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Abstract

This paper is devoted to the construction and analysis of solution operators for a broad
class of fractional-order systems. Both coupled systems with a memory-decoupled struc-
ture and fully coupled systems are considered. Using Laplace transform techniques and
matrix-valued operator methods, explicit representations of the associated operator families
are derived. The developed framework extends classical fractional resolvent theory to
distributed-order and fully coupled systems, highlighting the role of coupling in shaping
the structure of solution operators. These operators provide a natural setting for the frac-
tional Duhamel principle and thus play a central role in the analysis of nonhomogeneous
problems. Finally, several examples are presented to illustrate the theory and demon-
strate the construction of solution operators for representative distributed-order and fully
coupled systems.

Keywords: fractional differential equations; Cauchy problem; solution operators; fully
coupled systems; existence and uniqueness; fractional Duhamel principle

1. Introduction

Fractional-order systems have attracted considerable attention due to their ability to
incorporate memory and hereditary effects that are often observed in real-world phenom-
ena. Unlike classical integer-order models, fractional differential equations account for the
influence of the entire past history of a process, providing a more realistic description of
dynamics in complex media. Such memory-coupled models arise naturally in anomalous
diffusion [1-3], viscoelasticity [4,5], heat conduction with memory [6,7], and biological
and ecological systems [8-10], finance [11,12], and control theory [13,14]. The nonlocal
nature of fractional operators allows one to capture long-range temporal correlations and
multiscale relaxation mechanisms, making fractional-order systems a powerful framework
for modeling processes whose evolution depends not only on their current state but also
on their accumulated history. In addition, fractional-order systems have found increasing
use in computational and engineering applications, including adaptive control, parameter
estimation, signal processing, and neural-network-based dynamic systems, where their
enhanced modeling capabilities provide improved accuracy and flexibility. For example,
in [15], fractional-order modeling is employed in adaptive control design for nonlinear
systems; in [16], it is used for state estimation and parameter identification in nonlinear
fractional-order dynamics; and in [17], fractional-order neural networks are studied for
control and stability analysis under uncertainty.

In the study of linear systems of evolution equations, solution operators play a central
role by mapping initial data and forcing terms to the corresponding solution at later times.
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For a classical linear evolution equation, such as u; = Au in a Banach space, the solution
can be expressed formally as u(t) = S(t)up, where S(t) is a strongly continuous semigroup
generated by the operator A [18,19]. These operators encapsulate the temporal dynamics of
the system, allowing one to analyze stability, long-time behavior, and regularity properties
of solutions through the properties of the semigroup itself. In particular, semigroup theory
provides powerful tools for the characterization of solutions in both abstract and concrete
settings, ranging from the heat equation to wave propagation problems.

In the fractional setting, however, a direct extension of the classical semigroup frame-
work is generally not available due to the nonlocal nature of fractional derivatives. Conse-
quently, the traditional treatment of fractional evolution equations relies on two distinct
solution operators: one governing the homogeneous problem and another describing the
contribution of the inhomogeneous forcing term; see, e.g., [20-25] and the references therein.
The fractional Duhamel principle overcomes this difficulty by restoring a unified represen-
tation of solutions, allowing both the initial data and the forcing term to be incorporated
through a single solution operator; see [26-28].

More precisely, the fractional Duhamel principle represents solutions to inhomoge-
neous problems in terms of homogeneous solution operators and fractional impulse terms.
Within this framework, the influence of past states is transmitted through the convolution
of the forcing term with suitable fractional kernels, thereby capturing the memory effects
inherent in the system. As a result, the associated solution operators can be viewed as
natural extensions of classical semigroups, with the standard composition law replaced by
convolution structures reflecting the accumulated influence of the system’s history. The
construction of such operators is therefore fundamental to the representation and analysis
of both linear and nonlinear fractional evolution systems. Furthermore, this framework
reveals intricate couplings among different fractional derivatives in multiterm and coupled
systems, providing a natural mechanism for describing memory effects, interactions, and
the temporal evolution of fractional dynamics.

In this paper, we construct and analyze solution operators for a broad class of fractional-
order systems. The considered models include uniformly and heterogeneously distributed-
order differential equation (DODE) systems, memory-decoupled systems, as well as fully
coupled systems. Such models arise naturally in the study of diffusion processes exhibiting
multiple dynamical regimes, as well as in systems whose components interact through both
differential operators and memory effects. Section 2 presents the preliminary material used
throughout this paper. In Sections 3-5, we derive representations of solution operators for
uniformly and heterogeneously distributed-order systems, memory-decoupled systems,
and fully coupled systems, and we investigate their properties. Illustrative examples are
also provided.

2. Preliminaries

In this section, we briefly recall some basic notions and results from fractional calculus
that will be used throughout this paper. The details can be found, e.g., in [29,30]. Let
f :]0,00) — R be a locally integrable function, and let « > 0. The Riemann-Liouville
fractional integral of order « is defined by

I*f(t) = r(la) /Ot(t — ) lf(r)dr, t>0,

where I'(-) denotes the Euler gamma function. For convenience, we set I’f = f. The family
{I*} 4> satisfies the semigroup property

I“IFf = 1%MFfF,  w,p>0.
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Let a € (0,1). The Riemann-Liouville fractional derivative of order « is defined by

DYF(1) = (N0 = gy gt o = D) @) e

The Caputo-Djrbashian fractional derivative of order « is given by

Df() = () 0) = s [ -0 e

More generally, if n — 1 < a < nwithn € N, then

DY f(1) = S,

and

o _ n—o dnf
Dif(r) = 1" L),

Both operators are assumed to coincide with the classical derivative % when the
order « is an integer, i.e., « = n. The Caputo-Djrbashian derivative is particularly con-
venient in applications because it allows the use of classical initial conditions involving
integer-order derivatives.

Let y be a finite positive Borel measure supported on [0,1]. The corresponding
distributed-order Caputo differential operator is defined by

1
Duf(t) = [ DEF(E) p(de),

provided the integral exists. If the measure y is absolutely continuous with respect to the
Lebesgue measure, namely, (da) = w(a) da, where w € L1([0,1]) and w(a) > 0, then

Duf(0) = [ wla) DEf(1) da

Distributed-order operators naturally arise in models exhibiting a continuum of mem-
ory scales and are widely used in anomalous diffusion and relaxation phenomena. Associ-
ated with y, we introduce the function

1
pe) = [ s pln), s>0 )

which plays the role of the symbol of the distributed-order operator.
For a suitable function f, its Laplace transform is defined by

~

flo) =iy = [ etfwa, s>
The Laplace transform of the Riemann-Liouville fractional integral is
L{I*f}(s) =s“F(s), a>0.

Fora € (0,1), the Laplace transform of the Caputo-Djrbashian derivative is

~

L{Df}(s) = s"f(s) —s* 71 £(0). )
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Similarly, the Riemann-Liouville derivative satisfies

L{DE f}(s) = s"f(s) = (I'"*£)(07).
For the distributed-order operator, Fubini’s theorem yields

= s
LDfI6) = p©)f(s) - P50,
where (s) is defined in (1).
The Mittag—Leffler function plays a fundamental role in the theory of fractional differ-
ential equations. For a > 0, it is defined by

(o] Zk
Ex(z) =) ——, zeC.
(2) Ig)l’(tkarl)

More generally, for « > 0 and B € R, the two-parameter Mittag—Leffler function is
given by
&

E“”S(Z>:k;0r(ﬂck+,3)' z € C.

Both series define entire functions on the complex plane. In the special case « = 1, one
has E;(z) = e*. The Mittag-Leffler functions satisfy the Laplace transform formulas

a—p
B—1 ® _ S 1/a
L{F (A} o) = o=, R(s) > AL
and, in particular,
o B Slel
L{Ey(AtY)}(s) = o

Furthermore, for A > 0 and 0 < &« < 1, the function t — E,(—At") is completely
monotone on (0, c0) and satisfies the asymptotic relation

1

Eo(—At") ~ AT —a)

£, t — oco.

We will use the following lemmas in the proofs of the main results.

Lemma 1 ([30-32]). Let 0 < w < 1and A < 0. Then,

Ea(Af%) = / e K A)dr,  t>0,
0

where () )
Asin(7Ta e

Ki(r;A) = — .

«(ri2) T r2e — 2Ar% cos(ma) + A2’ r>0

Moreover,
Ku(r;A) >0, / Ky(r;A)dr = 1.
0

Consequently, the function t — Eq(At") is completely monotone on (0, 00).

Lemma 2 ([19,33]). Let T > 0 and let K be the Volterra operator defined by

t
(Ku)(t) = /0 K(t,s)u(s)ds, 0<t<T,
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acting on C([0, T]). Assume that |K(t,s)] < M, 0 <s <t < T, for some constant M > 0. Let
f € C([0, T]). Then, the integral equation u = f + Ku has a unique solution u € C([0, T]), given
by the Neumann series

u= Y K'f,
n=0
where the series converges uniformly on [0, T]. Moreover, for every n € N, we have
[(KTA O] < [ flleo(ME)"/nt, 0 <t <T,

and consequently ||ul|ecc < eMT||f||co-

Lemma 3 ([34,35]). Let f : (0,00) — (0,00) be a locally integrable function such that f(t) =
t0=1L(t), where p > 0, and L(t) is a slowly varying function at infinity in the sense of Karamata.
Then, as s — 07, the Laplace transform of f (t) satisfies

flo) ~(e)s (1),

Conversely, if f(s) has this asymptotic form at s — 0%, then f(t) satisfies

3. Solution Operators Associated with DODE Systems

Fractional derivatives of multiple orders arise naturally in the modeling of vari-
ous dynamical processes. In this section, we study solution operators for systems with
distributed-order time-fractional derivatives in an abstract setting. In general, such systems
take the form

D U(t) := /01 DPU(t) du(B) = F(A)U(t) + H(t), t>0, 3)

subject to the initial condition
u() = @, (4)

where u = (41, ..., 4m) is a family of bounded Borel measures on [0,1], A : X — X isa
closed operator with domain ©(A) in a Banach space X, F(A) : X" — X" is an operator
matrix, ® € X", and H : [0,00) — X™. Throughout this section, we assume that the initial
data ® and the forcing term H possess sufficient regularity to ensure that all expressions
appearing below are well-defined. We associate the matrix-valued operator F(A) with
the matrix-valued function F(z),z € C, which serves as a symbol of the operator. In
componentwise form, system (3) can be written as

/Ol Dful-(t) d]/lz(ﬁ) = ifij(A)uj(t)+hi(t), t>0, i=1,...,m.
. =1

In the particular case Hj = 55]., where §, denotes the Dirac measure concentrated
at a, the system reduces to the incommensurate fractional system with vector order
B=(B1,---,Bm)-

Throughout this paper, our objective is to derive formal representations of the solution
operators. We do not address the general questions of the existence and uniqueness of
solutions. Instead, we assume that the initial datum & and the forcing term H belong to
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a class of admissible data for which the Laplace transform method is applicable and all
operator expressions arising below are well defined. In particular, whenever resolvent-type
expressions of the form (¢ (s)I — F(z))~1® occur, it is assumed that ® belongs to the corre-
sponding admissible subspace so that these expressions exist and depend analytically on s
in the domain under consideration. Under these assumptions, the formal manipulations
involving Laplace transforms, contour deformations, and inverse transforms are justified,
and the resulting formulas provide representations of the associated solution operator.

We first consider the uniformly distributed-order case, meaning that all the compo-
nents of the measure y are equal, thatis, 41 = - - - = pu = p. We note that for convenience
P (re™), which we write as

plre*m) = [ e du(p) = () +iB()

where

A(r):/Olrﬁcos(ﬂﬁ)dy(,B) and B(r):'/olrﬁsin(nﬁ)dy(ﬁ).

Theorem 1. Let p = (i, ..., ), with y as a bounded Borel measure on [0, 1]. Then, the solution
operator S(t, A) : X" — X™ corresponding to problem (3)—(4) admits the series representation

S(t,A) = 1+ Y [F(A)F (), ©)
k=1

¥, () = c—l{mpisy(}(t).

Moreover, S(t, A) admits the integral representation

where

S(t, A) = /000 e K(r, F(A)) dr, ©)
where 1 ‘ ‘
K(r, F(A)) = — Im|[y(re'™) (y(re™) 1 = F(4)) "' ]. @)

Proof. To construct the solution operator, we consider the homogeneous problem H(t) = 0.
Applying the Laplace transform £{U(t)} = U(s), formally replacing A with a parameter
z € G, and using the Laplace transform formula, we obtain

/O ' (s"u(s) - 1@ du(a) = F(2)U(s),

where F(z) is the symbol of the matrix-valued operator F(A). Since u is a bounded
measure, we may interchange integration and the Laplace transform, yielding

P()U(s) — s~ 1p(s)® = F()U(s),

where (s) is defined in (1). Rearranging gives

and hence

U(s) = §(S,Z)q), §(S,Z) = $(s) (I,U(S)I—]:(z))*l. 8)
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To derive the series representation, we write

Sl Fa)lo L (_F@\"
WEI=7() ‘¢<s><’ ¢<s>) '

For s with sufficiently large real part R(s), the Neumann series converges yielding

(-36) B

Substituting this into $(s) in (8) gives

[} Z]k
7 > 7
; (o) R(s) >0

m\»—\

where ¢ > 0 is sufficiently large. Taking the inverse Laplace transform term-wise, we
obtain

tz-I—i—Z 2)¥e(t), t>0,z€C,

where

Replacing the symbol F(z) by the operator F(A) yields representation (5).
To derive the integral representation of the solution operator, we compute the inverse
Laplace transform of the symbol S(s, z) defined in (8). Thus,

S(t,z) = z;/ () (4 (6)1 = F(z)) Vs,

S

where I’ = {s € C: R(s) = ¢} is the Bromwich contour. Since §(s) contains fractional
powers, it is analytic in C \ (—oo,0] and has a branch point at s = 0. For admissible

data, we assume that the resolvent expression (y(s)I — F(z)) ! is analytic in C \ (—c0,0].

Consequently, the integrand

1 2C) (yo)1 - 7(2))

-1
is analytic in the slit plane C \ (—o0, 0]. Hence, by Cauchy’s theorem, the Bromwich contour
may be deformed to the sectorial Hankel contour.

TReo = {re®:e<r<R}UCRU{re® :e <r <R}UC,,

where
Cr = {Re'? : 0 < |¢| < 7}, Ce={eel?: -1 < ¢ < 71}

Since R(s) < Rcosf < 0 on Cg, we have
|est| < e R, c=—cosb > 0.

Using the resolvent estimate

C

_ 1< &
1(§(s)I = F(2)) ”§|¢(s)|’
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it follows that
1 1

S

Cefth
<

ep(s) (P(s)I — F(2)) SR

s € Cg.

Hence,

Therefore the contribution from the large arc vanishes. Letting ¢ — 0 and subsequently

/C et (s) (w(s)I — F(z))IdSSH < Ce Rt 5, R — .

6 — 7, Cauchy’s theorem yields the contour integral reducing to the jump across the

branch cut (—oo, 0]. Parameterizing the contour by s = re*i™ r > 0, we obtain

-1

$(2) = 5 [ e [l (w1 - F(2)

= 2mi
e ) (p(re )1 - F(2) | L

r

Since (re~"") = y(re'™) and the corresponding matrix-valued resolvents are conju-

gate, we may use the identity Z — Z = 2i Im(Z) to obtain

S(tz) = /0oo et [1 Im(¢(reiﬂ) (p(re™)1 — ]:(z))l)} dr.

tr

Replacing the symbol F(z) by the operator F(A) yields the representation (6) with
kernel

1 i ; -
K(r, F(A)) = — Im(p(re™) (y(re™) 1 = F () ).
This completes the proof. [

Corollary 1. Let the measure be concentrated at a single order p € (0,1), i.e., p = dg. Then, the
solution operator has the representation

S(t, A) = Eg(F(A)tP).
Proof. In this particular case, the system reduces to the commensurate fractional system
DPu(t) = F(A)u(®).

It is easy to see that, in this case, (s) = sP, and the solution operator admits the
integral representation

S(t, A) :/ e K (r, F(A)) dr.
0
Without loss of generality, we can assume that the symbol F(z) is diagonalizable, i.e.,
F(z) = PAP7Y, A =diag(A1(2),...,Am(2)),

where P;(z) are the spectral projectors of F(z). Then,

S(t,z) = P(z) diag(/ooo e "KC(r, Aj(z)) dr> P l(z),

where

1 I rPeimh 1 —Aj(z)rP ! sin(mp)
7o T\ et — A TP - 2}\]'(2)"5 cos(7tp) + AJZ(Z)'
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In accordance with the integral representation of the Mittag—Leffler function (Lemma 1),
the latter yields

/O e (r, Ay (2)) dr = Eg(Aj(2)1P),

and therefore
S(t,z) = P(z) diag(Eﬁ(/\j(z)tﬁ)) P l(z).
Since Eg(0) = 1, it follows that S(0,z) = I. Moreover, by spectral calculus,
m
S(t,z) = Y P(z)Eg(Aj(2)tF)Pi(z) = Eg(F(2)tF),
j=1

implying that the solution operator is S(t, A) = Eg(F (A)tP). This confirms that the solution
operator reduces to the well-known representation via the classical Mittag-Leffler function
valid for commensurate systems. [

Corollary 2. Let the measure consist of two discrete components,
p=20dp+ady, 0<y<p<l, a>0.

Then, the solution operator admits the integral representation
S(t,A) = Y [PPEE —atP~ ) | [F(A)]F 9
(tA) =}, p—,kp+1\ 4 [F (A ©)
k=0

Proof. Notice that in this particular case, ¥(s) = sP + as7. Again for simplicity, assume
that the symbol F(z) is diagonalizable,

F(z) = P(z2)A(z)P71(z), A(z) = diag(A(2),...,Au(z)).

Then,
S(t,z) = P(z) diag(s(/\j(z), f)) Pil(z),
where each scalar component admits the series representation
s(A(z),t) = Z[/\(z)]ktk5E§77,kﬁ+l<—atﬁ*7). (10)
k=0

Indeed, this representation follows from the Laplace transform formula

. 1 - Ty !
862 = (1907 7@) = RIFEF g

For ¢(s) = sP + as7, we rewrite

1 —k
— ¢ (kp+1) —(B=7)
5 ¢(s)k s (1 + as ) .

Applying the inverse Laplace transform formula
£ {s_P(l - ws‘“)_’s} = tp_lEglp(wt“),

we obtain
Fe(t) = PES g0 —atP ),

https:/ /doi.org/10.3390/ fractalfract10070470
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which yields (10). Thus, the solution operator admits the representation (9). O

Remark 1.

1.

In Corollaries 1 and 2, the order 3 may also attain the value B = 1. In particular, for p =1,
the solution operator in Corollary 1 reduces to the classical semigroup representation. Note
that the representation of the kernel K(r, A) is valid for 0 < B < 1. In the limiting case p — 1,
the integral representation degenerates due to the factor sin(7tp), and the spectral density

formulation is no longer applicable. However, one may instead use the series representation
(5), which yields
S(t, A) =1+ Y [F(A)¥k(),
k=1

where

a1 P
0 = £ 0= ey

In particular, when B = 1, this reduces to ¥(t) = t*/k!, and the classical semigroup
expansion is recovered:

k
[t}-l(f)] = exp(tF(A)).

S(t,A) = i
k=0

Thus, the corresponding fractional evolution equation recovers the classical first-order frame-
work as a special case.

It follows from Theorem 1 that the integral representation of the solution operator under the
condition of Corollary 2 takes the form

S(t,A) = /O Ve K (r, F(A)) dr,

where 1
K(r, F(A)) = p— Im [(rﬁe"”/3 +ar"e™) (p(re' ™)1 — F(A)) 71} : (11)

Example 1. Consider an example of the uniformly distributed-order case p(dp) = dp on [0,1]. The

choice of a uniform measure corresponds to a system in which no single fractional order dominates the

dynamics. Instead, all fractional exponents contribute equally, leading to a model with a continuous

spectrum of memory effects. In contrast to single-order fractional models, this setting captures a
broad range of relaxation mechanisms that arise in highly disordered media. The distributed-order
operator in this case takes the form

1
D) = | DUt ap. (12)

It admits the convolution representation

—B
DN = [ ot =D Ui T, 9l0) = [ i B (13)

The memory kernel satisfies the asymptotic behavior

t — oo. (14)

https:/ /doi.org/10.3390/ fractalfract10070470
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The corresponding symbol function (s) is given by
(s)—/lsﬁd — 5l ) >0, p(1) =1 (15)
Pls) = 0 b= Ins ’ nyi) =1
Then, the associated auxiliary functions A(r) and B(r) are defined by
_ —(r+1)Inr _ (r+D)m
Alr) = (Inr)2 + 2’ B(r) = (Inr)? + 2 (16)
Indeed, setting s = reT and ln(reii”) = Inr 4 im, one obtains
vimy _ (r+1)(InrFim)
llJ(?’e ) - <1n 7’)2 + 7'[2 s (17)
which yields (16). Applying Theorem 1, the solution operator admits the representation
3 K ) _(ns)f
S(t,A) =1+ ) [FA¥k(t), ¥i(t) = L7 7 ¢ (1), (18)
= s(s—1)
or, equivalently,
S(t,A) = [ e K, F(A)) dr, (19)
Jo
with 1
K(r, F(A)) = P Im(tp(rei”) (p(re™)I — ]—'(A))fl). (20)

The integral representation (19) shows that the long-time behavior of the solution operator is

determined by the behavior of K(r, F(A)) as r — 0T Indeed, it follows from (1) that

i Inr —imr 1 0

ylre )__(mr)2+n2_ (|lnr)' re Ot

Since Y(r) — 0 and assuming 0 ¢ o(F(A)), in terms of symbols F (z), we have
(PN = F(2)" = (=F(2)"", zea(F(A)).

Therefore,

K(r, F(2)) = — Im{p(re™) (p(re™) 1 = F(2)) ") ~ (™) (~F(2))

tr

Consequently, the kernel admits the representation

K(r, F(z)) = r“lm' R(r,2),

where R(r, z) remains bounded as r — 07 for each fixed z. As a consequence, by Karamata-type

Tauberian arguments for Laplace transforms (Lemma 3) with slowly varying corrections, the solution

operator satisfies the logarithmic decay asymptote

IS(t,2)| = o(l), F = oo,

Int

This establishes that the evolution generated by S(t, A) exhibits ultra-slow relaxation in the
sense that its decay is slower than any algebraic rate t =P, B € (0,1) and is governed entirely by
logarithmic corrections arising from the distributed-order structure with measure u(dp) = dp. In
particular, the absence of a dominant fractional exponent leads to a cumulative memory effect across
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all orders in [0, 1], which manifests in a logarithmically moderated long-time decay characteristic of
ultra-slow diffusion.

Corollary 2 illustrates a specific case of multiterm systems where the equations share a
uniform memory structure (the same two fractional derivatives). In the following section,
we extend this result to the general multiterm case, where each equation is governed by its
own distinct multiterm fractional operator.

4. Solution Operators Associated with Heterogeneous Multiterm Systems

In the previous section, we examined the uniform distributed order case, where every
equation in the system shared the identical memory measure y. This homogeneity allowed
the memory operator to commute with the coupling matrix F, resulting in a solution
operator S(t, A) that could be expressed as a simple matrix function of the form

I+ Y ¥e()F (A).

In that setting, the spatial coupling and the temporal relaxation were perfectly decou-
pled, meaning the system’s memory was a global property shared by all components.

In contrast, the system considered in this section represents a heterogeneous multiterm
case. Here, each equation i is governed by its own distinct set of fractional orders B; and
coefficients a;;, resulting in unique memory profiles P;(s) for each component. Because the
left-hand side operators now vary from one equation to another, they no longer commute
with the coupling operators f;;(A). This structural change implies that the evolution of any
single component u;(t) is filtered through a unique “path” of differing memory structures
as it interacts with other components, leading to a path-dependent representation of the
solution operator.

The memory-decoupled heterogeneous multi-term fractional system has the form

m

DFiu;(t) + Y a;DPiui(t) = Y fii(Auj(t), u;(0) = g; € X, 1)
j#i j=1

where 0 < ,Bl-j <Bi<1,i,j=1,...,m, and coefficients ai,]-,i # j, are arbitrary numbers.

Theorem 2. The formal solution operator S(t, A) for system (21) admits the series representation
S(tA) =1+ ) Mt A), (22)
k=1
where the entries of the k-th-order interaction operator My (t, A) are

m

Mi(t, A)]ii = ), (fiil(A)Oﬁliz(A)O"'OﬁHj(A))llf(i,il,...,ik_l,j)(f)/ (23)

i1,sig—1=1

with the scalar weights Y ;;, i+ (t) defined by

Viaire) (1) = 5_1{5131-(5)11 ERwTE }(”’ e

I

and
Py(s) = sPn + 2 ,0sPnt
l+#n

https:/ /doi.org/10.3390/ fractalfract10070470


https://doi.org/10.3390/fractalfract10070470

Fractal Fract. 2026, 10, 470

13 of 22

The series (22) converges in the topology of X for each t > 0 and admissible datum ® €
N> D(FX(A)), provided that all operator compositions are well-defined.

Proof. Applying the Laplace transform to the i-th equation in (21), we obtain
i L A
L{DPiu;(t)} + Y a; L{DPiu;(t)} = Y £i;(A)Uj(s
J#i =1
Using Formula (2) and defining
J#l

we obtain

P;(s)U;(s) — s~ ' Pi(s) Zfz;

Further, let P(s) = diag(Pi(s),..., Pu(s)), and F(z) is the symbol of the operator
F(A). Then,
(P(s)I — F(2))U(s) = s 'P(s)®.
Thus,
U(s) =s 11— P(s) L F(z)) '
For s with R(s) sufficiently large, P(s) ! is well-defined, and ||P(s) "' F(z)|| is suffi-
ciently small, so the Neumann series converges

A

5(s,2) = (P(s)"' F(2)".

© | =
hgk

k

0

Since ® € N>, D(F¥), all compositions are well-defined. The (i, ) entry of the k-th

term is
1

[gk(s’z)]ij = Z Spi(S)Pil (S) . P]‘(S) (fii1 (Z) O Ofikflj(z))' (25)

i1,eeesdk—1

The inverse Laplace transform defines the symbol of the solution operator S(t,z) =
L71{S(s,z)}. Termwise inversion is justified by uniform convergence for sufficiently large

R(s), yielding
S(t,z) =1+ ) M(tz).
k=1

Finally, for large |s|, one has P,(s) ~ sP7, and therefore we obtain the following
asymptotic relation:
1 s~ (HE B
Hence,
12 Biy
(LB, +1)

This decay ensures convergence of the series (25) by the dominating convergent

Wi, () ~

multivariate Mittag-Leffler series for each fixed t and admissible ®. This completes the
proof. [
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Example 2. To better feel the construction of the solution operator, consider a 2 x 2 system with
distinct memory polynomials Py(s) and Py (s) and coupling operators f;;(A). The solution operator
in this case has the form
S(t,A) =1+ ) Mi(tA)
k=1
and exhibits a path-dependent weighting structure. To illustrate this, we examine the first two
interaction terms. The first-order term is

The second-order term involves compositions of operators and mixed memory effects. For
example, the (1,2) entry is

[(Ma(t, A2 = fll(A>f12(A)£l{sPll(s)2} +f12(A)f22(A)ﬁl{SP1(S;PZ(S)}- (27)

The full solution operator S(t, A) = (S;;(t, A))? j—1 can be expressed entrywise. The diagonal
term Sq1(t), representing internal dynamics and feedback loops, has the expansion

Sult, A) = I+ fu(Agan O + (AP0 + fia(A)fa(APazn )+, 8

where

_ -1 1
o) = £ |
Similarly, the off-diagonal term Sq15(t, A), describing the influence of ¢ on uy, is
S12(t, A) = fr2(A) (1) () + (fll(A)flz(A)¢(1,1,2)(t) +le(A)fZZ(A)IP(l,Z,Z)(t)) +, (29)

with

- 1 - L
¢(1,2)(t) =L 1{51)1(S>1:)2(S)}I 11[)(1,1,2)([') =L 1{5131(5)2132(5)}’

_ 1
o2 = ¢ i)

In general, each entry admits a path expansion of the form

Sif(t, A) = 651 + kf T G (A i (A B (0, (30)

=1iy,...0_1€{1,2}

where

_ -1 1
lp(nl,...,nk) (t) =L { s H;‘czl Pnj (S) }/ (31)

with indices n; € {1,2}, so that each factor Py (s) is either Py (s) or Pa(s).

This example shows that in heterogeneous systems, the temporal evolution is not governed by a
single global memory kernel but is determined by the sequence of memory scales encountered along
each interaction path.
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Example 3. If the memory structures become uniform, so that Pi(s) = Py(s) = P(s), the
heterogeneous solution operator S(t) reduces to a homogeneous representation. In this case, the
path-dependent weights no longer depend on the specific index sequence and simplify to

w(i1,i2,~-',ik)(t) =¥ (t) = ! { S[P(ls)]k }’ (32)

which is a scalar function depending only on the path length k. Under this condition, the (1,2)
entry of the solution operator becomes

Sia(t, A) = i ( Y. fin(A)ofin(A)o--- Ofiklz(A))‘Pk(t)- (33)
k=1 \ iy, 1€{1,2}

The inner sum represents all length-k paths from index 1 to 2 and coincides with the (1,2)
entry of the k-th power of the operator matrix F(A) = [f;;(A)]. Hence,

Sua(t,A) = 3 [F(A) T2 ¥e(®). (34)
k=1
Similarly, the diagonal entries satisfy
Sii(t,A) _1+Z Wi ¥e(t), i=1,2. (35)

k=1

Therefore, the full solution operator factorizes as

S(t,A) =1+ i F(AFE (1), (36)

recovering the homogeneous matrix-valued expansion in which the temporal evolution is governed
by a single family of scalar kernels {¥(t) }>1.

Systems involving multiterm fractional derivatives can be further generalized to the
heterogeneous case in which each component is governed by a distributed-order operator.
In this setting, the j-th component is associated with a finite Borel measure y; on [0,1], and
the system takes the form

/Du] ) i(dB) = Ef]k i=1,...,m, 37)

with initial conditions u;(0) = ¢; € X. This formulation provides a unified framework
encompassing:
1. Single-order models (y; = dg);
2 Multiterm models (y; = Y.k ax0p,);
3. Continuous-order models (du; = w;(B) dp);
4. The homogeneous case (y; = p for all -
Applying the Laplace transform to the system and taking into account the initial data,
we obtain

Zf]k s) +G;(s),
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where G;(s) collects the contributions of the initial conditions, and

1
¥i(s) = [ Py (dp).
The obtained system can be written in matrix form as
Q(s, A)U(s) = G(s), Q(s, A) = diag(¢1(s), .- ., Ym(s)) — F(A).

Whenever the resolvent exists and satisfies a suitable smallness condition, assum-
ing that
IF(A)p(s) M <1, g(s)~" = diag(¢1(s), ., m(s))

we obtain the Neumann series expansion

Qs, A) ™ = ((s) = F(A) = p(s) T Y (F(A)p(s) )"

Now applying the inverse Laplace transform, we obtain
S(t,A) =) Ki(t, A),
k=0
where the operators K (t, A) are defined as the inverse Laplace transforms of

N 1 _ —1\k
Ri(s, A) = (s) " (F(A)g(s) 7).
Each operator Ki(t, A) admits a spectral representation of the form
Ki(t, A) = / e Y (1, A) dr, (38)
0

where ¥ (r, A) is the matrix-valued spectral density associated with the boundary values

of the resolvent. Writing
tpj(reii") = Aj(r) + iBj(r),

where

A = [ 1P cos(ep) uj(ap), Bi(r) = [P sim(ep) (),

the spectral density is obtained from the jump across the branch cut and has the form

¥, (r, A) = %Im[(zp(reiﬂ))*l(f(A)lp(reiﬂ)*l)"}. (39)

Thus, the following theorem holds.

Theorem 3. Let pj,j = 1,...,m, be bounded Borel measures supported on (0, 1]. Then, the formal
solution operator associated with system (37) admits the representation

S(LA) =1+ i Ki (£, A), (40)
k=1
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where operators Ki(t, A),k =0, ..., are defined in (38), with kernel operators ¥y (r, A) determined
in (39).

5. Solution Operators for Fully Coupled Systems

In the preceding sections, we investigated systems where each equation was gov-
erned by its own distinct multiterm fractional operator. While those cases allowed for
heterogeneous memory across different components, the fractional differentiation was still
applied row-wise, meaning the memory of each variable u; was essentially an internal
property of that specific equation. The coupling between components occurred exclusively
on the right-hand side through the operator matrix F. This structure preserved a diagonal
dominance in the Laplace domain, which allowed the solution operator to be represented
as a sum of path-dependent compositions weighted by scalar-valued memory scales.

The system considered in this section represents a further level of complexity, referred
to as the fully coupled matrix-order case. In this setting, fractional differentiation is
defined via a Hadamard product A o ©¥, where each interaction between components
u;j and uy is assigned its own fractional order aj; and weight aj. This structure implies
that the memory of the system is no longer localized within individual equations but is
instead globally entangled across components through the left-hand side. We refer to this
phenomenon as memory coupling. At the symbolic level, this leads to a matrix-valued
fractional symbol B(s) = (as"* )7,1k:1' which is no longer diagonal. As a result, the analysis
requires the inversion of a fully coupled matrix-valued symbol, in contrast to the diagonal
(componentwise) cases considered previously.

Consider the system

AoDZU(t) = F(AU(), U(0)=d e X™, (41)

where A = (aj;) is a constant matrix, & = (aj) with 0 < aj < 1,and F = (fj) is an
m x m matrix of closed, densely defined linear operators on X. In system (41), the A 0 D
is the Hadamard entrywise matrix product of matrices A = {a;;} and 9 = {D}"}. The
componentwise form of system (41) is

m m
nji .
ai]-D*’u]-(t) = Zfij(A)uj(t)r t>0,i=1,...,m.
j=1 j=1
with initial conditions #;(0) = ¢;, i =1,...,m.

Theorem 4. Assume that det(A) # 0. Then, the formal solution operator S(t, A) corresponding
to system (41) admits the operator-valued series representation

S(t,A) =1+ i My(t, A), (42)
k=1
where . L
it 4) = £ {3 (BOIFA) ] BE) = ()i @)

Proof. Applying the Laplace transform £{U(t)} = U(s) to (41) and using the Laplace
transform Formula (2) for the Caputo-Djrbashian fractional derivative of order 0 < & < 1,
we obtain, foreachj=1,...,m,

m

- o (0as) = 0r) = 1 FulA)ant)
=1

k=1
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Introducing the matrix-valued Laplace symbol
B(s) = (ajs"*)7_y,
the system can be written in vector form on X" as
B(s)U(s) — s 'B(s)® = F(A)U(s),

that is,
(B(s) — F(A)U(s) = s 'B(s)®.

We now analyze the invertibility of B(s). From the Leibniz formula, we have

det(B(s)) = )_ sgn(o Haw Uil =y costo,

where S, denotes the symmetric group of all permutations of {1,...,m}, and
m
Bo = L o)
]:

Since det(A) # 0, there exists at least one permutation ¢ € S, such that ¢, # 0. Let

Emax = max E,.
oESy

Then, as |s| — co in a sector avoiding the negative real axis, the terms corresponding
to Emax dominate asymptotically. Consequently, det(B(s)) # 0 for sufficiently large R(s),
and therefore B(s) is invertible for R(s) > so, with sufficiently large sy > 0. For such s,
we rewrite

U(s) =s ' (B(s) — F(A))'B(s)® =s"(I - B(s) ' F(A)) .
Moreover, for sufficiently large R(s), the operator B(s) ' F is sufficiently small in

the operator topology on X™. Hence, on admissible initial datum &, the Neumann series
expansion converges, and we obtain

S(s, A)D = (sll + i sl(B(s)l]-'(A))k> D,
k=1

The solution operator S(t, A) is defined as the inverse Laplace transform of S(s, A).
Using the Neumann series representation of 5(s, A), we perform the inverse Laplace
transform termwise and obtain

S(t.4) = £ )+ 30 £ OB F(A)
Since £ 1{s~1I} = I, it follows that
S(t,A) =1+ iMk(t,A).
k=1

Each term M (t, A) defines a well-defined operator on X™. The convergence of the
resulting series in the topology of X" follows from the convergence of the Neumann series
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in the Laplace domain, which permits term-by-term inversion of the Laplace transform.
The proof is complete. [

The two examples below illustrate that the results obtained for the memory-decoupled
systems considered in the previous sections can be obtained from Theorem 4.

Example 4. The heterogeneous m-term system, where each component u; is governed by an m-term
. (p) .
fractional operator P;(D) = DPii + Z;f’;ll agp )D%", can be recovered by expressing the memory
operator as a sum of diagonal Hadamard products.
Consider the system defined by the sum of m entrywise products

m
(2 AP o @”‘”) U(t) = FU(t), (44)
p=1
where AP) and <7 P) are diagonal matrices. To match the heterogeneous m-term case, we let

A =1, o™ = diag(B11,. .., Pmm)

Al = diag(agp),...,a,gf)), o) = diag(ocgp),. ) .,oc,(f))

forp =1,...,m—1. Assume that B;; is the dominating order for each i (i.e., B;; > afp)). The
resulting matrix-valued symbol B(s) is diagonal, that is,

mel ) el ) )
B(s) =diag | sP11 + Y aP)st, . sPmm 4 Y gl st ) (45)
p=1 p=1

Identifying Pi(s) = sPii + Z;fz:_ll ﬂl(p)s"‘zgp), we obtain B(s) = diag(Pi(s)). Since the lead-
ing term sPii dominates as Re(s) — oo, the symbol B(s) is invertible for large s. The inverse
symbol is B(s)~' = diag(Py(s)",..., Pu(s)™1), and the solution operator S(t) recovers the
path-dependent series

S(t,A) =1+ i El{i(P(s)l]-"(A))k}. (46)
k=1

This demonstrates that the m-term system is a diagonal restriction of a fully coupled framework
where the dominating orders ensure well-posedness.

Example 5. Let A = I, and let the matrix of fractional orders be diagonal, A = diag(B1, ..., Bm),
0 < Bj < 1. Then, the symbol matrix reduces to B(s) = diag(sP1, ..., sPm), and the system

B(s)U(s) — s 'B(s)® = F(A)U(s)

becomes
diag(sf1,...,sPm)U(s) — s~ diag(sP1, ..., sPm)® = FU(s).
In particular, the resolvent structure simplifies to

A -1
U(s) = st (I — diag(s"1, . --,Sﬁ"l)fl]:(A» @.
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Since diag(sP1, ..., sPm)~1 = diag(s™P1,...,s7Pm), each component carries an indepen-
dent fractional scaling in the Laplace domain. Expanding the resolvent yields the Neumann
series representation

S(s,A) =51 ki;‘)(diag(sﬁl, ., s7Pm) ]-"(A))k.

In the time domain, this leads to a decoupled family of convolution kernels. In particular, each
entry of the solution operator takes the form
St A) =Y. Y finA) - fi g (A) gl ),

k=011, ig_1=1

where

(vt () = 0 = =
v W=~ {sn’:_%sﬁir (1t fn bt f)

Thus, in this diagonal fractional-order case, the memory structure is fully encoded by additive
fractional exponents along interaction paths, and the solution operator reduces to a weighted operator
series with explicit power-law kernels.

In the homogeneous case, where B; = B foralli =1, ...,m, the memory structure becomes
uniform, and the path-dependent exponents simplify. In this situation, each step contributes the
same fractional scaling, and the scalar weights reduce to

— 1 7
$0 =27 i 10 = gy

Consequently, the solution operator simplifies to a standard matrix Mittag—Leffler representation:

1 } Bty

00 kB
s,4) = LI Wit gy

or, equivalently in operator form, S(t, A) = Eﬁ(]—'(A)tﬁ). If F(A) is diagonalizable, that is,
F(A) = PA(A)P~Y; then, the spectral representation reads S(t, A) = Pdiag(Eﬁ()\j(A)tﬁ)P’l.

If F(A) is not diagonalizable, we can use its Jordan canonical decomposition F(A) =
P(A(A) + N)P~1, where A(A) is diagonal, and N is nilpotent. In this case, the solution operator
admits the representation S(t, A) = P Eg((A(A) + N)tP) P~1. Since N is nilpotent, this expan-
sion is finite in the nilpotent part and reduces to a finite polynomial perturbation of the diagonal
Mittag—Leffler dynamics.

6. Conclusions

In this paper, we developed a unified operator-theoretic framework for a broad class
of fractional-order evolution systems. The main contribution consists of the construction
and analysis of solution operators associated with distributed-order, memory-decoupled,
and fully coupled fractional dynamics. The series and integral representations of solution
operators were obtained and shown to provide the basis for a fractional Duhamel principle,
yielding a systematic treatment of both initial-value and inhomogeneous problems. The
results demonstrate that these seemingly distinct classes of fractional evolution equations
can be studied within a common analytical framework. In particular, the derived solu-
tion operators reveal the role of memory effects and their interaction with the underlying
evolution process, while clarifying the structural similarities and differences among the con-
sidered models. The developed approach generalizes classical semigroup-based methods
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to a broader fractional setting, although the resulting solution operators do not, in general,
satisfy the semigroup property. Consequently, the obtained framework provides a unified
perspective on the analysis of fractional evolution systems and establishes a foundation for
the study of a wide range of fractional evolution equations.
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The following abbreviation is used in this manuscript:

DODE Distributed order differential equation
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