Effective or Experimental Stiffness 

The natural frequency of the doubly fixed beam is determined experimentally by ap-
plying a programmed frequency sweep with the vibrating motor, using a PWM system 
from 1 Hz to 80 Hz. During the experimental procedure, the vibration response generated 
in the beam from the applied excitation is recorded. To analyze these data, the FFT is used 
to obtain the spectral components, enabling identification of the magnitude of the differ-
ent dominant frequencies. The natural frequency of the beam is determined by identifying 
the frequency value in the FFT spectrum that shows the maximum magnitude. This peak 
corresponds to the resonance point, where the structure responds with the greatest am-
plitude to the applied excitation. Once the natural frequency is identified from the exper-
iment, it is possible to estimate the effective stiffness (𝑲𝒇) of the system using the following 
relation: 

𝑲𝒇 = 𝒎𝝎𝒏
𝟐 , (6)

where 𝝎𝒏 is the natural frequency and m is the total mass of the system (the sum of the 
mass of the beam and the mass of the excitation system). 

In the SDOF model, the motor is represented as a lumped mass located at the beam 
mid-span, corresponding to the point of maximum displacement in the fundamental vi-
bration mode. Under this assumption, the beam and the excitation system (motor and 
eccentric weights) are considered to oscillate together as a single dynamic unit. Therefore, 
the total mass 𝒎 in Equation (6) is defined as the combined mass of the beam and the 
excitation system, allowing the dominant inertial behavior of the structure to be accurately 
represented. 

In this way, by having the experimentally obtained effective stiffness values and the 
theoretical values calculated from the geometric and material properties of each beam, a 
direct comparison between both results can be made. This comparison allows for the eval-
uation of the accuracy of the mathematical models used and verifies the correspondence 
between theory and practice, identifying possible discrepancies aĴributable to factors 
such as manufacturing imperfections, effects of the fractal geometry, or limitations of the 
experimental setup. 

2.5. Determination of the Dynamic Stiffness 

Although a doubly fixed beam is, in principle, a continuous system with an infinite 
number of vibration modes, in the present study, a single degree of freedom (SDOF) 
model is adopted to describe its dynamic behavior. This choice is based on modal analysis 
principles and the nature of the excitation used in the experimental setup described in 
Section 2.2. 
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From a theoretical point of view, the response of a continuous structure can be de-
composed into the superposition of its own modes. However, when the external excitation 
has a limited spectral content and acts within a narrow frequency range, as is the case with 
the unbalanced motor used in the experiment, the energy supplied to the system is pre-
dominantly concentrated in the fundamental mode. In double-fixed beams, this first mode 
exhibits a significantly lower frequency than the higher modes, causing the contribution 
from higher-order modes to be negligible within the operating interval. Under these con-
ditions, the overall dynamics are governed by a single dominant mode, which allows the 
system to be represented by an SDOF model without significant loss of accuracy as sup-
ported in Section 3.3. Additionally, using a multiple degrees of freedom (MDOF) model 
would require identifying several modal masses and stiffnesses, as well as characterizing 
the interaction between modes. These parameters cannot be reliably determined from the 
type of measurement obtained with the sensor mounted on the beam, since the experi-
ment does not appreciably excite the higher modes. Including them in the model would 
introduce unnecessary uncertainty and would not provide relevant information for the 
dynamic phenomenon observed. 

For these reasons, the SDOF model shown in Figure 3 constitutes an appropriate rep-
resentation of the system. In this representation, the stiffness 𝑲𝒇 = 𝑲𝒃𝒆𝒂𝒎 captures the 
global equivalent stiffness of the doubly fixed beam, while the mass m represents the sum 
of the mass of the beam and the actuator. This formulation allows for a direct connection 
between the experimental response and the system’s equation of motion, facilitating phys-
ical interpretation and validation of the theoretical model, neglecting the complexities in-
herent in an MDOF approach. 

 

Figure 3. Single-degree-of-freedom (SDOF) mass–spring system. 

The variable x in Figure 3 represents the displacement of the system (which simulates 
the deflection at the mid-span of the beam in the experimental setup), while 𝒖 denotes 
the external force applied to the system, responsible for generating the dynamic excitation. 
The analytical model for this system is given by the following second-order differential 
equation: 

𝒎𝒙̈ + 𝑲𝒃𝒆𝒂𝒎𝒙 = 𝒖, (7)

where 𝒙 is the displacement and 𝒙̈ is the acceleration. 
Within the framework of classical physics, Equation (7) represents the model that 

describes the motion of a system subjected to various load conditions. This formulation is 
widely accepted and used to calculate and analyze the displacements, velocities, and ac-
celerations of physical bodies subjected to static, harmonic, and even, in more complex 
cases, random loads. This equation is based on Newton’s second law and considers elastic 
behavior according to Hooke’s law. However, if a forced excitation is introduced, such as 
the force generated by a rotating motor, the dynamics of the system are significantly al-
tered, requiring the calculation of dynamic stiffness, as it is necessary to describe the sys-
tem’s response. When considering an external dynamic force, the equation of motion is 
rearranged, allowing the total force applied to the system to be expressed as follows: 
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𝒖 = 𝑲𝒃𝒆𝒂𝒎𝒙 − 𝒎𝝎𝟐𝒙  (8)

By dividing Equation (8) by the displacement, the expression for the dynamic stiff-
ness is wriĴen as: 

𝑲𝑫 =
𝒖

𝒙
= 𝑲𝒃𝒆𝒂𝒎 − 𝒎𝝎𝟐 (9)

It can be observed that the dynamic stiffness 𝑲D, is the sum of two contributions: 

𝑲𝒃𝒆𝒂𝒎: the effective stiffness of the system, which is associated with the spring or elastic 
element. 
𝒎𝛚𝟐: an additional term that reflects the effect of inertia due to the mass of the system 
and the angular frequency given by the motor (𝛚). 

This expression allows us to interpret how the structure appears to be stiffer or more 
flexible depending on the frequency at which it is excited. Its behavior does not describe 
a physical stiffness of the material, but an apparent stiffness that simultaneously integrates 
the effects of elasticity and inertia. 

When the excitation frequency is lower than the natural frequency of the system, the 
inertial term 𝒎𝝎𝟐 is small compared to the effective stiffness. In this regime, the response 
is dominated by the elasticity of the structure, and therefore, the dynamic stiffness remains 
positive. This implies that the force and displacement are in phase, which is a typical char-
acteristic of the stiffness-controlled region. 

As the excitation frequency approaches the natural frequency, the inertial term in-
crease until it equals the effective stiffness. At this point, the dynamic stiffness is vanished: 

𝑲𝑫(𝝎𝒏) = 𝟎 (10)

which corresponds to the condition of resonance, where the structure offers minimal op-
position to the excitation and the response amplitude reaches its theoretical maximum. 

For frequencies higher than the natural frequency, the inertial term 𝒎𝝎𝟐 surpasses 
the effective stiffness, resulting in negative values of dynamic stiffness. This result does 
not imply that the structure possesses a physically negative stiffness, but rather that the 
response is dominated by the inertia. In this regime, force and displacement are out-of-
phase, which is characteristic of the mass-controlled region. Negative dynamic stiffness is 
therefore a mathematical manifestation of phase inversion and the predominance of iner-
tial behavior at high frequencies. In summary, the change in the sign of dynamic stiffness 
constitutes a fundamental tool for interpreting the transition between stiffness-domi-
nated, resonance, and inertia-dominated regimes, providing a theoretical framework for 
the analysis of vibration systems modeled as a single degree of freedom. This concept is 
essential because it allows us to understand how the system’s behavior varies when sub-
jected to dynamic loads, especially when the excitation frequency approaches the natural 
frequency of the system (𝛚𝒏), a condition in which resonance phenomena may occur. 

2.6. Evaluation of the Vibration Absorption in Fractal Beams 

The characterization of the vibration absorption in fractal waveguide beams was car-
ried out through a comprehensive analysis of their frequency spectra. For each experi-
mental signal, the amplitude spectrum was obtained using the FFT, and subsequently the 
spectral area (A) was calculated as follows: 

𝑨 =  ∫ 𝑿(𝒇)
𝒇𝒎𝒂𝒙

𝒇𝒎𝒊𝒏
 𝒅𝒇,  (11)

where 𝑿(𝒇)  is the normalized spectral amplitude and f_min and f_max represent the in-
terval of the excitation range used in the tests (from 1 to 80 Hz). In this work, this integral 
represents the vibratory energy distributed in the frequency domain and serves as a direct 
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indicator of each beam’s ability to absorb or transmit vibrations. Note that 𝑿(𝒇) repre-
sents a local behavior of the beam, i.e., at the mid-span. 

The use of the spectral area as a metric is especially relevant in fractal structures, since 
their multiscale geometry induces a nontrivial redistribution of vibratory energy. Unlike 
Euclidean beams, where energy is concentrated around the dominant natural frequency, 
fractal beams display a more complex spectral dispersion, with multiple contributions as-
sociated with their self-similar substructures. Thus, the spectral integral captures not only 
the main resonant peak but also the accumulated contribution of the secondary modes 
that emerge due to fractal iteration. 

To compare the dynamic performance between fractal beams, their spectral area was 
normalized with respect to the value obtained from the Euclidean beam, thus defining a 
stiffness index 𝑲𝒊: 

𝑲𝒊 =  
𝑨𝟎

𝑨𝒊
, (12)

where 𝐴଴ represents the spectral area of the Euclidean beam and 𝐴௜ is the spectral area 
of the fractal beams. This ratio is formulated such that larger values of 𝐾௜ correspond to 
higher dynamic stiffness. This relationship arises because a lower spectral amplitude 𝐴௜, 
indicative of greater vibration aĴenuation, results in a higher 𝐾௜, reflecting a stiffer struc-
tural response. Conversely, higher values of 𝐴௜ , associated with reduced vibration ab-
sorption, yield lower 𝐾௜, indicating a more compliant behavior. In this way, the proposed 
index transforms spectral response data into a direct measure of relative dynamic stiff-
ness. 

Furthermore, defining the ratio as 𝑨𝟎

𝑨𝒊
 ensures that the reference (Euclidean) beam has 

𝑲𝒊 = 𝟏, facilitating direct comparison with the remaining configurations. Values of 𝑲𝒊 >

𝟏  indicate that beam 𝒊  exhibits a smaller spectral amplitude than the reference beam, 
which corresponds to higher dynamic stiffness and, consequently, a lower capacity for 
vibration absorption within the analyzed frequency range. Conversely, values of 𝑲𝒊 < 𝟏 
reflect greater vibration absorption and reduced stiffness. This approach enables a direct 
comparison among beams with varying fractal complexity, revealing trends that are not 
apparent from spectral peaks alone. In particular, the spectral integral provides a global 
measure of the dynamic response, capturing both the dominant resonant behavior and 
the contributions of additional modes induced by the fractal geometry. 

3. Results and Discussion 
3.1. Geometric Characterization and Inertial Properties 

The geometric evolution of the waveguide beams was defined through the systematic 
application of the Sierpinski set, while maintaining a constant external square cross-sec-
tion with a side length of 𝒉 = 𝟐𝟕 𝐦𝐦 for all tested samples. As detailed in the design 
description, the transition from the Euclidean beam (i = 0) to the third fractal iteration (i = 
3) involved a progressive removal of material from the center of each solid subelement, 
following a proportion of 1/3 with respect to the side of the preceding square. This process 
resulted in a notable increase in porosity and structural complexity, without altering the 
external dimensions of the beam. 

The results of the calculation of the moments of inertia obtained with Equations (2)–
(5), as well as the measured masses, are summarized in Table 1. Analytical calculations 
show that the moments of inertia (𝑰𝟎, 𝑰𝟏, 𝑰𝟐, 𝑰𝟑) reflect the redistribution of mass and the 
elimination of material characteristic of fractal geometry. Table 1 shows how the geomet-
ric properties, mass, and inertia of the beams evolve as the iteration order increases, ac-
cording to the progressive material removal process based on the Sierpinski geometry. It 
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can be seen that both mass and inertia decrease with each iteration, since the removal of 
material significantly reduces both parameters. 

3.2. Comparative Analysis of Theoretical and Experimental Stiffness 

This section presents a comparative analysis of the theoretical and effective stiffness 
of the studied waveguide beams. The theoretical stiffness was calculated using Equation 
(1), assuming an elastic modulus of 2 MPa as specified by the manufacturer of the flexible 
resin. In contrast, the effective stiffness was estimated using Equation (6), based on the 
experimentally determined natural frequencies extracted from the frequency spectra 
shown in Figure 4. 

Figure 4 illustrates the variations in dynamic behavior associated with the progres-
sive removal of material. The magnitude spectra enabled the identification of the natural 
frequency of each sample, corresponding to the peak amplitude in each case. The tested 
beams exhibited resonance frequencies of 24.4 Hz, 27.1 Hz, 25.4 Hz, and 27.2 Hz, respec-
tively. Notably, although the total system mass decreased (from 193 g to 158 g), the natural 
frequencies did not follow a proportional reduction. In fact, the highest-order fractal beam 
exhibited the highest recorded frequency. The consistency of the peaks between 1 and 80 
Hz confirms that the energy was concentrated in the fundamental vibration mode, justi-
fying the SDOF model, since there were no significant excitations of higher modes. 

The selection of the 1–80 Hz bandwidth was constrained by the hardware’s opera-
tional limits but proved adequate to capture the transition between operating regimes for 
all iterations. Furthermore, the spectral area (Equation (11)) is employed as the primary 
metric for aĴenuation because it offers a global quantification of energy dissipation. Un-
like damping ratios or loss factors, which are sensitive to specific peak identification, the 
spectral integral captures the total vibratory energy distributed across the complex fractal 
spectrum. This approach accounts for the cumulative effect of secondary modes and spec-
tral dispersion induced by self-similarity, which are characteristic of fractal architectures 
and would be partially omiĴed by traditional modal extraction methods 

 

Figure 4. Normalized FFT spectra for the Euclidean beam and the first, second, and third iteration 
beams derived from the dynamic response. 

The magnitude spectra shown in Figure 4 provides a clear characterization of the 
dynamic displacement (µm) across the frequency range. As indicated by the colored dots  
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at the peaks, the natural frequencies were identified at the points of maximum spectral 
magnitude, confirming the transition of the system’s energy into the fundamental vibra-
tion mode 

Table 2 summarizes the theoretical and effective stiffness values, along with the nat-
ural frequencies identified from the spectra and the corresponding effective masses. It also 
reports the relative errors between the estimated stiffness values. The table highlights the 
evolution of mass, natural frequency, stiffness, and relative error across the different beam 
configurations. 

Table 2. Comparison of theoretical and experimental (effective) stiffness for the beams across dif-
ferent iterations. 

Fractal Iteration 
(𝑰) 

Effective Mass 
(g) 

Natural Frequency 
(Hz) 

Theoretical Stiffness 
(N/m) 

Experimental Stiffness 
(N/m) 

Relative 
Error (%) 

0 193 25.4 5038.76 4915.22 2.45 
1 181 27.1 4970.64 5247.79 5.58 
2 169 25.4 4472.83 4327.33 3.25 
3 158 27.2 3993.14 4638.18 16.16 

Additionally, it can be observed that the lower-order iterations exhibit a strong agree-
ment between theoretical and experimental results. However, in the third iteration (i = 3), 
a relative error of 16.16% is obtained, representing the largest discrepancy in the study. 
This deviation can be aĴributed to factors associated with both the increased geometric 
complexity and porosity of the beam, as well as limitations of the manufacturing process. 
As the fractal order increases, the structure reaches a higher level of porosity and intricacy, 
making it more sensitive to slight variations in material distribution, which significantly 
affect the experimental response. Additionally, despite the use of high-resolution SLA 
printing, the accurate reproduction of the smallest geometric features in the third iteration 
may introduce imperfections or edge effects not captured by the ideal analytical model, 
which in turn affect the actual moment of inertia of the beams. 

Despite this discrepancy, the overall trend supports the validity of the proposed 
methodology. The results confirm that the SDOF model provides a reliable approximation 
of the dynamic response, although uncertainty increases with the geometric complexity 
of the metamaterial. 

3.3. Assessment of Dynamic Stiffness and Operating Regimes 

The dynamic stiffness of each beam was evaluated using Equation (9), which enables 
identification of the transition between stiffness-dominated and inertia-dominated re-
gimes. Calculations have been performed over a frequency range of 1–80 Hz. The results 
are presented in Figure 5 in two formats: an overall comparison of the four beam config-
urations and a detailed view focused on the vicinity of their natural frequencies. 

In the general graph (Figure 5a), it can be seen that all beams exhibit a decreasing 
behavior of 𝑲𝑫 as the excitation frequency increases. At low frequencies, the inertial term 
is small and the dynamic stiffness remains positive, corresponding to the elastic or stiff-
ness-dominated regime. In this interval, the system response is mainly controlled by the 
effective stiffness (𝑲𝒇), and the differences between the beams can be explained by their 
variations in mass and static stiffness. 

As the excitation frequency increases, the inertial term grows rapidly until it equals 
the value of 𝑲𝒇. This point corresponds to the natural frequency of each beam, where 
theoretically dynamic stiffness becomes zero (𝑲𝑫  = 0). The zoomed view in Figure 5b 
clearly shows this transition, highlighting the zero-crossing of 𝑲𝑫 . The frequencies at 
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which 𝑲𝐃 = 𝟎 agree with the natural frequencies identified from the spectra (Figure 4), 
confirming that the model captures the general experimental behavior. 

 

Figure 5. (a) Dynamic stiffness of Euclidean and fractal beams; (b) zoom near zero-crossing, indi-
cating natural frequencies. 

Additionally, Figure 5b shows that the natural frequencies do not follow a monotonic 
sequence with increasing fractal iteration; rather, they appear unordered and do not ex-
hibit uniform progression. This non-monotonic evolution of natural frequencies results 
from the competition between material removal and the redistribution of local stiffness 
through the Sierpinski multiscale architecture. While the first iteration causes a slight de-
crease in the stiffness index (𝑲𝟏 = 𝟎. 𝟗𝟔), higher-order iterations (𝒊 = 𝟐, 𝟑) leverage self-
similarity to optimize the stiffness-to-mass ratio. This creates a waveguiding effect where 
the porous sub-structures strategically modulate energy transfer, allowing the third iter-
ation to achieve the highest resonance frequency (27.2 Hz) and energy aĴenuation despite 
its lower mass. A similar trend is observed in the dynamic stiffness at low frequencies 
(below resonance). However, as the excitation frequency increases, the dynamic stiffness 
curves tend to organize according to the iteration sequence (0, 1, 2, and 3). This behavior 
reflects the combined influence of geometric complexity and mass distribution. The or-
dering observed at higher frequencies suggests that fractal metamaterials can modulate 
resonance and dynamic stiffness in a nonlinear manner, leading to a more predictable 
response as the fractal order increases. Beyond the natural frequency, the dynamic stiff-
ness becomes negative, indicating a transition to an inertia-dominated regime, as clearly 
shown in Figure 5a, where the curves drop sharply after crossing zero. 

The differences observed among the beams can be aĴributed to their physical param-
eters: configurations with lower mass and reduced effective stiffness tend to exhibit 
slightly lower natural frequencies and transition more rapidly into the inertia-dominated 
regime. Despite these variations, the overall trend remains consistent across all cases, con-
firming that the SDOF model adequately captures the dynamic behavior within the ana-
lyzed frequency range. 

Overall, the evaluation of dynamic stiffness and the identification of operating re-
gimes enable a robust characterization of the beams’ vibratory response. This framework 
provides a reliable basis for comparing configurations and supports a consistent physical 
interpretation of the experimental results. 
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3.4. Comparative of Vibration Absorption: Spectral Analysis in Fractal Beams 

Figure 6 presents the stiffness index calculated from Equation (12) and the spectral 
area obtained from Equation (11). The FFT-based spectral integrals reveal clear differences 
in vibration absorption among the four waveguide beams. Beam 3 exhibits the highest 
absorption, as indicated by the smallest spectral area within the analyzed range, reflecting 
a lower-amplitude, more distributed response and enhanced energy dissipation. Beam 2 
follows, also showing a reduced spectral area relative to the Euclidean beam, though less 
pronounced than Beam 3. Beam 1 displays a larger area, corresponding to intermediate 
absorption and a response closer to that of a less complex structure. Interestingly, Beam 0 
shows a spectral area slightly smaller than Beam 1, indicating a non-monotonic trend. 
Overall, the reduction in spectral area with increasing fractal complexity supports the con-
clusion that higher-order fractal beams achieve more effective vibration aĴenuation. 

 

Figure 6. Relationship between the stiffness index 𝑲𝒊 and the spectral area of the fractal waveguide 
beams. 

On the other hand, Figure 6 shows that the stiffness index 𝑲𝒊 evolves systematically 
with increasing fractal iteration, although the trend is clearly non-linear, as illustrated in 
Figure 7. For the Euclidean configuration (iteration 0), the reference value is 𝑲𝟎 = 𝟏. With 
the introduction of the first fractal iteration, the index decreases slightly to 𝑲𝟏 = 𝟎. 𝟗𝟔, 
indicating reduced vibration absorption relative to the reference geometry. In the second 
iteration, the index increases to 𝑲𝟐 = 𝟏. 𝟎𝟗, marking a transition toward a stiffer response 
and enhanced vibration aĴenuation. The third iteration reaches the highest value, 𝑲𝟑 =

𝟏. 𝟏𝟔, reflecting the greatest stiffness and the highest absorption capacity among the con-
figurations. This progression indicates that the incorporation of fractal complexity does 
not produce a monotonic effect; instead, an initial reduction in performance is followed 
by a steady improvement at higher iterations. The observed behavior suggests that mul-
tiscale interactions inherent to fractal geometries modify vibrational energy transfer in a 
nontrivial manner, giving rise to emergent dynamic properties that become more pro-
nounced as the fractal order increases. 
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Figure 7. Stiffness index evolution across Euclidean and fractal iterations. 

4. Conclusions 
This research has successfully demonstrated the technical feasibility of waveguide-

type fractal beams based on the Sierpinski set as an advanced solution for modulating and 
controlling mechanical vibrations. Through detailed characterization of the first three it-
erations, it was verified that incorporating this geometry enables structures to achieve 
greater energy absorption capacity compared to conventional Euclidean configurations, 
while maintaining dynamic integrity despite the progressive removal of mass. 

Validation of the dynamic model through a single degree of freedom system proved 
to be a robust approach for describing the system’s behavior, supported by the high agree-
ment between theoretical and experimental stiffness values. Although a relative error of 
16.16% was observed for the third iteration (i = 3), this discrepancy highlights the in-
creased sensitivity of mechanical properties to the geometric complexity and porosity of 
higher-order fractals. Specifically, at the 1 mm scale of the third iteration, the inherent 
anisotropy of the layer-by-layer SLA process and slight variations in material distribution 
become dominant factors that are not captured by idealized assumptions. This result un-
derscores the need to refine analytical models to explicitly account for these manufactur-
ing-related artifacts and edge effects in multiscale metamaterials 

A key finding is the optimization of the stiffness-to-mass ratio achieved through the 
fractal architecture. The highest-order fractal beam (i = 3) exhibits the highest resonance 
frequency (27.2 Hz) despite having the lowest effective mass. This behavior indicates that 
the Sierpinski-based material distribution enhances structural stiffness more efficiently 
than mass reduction alone would suggest. Consequently, the proposed geometry opti-
mizes the stiffness-to-mass ratio, enabling the beam to function as an effective waveguide 
that strategically tailors and shifts resonance frequencies through its hierarchical mul-
tiscale architecture. 

The spectral-area and stiffness-index analyses further show that energy dissipation 
increases with fractal order, with the third iteration delivering the most efficient perfor-
mance. Together with the clear identification of operating regimes where dynamic stiff-
ness transitions from positive to negative, these results position fractal metamaterials as 
promising candidates for lightweight design and adaptive vibration control in advanced 
engineering applications. 

This investigation provides a useful basis for further study of fractal-based met-
amaterials. The results support their potential for lightweight vibration-control applica-
tions and reinforce the value of the proposed experimental framework for characterizing 
their dynamic response. Possible extensions of this work include refining predictive 
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models and examining more complex loading conditions or three-dimensional configura-
tions. Applications in machinery vibration aĴenuation may also be considered as a prac-
tical line of study. 
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