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Abstract

This paper investigates a class of Hadamard variable-order fractional differential equations
in which the fractional order is determined by the cumulative distribution function (CDF)
of a continuous random variable. The proposed framework establishes a novel connection
between probability theory and variable-order fractional calculus by allowing the memory
index of the fractional operator to evolve according to a prescribed distribution law. To
facilitate the analysis, the CDF-based variable order is considered through a piecewise-
constant representation on a finite partition of the interval, which transforms the original
problem into a family of Hadamard fractional differential equations of constant order on
successive subintervals. Existence and uniqueness results are established by converting
the differential problem into an equivalent fractional integral equation and applying the
Banach contraction principle in suitable Banach spaces. Sufficient conditions ensuring the
well-posedness of the problem are derived in terms of explicit bounds involving the fractional
order and the nonlinear term. In addition, the Ulam—-Hyers stability of the proposed model
is investigated, and stability criteria are obtained under the same analytical framework.
To illustrate the applicability of the theoretical results, a numerical example involving a
CDF-generated variable-order function is presented. The example verifies the assumptions
of the existence, uniqueness, and stability theorems and demonstrates the effect of piecewise-
constant approximations of the cumulative distribution function on the resulting numerical
solutions. The obtained results show that the proposed CDF-based Hadamard variable-order
framework provides a mathematically consistent setting for studying fractional differential
equations whose memory characteristics depend on probabilistic distributions.

Keywords: Hadamard variable-order fractional derivative; cumulative distribution
function; fractional differential equations; Banach contraction principle; existence and
uniqueness; Ulam-Hyers stability; numerical approximation
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1. Introduction

Fractional calculus has emerged as a powerful extension of classical calculus due to its
ability to describe nonlocal phenomena and systems possessing memory and hereditary
properties. In contrast to integer-order models, fractional operators incorporate the influ-
ence of previous states of a system, which makes them particularly suitable for modeling
complex processes with long-range dependence. In recent decades, fractional differential
equations have received considerable attention and have been successfully applied in
numerous fields, including viscoelastic materials, anomalous diffusion, control systems,
fluid mechanics, biological models, signal processing, finance, and probability theory; see,
for instance, [1-4] and the references therein.

Among the different fractional operators available in the literature, the Hadamard
fractional derivative occupies an important position because of its logarithmic kernel. Un-
like the Riemann-Liouville and Caputo fractional derivatives, the Hadamard operator
is naturally associated with multiplicative processes and logarithmic scaling phenom-
ena. This feature makes it particularly appropriate for describing systems in which the
evolution depends on relative changes rather than absolute differences. Consequently,
Hadamard fractional differential equations have attracted increasing interest, and various
results concerning existence, uniqueness, stability, qualitative properties, and numerical
approximations have been developed; see [5-7] and references therein.

In many real-world applications, the memory characteristics of a system are not
constant during its evolution. This observation has motivated the development of variable-
order fractional calculus, where the fractional order is allowed to depend on time, space,
or other state variables. Variable-order fractional operators provide additional flexibility
compared with constant-order operators and have been successfully employed in the
modeling of heterogeneous materials, anomalous transport processes, biological systems,
adaptive control problems, and complex dynamical systems. Several theoretical investi-
gations concerning existence results, stability properties, controllability, and numerical
methods for variable-order fractional differential equations have recently been reported
in [8-12].

A fundamental issue in variable-order fractional calculus concerns the determina-
tion of the order function. In most existing works, the variable order is introduced as
a prescribed deterministic function selected according to the considered application or
mathematical requirements. However, in many physical and biological systems, the evolu-
tion of memory effects is influenced by uncertainty, randomness, or statistical information.
Therefore, it is natural to investigate new mechanisms that allow the fractional order to be
generated from probabilistic structures.

Probability theory offers a suitable framework for describing uncertainty and random
behavior. In particular, cumulative distribution functions (CDFs) possess several important
properties, such as monotonicity, boundedness, and continuity, which make them natural
candidates for constructing variable fractional orders. Since a cumulative distribution func-
tion takes values in the interval [0, 1], it provides an admissible fractional order function
without imposing additional restrictions. From a modeling point of view, a CDF-based
fractional order enables the memory parameter to evolve according to the statistical distri-
bution of an underlying random variable, creating a new interaction between probability
theory and fractional calculus.

The relationship between fractional calculus and probability theory has been explored
from different perspectives. Several fractional generalizations of classical probability
distributions, including exponential, gamma, Rayleigh, Lévy, and other distributions, have
been introduced and investigated in recent studies [13-15]. Furthermore, fractional and
variable-order techniques have been incorporated into the construction of new probabilistic

https:/ /doi.org/10.3390/ fractalfract10070459


https://doi.org/10.3390/fractalfract10070459

Fractal Fract. 2026, 10, 459

30f22

models [16,17]. Nevertheless, the analysis of fractional differential equations in which the
fractional order itself is directly determined by a cumulative distribution function remains
largely unexplored.

Motivated by these observations, this paper investigates the following Hadamard
variable-order fractional initial value problem:

{ DMy (r) = Flny(n), n e =11, "
y(1) =0,

where 1 < T < +o0, H fof(”) denotes the Hadamard fractional derivative of variable order,
while Fx represents the cumulative distribution function associated with a continuous
random variable X.

The main challenge in the analysis of problem (1) is the dependence of the fractional
order on the cumulative distribution function. To overcome this difficulty, we consider
a piecewise-constant approximation of the CDF over a finite partition of the considered
interval. This assumption provides a suitable analytical framework in which the variable-
order problem can be decomposed into a sequence of constant-order Hadamard fractional
differential equations. Consequently, classical fixed-point techniques can be applied on
each interval, allowing us to establish existence, uniqueness, and stability results.

The main contributions of this work are summarized as follows:

*  Anew class of Hadamard variable-order fractional differential equations is introduced,
where the fractional order is generated by a cumulative distribution function.

* Anequivalent integral formulation is established for the proposed problem on each
subinterval induced by the piecewise representation of the cumulative distribu-
tion function.

¢  Using the Banach contraction mapping principle, sufficient conditions for the existence
and uniqueness of solutions are obtained.

¢ The Ulam-Hyers stability property of the considered problem is investigated, and ex-
plicit stability conditions are derived.

* A numerical example is provided to demonstrate the applicability of the theoreti-
cal results and to illustrate the effect of the CDF-generated variable order on the
obtained solutions.

The organization of the paper is as follows. Section 2 presents the necessary prelimi-
naries concerning cumulative distribution functions and Hadamard fractional operators.
Section 3 is devoted to the existence and uniqueness analysis of the proposed initial value
problem. In Section 4, the Ulam-Hyers stability property is established. Section 5 pro-
vides a numerical example together with graphical illustrations and error analysis. Finally,
Section 6 concludes the paper and discusses possible directions for future research.

2. Preliminaries

In this section, we recall the basic concepts, notation, and auxiliary results that will be
used throughout the paper. We first introduce the cumulative distribution function and
explain its role in generating a variable fractional order. Then, we recall the variable-order
Hadamard fractional operators and some properties required in the analysis.

Let
Q:=11,1], 1< 1< +o0.

We denote as C(Q2, R) the Banach space of continuous functions from () into R equipped
with the norm

lylleo = sup [y(n)].
neq
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For 0 < r <1, we also consider the weighted space
C(QR) ={y € C(AR): (Iny)"y(n) € C(Q,R)},

endowed with the norm

yllc, = sup|(Inn)"y(n)].
neQ

Throughout this work, X denotes a continuous random variable with probability
density function fx and cumulative distribution function Fx.

Definition 1 ([18]). The cumulative distribution function associated with X is defined by
K
Fx(x) = P(X < ) = / fx(s)ds, KkeR

Proposition 1 ([18]). Let Fx be the cumulative distribution function of a continuous random
variable X. Then, the following statements are true:

1. 0<Fx(x) <1foreveryx € R;
2. Fx is non-decreasing on R;
3.
Kl—l)IIloo FX(K) =0 K1—1>I-',l:100 FX(K) =1
4.  Fx is continuous on R.
Remark 1. Since a cumulative distribution function takes values in [0,1], it provides a natu-

ral bounded function that can be used to generate an admissible fractional order. In this paper,
the variable order is constructed by setting the fractional order according to Fx.

Let
a:Q — (0,400), B:Q—(0,1]

be continuous functions.

Definition 2 ([6]). The left-sided Hadamard fractional integral of variable order is defined by

1 " “(W)—lf( )
HEX £ () = (1 ’7> L8] gp, > 1, 2
v f) F(w(n))/l ny o Ao 2)
Definition 3 ([6]). The left-sided Hadamard fractional derivative of variable order is defined as
1 adN\" ”*ﬁ(ﬂ)*lf( )
M0 = g ) b (g o ©
where
n=[p0n)]+1.

Notice that, for a fixed evaluation point 1, the value B(n) is kept constant throughout the
integration interval [1,1]. Therefore, the variable-order operator preserves the complete fractional
memory associated with the history of the solution.

Remark 2. When «(n) and B(n) are constants, Definitions 2 and 3 reduce to the classical
Hadamard fractional integral and derivative, respectively.
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The following lemmas summarize some properties of Hadamard fractional operators
that will be used later.

Lemma 1 ([6]). Let & > 0 be constant and assume that f € L'(1,7) with D%, f € L'(1, 7).
Then,

MDY f(7) =0
has the general solution

Fn) =Y ey,
k=1

where n = [a] + 1.
Moreover,

HIx (HD, F) () = Fly) + k21 cilln ),
Lemma 2 ([6]). Leta > Oand f € L'(1,7). Then,
oy, (F15£) ) = £,
Lemma 3 ([6]). Let a, p > 0. Then,
B (I ) ) = I (B ) () = PP ().

Lemma 4 ([9]). Let a: QO — (0,1] be continuous and f € C,(Q,R) with 0 < r < 1. Then, the

variable-order Hadamard fractional integral 1 Iﬁ”) f(n) exists for every 1 € Q).

To construct numerical approximations of the variable-order function generated by
the cumulative distribution function, we introduce the following notion.

Definition 4 ([19]). Let I C R.

A finite family o of generalized intervals is called a partition of I if every point of I belongs to
exactly one element of .

A function g : I — R is called piecewise constant with respect to p if it is constant on every
element of the partition.

In the numerical part of this work, the cumulative distribution function is approxi-
mated by a piecewise-constant function on the partition

o =A{lwn) @) [Tu-1,Tl},

where

l=f << <Ty=T1.

The approximation is defined by

F)((m)(ﬂ) = FX(Ti)r VRS [Ti—l/Ti)-

This piecewise-constant representation is introduced only as an approximation of the
variable-order function Fx and does not modify the definition of the Hadamard variable-
order operator. The fractional memory integral remains evaluated over the complete
interval [1, ] with the order corresponding to the evaluation point.
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3. Existence and Uniqueness of Solutions

In this section, we establish the existence and uniqueness of solutions for the con-
sidered initial value problem. The main idea is to preserve the memory structure of the
Hadamard variable-order operator while approximating the order function generated by
the cumulative distribution function.

Let

Q=[,1], 1<T< 400,

and consider the partition

p={lnn) ). . [t}
where
l=fp<nu< - - <tH=T1.

We assume that the cumulative distribution function Fx is approximated by the
piecewise-constant function

x (1) =Fx(%), n€t1T),

fori = 1,...,n. This approximation concerns only the variable-order function. The
Hadamard fractional operator is still defined according to Definition 3; in particular, for a
fixed evaluation point #, the order Fgl) () is used over the whole memory interval [1,7].

H;j. The function F)((") : Q) — (0,1] is piecewise constant with respect to the partition o, namely,

n

QWM=Z¥MWMW%

where )x; denotes the characteristic function of [t;_1, T;).

For each 7 € O); = [15_1, T;), the corresponding fractional order is therefore

Bi = Fx ().
The variable-order Hadamard derivative at point # becomes

L RN d\ (1) Py
D1+ y(ﬂ) - l—v(l — 51) (WdU) /1 (11‘1 P> pol (4)
[

where the order B; is constant ins the complete integration interval [1, 7].
Hence, the considered initial value problem

F(")
Ap y(p) = Fony(n),  neo,

y(1) =0,

)

is equivalently written in its integral form as

(n)
YT )
V1) = (%) 22 g, ©)

The formulation above preserves the whole history of the solution and does not
introduce artificial restarting conditions at the partition points.
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Definition 5. A function
y € C(Q,R)

is called a solution of the initial value problem (5) if it satisfies the integral Equation (6) for every
n € Q.

We now define the operator

(n)
L )Y T feve)
(T)01) = s [ (?) £ g,

A solution of the problem is therefore a fixed point of the operator T.
Lety,z € C(Q, R). Assuming that the nonlinear function satisfies the Lipschitz condition

\f(n,y) — f(n,2)| < Lly —z|,
we obtain

(n) o
D=1y (p) — 2(p)]

L Ui Fx
() - )] < o [ (n?) 4o
T(Fx () 71\ P e
L (n)
< —— () |l — 2. (7)
T(Fx (1) +1)
Consequently,
1Ty = Tzllo < Ally = 2[leo,
where
o LW
T TED () 1)
neQT(Fy/(n)+1)
If

A <1,

then T is a contraction on C((), R). Therefore, by the Banach fixed-point theorem, the initial
value problem admits a unique solution.

To analyze the integral formulation of the variable-order problem, we establish the
following lemma.

Lemma 5. Assume that
feC(QxRR),

and that for some r € (0,1), the function

(Iny)"f(1,y)

is continuous on ) x R.
Let y € Q; = [1;,_1, T;) and denote

Bi = Fx(Ti).

https://doi.org/10.3390/fractalfract10070459
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Then, a function
y € C(Q,R)
is a solution of the variable-order Hadamard fractional initial value problem
{HDfiy(ﬂ) = flny(),  ne ©
y(1) =0,
if and only if it satisfies the integral equation
L ( J ) " flevle)
v =gy i\ AR
Proof. Assume first that
y € C(Q,R)

is a solution of (8). Applying the Hadamard fractional integral of order §; on both
sides gives

M1 (D) ) = "I £ O, y(n)).

Using Lemma 1, we obtain

Bi—1
() = cling) !+ o 1 ()" fere) g,

Since the initial condition is

y(1) =0,

and the admissible solution belongs to the weighted space associated with the Hadamard
operator, the homogeneous term must vanish. Hence,

c=0.

Therefore,

1 o\ fley(e)
v = 55 (“‘g) .

which proves that every solution of the differential problem satisfies the integral equation.
Conversely, suppose that
y € C(Q,R)
satisfies (9). Applying the Hadamard fractional derivative Dfﬂr to both sides and using
Lemma 2, we obtain

HDPy(n) = fn,y(n),

for every
VRS Qi-

Moreover, the integral representation directly gives

y(1) =0.

Hence, y satisfies the initial value problem (8).

https://doi.org/10.3390/ fractalfract10070459
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Therefore, the differential formulation and the integral formulation are equivalent. [

The following result is obtained by applying the Banach contraction mapping theorem.

Theorem 1. Assume that the hypotheses of Lemma 5 hold. Moreover, suppose that there exists a
constant L > 0 such that

(In)" £ (1 y1) = FO1,y2)| < Llys = val,
for every
neqQ, y1,y2 € R.
Let
Bi=Fx(t), ne€Q=[1t1,7)

Assume that
L(nT)Pi—"

r(gi+1)

Then, the initial value problem (5) admits a unique solution in C(Q), R).

<1 (10)

Proof. We consider the operator

S:C(O,R) — C(O,R)
defined by

1\ fley(e) ,
(Sy)(ﬂ)—r(ﬁi)/1 (an) Talg, n e, (11)

Since the kernel of the Hadamard fractional integral is integrable and (In#)"f is
continuous, the operator S is well defined on C((), R).
Let
u,v e C(Q,R).

Then, for y € (};, we have

Bi—1 u _ o
1Su(n) — So(n)| < — /1’7<1nz> f(e,u(0)) — f(o, (Q))|dQ
17

AN
=
™| ™
N
=
=
S

Using

u(e) —v(e)] < [lu = v,

we obtain

. Lol 10 1Y gy
sutn) - so0n| < 28 [T (10 2)7 gy L.

By the change of variables

s=Inp,

we get

https://doi.org/10.3390/ fractalfract10070459
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T Ti+1-7)
Therefore,
1Suly) — So()] < ZIDPT g
U D= T +1-7) 00

Taking the supremum over 77 € () gives

[Su = Svfleo < Allu = 0lles,

where

L(lnq)ﬁi_r
A = Ssup ——m—mm.
e T(Bi+1-7)

Using assumption (10), we have

A<

Hence, S is a strict contraction on C(Q), R).

By the Banach fixed-point theorem, the operator S possesses a unique fixed point. This
fixed point is the unique solution of the considered variable-order Hadamard fractional
initial value problem. [

Next, we establish the existence and uniqueness of solutions for the initial value
problem (1). We consider the following assumption.

H,. Assume that
feC(QxR,R),

and that there exists r € (0,1) such that

(Inn)" f(n1,y) € C(AxR,R).

Moreover, assume that there exists a constant L > 0 satisfying

()" f O, y1) — f(n,y2)| < Lly1 —yal,

for every
ne Q, Y1,Y2 € R.

Theorem 2. Assume that (Hy) and (Hy) hold. If

L(ln;?)FX(Ti)*r
A = su
ot T(Fx(m) +1-7)

<1,

for every subinterval
Q; = [7i-1, 1),

then the initial value problem (1) admits a unique solution

y € C(Q,R).

https://doi.org/10.3390/fractalfract10070459
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Proof. By assumption (H;), the order function generated by the cumulative distribution
function is approximated by the piecewise constant function
FY () =Fx(m), e

It is important to note that this approximation concerns only the value of the fractional
order. The Hadamard operator keeps its complete memory over the interval [1, 7].
According to Lemma 5, the initial value problem is equivalent to the integral equation

(n)
v Y fey(e)
y(n)l"(F}((n)(n))/l (1 Q) . do.

Define the operator

(n)
v e \Y T fey@)
(Sy>(17)—F(F)((n)w))/1 (l Q) -

From the continuity assumption in (Hj), the operator

S:C(O,R) = C(Q,R)

is well defined.
Let

u,v € C(Q,R).

For 1 € O);, we have

B 1 7 1 Fx(t;)-1
) =5o0) < iy f ()

Using assumption (Hj), we obtain

[ =0l

L
|Su(n) — So(n)| < T(Fx (1))
Fx()—-1

x /1'7 (ln Z) (1ng)—fdQQ.

Applying the standard estimate for the Hadamard fractional integral yields

L(ln ;7>FX(TI')7T
(Fx(t) +1—7)

|Su(y) = So(n)l = ¢ [t = 0] co-

Hence,

[[Su = Svlleo < Allu = ]co.

By the assumption

A <1,

the operator S is a contraction on the Banach space C(Q), R).

https://doi.org/10.3390/ fractalfract10070459
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Therefore, the Banach fixed-point theorem guarantees the existence of a unique
fixed point

y=Sy.

This fixed point satisfies the integral equation and, by Lemma 5, is a solution of the
initial value problem (1).
Finally, if # and v are two solutions of (1), then both are fixed points of S. Hence,

[ =]l = [|Su = Svljo < Al[tt = V|0

Since A < 1, we obtain

[ =]l =0,

and consequently,

u(n)=o(n), Yneq.

Therefore, the solution is unique. [

4. Ulam-Hyers Stability

Definition 6 ([19]). The initial value problem (1) is said to be Ulam—Hyers (UH) stable if there
exists a constant c¢ > 0 such that, for every € > 0 and every function z € C(Q, R) satisfying

F(")
D Va) ~ fn20)| <€ meq, (12)
there exists an exact solution y € C(Q,R) of (1) such that

lz(1) —y()| < cre, e

Theorem 3. Assume that conditions (Hy) and (Hy) are satisfied and that

<1

L(ln;?)FX(Ti)*r
A = su
ot T(Ex(m) +1-7)

Then the initial value problem (1) is Ulam—Hyers stable.

Proof. Let € > 0 and let
z € C(Q,R)

be an approximate solution of the initial value problem (1) satisfying
HyFe ) _ <
Dyf z(n) = flnz(n))| <€, e (13)

20)

(
Applying the variable-order Hadamard fractional integral Ifﬁf to both sides of

(12) and using the properties of the Hadamard fractional operators, we obtain

https://doi.org/10.3390/fractalfract10070459
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s=1n-,
Q
we obtain
n F)((n)(ﬂ)—ld In F)({')(ry)
/ (ln ] > dg _ (Iny)
tAe € E ()
Hence,

B (14)

where the operator S is defined by

(n)
Y T o)
SN0 =L / (1 ) do.

Define

F ()
M = sup BT
7€Q F(FX (77) + 1)

Then, inequality (14) gives
|z — 5zl < Me. (15)

By Theorem 2, the operator S is a contraction on C(Q), R). Therefore, there exists a
unique function

y € C(Q,R)

such that

Sy=uy.

This function is the unique exact solution of the initial value problem (1).
Now, using the fixed-point property of y, we have

1z(n) —y(n)| = |z(n) — Sy(n)]
<|z(n) — Sz(n)| + |Sz(n) — Sy(n)|.

Taking the supremum over 1 € (), we obtain

12 = Ylleo < [z = Sz[leo + [[S2 = Sylleo-
From (15),

https://doi.org/10.3390/ fractalfract10070459
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12 = Ylleo < Me +[Sz = Sy/|o-

Furthermore, for any u,v € C(Q),R) and 77 € Q);, we have

1 " 1 Fx(t)-1
|Su(n) — So(n)| < m/l (lne>

< f (o u(e)) —f(e,v<g>>|dj.

Using assumption (Hj), we obtain

Su(r) = So(1)| < g5l = vl

Fx (7))
F (T,') -1
T ) * —rdo
X In— In —.
[ (=2)" g2
Applying the estimate used in Theorem 2, we obtain

[Su(n) = So(n)| < Allu — v,

where

L(lnyI)FX(Ti)_r
A = su .
vety T(Ex (1) +1-1)

Since A < 1, we have

152 = Sylleo < Allz = Ylloo-

Consequently,
[z = yllo < Me + Az — Y o
Therefore,
(1-A)llz=yllo < Me,
and hence
2= yllo < e
zZ— Y|l < T—AC

Finally, for every i € (),

M
- <z =Yl € ——e.
201 =yl < llz = Yllo < 7€

Setting

M
F=1A

we obtain

z(1) —y(n)| <cre, e
Therefore, the initial value problem (1) is Ulam—-Hyers stable. O
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5. Numerical Results

In this section, we present a numerical example to illustrate the theoretical results
obtained in the previous sections. Consider the following variable-order fractional initial
value problem:

DPi((’?) ( ): - |2+]/(’7)| , c Q= [1,3],
Y i arena o) (16)
y(1) =0.

The nonlinear function appearing in the problem is given by

12 +y| ,
()3 (1+€21)(1+ [y])

The variable fractional order is generated from the probability density function

flny) = (n,y) € [1,3] x R.

nt1
6 7
0, n & [1,3].

1,3],
p(n) = ves

Therefore, the associated cumulative distribution function is

Feln) = [t dr= 0P +20-3),  ye 1) 17)

It is clear that Fx satisfies the required properties of a cumulative distribution function.
Indeed, the following statements hold true:

1.
0<Fx(n) <1, ne[L3];

2. Fxisincreasing since

+1
Fe(n) = T2=>0;

lim Fx(n) =0, lim Fx(n)=1;

17— =00 n—+oo
4. Fxis continuous and therefore right continuous.

We approximate the variable order Fx(77) as a piecewise-constant function. Let

l=fp<n<---<1w=3

be the partition of the interval [1, 3], where

Qi =[t_1,7, i=1..,8.

The corresponding constant values of the fractional order are

i Q; Fx(7;)

1 [1,3] 7 =0.0885
2 13,3] 155 = 0.0989
3 (3,71 2=0.1093
4 [7.2] 2 =0.1197
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i Q; Fx(7;)

5 [2,4] &5 =0.1302
6 [3,5] 27 = 0.1406
7 (3,4 #5 =0.1510
8 [4.3] 5 =0.1614

We first verify assumption (Hy). For arbitrary v,z € R, we have

1
(Inm)o|f(n,y) — f(n,2)]
1 [2+yl  12+2
T+e2|T+]y] 1+

IN

1
mIIZ—i—y\ —2+2||

IN

Ly—1
2=

Hence, assumption (Hy) is satisfied with

1 1
=, L=_.
"9 2
Now we verify the contraction condition given by Equation (10). For each subinterval

Q);, define

L(in )™ (n )~ (ini))
(1~ NI () |

A=

Using r = % and L = %, we obtain

i 1 2 3 4 5 6 7 8
A 0.05491 0.05056 0.05110 0.05216 0.00592 0.05910 0.05514 0.05583

Consequently,
max A; < 1.
1<i<8

Therefore, all assumptions of Theorem 1 are fulfilled, and the existence and uniqueness
of the solution on every subinterval (); are guaranteed.

Numerical Approximation

The numerical solution is obtained from the equivalent integral formulation. The
interval [1, 3] is discretized into a uniform grid
l=no<m<- - <yn=3.

The fractional integral term is approximated by the trapezoidal quadrature formula,
leading to the discrete approximation

Mk

7

Vb T Oy ()
YO = T ) "(1 > I

where wy denotes the corresponding trapezoidal weights.
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The resulting nonlinear algebraic system is solved iteratively to obtain the approximate
values of the solution.
Figure 1 shows the numerical solution associated with the continuous fractional order

1
Fx(n) = ﬁ(’?z + 217 —3).

The solution y in [1,3] for Fy = (n? +2n — 3)/12

0.45

——— y with FDM for Fy = (77 + 27 3)/12]

0.05 q

Figure 1. Numerical solution (17) corresponding to Fx (1) = {5 (1> + 215 — 3).

To investigate the influence of the fractional order approximation, we compare the
numerical solution y(#) with the solutions y;(#) obtained by fixing the fractional order on
each subinterval,

Fx(n) = Fx(%),

The obtained comparison is displayed in Figure 2.

n € Q.

The solution y in [1,5/4]

The solution y in [5/4,3/2]

e 3y (1)

yi(n) with n =5/4

0.135

0.13

0.125

The solution y in [3/2,7/4]

Figure

155 1.6 165 1.7 175

2. Cont.

0.108

0.106

0.104

0.098

0.096

0.094
175

n

The solution y in [7/4,2]
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The solution y in [2,9/4] The solution y in [9/4,5/2]
. ; :

0.105

0.099

0.098
0.097
0.096
0.095
0.094
0.095 -
0.093

0.092 -

0.09 . - . 0.09 - 5 5
2 2.05 21 215 22 225 225 23 235 24 245 25
n n

The solution y in [11/4,3]

0.1

0.098

0.099

0.097
0.098
0.096
0.097

0.096 0.095

0.095 0.094

0.094 0.093
0.093
0.092
0.092

0.091 0.091 -

4

0.09 . - - 0.09 - 5 5
25 255 26 265 27 275 275 2.8 285 29 295 3

" "
Figure 2. Comparison between the variable-order numerical solution y(7) and the piecewise-constant

order solutions y;(77).

The approximation error is measured by

ly(n) —yi(n)|.

Norm; = max
7E[Ti-1,7]

The numerical results are summarized in Table 1.

Table 1. Errors between the variable-order solution and the piecewise-constant approximations.

T Fx (i) lyi(7) — y ()] Norm;

2 0.0885 2.364 x 1073 0.2490

3 0.0989 3.678 x 107° 4.634 x 1072
z 0.1093 3.678 x 107° 4.634x 1073
2 0.1197 2487 x 107° 3.134 x 1073
7 0.1302 4.074 x 107> 5134 x 1073
2 0.1406 3.678 x 107° 4.634 x 1073
q 0.1510 3.678 x 107° 4.634 x 1073
3 0.1614 2.884 x107° 3.634 x 1073

The obtained numerical results show that the piecewise constant approximation of the
variable fractional order provides a reliable approximation of the original model. Moreover,
the numerical experiments confirm the theoretical results concerning existence, uniqueness,
and Ulam-Hyers stability.

6. Discussion

The numerical example presented in the previous section serves to demonstrate the ap-
plicability of the theoretical framework developed in this work. In particular, the considered
problem satisfies the assumptions required for the existence, uniqueness, and Ulam-Hyers
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stability results established in Theorems 1 and 3. The example provides a practical illustra-
tion of the proposed approach, where the variable fractional order is generated through a
cumulative distribution function and approximated by a piecewise-constant representation.
The numerical results show that the proposed approximation procedure is able to cap-
ture the behavior of the considered Hadamard variable-order fractional system. The com-
parison between the reference solution associated with the continuous order function

1
Fx() = 75 (7 +21 = 3)

and the solutions obtained from the piecewise constant approximations Fx(#) = Fx(7;)
demonstrates that the approximate solutions remain close to the reference solution on the
corresponding subintervals. Moreover, the computed values of the error indicator

Norm; = max _|y(n) —yi(n)]

n€lt-1,7]

show a decreasing tendency for most subintervals, indicating that the piecewise-constant
representation provides a reasonable approximation of the continuous variable-order model
in the considered example.

The obtained behavior is consistent with the theoretical analysis. Indeed, the piecewise-
constant approximation transforms the original variable-order problem into a sequence
of constant-order Hadamard fractional problems, for which the existence and uniqueness
are ensured by the Banach fixed-point argument. The numerical results confirm that the
influence of the cumulative distribution function on the memory parameter is reflected in
the evolution of the solutions. Different values of Fx(T;) lead to slightly different fractional
dynamics, which highlights the role of the distribution function in controlling the memory
behavior of the system.

It should be emphasized that the numerical experiment presented here is not intended
to provide a complete convergence analysis of the proposed numerical method. Rather, it
is included to verify the applicability of the theoretical results and to illustrate the effect of
the distribution-generated variable order on the solution behavior. A rigorous numerical
analysis, including global convergence rates, stability estimates, and error bounds for
general Hadamard variable-order fractional equations, remains an important topic for
future research.

A main contribution of this work is the introduction of a probabilistic mechanism for
constructing variable fractional orders through cumulative distribution functions. In con-
trast to classical variable-order fractional models, where the order is usually prescribed by
a deterministic function, the present framework allows the fractional order to incorporate
distributional information. This provides a flexible modeling perspective for systems in
which memory effects may depend on uncertain or statistical characteristics.

The piecewise-constant representation adopted in this study plays a fundamental role
in the mathematical analysis. It allows the variable-order operator to be decomposed into
a finite collection of constant-order Hadamard fractional operators, making it possible to
apply standard analytical tools. Although this representation provides an effective frame-
work for the current investigation, its extension to more general cumulative distribution
functions remains a challenging problem.

Several directions can be considered for future developments:

¢  Continuous distribution-generated orders. An important extension will be the in-
vestigation of continuously varying cumulative distribution functions without using
piecewise approximations. This will require the development of new analytical tech-
niques adapted to genuinely variable fractional orders.
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* Influence of different probability distributions. Different choices of probability dis-
tributions may generate different memory structures. Studying the qualitative and
quantitative influence of these choices on the solution behavior represents an interest-
ing research direction.

*  Numerical analysis. Further studies are needed to establish rigorous convergence
results, error estimates, and stability properties of numerical schemes designed for
Hadamard variable-order fractional differential equations.

*  Generalizations to other fractional models. The proposed approach can potentially
be extended to boundary value problems; impulsive fractional systems; coupled
systems, fractional integral equations; and models involving other fractional operators,
including Caputo-Hadamard, Hilfer, and Katugampola derivatives.

The results obtained in this paper indicate that cumulative-distribution-based variable
fractional orders provide a promising framework for describing distribution-dependent
memory phenomena. The combination of fractional calculus and probability theory may
offer new mathematical tools for modeling complex systems where memory effects are
influenced by uncertainty or statistical information.

7. Conclusions

In this paper, we studied a class of Hadamard variable-order fractional differential
equations in which the fractional order is generated by the cumulative distribution function
of a continuous random variable. This approach establishes a connection between probabil-
ity theory and variable-order fractional calculus by allowing the memory parameter of the
fractional operator to be determined through distributional information.

To overcome the analytical difficulties caused by the variable fractional order, the cu-
mulative distribution function was represented by a piecewise-constant approximation
over a finite partition of the considered interval. This formulation enabled the original
problem to be decomposed into a family of constant-order Hadamard fractional differen-
tial equations. Using this representation, the Banach contraction principle was applied
to establish sufficient conditions guaranteeing the existence and uniqueness of solutions.
Furthermore, the Ulam-Hyers stability property was obtained, showing the robustness of
the solutions with respect to small perturbations of the fractional differential equation.

A numerical example was provided to illustrate the theoretical results. The example
verified the assumptions of the proposed theorems and showed how the choice of the
cumulative distribution function affects the corresponding solutions. The comparison
between the continuous variable-order model and its piecewise-constant approximations
demonstrated the effectiveness of the adopted representation. However, the numerical
results should be regarded as an illustration of the theoretical framework rather than a
complete convergence study of the numerical method.

The main novelty of the proposed approach lies in introducing a probabilistic in-
terpretation of the fractional order through cumulative distribution functions. Unlike
many existing variable-order fractional models based on deterministic order functions,
the present framework allows the memory index to be influenced by distributional in-
formation. This provides additional flexibility for modeling systems with uncertain or
heterogeneous memory effects.

Several problems remain open for future investigation. These include the analysis of
general continuous cumulative-distribution-function orders, the development of rigorous
numerical convergence theories, and the extension of the results to more general fractional
operators and mathematical models. Possible directions include boundary value problems;
impulsive and integro-differential systems; coupled fractional equations; and models based
on Caputo, Caputo-Hadamard, Hilfer, and Katugampola fractional derivatives.
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The results presented in this work provide a first step toward the development of
distribution-dependent variable-order fractional models and highlight the potential interac-
tion between probability theory and fractional calculus in the description of systems with
complex memory effects.
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