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Abstract 

The manuscript contains the new scientific results of theoretical modeling of longitudinal 

flow dynamics (creeping) of a viscoelastic fluid governed by a fractional-type rheological 

Maxwell model material within a pipe of variable cross-section. Structurally, the paper 

utilizes a fractional-order differential operator defined on the interval 0 < α ≤ 1 to form a 

differential constitutive relationship between normal stress and axial dilatation, which is 

subsequently combined with D’Alembert’s dynamic equilibrium principles to form a gov-

erning fractional-order partial differential equation (PDE). Then the Bernoulli method of 

particular integrals for the separation of variables is applied to decompose the continuous 

field model into spatial eigen-amplitude ordinary differential equations (ODEs) and tem-

poral fractional-order evolutionary ODEs, which are then solved analytically using series 

expansions of Laplace transforms and inverse Laplace transforms to yield three-dimen-

sional parametric surfaces representing normal stress relaxation. The scientific findings 

indicate that normal stress asymptotically relaxes to zero under constant axial dilatation 

over time, showing a highly nonlinear dependence on the fractional order α. 

Keywords: Maxwell model of fractional-type; longitudinal flow dynamics; a pipe of  
variable cross-section; partial differential equation of fractional order; ordinary  
differential equation of fractional order in terms of eigentime functions 

 

1. Introduction 

The content of this article and the new scientific results presented in it were inspired 

by the author’s own knowledge, accumulated over years of teaching students at the uni-

versity, as well as work and research in various fields of science and industry. In this 

sense, and also due to the lack of published literature in the field of rheological dynamics 

of Maxwellian fractional-type viscoelastic flow models, this introductory part also lists 

the author’s own references, conceptually connected with the author’s latest published 

References from the last three years, 2023–2025. 

The author learned his first scientific knowledge of the longitudinal and transverse 

dynamics of deformable, ideally elastic media from Professor Dr. and Mathematician 

Danilo P. Rašković through exceptional lectures and his excellent university monographs 

(see References [1–4]). In particular, the author emphasizes the analogies he spoke about 
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and emphasized the analogous dynamics, which are described by the same mathematical 

descriptions, and among them the analogies of the dynamics of torsional and longitudinal 

oscillations of rods (see the basic original and previously published References [5–7], of 

Mihail Petrović, the founder of the Serbian school of mathematics, who completed his 

studies as the most successful student of generation of mathematics and physics at the 

University of the Sorbonne and was one of the three doctoral students of Julius Henri 

Poincaré. 

At the invitation of one of the editors, Bilen Emek Abali, the author of this paper 

wrote and published in 2020 [8] on Forced Longitudinal Fractional-Type Vibrations of a 

Rod with Variable Cross-Section in the Springer Nature book Developments and Novel 

Approaches in Nonlinear Solid Body Mechanics. 

Four years later, in 2024, the author of this paper, driven by strong scientific inspira-

tion, returned to research in the field of applications of fractional calculus in mechanics, 

with a sudden and spontaneous scientific inspiration, based on previously acquired 

knowledge of classical rheological models and carrying in his mind the ideas of applying 

fractional calculus, and in a very short time achieved new scientific results, which he for-

mulated in References [9,10], published in a specialized journal called ‘’Fractal and Frac-

tional’’, and with the exceptional support of the Journal’s Editorial Board and especially 

one of the associate editors. This series of new papers also includes the published Refer-

ence [11]. 

In the published References [8,9], new scientific results from theoretical–analytical 

research on the dynamics of fractional-type rheological models for elastoviscous materials 

in a rod of variable cross-section are presented. This is a fractional-type material with 

properties of subsequent elasticity (post-elasticity). The material is a rheological frac-

tional-type Kelvin–Voigt model with properties of elastoviscosity and subsequent elastic-

ity (post-elasticity), as described in detail in Reference [12]. These properties lead to the 

appearance of rheological longitudinal fractional-type oscillations in the rod. We de-

scribed this motion solely by a fractional-order partial differential equation and deter-

mined its approximate analytical solutions and corresponding expressions for describing 

the eigen and forced rheological modes of the fractional elastoviscous rheological type. 

We considered different boundary conditions and different cross-sections of a rod of var-

iable cross-section. We derived an ordinary differential equation of fractional order in 

terms of time functions for each amplitude form of oscillation and obtained approximate 

analytical solutions, along with approximate analytical expressions for the eigen and 

forced modes. We determined the amplitude functions. We graphically displayed the sur-

faces of the eigen and forced modes as functions of the differentiation exponent for the 

fractional-order and time-dependent cases. References [8,9] contain differential equations 

for the amplitude functions of longitudinal rheological oscillations of an ideally elastic 

rod, as well as tables of eigenvalues for different cross-sections and boundary conditions. 

Detailed descriptions of the amplitude functions for longitudinal oscillations of a rod of 

ideally elastic material, for different cross-sections and different boundary conditions, are 

also given. 

In this paper, unlike the previous one, we will present new scientific results of stud-

ying the flow (creep) dynamics of the rheological Maxwell model of fractional-type mate-

rial’s viscoelastic fluids with the material’s normal stress relaxation property in a pipe of 

variable cross-section. These properties lead to the appearance of longitudinal flows 

(creeping) in the rheological Maxwell model of fractional-type material. We described this 

flow (creeping) motion only by a partial differential equation of fractional order in terms 

of normal stresses and determined its approximate analytical solutions and the corre-

sponding approximate analytical expressions for the eigen and forced modes of the nor-

mal stress flow (creeping) in terms of the eigen-time functions for the corresponding 
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eigen-amplitude modes. We considered different possible boundary conditions for the 

normal yield (creeping) stresses in the rheological Maxwell model of fractional-type ma-

terials for pipes of variable cross-section. 

In the research and scientific results presented in the previously published articles 

that we cited, as well as in the new ones that we present in this paper, we used knowledge 

from fractional calculus. Therefore, we will point out here a number of characteristic ref-

erences from fractional calculus. Reference [11] approaches the application of fractional 

calculus to the study of natural and forced rheological oscillations of rods made of elastic-

viscous fractional-type material with constant or variable cross-section. We point out that 

these references, using an approximate analytical approach, determined inverse Laplace 

transforms for determining natural and forced modes of time functions in the correspond-

ing natural amplitude functions for certain cross-sections of the rod and certain boundary 

conditions. 

Generalized Fractional Calculus and Applications, as well as Theory and Applica-

tions of Fractional Differential Equations, are presented in References [12–14]. These Ref-

erences are useful for studying the theory of fractional calculus. The following Reference 

[15] focuses on Models and Numerical Methods for applications in Fractional Calculus. 

The author of this paper especially emphasizes the following Reference [16], which 

is related to Fractional Calculus in the form of An Introduction For Physicists, and is also 

useful for researchers from various fields of science. 

To introduce the reader to the structure of the article, we list the chapters that the 

article contains as follows: 

2. Constitutive differential relation of the fractional order of the Maxwell model 

3. Partial differential equation of flow dynamics, fractional order 

4. Decomposition of the partial differential equation of longitudinal flow dynamics of 

the Maxwell model of a material 

5. Eigen-amplitude functions for the realization of flow dynamics 

6. Differential equations of fractional order in terms of eigen-time functions 

7. Graphical representation of eigen-time functions 

8. Discussion 

9. Conclusions 

References 

2. Constitutive Differential Relation of the Fractional Order of the Max-

well Model 

In the Maxwell model of fractional-type material, the following rheological elements 

are sequentially related as follows: 

* The ideally elastic solid Hooke element of the constitutive relation between the nor-

mal stress 
( )tz  and axial dilatation 

( )tz , in a state of axial strain, has the following 

form: 

zz  E=  (1) 

* An ideally viscous fluid generalized fractional-type Newtonian element constitu-

tive differential relations of fractional order of normal stress 
( )tz  and 

 zt D
 frac-

tional type of axial dilatation 
( )tz , in the state of axial flow (creeping), is of the following 

form: 

 zt,z  
 DE=

, 10   (2) 
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where 
 •

tD
 is the fractional-order differential operator, the exponent of the fractional 

order of differentiation  , on the interval 10  . 

In this paper, we will use the following differential operator of non-integer (frac-

tional) order  •
tD , which we define with the following derivative and integral: 

( ) 
( ) ( )( )

( )
( )

( )
10

1

1

0


−−

===  

















 for,d

tdt

d
t

dt

td
t

t

z
z

z
ztD  (3) 

where 
( )− 1  is the special Gamma function, which is defined in integral form (see 

Reference [11]): 

( ) 011
0

−=− −

+

−

   ,dtte t
 (4) 

This can also be defined in general form as a function of a variable x  as follows: 

1

0
( ) , 0

( 1) ( ), 0

t xx e t dt x

x x x x

+
− − = 

 + =  

  (5) 

As the article concerns the rheological dynamics of the Maxwell model of fractional-

type materials, we limit ourselves to applications of fractional calculus, without the inten-

tion of making mathematical contributions to the field. For details on fractional-order dif-

ferential operators and other details, we refer the reader to References [9–11] from the 

attached list or to the wider mathematical literature. 

The constitutive differential relation of the rheological Maxwell model of the frac-

tional type of viscoelastic material is composed using the sum 
 zt D

 of the fractional-

type dilation velocities, 
 1,zt 

D
 and 

 2,zt 
D

, in the longitudinal direction 
 zt D

 

and 
 2,zt 

D
, which is as follows: 

     21 ,zt,ztzt   DDD +=  (6) 

Accordingly, E

z
,z


 =1

  follows 
   zt.zt   DD

E

1
1 =

  and 

 


 


E

z
.zt =2D

 . It 

follows that the expression is a sum axial dilatation analysis (see Figure 1a): 

   


 


EE

z
ztzt += DD

1

. 
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Figure 1. (a) Structure of the rheological Maxwell basic complex material model, fractional type, 

which contains, in its structure, a serially connected basic model of Hooke’s ideally elastic element 

and a basic model of Newton’s ideally viscous fractional-type element. (b,c) Surface of normal 

stress-surface of normal stress relaxation in the coordinate system: elongation of normal stress re-

laxation, time, and exponent of differentiation of fractional order. 

Finally, the constitutive differential relation of the rheological Maxwell model of frac-

tional-type material is in the following form: 

   


 


EE

z
ztzt += DD

1
 (7) 

When the fractional-type rate 
 zt 

D
  of change in normal stress approaches zero 

  0→zt 
D

, the material described by the modified fractional Maxwell model behaves like 

a viscoelastic fluid. This is because the deformation—i.e., axial dilation 
( )tz  of the body 

 ztz  
DE→

—increases indefinitely without any additional load. Upon unloading, 

the deformation in the ideally elastic (Hookean) element fully recovers, while the defor-

mation resulting from the flow (creeping) in the fractional-type viscous (modified frac-

tional-type Newtonian fluid) element 𝐍α, connected in series, remains unrecovered. 

If this material, the fractional-type modified Maxwell model 𝑴𝛼, fractional type, is 

suddenly loaded to some value of normal stress, 𝜎𝑧,0, the corresponding elastic defor-

mation occurs instantaneously in Hooke’s ideal elastic element 𝜀𝑧,0 =
𝜎𝑧,0

𝑬
. This occurs due 

to the sudden application of load at the very beginning of the observation period; the flow 

(creeping) behavior of the serially connected fractional-type viscous element (modified 

Newtonian fluid, fractional type) in the rheological fractional-type Maxwell model does 

not immediately manifest. If the development of deformation (dilatation) is constrained—

i.e., if the fractional-type rate of dilatation tends to zero   0→zt 
D —then the normal stress 

becomes a time-dependent function that must be determined. 

When the rate of change in the normal stress  zt 
D  of the fractional-type modified 

rheological Maxwell complex assembly 𝑴𝛼 tends to zero 
  0→zt 

D
, then the normal me-

chanical stress tends to a value proportional to the rate of dilation of the fractional type 

 ztz  
DE→

: 

  0→zt 
D  (8) 

In order to determine the dependence of normal stress on time, when we keep the 

material model of the modified rheological Maxwell complex model, fractional type 𝑴𝛼, 

at some constant rate of dilatation, fractional type 
   const,,zzt =0D

, we write as fol-

lows: 

     const,,zzt
z

zt ==+ 0

1



 



 DD
EE

 (9) 

By applying the previous condition (9), we obtain a differential equation of fractional 

order, which can be solved using the Laplace transform. We then apply the Laplace trans-

form to the functional relationship defined by Equation (26)—the fractional-order differ-

ential equation. As a result of this transformation, we obtain the following expression: 

       0

11
,,zztzzt  



 DLLDL =+
EE

 
The approximate analytical solution of the constitutive differential Equation (9) of 

fractional order is in the following form (for details of solving the fractional-type differ-

ential Equation (9), see References [17–19]): 
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0

0

1

E

E
E DLL  (10) 

Figure 1 presents generalized complex fractional-type Maxwell rheological models 

for ideal materials, incorporating a generalized Newton viscous element of fractional type. 

In particular, Figure 1a illustrates the generalized fractional Maxwell model of a viscoe-

lastic fluid, along with the decomposition and analysis of axial dilatation and normal 

stress states. 

The normal stress relaxation surface is shown, based on the approximate analytical 

expression (10), representing the time-dependent normal stress response of the rheologi-

cal Maxwell model, fractional type, in a three-dimensional coordinate system—normal 

stress 𝜎𝑧, time t, and exponent α—of fractional derivative in the interval from zero to one, 

0 < α ≤ 1. 

From the previous solution (10), as well as from the surface plot shown in Figure 1b, 

it is evident that the normal stress 𝜎𝑧(𝑡) decreases asymptotically over time and tends 

toward zero, as illustrated in Figure 1b. This gradual reduction in normal stress under 

constant dilatation is known as normal stress relaxation of fractional type. The constitutive 

differential relation of the fractional-order viscoelastic rheological material—Maxwell’s 

fractional-type model—is a fractional-order differential equation of the following form: 

( )  ( ) ( ) ttt ztzzt  



 DD E
E

E
=+  (11) 

This expresses the normal stress along the entire longitudinal direction of the rheological 

Maxwell model of a fractional-type material. The solution is easily obtained using the La-

place transform and the convolution theorem (for details on solving Equation (11), see 

References [17,19]). 

3. Partial Differential Equation of Flow Dynamics, Fractional Order 

Normal force to the cross-section of the rheological Maxwell model of material, frac-

tional type, with variable cross-section at coordinate ( ).0z  is ( ) ( ) ( )tzzAtzN ,, = , whilе 

its value in cross-section on coordinate ( ).0+ dzz  is (see Figure 2): Normal force to the 

cross-section 
( )zA  of the rheological Maxwell model of material, fractional type, with 

variable cross-section 
( )zA   at coordinate ( ).0z   is ( ) ( ) ( )tzzAtzN ,, =  , while its 

value in cross-section on coordinate ( ).0+ dzz  is as follows (see Figure 2): 

( ) ( ) ( ) ( ) ( ) dztzzA
z

tzzAtdzzN ,,, 



+=+

 
(12) 
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Figure 2. Element of the rheological Maxwell model of material, fractional type, between two cross-

sections in longitudinal coordinates, ( ).0z  and ( ).0+ dzz , and representations of the axial forces, 

( ) ( ) ( )tzzAtzN ,, =  and 
( ) ( ) ( ) ( ) ( ) dztzzA

z
tzzAtdzzN ,,, 




+=+

 in those cross-sections. 

Let ( )tzw ,  denotes the longitudinal displacement of cross-section ( )zA  of the rhe-

ologic Maxwell material–fractional type at longitudinal coordinate ( ).0z . According 

to D’Alambert’s Principles of dynamical equilibrium of all acting forces on the system, the 

following differential equation could be written for dynamical equilibrium of the forces 

of one elementary part of rheologic Maxwell fractional-type material (for details see Ref-

erence [8]): 

( )
( )

( ) ( ) ( ) ( )
( )

( ) ( )dzzAtzqdz
z

tzN
dzzAtzqtdzzNtzN

t

tzw
dzzA ,

,
,,,

,
2

2

+



=+++−=






 
(13) 

where   is the viscoelastic rheological Maxwell model fractional-type material’s density, 

( )zA  is the area of cross-section of material flow, and ( )tzq ,  is the distributed volume 

force. Substituting Equation (12) into Equation (13) leads to the following: 

( )
( )

( ) ( )  ( )tzqtzzA
zzAt

tzw
,

1
,

1,
2

2





=




−





 
(14) 

We can now write two basic relations that describe the dynamics flow (creeping) of 

the rheological Maxwell model of a fractional-type material flowing (creeping) in a pipe 

of constant or variable cross-section: the first is the constitutive differential relation of the 

fractional order, and the second is the dynamic equilibrium equation of an element of the 

Maxwell model of a fractional-type material (14): 

( ) 
( ) ( )

const
z

t,zwt,z
t,z t

z
zt 





















=+ 



 
 DD

EE

1 , ( )
( )
t

tzw
tzz




=

,
, , 10    (15) 

( )
( )

( ) ( )  ( )t,zqt,zzA
zzAt

t,zw






11
2

2

=



−




 (16) 

From these Equations (15) and (16), we eliminate the longitudinal displacement 

( )tzw , , to obtain a partial differential equation of fractional order in terms of the nodal 

stress of rheological flow (creeping) of dynamics flow of the rheological Maxwell model 

of material, fractional type. 

We differentiate the first fractional-order differential Equation (15) twice with respect 

to time. We then differentiate the second partial differential Equation (16) with respect to 

fractional-order time and with respect to the coordinate ( ).0z  to obtain the following: 

( )
( )

( )
const

tz

t,zwt

t,z

t

t,z
t

z

z
t 





















=



+











2

32

2

2

21 








DD
EE

, 10    (17) 

( )
( )

( ) ( )  ( ) t,zq
z

t,zzA
zzAztz

t,zw
ttt







DDD


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=




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








−











 11
2

3

  (18) 

Then, we substitute the first obtained Equation (17) into the second (18), and we ob-

tain a partial differential equation of fractional order in terms of the normal stress ( )tz,  

in the following form: 

( )
( )

( )
( ) ( )  ( ) t,zq

z
t,zzA

zzAz

t

t,z

t

t,z
tt

z

z
t















DDD



=
















−



+










 111 2

2

2

2

EE
 (19) 
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This fractional-order partial differential Equation (19) in terms of normal stress de-

scribes the longitudinal dynamics flow (creeping) of the rheological Maxwell model of a 

fractional-type material in a pipe of constant or variable cross-section as a function of the 

longitudinal coordinate. 

4. Decomposition of the Partial Differential Equation of Longitudinal 

Flow Dynamics of the Maxwell Model of a Material 

Let us assume the solution of the partial differential Equation (19) of fractional order 

of the longitudinal dynamics-flow of the rheological Maxwell model of the fractional-type 

material in a pipe of variable cross-section under normal stress in the form of the product 

of two functions, one ( )tT  that depends on time t , and the other ( )zZ  that depends on 

the longitudinal coordinate ( ).0z  in the following form: 

( ) ( ) ( )tTzZt,zz =  (20) 

Assume that the load is in the form ( ) ( ) ( )tQzZt,zq = , the resulting equation is in 

the following form: 

( ) ( )( )
( )

( )( )

( )
( ) ( )( )  ( ) 

( )
( ) tQ

z

zZ
tTzZzA

zzAz

t

tT

zZ
t

tTzZ
ttt








DDD




=








−



+










 112

2

2

2

EE
  (21) 

Then, we separate the resulting Equation (21) into two separate ordinary differential 

equations, one in terms of a function in terms ( )zZ  of coordinates ( ).0z , and the other 

of fractional order in terms of a function in terms ( ).0z  of time t . For that reason, we 

divide the differential Equation (21) by ( )zZ  and separate the left and right sides into 

terms 
( )tT  that depend only on time, i.e., only on the coordinate 

( )zZ : 

( )( ) ( )( )
( ) 

( )
( )

( ) tQ
z

zZ

zZ
tTk

t

tT

t

tT
ttt








DDD




=




+











 12

2

2

2

2
E

E
E

E
  (22) 

( ) ( )
( ) ( )( )  21

kzZzA
zzAzzZ

==







−


 (23) 

We have separated the partial differential Equation (21) of fractional order, in the 

form of two separate ones, (22) in (23), one ordinary differential equation in terms of the 

function in terms ( )zZ   of the coordinate ( ).0z  , and the other of fractional order in 

terms of the function 
( )tT

 in terms of time t , where we have introduced one unknown 

constant 
2k+ , which we determine from the condition that the function ( )zZ  in terms 

of the coordinate ( ).0z  as well as the solution for the flows normal stress 
( )tz,  of 

floe (creeping) of rheological Maxwell’s material satisfy the boundary conditions. Now 

we can write the previous system of Equations (22) and (23) in the following convenient 

form: 

( ) ( )  ( )  ( )
( )

( ) tQ
zZ

zZ
tTktTtT ttt







DDD


=+
E

E
E

E 2  (24) 

( ) ( )
( ) ( )( )  21

kzZzA
zzAzzZ

==







−


 (25) 
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In the previous system of ordinary differential Equations (24) and (25), the first of 

which is of fractional order, we have introduced the eigen-characteristic number 
2k+ , 

which we determine from the boundary conditions, which will be explained in the fol-

lowing sections of the article. 

The previous first ordinary differential Equation (24) in terms of the eigen-time func-

tion is an ordinary differential equation of fractional order, and from it we determine the 

eigen-time functions ( )tT . The second Equation (25) is an ordinary differential equation 

in terms of functions ( )tT  that depend on the longitudinal coordinate ( )zZ  and from it 

we determine the eigen-amplitude functions, which must satisfy the boundary conditions. 

The sign in front of the constant is determined from the condition that the solution for the 

eigen-amplitude function that depends on the longitudinal coordinate в ( ).0z , satisfies 

the conditions of physical reality of the task of mathematical solution of the ordinary dif-

ferential Equation (25). 

In the paper, we assumed that it is possible to differentiate over whole derivatives 

and derivatives of fractional order by changing the order of differentiation. 

5. Eigen-Amplitude Functions for the Realization of Flow Dynamics 

It is necessary to solve the ordinary differential Equation (25) by its own amplitude 

function 
( )zZ  for each selected cross-sectional shape 

( )zA , which we express in func-

tion of the longitudinal coordinate z , as well as for the corresponding boundary condi-

tions by normal stress ( ) ( ) ( )tTzZt,zz = , for flows of the rheological Maxwell model 

of fractional-type material in a pipe of variable cross-section 
( )zA : 

( )
( )
( )

( ) ( ) 02 =





+ zZkzZ

zA

zA

z
zZ   (26) 

In this section, we will analyze the solutions to the differential Equation (26) for se-

lected cross-sections 
( )zA  and some of the boundary conditions for the normal stresses 

( ) ( ) ( )tTzZt,zz =  for the flow of the rheological Maxwell material model of fractional 

type. 

5.1* As the simplest case of flow of the rheological Maxwell model of the fractional-

type material, we choose a constant cross-section 
( ) vpnstAzA == 0 , along the longitu-

dinal coordinate. Then this differential Equation (26) in terms of its own amplitude func-

tion becomes the following: 

( ) ( ) 02 = zZkzZ   (27) 

The mathematical solutions of the previous ordinary differential Equation (27) in 

terms of its own amplitude function 
( )zZ  are as follows: 

( ) zksinCzkcosCzZ  21 +=  (28) 

and 

( ) zshkCzchkCzZ  21 +=  (29) 

The first mathematical solution (28) corresponds to the physical properties of the 

problem of the flow of the rheological Maxwell model of material, fractional type in a 

pipe, so we write the eigen-characteristic constant 
2k+  with a plus sign. 
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* If the pipe is free at both ends and means that the normal stresses 

( ) ( ) ( )tTzZt,zz =  in the cross-sections ( ) vpnstAzA == 0  at both ends, in the corre-

sponding cross-sections ( )zA  for 00 =z  and for =kz , are zero, for the flow of the 

rheological Maxwell model of material, fractional type, so the amplitude functions of the 

eigenvalues at the ends of the pipe are equal to zero: ( ) 00 =Z   and ( ) 0=Z  . From 

these conditions, the following applies: 

( ) 00 1 ==CZ , ( ) 02 ==  ksinCZ    == ,,,,,,n,nk 4210   

  = ,,,,,,n 4210  





n
kn =  

(30) 

Thus, we have determined the eigen-characteristic numbers, 




n
kn =

 , 

= ,,,,,,n 4210 , of which there are infinitely many, for the observed flow (creeping) of 

the rheological Maxwell model of a fractional-type material in a pipe of constant cross-

section. For each characteristic number, the eigen-amplitude function 
( )zZ  for the flow 

of the rheological Maxwell model of a fractional-type material is of the following form: 

( ) z
s

sinCzksinCzZ s,ss,s 


 22 == , = ,,,,,,s 4210  (31) 

This means that there are infinitely many proper amplitude forms 
( )zZ  and that 

they are of the form (31), 
( ) z

s
sinCzksinCzZ s,ss,s 


22 ==

 , = ,,,,,,s 4210  . They also 

correspond to each proper characteristic number from the set 






n
kn =

 , 

= ,,,,,,n 4210 . 

The sets of eigenvalue functions (31), 
( ) z

s
sinCzksinCzZ s,ss,s 


 22 ==

 , 

= ,,,,,,s 4210   and 
( ) z

n
sinCzksinCzZ s,nn,n 


 22 ==

 , = ,,,,,,n 4210  , for the 

flow (creeping) of the rheological Maxwell model of a fractional-type material in a pipe of 

constant cross-section, satisfy the orthogonality conditions: 

( ) ( )




=


=



0

0

nsm

sn
dzzZzZ

n

sn  (32) 

These orthogonality conditions (32), in the general case for the flow of the rheological 

Maxwell model of a fractional-type material in a pipe of variable cross-section, can be 

obtained from the differential Equation (27) itself by the eigen-amplitude functions 

( )zZ s , ] = ,...,,3,2,1s . It is sufficient to multiply the differential Equation (27) twice 

by two different indices, = ,...,,3,2,1s  and = ,,,,,,n 4210 . Then, multiply the first 

by, and the second by 
( )zZ s , = ,...,,3,2,1s , subtract them—i.e., the first from the sec-

ond—and then integrate them along the longitudinal coordinate from zero to the next end 

of the pipe, from 
00 =z  to 

=kz . In the obtained result, through multiple repeated 

partial integrations and entering different values of the eigen-amplitude functions—

( )zZ n  , = ,,,,,,n 4210  , and 
( )zZ s  , = ,...,,3,2,1s  —at the boundaries of the inter-
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vals, for 
00 =z  and for 

=kz , we obtain the conditions of orthogonality of the eigen-

amplitude functions: 

( )
( )
( )

( )
( )
( )

( ) 02 =






 




+


+ zZk

zA

zA

z
zZ

zA

zA
zZ sss  , = ,...,,3,2,1s   (33) 

( )
( )
( )

( )
( )
( )

( ) 02 =






 




+


+ zZk

zA

zA

z
zZ

zA

zA
zZ nnn  , = ,,,,,,n 4210   (34) 

The result of the subtraction is as follows: 

( ) ( ) ( ) ( )
( )
( )

( ) ( ) ( ) ( )  0=−


+− zZzZzZzZ
zA

zA
zZzZzZzZ snnssnns   (35) 

Then, following the partial integration in several stages, with the introduction of the 

general possible boundary conditions of the considered problem, we obtain the following: 

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( )  00
0

0

==−


+

+−








dzzZzZzZzZ
zA

zA

dzzZzZzZzZ

snns

snns

 
(36) 

These, as a final result, follow the orthogonality conditions of the eigen-amplitude 

functions in the general form (32). 

For this case, for the flow (creeping) of the rheological Maxwell model of a fractional-

type material in a pipe of constant cross-section, when we have determined the eigen-

amplitude functions ( ) z
n

sinCzksinCzZ s,nn,n 


 22 == , = ,,,,,,n 4210  in the form 

(31), we can check the orthogonality conditions by direct calculation and obtain the fol-

lowing: 

( ) ( ) 







==



==








0

2

20

22

2

1

0

nsCm

sn

zdz
s

sinzC
n

sinCdzzZzZ
n,n

s,s,sn


 (37) 

5.2* If for a variable cross-section of a pipe for the flow of a rheological Maxwell’s 

fractional-type material model in a pipe of variable cross-section we adopt a circular cross-

section ( )zA  with a diameter, which changes along the longitudinal coordinate z  as 

follows: 

( ) ( )zDzd −= 11  (38) 

Hence, the cross-sectional area 
( )zA  is 

( )
( )

( )22

1

2

1
4

1

4
zD

zd
zA 


−==

. The following ap-

plies: 

( )
( )

( )

( ) ( )z
zD

zzD

zA

zA









−
−=

−

−

−=


1

2

1
4

1

12
4

1

22

1

2

1
 (39) 

The differential Equation (26) in terms of the eigen-amplitude functions 
( )zZ  for 

the flow of the rheological Maxwell model of the material, fractional type, for this case of 

changing the circular cross-section (38) of the pipe is as follows: 

( )
( )

( )
( )

( ) 0
1

2

1

2 2

2

2

=











−
+

−
− zZk

z
zZ

z
zZ 








 (40) 
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5.3* If for the variable cross-section 
( )zA  of a pipe for the flow of a rheological Max-

well fractional-type material model in a pipe of variable cross-section 
( )zA  we adopt a 

circular cross-section with a diameter that varies along the longitudinal coordinate z  as 

follows: 

( ) zeDzd −= 1  (41) 

So, the cross-sectional area is 
( )

( ) 222

1

2

4

1

4

zeD
zd

zA  −==
, which relates to the following: 

( )
( )














2
2

4

1

2
4

1

2

2

22

1

22

1

−==−=


−

−

−

−

z

z

z

z

e

e

eD

eD

zA

zA
, 

( )
( )

( ) ( )zZzZ
zA

zA

z
−=






2  (42) 

The differential Equation (26) in terms of the eigen-amplitude functions 
( )zZ  for 

the flow of the rheological Maxwell model of the material, fractional type, for this case of 

changing the circular cross-section (41) of the pipe is as follows: 

( ) ( ) ( ) 02 2 =− zZkzZzZ    (43) 

To solve the previous differential Equation (43), we introduce a shift in the following 

form: 

( ) ( ) z

a ezZzZ =  (44) 

Then, we differentiate the previously introduced solution with respect to the longi-

tudinal coordinate to obtain the following: 

( ) ( ) ( ) z

a

z

a ezZezZzZ  +=  (45) 

( ) ( ) ( ) ( ) ( ) z

a

z

a

z

a

z

a ezZezZezZezZzZ   2+++=  (46) 

We multiply the assumed solution (44) by 
( )2k

 and the first derivative (45) by 

( )2−  and then add them to the second derivative (46) to obtain the following classical 

differential equation with constant coefficients: 

( ) ( ) ( ) 02 22 =++  kezZezZ z

a

z

a  (47) 

When we divide by 
ze , we obtain an unknown differential equation in the follow-

ing form: 

( ) ( )( ) 022 =++ kzZzZ aa  (48) 

The mathematical solutions of the previous differential Equation (48) are in the fol-

lowing forms: 

( ) ( ) ( ) ( )2

2

2

1 22 ksunzCkzcosCezZzZ z

a  +== −
 (49) 

and 

( ) ( ) ( )2

2

2

1 22 kshzCkchzCezZZ z

a  +== −
 (50) 

For the eigen-amplitude functions 
( )zZ , for the flow (creeping) of the rheological 

Maxwell model of fractional-type material, and for this case of changing the circular cross-

section of a pipe of diameter (41), the corresponding solution is as follows: 

( ) ( ) ( ) ( )  zz

a eksunzCkzcosCezZzZ   2

2

2

1 22 +==  (51) 

These are the solutions of the differential Equation (45). 
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The eigen-characteristic number 
2p

, that is 
2p

, is in the following form: 

( ) 222 += kp  that is, ( )22 kp  =  (52) 

We consider the boundary conditions where both ends of the tube are free. Then, the 

normal stresses, ( ) ( ) ( )tTzZt,zz = , in the sections at both ends ( 00 =z  and =kz ), 

in the corresponding cross-sections, are simply zero, and it follows that the eigenvalue 

functions, ( ) 00 =Z  and ( ) 0=Z , are equal to zero: 

( ) 00 =Z  and ( ) 0=Z  (53) 

These conditions (53) are the boundary conditions, which follow from the conditions 

for normal stresses 
( ) ( ) ( )tTzZt,zz =  at the ends of the pipe for the flow (creeping) of 

the rheological Maxwell model of a fractional-type material, and are equal to zero. 

Since the eigen-amplitude functions of the form (51) are 
( )zZ  , by applying the 

boundary conditions (53), we write the following: 

( ) 00 1 ==CZ , ( ) ( ) 02 2

2 ==  eksunCZ n   

 ( ) == ,,,,,,n,nk 42102 2   

  = ,,,,,,n 4210 , ( )





n
kn = 22  

(54) 

In other words, the following applies: 




 22

2

2 −







=−=



n
pk nn

, = ,,,,,,n 4210   (55) 

The eigen-characteristic flow numbers of the rheological Maxwell model of frac-

tional-type material through a pipe of variable circular cross-section of diameter (41) are 

as follows: 

( )








2

2

2

2 −








=
−

=


n

p
k n
n

. = ,,,,,,n 4210  
(56) 

The eigen-amplitude functions are of the following form: 

( ) ( ) z
s

sineCkzsineCzZ s,ss,s 
 

 

2

2

2 2 == , = ,,,,,,s 4210   (57) 

Notably, their amounts are infinite. 

From the form (57) of the eigen-amplitude forms, 

( ) ( ) z
n

sineCkzsineCzZ n,nn,n 
 

 

2

2

2 2 ==
 , = ,,,,,,s 4210  , and that each 

corresponds to one of the set of many eigen-characteristic numbers, 
( )22 nn kp  +=

, 

= ,,,,,,n 4210  , or 

( )


2
1 22 −= nn pk

 , or 








2

1
2

1
2

2 −







=−=



n
pk nn

 , 

for the flow (creeping) of the rheological Maxwell model of fractional-type material 

through a pipe of variable cross-section diameter (41) and that they grow exponentially 

with the longitudinal coordinate. 
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The eigen-amplitude functions, 
( ) ( ) z

n
sineCkzsineCzZ s,nn,n 

 
 

2

2

2 2 ==
 , 

= ,,,,,,s 4210   and 
( ) ( ) z

n
sineCkzsineCzZ n,nn,n 

 
 

2

2

2 2 ==
 , 

= ,,,,,,n 4210 , of the flow (creeping) of the rheological Maxwell model of a fraction-

type material through a pipe of variable cross-section of diameter (41) satisfy the orthog-

onality conditions (32), which in this case can also be proved from the differential equation 

of the eigen-amplitude functions 
( ) ( ) z

n
sineCkzsineCzZ s,nn,n 

 
 

2

2

2 2 ==
 , 

= ,,,,,,n 4210 , or by direct integration. For this case, we obtain the following: 

( ) ( ) 




=


==









0

2

20

22

0

nsm

sn
zdz

s
sinzC

n
sineCdzzZzZ

n,n

s,s,sn

  (58) 

We have shown in several examples that both the differential equation in terms of its 

own amplitude function 
( )zZ   and in terms of the longitudinal coordinate z   can be 

separated and can be immediately solved independently of the ordinary differential equa-

tion of fractional order in terms of 
( )tT  its own time function 

( )tT  that depends on time 
t . We have previously shown the solution of the second ordinary differential Equation 

(25) or (26) in examples, taking into account that the solution is performed for each case 

of a change in the cross-section of the pipe individually and for each case individually 

selected boundary conditions according to the normal flow stresses of the rheological 

Maxwell model of the material, fractional type. 

5.4* Overview of possible boundary conditions for the longitudinal flow dynamics 

of a rheological Maxwell material model, fractional type, in a pipe of variable cross-section 

In this section, we will list some more possible boundary conditions for the longitu-

dinal flow dynamics of a rheological Maxwell model of a fraction-type material in a pipe 

of constant or variable cross-section. 

The solutions for the eigen-amplitude functions 
( )zZ , which we have shown in the 

previous three examples, for selected pipe cross-sections, must satisfy the boundary con-

ditions. 

We determine the boundary conditions for each specific case of the choice of changes 

in pipe cross-sections along the longitudinal coordinate z , as well as at each end of the 

pipe for 
00 =z  and 

=kz . 

* For a tube fixed at the left end (
00 =z ) and free at the right end (

=kz ), the nor-

mal stress 
( ) ( ) ( )tTzZt,zz =  at the free end (

00 =z ) is equal to the axial force divided 

by the cross-sectional area: 

( ) ( ) ( )
( )

( )0

0

00
zA

tTF
tTzZt,z ,a

z ==

. 

The normal stress 
( ) ( ) ( )tTzZt,zz =

  at the free end (
=kz  ) is equal to zero (

( ) ( ) ( ) 0== tTZt,z 
), and it follows that the eigen-amplitude function 

( )zZ
 at that 

end is equal to zero. 

These boundary conditions are as follows: 

( )
( )0

0

0
zA

F
\zZ ,a=  and ( ) 0=Z  (59) 
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* When the pipe is fixed at both ends, the normal stresses 
( ) ( ) ( )tTzZt,zz =  in the 

sections at both ends (
00 =z  and 

=kz ) are equal to the corresponding axial forces 

divided by the corresponding cross-sections area. The boundary conditions are of the fol-

lowing form: 

( ) ( ) ( )
( )

( )0

0

00
zA

tTF
tTzZt,z ,a

z ==    ( )
( )0

0

0
zA

F
\zZ ,a=   (59) 

( ) ( ) ( )
( )

( )



zA

tTF
tTzZt,z ,a==    ( )

( )
( )



zA

tTF
zZ ,a=   (60) 

* When the pipe is free at both ends, the normal stresses ( ) ( ) ( )tTzZt,zz =  in the 

corresponding cross-sections at both ends (
00 =z  and 

=kz ) are zero. It follows that 

the eigen-amplitude functions ( )zZ  in the cross-sections at the ends of the pipe are equal 

to zero, and the boundary conditions are in the following form: 

( ) 00 =Z  and ( ) 0=Z  (61) 

* When a pipe is fixed at the left end (
00 =z ) while carrying a material point at the 

right end (
=kz ), the normal stress, ( ) ( ) ( )tTzZt,zz = , of the left end is equal to the 

axial force divided by the cross-sectional area: 

( ) ( ) ( )
( )

( )0

0

00
zA

tTF
tTzZt,z ,a

z ==

 , 

( )
( )0

0

0
zA

F
\zZ ,a=

. For the normal stress 
( ) ( ) ( )tTzZt,zz =

 at the right end (
=kz ), it 

is equal to the inertia force divided by the cross-sectional area: 

( ) ( ) ( )
( )

( )
2

2

t

t,w

A

m
tTZt,z




−−==




 

. In this case, the boundary conditions are as fol-

lows: 

( )
( )0

0

0
zA

F
\zZ ,a=  and ( ) ( ) ( )

( )
( )
2

2

t

t,w

A

m
tTZt,z




−−==




   (62) 

* In a tube that carries one material point at both ends, the left (
00 =z ) and right (

=kz ) ends, with masses 0m  and m , the normal stresses at the ends are equal to the 

corresponding inertia force divided by the corresponding cross-section, ( )
( )

2

2

0 0

0 t

t,w

A

m





, i.e., 

the inertia force divided by the cross-section of the right end 
( )

( )
2

2

t

t,w

A

m



 




 . The 

boundary conditions in this case are in the following form: 

( ) ( ) ( )
( )

( )
2

2

0 0

0
00

t

t,w

A

m
tTZt,z




==  and ( ) ( ) ( )

( )
( )
2

2

t

t,w

A

m
tTZt,z




−−==




    (63) 

Note: The published Reference [5] provides a table of eigenvalues for rods of variable 

cross-section and various boundary conditions, which can be used for this case with cor-

responding interpretations and analogies [6]. 

6. Differential Equations of Fractional Order in Terms of Eigen-Time 

Functions 
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The previously derived fractional-order ordinary differential Equations (25) or (26), 

for describing the flow (creeping) of a rheological Maxwell model of a fraction-type ma-

terial in terms of time function ( )tT  in a pipe of constant or variable cross-section, is an 

ordinary differential equation of fractional order in terms of its own time function ( )tT , 

which depends on time t . 

Considering that each eigen-amplitude function ( )zZ   and for the corresponding 

cross-section of pipe and corresponding boundary conditions, corresponds to one eigen-

characteristic number 
2

nk   from the set containing an infinite number of characteristic 

numbers 
2

nk , = ,,,,,,n 4210 , this means that there is also an infinite number of eigen-

time functions
( )tT   with the corresponding eigen-characteristic number

2

nk  , 

= ,,,,,,n 4210  , and a corresponding eigen-amplitude function 
( )zZ   and a corre-

sponding expression for the normal stress. 

The previously derived, first ordinary differential equation of fractional order (24) 

can be solved in terms of the eigen-time function 
( )tTn  by applying the Laplace trans-

form, while the second ordinary differential Equations (25) or (26), is of second order in 

terms of the eigen-amplitude function 
( )zZ n  and the space longitudinal coordinate, the 

solutions of which we showed in the previous section for the appropriate cross-sections 

and appropriate boundary conditions. 

And so, it is easy, by separating the fractional-order partial differential Equations (19) 

or (20) into two independent differential Equations (21) and (22), or (24) and (25), to solve 

each one individually and derive the derivative of the fractional-order partial differential 

Equation (19). 

This means that one particular solution of the fractional-order partial differential 

Equation (19) corresponds to one eigen-amplitude function 
( )zZ   and one eigen-time 

function 
( )tT   from the following sets of eigen-amplitude functions, eigen-time func-

tions, and with the corresponding eigen-characteristic numbers 
2k : 

( )zZ n , = ,,,,,,n 4210 , ( )tTn , = ,,,,,,n 4210 , 
2

nk , = ,,,,,,n 4210  (64) 

The fractional-order differential Equation (24) in terms of the eigen-time functions 

( )tT
 of the eigen-flow (creeping) of the rheological Maxwell model of the fraction-type 

material in a pipe of constant or variable cross-section is connected only by an eigen-char-

acteristic constant 
2k , an eigen-characteristic number, with the differential equation in 

terms of the eigen-amplitude functions 
( )zZ , where it is necessary to choose a plus or 

minus sign in the derived constant depending on which mathematical solution corre-

sponds to the real problem. We have chosen the “plus” sign. 

We did this for three examples, as shown in Section 5. We also worked out the rela-

tions of the derivatives of the cross-sectional area and the cross-sectional area of the pipe 

for special examples, and for those three examples, in an ordinary differential equation, 

of fractional order, in terms of eigen-time functions 
( )tT  and time t , for forced flows 

(creeping) of the rheological Maxwell model of materials, of fractional type, in a pipe of 

constant or variable cross-section, this relation 

( )
( )zZ
zZ 

, which depends on the longitudinal 
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coordinate, can be considered constant in solving this ordinary differential equation of 

fractional order in terms of its own time functions ( )tT . 

Since, we have determined the eigen-characteristic numbers 
2

nk  , = ,,,,,,n 4210  

and showed that there are a large number of them, this means that there will be just as 

many eigen-time functions 
( )tTn , = ,,,,,,n 4210  in each of the eigen-amplitude func-

tions 
( )zZ n  , = ,,,,,,n 4210   form, for each of the eigen-characteristic numbers 

2

nk  , 

= ,,,,,,n 4210  for rheological flows (creeping), of the flow cross-sections and for one 

case of boundary conditions, and shown that are a large number, this means that there 

will be the same number of time functions 
( )tTn , = ,,,,,,n 4210 , in each of the ampli-

tude functions 
( )zZ n  , = ,,,,,,n 4210  , for each of the characteristic numbers 

2

nk  , 

= ,,,,,,n 4210 , for flows (creepings) of the rheological Maxwell material model, frac-

tional type, in a pipe of constant or variable cross-section. 

Now, we concentrate our attention on solving the ordinary differential equation of 

fractional order (24) in terms of eigen-time functions 
( )tTn , = ,,,,,,n 4210  of the flow 

of the rheological Maxwell model of a fraction-type material in a pipe of constant or vari-

able cross-section, omitting the indices, which does not affect the generality of the solution 

and solving of such an equation. This differential equation of fractional order (24) can be 

solved by applying the Laplace transform, which we denote by 
 L  the symbol, and it 

follows: 

( )  ( )   ( )   ( )
( )

( )  tQ
zZ

zZ
tTktTtT ttt



 
DLDLDLL


=+
E

E
E

E 2  (65) 

That is, we solve the previous algebra Equation (65) using the Laplace transform of 

the eigen-time function 
( )tT  in the following form: 

( ) 
( ) ( )

( )
( )

( ) 

222222

00

kpp

tQ
zZ

zZ

kpp

TpT
tT

E
E

E

E

E
E

E
 









++ +



+

+

+
=

L

L  (66) 

If we assume that the external coercive force is periodic and sinusoidal in shape: 

( ) ( )00 += tsinhtQ  (67) 

and since its Laplace transform is the previous Laplace transform (66) of the eigen-time 

function, 

( )  ( ) 
2200

+


=+=

p
htsinhtQ LL

 takes the following form: 

( ) 
( ) ( ) ( )

( ) 22

222

0

222

00

+



+


+

+

+
=

++
p

kpp

h

zZ

zZ

kpp

TpT
tT

E
E

E

E

E
E

E
 








L  

(68) 

If we assume that the external coercive force is periodic and of cosine form: 

( ) ( )00 += tcoshtQ  (69) 

and since its Laplace transform is 

( )  ( ) 
2200

1

+
=+=

p
htcoshtQ LL

 the previous 

Laplace transform (66) of the eigen-time function 
( )tT  takes the following form: 
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( ) 
( ) ( ) ( )

( ) 22

222

0

222

100

+
+


+

+

+
=

++
p

kpp

h

zZ

zZ

kpp

TpT
tT

E
E

E

E

E
E

E
 








L  

(70) 

In order to determine the eigen-time function ( )tT  in function of time t , from the 

differential Equation (24), of fractional order, in terms of eigen-time functions ( )tT  and 

time t , for the eigen and forced flows (creeping) of the rheological Maxwell model of 

fraction-type material in a pipe of constant or variable cross-section, from the previous 

expressions of Laplace transforms (66), (67) and (68) it is necessary to determine the in-

verse Laplace transformations of the same. In order to determine the inverse Laplace 

transforms of the previous expressions of Laplace transforms from Laplace transforms 

(66), (68), and (70), we first convert certain of their terms, which are repeated, into approx-

imate series using expressions from References [7,18,19]. We show the following transfor-

mations: 









+

=

+ ++ 







p
k

p
k

kpp
E

E

E

E
E

E

E
1

1
1

111

2

2

2

222 


 

(71) 

We transform the previous expression (77) into the following order by the complex 

parameter of the Laplace transform in the following form (see References [17–19]): 

( )

( ) ( )





=

+


=

+



=

+

+









+−=








+−=

=







+−=









+

1

2

2
1

2

2

1
2

2

2

2

1
1

11
1

1

1
1

1

1
1

1

1

m

m

m

,mm

m

m

m

mn

km

m

m

m

pp
k

p
k

p

p
k

p

p
k

p















E

E

EE

E

E

E

E

E

E

E

E
  

(72) 

and it follows that 

( )


=

+

+









+−=









+

1

2

2

2

2

1
1

1

1
1

1

1

m

m

m

mm

m
pp

k
p

k
p







E

E

E

E

E

E

 

(73) 

Now, we can extract the Laplace transform 
( ) tT sinlike,freeL

  of the eigen mode 

( )tT sinlike,free  of the time function of the type “likesin”—similar to sine—in the following 

form: 

( )  ( ) ( ) ( )jm

m

mj

j

jm

jk

mm

m

sinlike,free pp
k

TtT −+


=

=

=

−

  







−= 

1 1

2

2
1

1
10

E

E

E
L  (74) 

( )  ( ) ( ) ( )jmm

m

kj

j
jm

j

m

m

sinlike,free p
k

TtT −+


=

=

=
−

−

 −= 



2

1 1
2

1
10

E

E
L   

where 
( )0T 

 is the initial value of the eigen-time function 
( )tT sinlike,free  derivative along 

time t . 

Accordingly, the following can be established (see table from References [1,2]): 

 1

1

−

+
= n

n
t

p

n

p

!n
L  (75) 

In turn, the following applies: 

( ) 

( ) 
( )  222

2

1 +−+−−+

−+
= jmmjmm t

!jmm
p 


L  (76) 
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Therefore, the inverse Laplace transform 
( )  jmmp −+− 21L

  of the previous expression 
( ) jmmp −+2

 (76) can be written in the following form: 

( )  
( ) 

( )  22121

2

1 +−+−−−+−

−+
= jmmjmm t

!jmm
p 


LLL  (77) 

Now, based on the previous Laplace transform expressions (75), (76), and (77), we 

can determine their inverse Laplace transform 
( )  jmmp −+− 21L

 in the following form: 

( )  
( ) 

( ) !jmm

t
p

jmm
jmm

−+
=

+−+−
−+−






2

22
21L  (78) 

Thus, we have translated the previous expressions (75), (76), and (77) into the time 

domain. Notably, the Gamma function ( )n  is established as follows: 

( ) ( )!nn 1−= , ( )( ) ( ) !jmmjmm −+=+−+  212   (79) 

Now, based on the previous Laplace transform 
( )  jmmp −+− 21L

 of the previous ex-

pression 
( ) jmmp −+2

 (75), (76), and (77), we can determine their inverse Laplace trans-

form in the following form: 

( ) 
( )

( )( )

2 1
21

2 11

k k j
k k j t

L p
k k j






− + − +  
+ − −   =

 + − +
 (80) 

Now, based on expression (74) and the previous transformations (77), (78), (79), and 

(89), we can extract the inverse Laplace transform 
( ) tT sinlike,freeLL 1−

 of the eigen mode 

of the time function of the type “likesin”—similar to sine—with the previous transfor-

mations: 

( )  ( ) ( ) ( ) jmm

n

mj

j
jm

j

m

m

sinlike,free p
k

TtT −+−


=

=

=
−

−
−  −= 



21

1 1
2

1 1
10 LLL

E

E
 

( ) ( ) ( ) ( ) jmm

m

nj

j
jm

j

m

m

sinlike,free p
k

TtT −+−


=

=

=
−

−

 −= 



21

1 1
2

1
10 L

E

E
 

(81) 

And finally, we obtain in the time domain an approximate analytical expression of 

the eigen mode 
( )tT sinlike,free  of the time function 

( )tT  of the type “likesin”—similar to 

a sine—for the dynamics of the eigen-flow of the rheological Maxwell model of a fraction-

type material in a pipe of constant or variable cross-section, which corresponds to the 

eigen-amplitude function 
( )zZ , in the following form: 

( ) ( ) ( )
( ) 

( )( )12

1
10

22

1 1
2 +−+

−=
+−+−

=

=

=
−

−

 
jmm

t

k
TtT

jmm

m

mj

j
jm

j

m

m

sinlike,free




E

E
 (82) 

In a similar way as in the previous procedure, we finally obtain in the time domain 

an approximate analytical expression of the eigen mode 
( )tT coslike,free  of the time function 

( )tT coslike,free  of the type “likecos”—similar to cosine—for the flow dynamics of the rheo-

logical Maxwell model of a fraction-type material in a pipe of constant or variable cross-

section, which corresponds to the eigen-amplitude function 
( )zZ , in the following form: 

( ) ( ) ( )
( ) 

( )( )jmm

t

k
TtT

jmm

m

mj

j
jm

j

m

m

coslike,free
−+

−=
−+−

=

=

=
−

−

 




 2

1
10

2

1 1
2

E

E
 (83) 

For the initial value of the corresponding self-contained mode of the time function 

( )tT free . 
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In a similar way as in the previous procedure, using appropriate initial conditions, 

for initial velocities ( )0T   and initial values of the eigen-time function ( )0T , we finally 

obtain in the time domain an approximate analytical expression of the eigen-time function 

( )tT  of the eigen-flow 
( )tT free , for the dynamics of the eigen-flow of the rheological Max-

well model of a fraction-type material in a pipe of constant or variable cross-section, which 

corresponds to the eigen-amplitude function ( )zZ , in the following form: 

( ) ( ) ( ) ( ) ( )
( ) 

( )( )

( ) ( )
( ) 

( )( )jmm

t

k
T

jmm

t

k
TtTtTtT

jmm

m

mj

j
jm

j

m

m

jmm

m

mj

j
jm

j

m

m

coslike,freensinlike,freefree

−+
−+

+
+−+

−=+=

−+−

=

=

=
−

−

+−+−

=

=

=
−

−

 

 













2

1
10

12

1
10

2

1 1
2

12

1 1
2

E

E

E

E

 
(84) 

Similarly, as in the previous procedure, using the appropriate expressions and the 

convolution theorem (see References [1,2]), we finally obtain in the time domain an ap-

proximate analytical expression of the time function 
( )tT  of the forced mode 

( )tT  for 

forced flow (creeping), for the forced flow dynamics of the rheological Maxwell model of 

a fraction-type material in a pipe of constant or variable cross-section, which corresponds 

to the eigen-amplitude function 
( )zZ , in the following form: 

( )
( )
( )

( )
( )( )

( )
( ) 



 

−+−+−



=

=

=
−

−

−


+−+

−


=

t
qjmm

n

mj

j
jm

j

m

m

coslike,Foesed

dtcos

jmmkzZ

zZ
tT

0

12

1 1
2 12

11
1







E

E

 (85) 

Now, we use the previously obtained approximate analytical expressions for time 

functions 
( )tT  and the calculations for the eigen-amplitude functions 

( )zZ , which cor-

respond to the selected cross-sections and the appropriate boundary conditions, using ap-

propriate initial conditions, for the initial velocities 
( )0T 

 and initial values of the eigen-

time function 
( )0T

, it is finally possible, in the time domain, to write approximate ana-

lytical expressions for the eigen 
( ) ( ) ( )



=
=

0n nsin,likt,freensinlikt,free tTzZt,z
  and forced 

( ) ( )


=
=

0n n,ForcedForced t,zt,z 
 mods of the normal stress 

( ) ( )


=
=

0n n,free t,zt,z 
 

of the eigen and forced flow, for the dynamics of the eigen-flow of the rheological Maxwell 

model of the fractional-type material in a pipe of constant or variable cross-section, in the 

following form: 
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(86) 

That is, now, the approximate analytical solution of the partial differential equation 

of fractional order, (19), or (20), for the n-th eigen mode of the rheological normal stress 

( )t,zn,freem
 of the eigen-flow in the longitudinal direction for the eigen-flow of the rhe-

ological Maxwell model of the material, fractional type, in a pipe of constant or variable 

cross-section, is in the following form: 
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The approximate analytical solution of the partial differential equation of fractional 

order, (19), or (20), for the rheological normal stress 
( )t,zfree

 of self-flow in the longi-

tudinal direction for the self-flow of the rheological Maxwell model of a fraction-type ma-

terial in a pipe of constant or variable cross-section, is in the following form: 
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Also, the approximate analytical solution of the partial differential equation of frac-

tional order, (19), or (20), for the rheological eigen mode of normal stress 

( ) ( ) ( )


=
=

0n nsin,likt,freensinlikt,free tTzZt,z
, of the “likesin” type, of the eigen-flow in the 

longitudinal direction for the eigen-flow of the rheological Maxwell model of the fraction-

type material in a pipe of constant or variable cross-section, is in the following form: 
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Now, the approximate analytical solution of the partial equation of fractional order, 

(19), or (20), for the rheological eigen mode 
( ) ( )



=
=

0n ncos,like,freecoslike,free t,zt,z 
  of 

normal stress, of the “likecos” type, of the eigen-flow in the longitudinal direction for the 

eigen-flow of the rheological Maxwell model of the fraction-type material in a pipe of 

constant or variable cross-section, is in the following form: 
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The approximate analytical solution of the forced mode of the partial equation of the 

fractional order, (19), or (20), for the rheological forced mode of normal stress 

( ) ( )


=
=

0n nsin,like,Forcedsinlike,Forced t,zt,z 
 , of the “likesin” type, of forced flow in the 

longitudinal direction for the forced flow of the rheological Maxwell material model, of 

the fractional type, in a pipe of constant or variable cross-section, is in the following form: 
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(91) 

Also, based on the previous results, we can easily construct an approximate analyti-

cal solution of the forced mode of the partial equation of the fractional order, (19), or (20), 

for the rheological forced mode of normal stress

( ) ( )


=
=

0n ncos,like,Forcedcoslike,Forced t,zt,z 
 , of the “likecos” type, of forced flow in the 

longitudinal direction for the forced flow of the rheological Maxwell model of the fraction-

type material in a pipe of constant or variable cross-section, is in the following form: 
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And based on the previous results, we can easily construct a general approximate 

analytical solution of the resulting forced mode of the fractional order partial equation, 

(19), or (20), for the rheological resulting forced mode 
( ) ( )



=
=

0n n,ForcedForced t,zt,z 
 

of normal stress, of the type of sum of two series of modes “likesin” 
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=
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  and “likecos” 
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
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, of forced flow in the longitudinal direction for the 

forced flow of the rheological Maxwell material model, of the fractional type, in a pipe of 

constant or variable cross-section, is in the following form: 
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And finally, based on the previous results, we can easily construct a general approx-

imate analytical solution of the partial equation of fractional order, (19), or (20), for the 

approximate analytical-mathematical description of the dynamics flow (creeping) of rhe-

ological normal stress, flow, in the longitudinal direction for the rheological Maxwell 

model of material, fractional type, in a pipe of constant or variable cross-section, is in the 

following form: 
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(94) 

With this series of analytical approximations and solutions, for the eigen modes and 

forced modes of time functions and descriptions of the modes of normal stress flow, we 

have also given a general solution to the partial differential equation of fractional order, 

(19), or (20), for the approximate analytical-mathematical description of the dynamics of 

rheological normal stress, flow, in the longitudinal direction for the flow of the rheological 

Maxwell model of fraction-type material in a pipe of constant or variable cross-section. 
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We assumed that the material has viscoelastic properties and is a rheological creeper type 

with normal stress relaxation. 

7. Graphical Representation of Eigen-Time Functions 

In this chapter, we will present graphs of the eigen modes and forced modes “likesin” 

and “likecos” of the eigen-time functions, as well as graphs of the eigen modes and forced 

modes “likesin” and “likecos” of the eigen normal stresses of the flow (creeping) dynam-

ics of the rheological Maxwell material model, fractional type, in a pipe of variable cross-

section. 

The following figures show the surfaces of the previously listed modes in the coordi-

nate systems: mode amplitude, time, and fractional-order differentiation exponent. 

Figures 3–5 show the surfaces of the eigen mode of the time functions “like cos”, 

longitudinal flow of the rheological viscoelastic Maxwell model of a fractional-type mate-

rial with the property of normal stress relaxation, in a pipe, represented in the coordinate 

system of the amplitude of the eigen-time mode 
( )tT coslike,free , time t , and exponent   

of the fractional-order derivative on the interval 10  . These surfaces are drawn us-

ing an approximate analytical expression as follows:
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Figure 3. Surface of the self-eigen-time mode “like cos”, longitudinal flow of the rheological visco-

elastic Maxwell model of a fractional-type material in a pipe, presented in the coordinate system of 

the amplitude of the self-eigen mode 
( )tT coslike,free , time t , and exponent   of the fractional-

order derivative, on the interval 10  . 

 

Figure 4. Surface of the self-eigen-time mode “like cos”, longitudinal flow of the rheological visco-

elastic Maxwell model of a fractional-type material in a pipe, presented in the coordinate system of 

the amplitude of the self-eigen mode 
( )tT coslike,free , time t , and exponent   of the fractional-

order derivative, on the interval 10  , drawings from another direction of visibility. 
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Figure 5. Surface of the self-eigen-time mode “like cos”, longitudinal flow of the rheological visco-

elastic Maxwell model of a fractional-type material in a pipe, presented in the coordinate system of 

the amplitude of the self-eigen mode 
( )tT coslike,free , time t , and exponent   of the fractional-

order derivative, on the interval 10  , drawings from another direction of visibility and in 

black and white. 

Figures 6 and 7 show the surfaces of the eigen-time functions “likesin”, longitudinal 

flow of the rheological viscoelastic Maxwell model of a fractional-type material with the 

property of normal stress relaxation, in a pipe, represented in the coordinate system of the 

amplitude of the eigen-time mode 
( )tT sinlike,free  , time t  , and exponent    of the frac-

tional-order derivative, on the interval 10  . These surfaces are drawn using an ap-

proximate analytical expression 
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Figure 6. Surface of the self-eigen-time mode “like sin”, longitudinal flow of the rheological viscoe-

lastic Maxwell model of a fractional-type material in a pipe, presented in the coordinate system of 

the amplitude of the self-eigen mode 
( )tT sinlike,free  of time t  and exponent   of the fractional-

order derivative, on the interval 10  , drawings from another direction of visibility. 
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Figure 7. Surface of the self-eigen-time mode “like cos”, longitudinal flow of the rheological visco-

elastic Maxwell model of a fractional-type material in a pipe, presented in the coordinate system of 

the amplitude of the self-eigen mode 
( )tT sinlike,free  of time t  and exponent   of the fractional-

order derivative, on the interval 10  , drawings from another direction of visibility and in 

black and white. 

The author notes that Figures 3–7 were not included to present numerical data, but 

rather to illustrate the characteristics of the time series as the differentiation index changes. 

The Figures 3–7 are not meant to read the numerical values, but only to illustrate the 

surface shapes of the modes shown on them. 

8. Discussion 

At the suggestion of one of the reviewers, we have included this chapter, which pre-

sents contemporary research on fluid flow in pipes. Most contemporary research is fo-

cused on engineering tasks and the investigation of flow dynamics in pipes, and is di-

rected towards the oscillations and stability of the pipes themselves or pipe systems, and 

less on the types of fluids that flow in them and their rheological properties. There is al-

most no research on the types of material dynamics of different rheological properties. 

Wang et al. [20] have come to the following results: A theoretical and numerical 

model for non-metallic and unbonded flexible pipes was developed based on the nonlin-

ear composite material theory and thick-walled cylindrical theory. The effect of the inter-

nal pressure reinforcing layer’s winding scheme on the flexible tube’s mechanical proper-

ties is studied, revealing how winding angle changes impact load-bearing performance. 

The impact of the reinforcing layer’s winding angle on the flexible tube’s ultimate load-

bearing performance under internal pressure is examined. 

The research focuses on the dynamics of the pipe, and there are no results on the 

properties of the material flowing through it. 

Zhang et al. [21], as aforesaid, arrived at the following results: Key insights into pipes’ 

bistability under nonlinear resonances are provided; stacking sequence alters superhar-

monic (subharmonic) amplitude by up to 8% (0.3%); SS thin-walled pipes lack subhar-

monic bistability for flow speed > 0.1; FGV(FGA) pipe exhibits largest bistable subhar-

monic(primary) resonance range; FGA(FGV) pipe shows largest bistable response range 

in lower (higher FORCES). This study explores how graphene nanofillers can be used to 

control these nonlinear vibrations, providing key insights into the primary and secondary 

resonance responses of flow-filled graphene-reinforced composite pipes and characteriz-

ing their bistable frequency behavior. 

In both of these published articles, numerical results and graphic illustrations of the 

stability of a flowing material (fluid) are useful for engineering practice. 
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Xiao et al. [22] investigate the complex dynamics of flow and the effects caused by 

flow. 

This paper describes theoretical investigations into the rheological dynamics of oscil-

lating or flowing fractional-type rheological materials using new, original partial differ-

ential equations of fractional order. The contours of the rheological material, i.e., the pipes, 

are considered rigid but of variable cross-section in the longitudinal direction of the rhe-

ological material. Considering the research in previous works [20–22], we see that the re-

search tasks are completely different and cannot be compared with the studies presented 

here. The results presented in this work are theoretically analytical, of the fractional type, 

and completely new. As such, they deserve to become part of a new and completely orig-

inal scientific monograph. The analyses are based on the obtained eigen-amplitude func-

tions and eigen-time functions of the fractional type, for which we have determined ap-

proximate analytical expressions of the eigen and characteristic rheological modes of the 

fractional type and for rheological oscillations, as well as for rheological creepers. In both 

cases, there is energy dissipation of the rheological material of the fractional type. The 

exponent of fractional-order differentiation, which ranges in units from zero to one, affects 

the degree of fractional-type energy dissipation carried by the rheological material of the 

Kelvin–Voight or Maxwell material, the dynamics of which are described by the corre-

sponding partial differential equation of the fractional order, in terms of longitudinal dis-

placements or normal stresses in the longitudinal direction. The corresponding ordinary 

equations of the fractional order in terms of time functions of displacements or time func-

tions of normal stresses in the longitudinal direction for each of the eigen-amplitude func-

tions. For a number of differential equations in terms of eigen-amplitude functions for 

specifically selected cross-sections and selected boundary conditions in terms of displace-

ments or boundary conditions in terms of normal stresses, we have determined the eigen-

amplitude functions. 

The comments on the influence of tangential stress due to friction, i.e., the boundary 

layer effect, are present. However, in this model of longitudinal flow of a rheological Max-

well material of fractional type, a new theoretical approach to the mathematical study of 

such problems has been opened. The results presented here may serve as a basis for new 

research into rheological flow dynamics of a fractional type, when the effects of boundary-

layer dynamics are also taken into account. 

Chapter 12 of the classic Reference [23] and the fundamental monograph on fluid 

mechanics are devoted to the flow of fluids through pipes of arbitrary shape, with differ-

ent cross-sections and different resistance to deformation. It contains classical knowledge 

of fluid mechanics applied to pipe flow. Among the complete contents on fluid mechanics, 

we also pay attention to References [24–26], which were published in the last two decades. 

The complete field of fluid mechanics is presented in Reference [27]. 

9. Conclusions 

We have presented new scientific analytical results of the theoretical study of the flow 

(creeping) dynamics of the rheological Maxwell model of a viscoelastic material, fractional 

type, in a pipe of variable cross-section. Here, we emphasize that, in the study, we ne-

glected the influence of boundary-layer formation on the pipe’s boundary layer using the 

rheological Maxwell model of a fractional-type viscoelastic material. In particular, we ne-

glected the friction forces at the boundary layer–pipe surface interface. We assumed that 

this boundary layer is of negligible thickness in relation to the cross-section of the flow 

stream of the rheological Maxwell model of a viscoelastic material, fractional type, i.e., the 

cross-section of the pipe, and that these friction forces are negligible in relation to the flow 

force—the product of the normal stress and the cross-sectional area of the flow stream in 

each of its cross-sections. 
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We have presented comparative plots of the surfaces of the eigen and forced frac-

tional forces for the dynamics of oscillation of the rheological Kelvin–Voigt model of an 

elastophistoviscous material, fractional type, and for the dynamics of flow of the rheolog-

ical Maxwell model of a viscoelastic material, fractional type. In the structural formula of 

these two rheological models of materials (Kelvin–Voigt and Maxwell), they contain the 

same basic rheological elements: Hooke’s ideally elastic element and Newton’s ideally 

viscous element of fractional type; the former in parallel connection and the latter in series 

connection; the former is connected with the property of subsequent elasticity (post-elas-

ticity), while the latter is connected with the property of normal stress relaxation. 
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