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Abstract

We present newly derived approximate analytical solutions (AAS) of the motion, free and
forced modes of dynamics of two viscoelastic rheological Maxwell-Faraday discrete dy-
namic systems (RMFDDSFTPEP), creeper type, and fractional type, with piezoelectric po-
larization property of the Faraday piezoelectric element. They always occur in paired rhe-
ological discrete dynamic systems depending on the order of sparse coupling of rheolog-
ical basic light elements in standard light-binding structures and their connections with
the rigid body and the fixed point. The research results presented in the paper AAS for
the creep-flow EFM of creep-flow dynamics of a RMFDDSFTPEP, which characterizes the
SLETMEF coupling set of models, which includes piezoelectric effects. To avoid the inver-
sion of complex, fractional-order expressions of the Laplace transforms (LT), the terms of
the complex expressions are expanded into power orders, based on the assumption that
certain ratios are small relative to unity. The inverse LT is performed term by term to
obtain AAS in the time domain.

Keywords: Rheological Maxwell-Faraday discrete dynamic system; fractional type;
piezoelectric effect; differential fractional order equation; inverse Laplace transform;
approximate analytical solution; creep dynamics; theorems

1. Introduction

This study continues the author’s previous work on creep-flow dynamics in
RMFDDSFT PEP. The author’s intention is to write a purely theoretical-mathematical
work and to present the methods and complete methodology for determining an approx-
imate analytical solution and corresponding expressions for individual eigen and forced
modes, which enabled the analysis of individual properties of modes in the structure of
the approximate analytical solution of creep-flow dynamics in the system of fractional
type and within the standard light Maxwell-Faraday model of bonding ensembles.

In the general case, determining the inverse Laplace transforms in analytical form is
not possible, and here the author found two basic unique examples and showed how ap-
proximate analytical solutions can be found and based on a methodology that relies on
classical methods. This is the value of these analytical results.

In the modern literature, there are more and more mathematical references, among
which we single out [1-3], on the theory of fractional order differentiation. In the intro-
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ductory part of Reference [4], you can find a brief history of the beginnings of the refine-
ment of fractional order differentiation.

References [5-7] present the results of the research theory and applications of frac-
tional differential equations and the analysis of fractional differential equations, and point
to the importance of modern applications of fractional calculus.

An introduction to mathematical models is presented in Reference [1] with special
application to fractional calculus and waves in linear viscoelasticity (or in elastoviscous).

We particularly point out Reference [8], which contains chapters on fractional calcu-
lus with a special introduction intended for physicists, and we add that it is also very
useful for researchers from other scientific fields.

The classical models of materials, and the increasing application of fractional order
differentiation, were the inspiration for the formation of a new series of models of rheo-
logical materials of the fractional type, which the author compiled and published in Ref-
erence [5]. To form these complex models of fractional type materials, the author intro-
duced a rheological model of a viscous fluid material of the fractional type with a differ-
ential constitutive relation of the fractional order and called it the rheological Newton el-
ement of the fractional type.

The first is the rheological basic complex Kelvin-Voigt elastic-viscous model of a solid
material, of the fractional type.

The second is the rheological basic complex Maxwell viscoelastic model of a viscoe-
lastic fluid material of the fractional type. The structural formula contains, in an ordered
relationship, a Hooke elastic element and a Newton viscous fluid element of fractional
type.

Then, the author introduced a rheological ideally elastic piezoelectric element with
the effect of polarization in mechanical deformation, which she called the rheological Far-
aday piezoelectric element. Using this new rheological Faraday piezoelectric element, she
formed a new series of rheological complex models of fractional-type materials with pie-
zoelectric effects and polarization properties during mechanical deformation. This new
series was published in Reference [9]. This series of rheological models of fractional-type
materials and discrete dynamical systems with piezoelectric effects, with the introduced
assumption that rheological elements are light and of negligible mass, and that they have
only potential energy and mechanical energy dissipation properties of the fractional type,
with piezoelectric properties, serve as connecting elements between rigid bodies, thereby
forming a series of rheological discrete dynamic systems.

Two models with different orders of connection of basic rheological elements in rhe-
ological Maxwell-Faraday dynamic systems of fractional type were studied using the the-
oretical-analytical methodology of flow-creep dynamics. We determined approximate an-
alytical solutions for the eigen and forced modes of flow-creep dynamics of characteristic
types of connection of elements of discrete dynamic systems of fractional type. For rheo-
logical flow-creep dynamics of two models of rheological Maxwell-Faraday discrete dy-
namic models of discrete systems of the fractional type with piezoelectric effects, in ana-
lytical approximate form, expressions for the electric voltage and dielectric displacements
of the Faraday element are determined. It is polarized due to mechanical deformation by
the flow-creep dynamics of the discrete dynamic system, of which it is a constituent ele-
ment.

https://doi.org/10.3390/fractalfract10070474
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2. Differential Constitutive Relation of the Maxwell-Faraday
Standard Light Coupling Ensemble of the Fractional Type with
Piezoelectric Effects

In this section, we briefly present the derivation of the differential constitutive rela-
tion of the rheological Maxwell-Faraday standard light-binding ensemble, of the frac-
tional type with piezoelectric properties. This differential constitutive relation of the Max-
well-Faraday standard light-binding ensemble (structure) is a fractional-order differential
equation of the form:

t t

% D%[o.(¢)]+ o.t)_ D#[e. (1)} const 1)

o

in which the following tags were introduced
E=E,+E, @

and which are visible in Figure 1 and correspond to the elasticity coefficients of Hooke’s
ideally elastic and Faraday’s piezoelectric and elastic elements, which are parallel con-
nected in the structure and regularly connected with a Newtonian viscous element of the
fractional type.

Differential Equation (1), of fractional order, is the differential constitutive relation of
the fractional order of the rheological McNeill-Faraday model of a fractional type material
with piezoelectric properties. This differential constitutive relation of fractional order is
obtained by summing the dilations of the fractional-type rheological elements, Hooke’s
elastic and Faraday elastic and piezoelectric elements that are sequentially connected with
the Newton viscous fractional type element. In Figure 1, as well as in the left part of Figure
2, the sum of dilations and individual parts of dilations of rheological elements in a se-
quential connection (for details and explanations, see References [6,7]).

Now the notation D o] is a differential operator of Caputo type, and we write the
fractional order ¢ of differentiation in the form:

D[x(t)]= dd;fl) =x9(r)= 1 jt! x(e —dzr, for 0<a<l 3)
where I'(x) is the Gamma function in the form:
I(x+1)=xT(x), x>0 (4)

where @, ininterval ¢<2<! isdetermined experimentally. When exponent ¢ of frac-

tional order differentiation is #=0, the application of fractional order derivative gives

the time function ©- (t) which represents normal stress in the axial direction.

As the article deals with the study of the rheological creep-flow dynamics of the Max-
well-Faraday model of fractional-type materials, we limit ourselves to applications of
fractional calculus, without the intention of making mathematical contributions to frac-
tional calculus. For details on fractional-order differential operators and other details, we
refer the reader to References [5-7] from the attached list or to the wider mathematical
literature.

And the Laplace transform in the form:

L{x()}= j dt—p x(p) )

where P isa parameter, which can also be a complex number.
We also assume that:
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d%x
L= = prLf)-L = = p“Lix} ©)
=0
because we assume that the initial conditions are:
d“'x
dr™! - @

FY Faraday FY Faraday

M, /FY =(H/FY)-

Figure 1. Structure of a rheological Maxwell-Faraday standard light-weight binding ensemble of

the fractional type with piezoelectric properties, showing the component dilatations of the elements
and the resulting dilatation of the ensemble.

In Figure 1, the structure of a rheological Maxwell-Faraday standard light-weighted
ensemble of fractional type with piezoelectric properties is shown, with a representation
of the component dilatations of the elements and the resulting dilatation of the ensemb]e.

The ¢

onstitutive differential relation of the fractional order is derived using the resulting

dilatation of the fractional-type ensemble under the condition that the normal stress along
each of the regularly ordered elements and the entire ensemble is the same.

¢
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Figure 2. Relaxation surface of the normal mechanical stress of the rheological Maxwell-Faraday
standard light-weight binding ensemble of the fractional type with piezoelectric properties and
analogous structural models of the Maxwell-Faraday and Maxwell models.
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In Figure 2, the normal mechanical stress relaxation surface of the rheological Max-
well-Faraday standard light-weighted ensemble of the fractional type with piezoelectric
properties is shown. Analogous structures of the Maxwell-Faraday model of the standard
light-weighted ensemble of the fractional type with piezoelectric properties and the Max-
well model of the standard light-weighted ensemble of the fractional type, whose stress
relaxation surfaces are analogous, are also shown. For details, see the cited Reference [9]
of the author.

Figure 2 is a composite of images of the standard light rheological Maxwell-Faraday
model of the fractional-type ensemble with piezoelectric effect (left) and the standard light
rheological Maxwell model of the fractional-type ensemble (right) and the stress relaxa-
tion surface as a function of the fractional-order differentiation exponent and time (center)
to show that the surface is similar for these models.

We will state an approximate analytical expression that describes the regularities of
the change in the normal stress in the axial direction of the flow dynamics of the normal
mechanical stress of a rheological Maxwell-Faraday standard light-weight connective en-
semble of the fractional type with piezoelectric properties at constant dilatation, as a func-
tion of time:

az(t)zL1L{62}:Ea{Dfl[gz]Zvv"}'{l+Z(_1)k(%jkF(IOL} (8)

2k +2 — o)

The previous expression represents the functional dependence of the normal stress
relaxation of standard light basic complex rheological Maxwell-Faraday mode fractional
type on time and the exponential differentiation of the fractional order in the interval from
zero to one, in interval <& <1,

We will also emphasize that the standard light basic complex Maxwell-Faraday
model of an ideal, fractional-type, piezoelectric material possesses potential energy, a frac-
tional-type mechanical energy dissipation property expressed by a generalized fractional-
type energy dissipation function, and negligible kinetic energy.

Additionally, the standard light basic complex Maxwell-Faraday model of an ideal,
fractional-type, piezoelectric property possesses the property of polarization of the Fara-
day element, due to mechanical deformation and the appearance of an electric current of
the corresponding electric voltage, which can be identified.

3. Description of the Structure of Two Models of Rheological
Maxwell-Faraday Discrete Dynamic Models of a Fractional Type
System with Piezoelectric Property

In this section, we set up systems of fractional-order differential equations of the flow
dynamics of two RMFDDSFT PEPs—two fractional-type creepers, with piezoelectric
properties due to the polarization of the Faraday element, as a consequence of its mechan-
ical deformation. Both RMFDDSFT PEPs have one external and one internal degree of
freedom of movement.

Figure 3 shows the RMFDDSFT PEP, consisting of a single material point (rigid body
in translational motion), of mass ", connected by a basic light complex standard rheo-
logical Maxwell-Faraday model of an ideal, fractional type of material, with the piezoe-
lectric property of polarization of the rheological Faraday piezoelectric element due to
mechanical deformation.

This basic, light complex standard rheological Maxwell-Faraday model of fractional
type also has the property of normal stress relaxation, and is defined by the stiffnesses *
. As a rheological discrete dynamic system, it has two degrees of freedom of motion-flow
dynamics. One of the flow dynamics freedoms is the external and one of the internal de-
grees of freedom, to which correspond two independent generalized coordinates * and

https://doi.org/10.3390/fractalfract10070474
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Y, Figure 3 shows the structure of the standard light basic complex rheological Max-
well-Faraday model of the ideal, fractional type. Figure 3 shows another rheological Max-
well-Faraday’s model of a discrete dynamic system, consisting of a single material point
(rigid body in translational motion), mass ", bound by one basic light complex standard
rheological Maxwell-Faraday model of the ideal, fractional type of material, with the pi-
ezoelectric property of polarization of the rheological Faraday piezoelectric element due
to mechanical deformation, but with the reverse order of binding of the structure of the
standard light basic complex Maxwell-Faraday model of the ideal, fractional type, in re-
lation to the model shown in Figure 3.

V(z)(

Co:Co0rCy " F(r) i (t = F sim(Cf + (00)

F;I‘IGV (x t

FY Faraday

M, /FY=(H/FY)-N,

Co:CprCyp V()

m\\\\\\\\wo

- —
m, =0 P (x(t)x, (0).D2:

L\

x (¢ x(t) m =0

u u

F,, (1)) =~m(i(r)) S A (x(0)x, ()
Py (x(e)x, (1) ==c, D [x(0)—x, ()]

F(t)=F,sim(Qt + ¢,)

Il
[

m,
2

% (1) x(t) m =0

Figure 3. Two RMFDDSFT PEP models (upper part Figure) from a single material point (rigid body
in translational motion), mass M bound by a single light standard basic complex Maxwell-Fara-
day model of an ideal, fractional type, piezoelectric material; (lower part Figure) The structure of
the standard light basic complex rheologic Maxwell-Faraday model of an ideal, fractional type, pi-
ezoelectric ensemble; (left part Figure) the reverse order of binding of the structure of the standard

light basic complex Maxwell-Faraday model of an ideal, fractional type, piezoelectric material;.

Figure 3 is a composite of Figures of a rheological Maxwell-Faraday model of a dis-
crete dynamic system, of the fractional type with piezoelectric properties coupled to a
SLRMFFT PEP ensemble (in the upper part) and a rheological Maxwell-Faraday model of
a discrete dynamic system, of the fractional type with piezoelectric properties coupled to
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the same, but oppositely coupled elements in a standard light rheological Maxwell-Fara-
day ensemble (in the lower part), with the aim of guiding the reader to compare the mod-
els of the differences in the resulting properties of the creep-flow dynamics. The left part
of the figure shows a standard light rheological Maxwell-Faraday fractional type with
piezoelectric properties, a connective ensemble as part of both the Maxwell-Faraday rhe-
ological, frictional type with piezoelectric effect, and a discrete dynamical system from the
same figure.

Both have the same dynamic system parameters. They differ only in the order of
binding of the basic light rheological elements.

4. Systems of Fractional Order Differential Equations of Dynamics
of Two Models of Rheological Maxwell-Faraday Discrete Dynamic
Models of Systems of the Fractional Type with Piezoelectric Properties

The RMFDDSFT PEP, shown in Figure 3, has one external degree of freedom of rhe-
ological flow dynamics and one internal degree of freedom of rheological flow dynamics
within the basic complex standard light rheological Maxwell-Faraday model of ideal,

fractional type. Let us denote by x(t) the independent generalized coordinate, which
corresponds to the external degree of freedom of rheological flow dynamics, and by

Yu (t), the internal independent generalized coordinate, which corresponds to the inter-
nal degree of freedom of flow dynamics, of the basic complex SLRMFFT PEP.

Now, at the point of internal order coupling, of simple elements of the structure of
the basic complex SLRMFFTPEP, we place a fictitious material point of mass equal to zero,
m,, =0

u,l

ie, . That point of internal order coupling, of simple elements of the structure,
introduces into the discrete dynamic system an internal degree of freedom of creep move-

xu B!

ment, whose position we have determined by an independent generalized coordinate

Now, let us set up a system of fractional order differential equations, assuming that
the basic mass of the system is /7!, which describes the creep dynamics of the rheological
Maxwell-Faraday discrete dynamic system for the case of coupling the system structure
with a standard light rheological Maxwell-Faraday model, of fractional type, element,
from the upper part of Figure 3, in the form:

mii+¢,D[x(t) —x, , ()]=F in(Qt + @) ©)

%, = €D ll0) =x,, O+ (¢ +¢. ), (1) =0 (10)

For the second case, of inverse bonding of the structural element of the standard light
rheological Maxwell-Faraday bonding model, of fractional type, with piezoelectric prop-
erty, from the lower part of Figure 3, the system of differential equations of fractional or-
der, which describes the flow dynamics of that rheological Maxwell-Faraday model, of
fractional type of discrete dynamic system, is of the form:

mit+ (c, ¢, Joxlt)x, , (0) =F sinlQu + ) )
mu,l)‘éu,l - (CO + Ce )(X(t) _‘xu,l (t)) + CaD 0: [xu,l (t)] = O (12)
Now, let us introduce the following tags:
C()g :CO—+C€ a);:c_“ h():i (13)
m m m
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and we rewrite the previous systems of differential equations of fractional order in the
form:

* for the first case of binding structure of standard light rheological Maxwell-Faraday
bonding model, of fractional type, in the following form:

i+ a@lD[x(t) —x,, (1)) =hsin(Qt + ¢, (14)

_w;Dlt[x(t)_xu,l(t)]"'a’ﬁxu,l(t):0 (15)

* for the second case of binding structure of standard light rheological Maxwell-Far-
aday bonding model, of fractional type, in the following form:

i+ a)(x(t)—x, () =h,sin(Qt + @,) (16)

~af(xlt) =, (0)+ @D, (0)]=0 17)

The previous systems of differential equations of fractional order (9)—-(12) were com-
piled on the basis of the conditions of dynamic equilibrium of the forces, according to the
D’ Alembert principle, acting on the main material point of mass and the fictitious material
point mass, the mass of which we introduced and the point of connection of the rheolog-
ical Hooke’s elastic and rheological Faraday elastic and piezoelectric element with the
rheological Newtonian viscous element of the fractional type, using the constitutive equa-
tions of these rheological elements of the standard light fractional type of the Maxwell-
Faraday ensemble (for details see Reference [9]).

We have introduced the assumption that at the initial moment the initial coordinate
and initial velocity of the attachment point to the attachment points of Hooke’s light ide-
ally elastic element and Faraday’s piezoelectric element and Newton’s viscous element of
fractional type are equal to zero.

4.1. Application of Laplace Transformation to the First System of Differential Equations of
Fractional Order (14)—(15) and Solution Describing Creep Dynamics of Maxwel-Faraday’s Dis-

crete Dynamic System, Presented in Upper Part of Figure 3

Now let us apply Laplace’s transformation to both previous systems of fractional-
order differential equations.
For the first system (14)—(15):

L{(0)}+ @2 LD Trlt)—x,, ()]} = Ligsin(@t + )} 18)
~ LD [x(t) =, (O)}+ gL, ()} = 0 19)

and respectively

o p hy <2 :
sz{x(t)}"' @ p L{x(t)}— @,p L{xu,l (t)}: m + (pxo + xo) (20)
- @ p"Lx(Oh+ @ p Lix, ,(0)}+ & Lix, , ()} =0 (1)
and respectively
“ o h,€Q :
Lo} p*+a2p®) - @ pLix, (1)} = g teers) @
@ p“L{x(e)}-Lx, (0 & + &lp) =0 23)

That is, from the second equation of the previous system (22) and (23) is:

https://doi.org/10.3390/fractalfract10070474
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a)z o
L{xu,l(t)}:%l‘{x(t)} (24)
(& +@p”)
which by substituting into the first equation of the system (22) and (23) gives
2 o h Q
LIV 0240 p®) — 2 p* PP L{x(s)t= o :
WX pP+alp”)-aip i+ i) {x(e)} P +(px, +%,)
and respectively
4 2o
Gl et h) @)

L ¢ 2+ VASN/ 2 —
xO)Y p’+ap @ aip?)) e

Now it is necessary to determine the inverse Laplace transformation L{x (t )} of the

external independent generalized coordinate {x(t )}, which describes the flow dynamics
of that rheological Maxwell-Faraday model, of fractional type of discrete dynamic system,
and move to the time domain, in the form:

L{x(t)}: (pxo +x0) n 1 ] hOQ
(04 20 (04 20 pz +0Q? 2%
prrap -l prralp el 20
<a)0 + a)ap“> <a)0 + a)ap“>

-1
Now it is necessary to determine the inverse Laplace transformation L'L (o)} of

the external independent generalized coordinate {x(t)}, which describes the flow dy-
namics of that RMFDDSFTPEP, and move to the time domain, in the form:

x(e)=L'L{x(r)p=L" Ly + ) L : { pet } (27)
2 2 o W;PM 2 2 _ o a);pZa p +Q
PHOD — PAOp =7 A
(& +ap) (& +ap)

L'L {x‘ free (t )}

First, it is necessary to determine the inverse Laflace transformation
, for free self-creeps, which

X free (t )}

describes the flow dynamics of that rheological Maxwell-Faraday model, of fractional

of the external independent generalized coordinate

type of discrete dynamic system, and move to the time domain, in the form:

xfree (t) = L-l L{xﬁ‘ee (t)}: L_l (pxo * xo )4 5 (28)
Py =
<a)0 + @, p”’>

And then, using the convolution integral and individual inverse Laplace transfor-

L !

<P2+w2p”’ e > 1{ 2hOQ 2}
. . * o+ WLp”© +Q . .
mations of expressions o +aip”) and p , determine external in-

L'Lix,,.. ()} 1, (0

forced creep or pulsating forced oscillation with creep, which describes the flow dynamics
of that RMFDDSFTPRP, and move to the time domain, in the form:

dependent generalized coordinates , for forced movement , for

https://doi.org/10.3390/fractalfract10070474
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- A 1 . h,Q
x!’art(t)_ L L{xpzm(t)}_ L w4p2”‘ {pz _,’_QZ} (29)
p2+a);pa— > “ > o
(@) +@p”)

We can, then, determine the internal independent generalized coordinate Yui (I) of
the displacement of the point of order of the basic parallel connected Hooke’s and Faraday
ideally elastic elements with Newton’s ideally viscous element, fractional type, in the
standard light of that rheological Maxwell-Faraday model, of fractional type, in the form:

6, ()= UL, (=112 () @0
<a)0 +w,p >

o

using the convolution integral and the property of three functions, fl(t), fZ(t) and
5 (t) In doing so, we keep in mind that when three functions are in convolution, then

the Laplace transform LU= L{x“ (v )} can be written as a product of the Laplace

o

@, p
L) =525
| @ + ")
transforms of those two functions .

4.2. Application of Laplace Transformation to the Second System of Differential Equations of
Fractional Order (16)—(17) and Solution Describing Creep Dynamics of Maxwel-Faraday’s Dis-
crete Dynamic System, Presented in Lower Part of Figure 3

For the second case of bonding the structure of the modified standard light rheolog-
ical Maxwell-Faraday’s model of ideal, fractional type, differential equations of fractional
order are composed in the forms (16) and (17), for describing creep dynamics of rheolog-
ical Maxwell-Faraday model, of fractional type of discrete dynamic system, presented in
the lower part of Figure 3.

Now let us apply Laplace’s transformation to both differential equations of fractional
order, the second system of fractional-type, describing creep dynamics of the rheological
Maxwell-Faraday model, of fractional type of discrete dynamic system, presented in the
lower part of Figure 3:

L{E(O+ L), (0))i= L{hgsin(Qr + 9}

- fL{(x()—x,,(O}+ &L [, ()]} =0

And, respectively,
h,Q
PLUO} L0} aitf 0]

o L{x(0)}- @ Lix, , ()} - @l p“Lix, (6)}=0 (32)

Using the same methodology as in the first case, by applying the Laplace transform

+(px, +%,) (31)

to the second system (16) and (17) of fractional-order differential equations, which de-
scribes the flow dynamics in the second part of the rheological Maxwell-Faraday model,
of fractional type of discrete dynamic system, from the bottom of Figure 3, with the reverse
order of the standard light rheological Maxwell-Faraday model, of fractional type of con-
nections, we obtain that the Laplace transform of the independent generalized coordinate

Yu v) corresponding to the internal degree of freedom of the flow, is in the form:

https://doi.org/10.3390/fractalfract10070474
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2
a)

Lix, (t)j=——5—Lxl¢ 33
S ) 33)

Which replaces the first one:

@, h,Q .

L{x(t))<p2 o Z;p“> =g T Poth) (34)
Then, we determine the Laplace transformation L{x(t )} of the independent gener-

alized coordinate {x (t)} of the rheological Maxwell-Faraday model of fluid dynamics,
of fractional type, and the piezoelectric properties of the discrete dynamic system, from
the lower part of Figure 3, with the reverse binding of the standard light rheological Max-
well-Faraday model, of fractional type, in the form:

L{x(t)}—< (px, +%,) 1 h,Q2

+ .
4 4 2 2
+Q
P ar +w2)2pa> <p2 At ¥ > ’ "
0 o

2 o
) +w,p
o : : o L'Lfx(e)}
Now it is necessary to determine the inverse Laplace transformation of

the external independent generalized coordinate {x(t )}, of the rheological Maxwell-Far-
aday model of fluid dynamics, of fractional type, and the piezoelectric properties of the
discrete dynamic system, and move to the time domain, in the form:

. . X, + X, ; 1 h,Q
)= ULt Tl e
)| (7w

L'L {x free (f )}

First, it is necessary to determine the inverse Laplace transformation
{x_ firee (t )}

rheological Maxwell-Faraday model of fluid dynamics, of fractional type, and the piezo-

of the external independent generalized coordinate , for free self-creeps of the

electric properties of the discrete dynamic system, and move to the time domain, in the
form:

xm@—UHmA%—U< (px, +,) -

4

2 2 (O
p -+ > o
@) +a,p

And then, using the convolution integral and individual inverse Laplace transfor-

L !

0

<P2—w2 - > 1{ 2h = 2}

0 2 2
. . o+ +Q . .
mations of expressions 0T tab and p , determine external in-

L', ()} 1, (0

forced creep (crawler) or pulsating forced oscillation with creep, and move to the time

dependent generalized coordinates , for forced movement , for

domain, in the form:

_ _ | hQ
%o (£)= L'L{x . (1)} = L - { o Qz} (38)
<p2—(1)g+ P 02 a> P
CUO +Ct)ap
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We can then determine the internal independent generalized coordinate Yu ©) of
the displacement of the point of order of the basic parallel-connected Hooke’s and Fara-
day’s ideally elastic elements with Newton’s ideally viscous elements, fractional type, in
the standard light rheological Maxwell-Faraday basic complex rheological coupling
model, fractional type, in the form:

xu,l(z>=L-lL{xu,l(z>}=L-l{LZL{x@)}} )

o} + @ p®
using the convolution integral and the property of three functions, fl(t), fZ(t) and

/5 (t) In doing so, we keep in mind that when three functions are in convolution, then

the Laplace transform LA @)= L{x"v‘ (v )} can be written as a product of the Laplace

L0}

2 2
transforms of those two functions @, +a,p ’ and L{fz (t )} == L{x (t )}

5. Comparison of the Dynamics of Two Rheological Maxwell-Faraday
Discrete Dynamic Models of a Friction-Type System with Piezoelectric
Properties and Series of Theorems

Comparing the obtained expressions (26)-(35) and (24)-(33), for the Laplace trans-
forms of independent generalized coordinates and for both own and forced movements
of the material point, which describes the flow dynamics of that rheological Maxwell-
Faraday models, of fractional type of discrete dynamic system, represented in Figure 3,
we see that these are very different dynamics. We see that the way of fitting this structure
of the standard light rheological Maxwell-Faraday basic complex coupling model, of frac-
tional type, has a greater impact on the resulting rheological creep motion.

Based on the previous comparison and conclusion in previously published Refer-
ences [6-8], we can formulate the following series of theorems:

Theorem 1. The difference between rheological oscillators and rheological creepers is evident from
the structural scheme of a standard light rheological binding ensemble. If a standard light rheolog-
ical binding ensemble is elastoviscous type, of the fractional type with piezoelectric properties, then
the rheological discrete dynamic system is a fractional type rheological oscillator with piezoelectric
properties.

Theorem 2. The order of the structure of the standard light rheological Maxwell-Faraday basic
complex model, fractional type with piezoelectric property, as well as the order of the connection
with rigid bodies (material points) in translator motion of the rheological discrete dynamic system
has a greater influence on the resulting rheological dynamics of flow-creep motion of the rheological
Maxwell-Faraday discrete dynamic system.

Theorem 3. If at least one of Newton’s fluid viscous elements, of fractional type, is reqularly con-
nected in the structure independently, and is not in parallel connection or is not inside a parallel
connection with any of Hooke’s ideally elastic elements or Faraday’s ideally elastic and piezoelectric
elements, then we are dealing with the viscoelastic creep dynamics of the elements of a standard
light-binding rheological ensemble and also with the creep dynamics of a rheological discrete dy-
namic system, which is a rheological creeper.

Theorem 4. And if each of Newton’s fluid elements, of fractional type, is connected in a parallel
or intra-parallel connection with some of Hooke’s ideally elastic or Faraday’s ideally elastic and
piezoelectric elements, then we are talking about the rheological elastoviscous dynamics of oscilla-
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tion of the elements of a standard light-binding rheological ensemble, as well as the dynamics of
rheological elastoviscous oscillation of a rheological discrete dynamic system, which is a rheological
oscillator.

Theorem 5. Each regular bond, of one of Newton’s fluid viscous elements, of fractional type, in-
troduces one internal degree of freedom of motion of the standard light-binding rheological ensem-
ble, and as in the rheological dynamics of a rheological discrete dynamical system, in front of the
external degrees of freedom of the rheological discrete dynamical system.

We see that the main Equation (26) for the Laplace transform of the independent gen-
eralized coordinate, which corresponds to the external degree of freedom of creep-flow
motion, for the creep-flow dynamics of the rheological Maxwell-Faraday discrete dy-
namic system of the fractional type, with piezoelectric properties for the model from the
upper part of Figure 3, as well as the corresponding Equation (35) of the rheological Max-
well-Faraday discrete dynamic system of the fractional type, with piezoelectric properties
for the model from the lower part of Figure 3 are different, and the difference in the models
is the inverted binding order of the standard light rheological Maxwell-Faraday ensem-
ble, fractional tape.

6. Inverse Laplace Transform of Laplace Transforms of Independent
Generalized Coordinates and Approximate Analytical Expressions of
Rheological Eigen and Forced Modes of Dynamics of Rheological Two
Models of Rheological Maxwell-Faraday Discrete Dynamic Models of
Systems of the Fractional Type with Piezoelectric Properties

In Section 4, we determined the Laplace transforms of independent generalized co-
ordinates (24)—(26) and (32)—(35), in the following forms:

* Expression (26) is the Laplace transform L {x (t )} for the external independent gen-

eralized coordinate x(t)

, which describes the flow dynamics of that rheological Max-
well-Faraday model, of fractional type of discrete dynamic system, presented in the upper
part of Figure 3;

* Expression (24) is the Laplace transform of the internal independent generalized

coordinate ~u1 ! , which describes the flow dynamics of that rheological Maxwell-Fara-
day model, of fractional type of discrete dynamic system, presented in the upper part of
Figure 3;

* Expression (35) is the Laplace transform L {x (t )} for the external independent gen-

eralized coordinate * t), which describes the flow dynamics of that rheological Max-
well-Faraday model, of fractional type of discrete dynamic system, presented in the lower
part of Figure 3;

* Expression (32) is the Laplace transform of the internal independent generalized

coordinate *u! (t), which describes the flow dynamics of that rheological Maxwell-Fara-
day model, of fractional type of discrete dynamic system, presented in the lower part of
Figure 3;

In order to determine the approximate analytical solution of the system of fractional
order differential Equations (9) and (10), as well as (11) and (12) from Section 4, for which
we have only, in that Section 4, determined the expressions Laplace transforms of inde-
pendent generalized coordinates (26) and (24) or (35) and (32), it is now necessary to de-
termine the inverse Laplace transforms.
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Therefore, we will divide these expressions Laplace transforms of independent gen-
eralized coordinates (26) and (24) or (35) and (32) into parts corresponding to the Laplace
transforms of the own and forced modes of independent generalized coordinates, external
and internal degrees of freedom of movement, which describes the flow dynamics of that
rheological Maxwell-Faraday model, of fractional type of discrete dynamic system with
piezoelectric property.

To determine the inverse Laplace transforms of independent generalized coordi-
nates, we will expand the parts into series with respect to the Laplace transform parame-
ter, using the approximate power series expansions presented in References [10,11]:

1
IT:1$x+x2$x3+x4$x5+ .......... ) (40)
+x

Lk o
(a+b) = Z[ .ja"‘-’b-/ (41)
j=0\J
Then we use the following expression to determine the inverse Laplace transform of

the power function (see the Table of Laplace transforms in Reference [12], Theory of oscil-
lations by D.P. Raskovic):

/
r:ﬂ S L N (42)
p p
T(n)=(n-1)  for n=12,.. (43)

Now, using the previously mentioned expressions from (39) to (42) from the men-
tioned References [11,12] and applying them in order to the parts of the Laplace trans-
forms of independent generalized coordinates (26) and (24) or (35) and (32) by parts cor-
responding to the Laplace transforms of the own and forced modes of independent gen-
eralized coordinates, we determine in the time domain approximate analytical solutions
for the own and forced modes of flow dynamics of two models of the rheological Max-
well-Faraday model, of fractional type of discrete dynamic system with piezoelectric
property, from Figure 3, which differ only in the order of the elements connected in order
in the standard light rheological connecting ensemble Maxwell-Faraday model, of frac-
tional type of piezoelectric property.

6.1. Now We Extract One Characteristic Expression from the First Term of the Laplace

Transform L{x(t )} of the Independent Generalized Coordinate in the Form (3), of the External
Independent Generalized Coordinate, Which Describes the Flow Dynamics of That Rheological
Maxwell-Faraday Model, of Fractional Type of Discrete Dynamic System, from the Upper Part
in Figure 3, and After Its Transformation We Write It in the Form

! _ (@ +@2p?) 1
2 2 2
¢ e wy p a2, W, o
p2+(0;p”’— 2a)ap2 . 0 <1+a)02,p 2+7p > (44)
(&) +a@lp”) b

Then, let wus expand the previous transformed expression (26)

1

Vi

)
<1+w§p“ Py—g
a)O

o
p >
into an approximate analytically stable series, using series (40),
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2
W2+
apa (;pa
assuming that the term 0 is much smaller than unity:
2
- )
W, p” +—2% p¥ <<l
@ . Then we obtain the following expression:
1 - @ )
k 2 a-2
il RN SR VA A ey
2 a2, W, 4 k=1 w, (45)
l+a,p” " +—5p
@,

Or in the following form;
2

1 (a)g +a)¢ipa> 2 P @, ' ak
= 2 2 1+Z T\ P
2, 2 ;pZa P @y (46)
POl =
< 0 ap >

Now we extract two expressions from the first term of the Laplace transform L {x (t )}

of the independent generalized coordinate in the form (26), of the external independent

generalized coordinate x(t) which describes the free eigen creep dynamics of that rheo-
logical Maxwell-Faraday model, of fractional type of discrete dynamic system, from the
upper part in Figure 3. We will introduce these two separate terms into the expressions of
Laplace transforms of eigenmodes similar to sine, or cosine, and write them in the form:

L{xfreeltkesm(t)} o( ;;) )1"'2 (ap +a)gjpw€ (47)

0

2 \K
L{xfreeltkecos t)}: xop (a) Z)a; ) 1+Z ( 2 - %] p!lk (48)

0

Then, we extract the last term from the Laplace transform L{x (t )} of the independ-
ent generalized coordinate in the form (26), of the external independent generalized coor-

dinate x(t) which describes the forced creep dynamics of that rheological Maxwell-Far-
aday model, of fractional type of discrete dynamic system, from the upper part in Figure
3. We will call that separate term the Laplace transform expression of the forced mode
similar to sine, because it is an external forced force of sinusoidal properties, or similar to
cosine, when the external forced force is of the cosine type of properties, and we write it
in the form:

k
w; + @, p “) W @ u Q
{ Forced,lzkt.sm( )} a)o Z ap wg p p2 +Q2 ( )

Next, it is necessary to expand the binomial, which appears in the previous expres-
sions from the Laplace transform L{x(l‘ )} of the independent generalized coordinate in
the form (35), of the external independent generalized coordinate x(t) in its own and

Lk
(a+b) = 2( Jak_]b]

forced modes into powers of the order j=0\J , using Formula (41), so
that we obtain that this term is expanded into powers of the order of the form:

k J
a)z k (k . k-’{a)zJ
o, p”+—%| = N, p — (50)
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Now, the previous expressions (47), (48) and (49) of the Laplace transforms of the

own and forced modes of the external independent generalized coordinate x(t) which
describes the free and forced modes of creep dynamics of that rheological Maxwell-Fara-
day model, of fractional type of discrete dynamic system, from upper part in Figure 3,
with piezoelectric property, we write it in the form:
* Laplace transform expression for the eigenmode “like sin” of the external general-
ized coordinate:
2 2« o k 2k
L8 et (0= 5, MG + 2 1) Z[ J ”> (51)
W, p k= 0

Or in the form of:

NG APL .
L{x/‘reeltkem1 } xo(p +w2 j+xoz %ZZ( -J%p_z(k_j)+

0

g

0 k=

(52)

* Laplace transform expression for the eigenmode “like-skew” of the external gener-
alized coordinate

2 2 o o 2k
L{x‘f'ree,likecos (t)}: xO M<l + Z (— Z( j ’ (k—_7)> (53)
w, p k=1

0 Jj=0

Or in the form of:

2k J )
L{xfre&likecos ([)}: XO(P Zz J + xop Z Z[ J 2(k-7) +

0
A= O @2
e S o 3 A

The previous expressions of the Laplace transform of the eigenmodes (52) and (54)

(54)

of the external generalized coordinates x(t) we transformed into the form of a power
series by the parameter of the Laplace transform, suitable for determining the inverse La-
place transforms of power functions by expressions (40) and (41). Now, by applying these
Formulas (40) and (41) to the Laplace transforms (52) and (54), we determine their inverse
Laplace transformations, and thus we translate these expressions into the time domain.
Thus, we obtain approximate analytical expressions for the eigenmodes of independent

x(t in the time domain, in the form:

generalized coordinates

* The inverse Laplace transform of its own mode, of the “sinus-like” type of rheolog-
ical creep dynamics of that rheological Maxwell-Faraday model, of a fractional-type dis-
crete dynamic system, from the upper part in Figure 3, with piezoelectric property, we

write it in the form:

. . w;
‘xfree,likesin (t) = L lL{xfree,likesin (t)}: xO {(p +— (1) p J}

0
o k
+x0L1{Z(—1 Z( j 0 ”}+ (5)
k=1 =0
2 o k k a)2k .
AR o, (_l)kpa(k+l)—2 ( ] a‘p—Z(k—/)

And what are the inverse Laplace transforms of the following terms in order:
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P 2 2
L—l -2 & a-2 =t o (2_a) ll_a—t _a tl o
{{p i @} P J} i o 2-a) " @ T2-a) (0)
o k k ka
-1 kak-2 a o —2(k=j) | _
S 3 e
=1 =0\ J ) Wy -
o< . k k a)Zk t—2] (
:Z(_l) t2k+1—odcz =2
k=1 =0\ J ) 4y F(Z(k—]+1)—0{k)
2 e k(R gt _
L—l & -1 kpa(k+l)—2 ( )¢p2(kj)}:
Ggenmrg[d .
P ELE gt 2 (58)
:_a ( l)kt2k—a(k+1)z[ j ,;,
@, = =) &y T2k = j+1)—alk 1))

that is, in the final approximate analytical form in the form of an expression as a function
of time we write the final approximate analytical expression of its own mode, of the “si
nus-like” type of rheological creep dynamics of that rheological Maxwell-Faraday model,
of fractional type of discrete dynamic system, from upper part in Figure 3, with piezoe-
lectric property, we write it in the form:

. . 0); 1 l-a
xﬁ’ee,likesin (t) = _X,'Ot + XO ;g ]"(2 — a)t i
i RIS odczk:[ j Zk t
o2 rek—j+n-a)

_Z k (2l Zk:[kJ @y Y
@ 5 =\ oy’ T2k - j+1)- (k1))

* The inverse Laplace transform of its own mode, of the “cosinus-like” type of rheo-
logical creep dynamics of that rheological Maxwell-Faraday model, of fractional type of
discrete dynamic system, from the upper part in Figure 3, with piezoelectric property, we
write it in the form:

B} _ ;
'xﬁ’ee,likecos (t) = L lL{xfree,likcos (t)}: xOL 1{(p +— C() p j} +

0

o k(k ka—j "
o -2(k-/)
+x,L =P + (60)
’ {kz—: J= 0(]] a)g/ }
2 o k(k ka—.i e
IS o e ) )
0 k=1

j=0\.J a3
And what are the inverse Laplace transforms of the following terms in order;
2 2
- a4, Oy o @, 1 -
L p +—2p™ =1+ ———17 (61)
; w; T(l-a)
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oc k k a)Zk—J
L—1 (_l)kpak—l ( j a_ —2(1«—,)}_
{Z 2 i) ar
o k 2k— -2 (62)
:Z( l)kt—ak+2kz(kJ @, "’ r
k=1 —\J ng F(2(k J) ak)
2 e k() @t .
L @, _q kpa(k+l)—l ( j o p—z(k-,) _
EPE W
(63)

_w, - k 2k-o(k+l) Sk a)ékij ! 2
- —1)¢ -
IR ZU o7 TOU=)-alk )7 1)

that is, in the final approximate analytical form in the form of an expression as a function

of time we write the final approximate analytical expression of its own mode, of the “si

mus-like” type of rheological creep dynamics of that rheological Maxwell-Faraday model,
of fractional type of discrete dynamic system, from upper part in Figure 3, with piezoe-
lectric property, we write it in the form'

xﬁ‘ee,like cos (t) xO + xO (1 a)
i ot 2kzk:(kj Zk / Y
+ X, o + 64
Ok -1 j=0\.J J) ak) (©9

ST >f21 Y

What is the Laplace transform of a forced mode under the action of an external peri-
odic sinusoidal force of the form:

k
(a) +@.p ) o O Q
L resin (£ )f=———2—*( 1 a3 .
{xForced,ltkesm (Z)} a)o p + Z ( ap + wg j p p2 + QZ (65)

To obtain its inverse Laplace transform, we can apply the Convolution Theorem.

Now, based on the previous expression (65) by applying the Convolution Theorem,
in the final approximate analytical form, in the form of an expression as a function of time,
we write the final approximate analytical expressions of the forced modes, of the type “to
“sinus-like” or “cosinus-like” for the rheological forced creep dynamics of that rheological
Maxwell-Faraday model, of fractional type of discrete dynamic system, from upper part
in Figure 3, with piezoelectric property, under the action of an external forced periodic
sinusoidal, or cosine force we write it in the forms:

t ] 2 1 »
xFarced,likesin (t) = '([Sl”l Q(t - T)<T +— l_‘(2 a)fl >df +

Zk J -2j

+t nQli— 7 = k 2k+lak 7 dr+
‘([sm ( )<“ ] o . Od{)> (66)

I . )& k 72k a(k+1) a [ me / ¥
+ | sinQlt —7) % dt
Jsimal <w§ D O ey )
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t g)2 ! 3
x["orced,likecos (t) = 1[ cos Q(t )<T + — w 1—*(2 ) 1 >d,z. +

o 2k J %

+J;cos Qlt-r <; T M{z;)( J oy (2(k—j+1)—0!k)>dr+ ©7)
! O, ~ k F2kri-alks < Zkij 2
+.([COSQ(I— <a)§ kz; jz_(;[ ] & r(z(k_j+1)—a(k+1))>dT

6.2. We Now Turn to Determining Approximate Analytical Solutions of the Independent Gener-

alized Coordinates as a Function of Time of the System of Fractional-Order Differential Equa-
tions (16) and (17), Which Describe the Rheological Creep-Flow Dynamics of the Flow of the Sec-
ond Model of RMFDDS, Shown in the Lower Part of Figure 3, with the Reverse Order of Bind-
ing of the SLRMF M Binding Ensemble

* For the second case of binding structure of the standard light rheological Maxwell-
Faraday bonding model of ensemble, of fractional type, in the following form: (16) and
(17) is presented in the lower part in Figure 3.

Now, using the previously mentioned expressions from (39) to (42) from the men-
tioned References [8-10] and applying them in order to the parts of the Laplace transforms
of independent generalized coordinates (35) and (33) by parts corresponding to the La-
place transforms of the own and forced modes of independent generalized coordinates,
we determine in the time domain approximate analytical solutions for the own and forced
modes of creep-flow dynamics of two models of the rheological Maxwell-Faraday mod-
els, of fractional type of discrete dynamic system with piezoelectric property, from lower
part Figure 3, which differ only in the order of the elements connected in order in the
standard light rheological connecting ensemble Maxwell-Faraday model, of fractional
type of piezoelectric property.

Now, we extract one characteristic expression from the first term of the Laplace trans-

form L{x(t )} of the independent generalized coordinate in the form (35), of the external
independent generalized coordinate, which describes the creep-flow dynamics of that rhe-
ological Maxwell-Faraday model, of fractional type of discrete dynamic system, from the
lower part in Figure 3, and after its transformation, we write it in the form:

1 (@ +02p”) 1

4 - 2 2 2

), ), _ . o, 68

<p2—a)§+ _“ a> o P <1—w§p“2+ 02’]9> (68)
W, +@,p 23

2
<1 2 p{x 2 w{; pa>
Then, let us expand the previous transformed expression (68), 0 ,

[u—

into an approximate analytically stable series, using series (40), assuming that the term
a)2 o
2 o-2 2 o-—
" +—2p” —@,p ’;’p <<1
@

0 is much smaller than unity: . Then we ob-

tain the following expression:
2, 2« o 2\
=(a)0 +2a)(;p ) 1+Z(—1)k(—a)jp'2+w‘;J p*
< gyt 4 G0 > “%p @ (©9)
2 o

Now we extract two expression terms from the first term of the Laplace transform

L{x (t )} of the independent generalized coordinate in the form (35), of the external inde-
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pendent generalized coordinate which describes the free eigen creep dynamics of that
rheological Maxwell-Faraday model, of fractional type of discrete dynamic system, from
the lower part in Figure 3. We will introduce these two separate terms into the expressions
of Laplace transforms of eigenmodes similar to sine, or cosine, and write them in the form:

. o k
L{xfree,likesin (t)}=)'c <;—6;) Z ( ap + wg} p* (70)

0 k=1

art +a’ p” < & k
L s O} = xoM I+ (—1)]{_ @, p 2+_§] p*) o
@, p = ;

Then, we extract the last term from the Laplace transform L{x(t )} of the independ-
ent generalized coordinate in the form (35), of the external independent generalized coor-

dinate L{x (t )} which describes the forced creep dynamics of that rheological Maxwell—
Faraday model, of fractional type of discrete dynamic system, from the lower part in Fig-
ure 3. We will call that separate term the Laplace transform expression of the forced mode
similar to sine, because it is an external forced force of sinusoidal properties, or similar to
cosine, when the external forced force is of the cosine type of properties, and we write it
in the form:

(@ +alp”)] < A Q
L o ()=t L N (<1 i p T+ Sl PR
{xForced,lzkmm( )} wgpz kZ:I:( ) ( ap CUOJ p pz +Qz (72)

Next, it is necessary to expand the binomial, which appears in the previous expres-
sions from the Laplace transform L{x(t )} of the independent generalized coordinate in

the form (35), of the external independent generalized coordinate x(t) in its own and

Lk
(a+b) = Z( jak’b’
forced modes into powers of the order j=0\J , using Formula (41), so
that we obtain that this term is expanded into powers of the order of the form:

AN & Y
e
0 J= 0

Now, the previous expressions (70), (71) and (72) of the Laplace transforms of the
own and forced modes of the external independent generalized coordinate which de-
scribes the free and forced modes of creep dynamics of that rheological Maxwell-Faraday
model, of fractional type of discrete dynamic system, from lower part in Figure 3, with
piezoelectric property, we write it in the form:

* Laplace transform expression for the eigenmode “like sin” of the external general-
ized coordinate:

2k
L{xfree,likesin (t)}: xO (+—a))< Z pzxk Z( j p 2(k1)> (74)
a)o p 0

Or in the form of:
2k

2 o<
L{x./'feeylikesin ([)}: xo(pz + Cuazlpazj + X0p72 Z ak Z[ j Pu .pfz(k*j) +
), = wo
o wf%l’afzi(— Z( j 1) o, S p ~2(k-))
wO k=

wo

(75)

* Laplace transform expression for the eigenmode “like-cos” of the external general-
ized coordinate
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2 2 o o 5 \F
L ) th= M 1+ -1 Kl 2 =2 + & ok
{xﬁ”ee,ltke cos ( )} xO wgp ; ( ) a)ap a)z p (76)

Or in the form of:

@’ . - ik @t
L{xﬁ’ee,likecos(t)}: p 1+w—‘2’p ] +Z(—l)kp . ( )(_1)" f_Ozfjp 2(k=7) 4

0 k= Jj=0
(77)

_l_a)_,z, - (_1)kpa(k+l)_li(k-j(_l)k_j a);czzl;p—ﬂk—j)
Wy k= j=0\J @,

The previous expressions of the Laplace transform of the eigenmodes (75) and (77)
of the external generalized coordinates, we transformed into the form of power series by
the parameter of the Laplace transform, suitable for determining the inverse Laplace
transforms of power functions by expressions (40) and (41). Now, by applying these for-
mulas (42) and (43) to the Laplace transforms (75) and (77), we determine their inverse
Laplace transformations, and thus we translate these expressions into the time domain.
And thus we obtain approximate analytical expressions for the eigenmodes of independ-

x(t) in the time domain, in the form:

ent generalized coordinates

* The inverse Laplace transform of its own mode, of the “sinus-like” type of rheolog-
ical creep dynamics of that rheological Maxwell-Faraday model, of fractional type of dis-
crete dynamic system, from upper part in Figure 3, with piezoelectric property, we write

it in the form:

i . @,
xfree,likesin (t) = L 1L{'X"_/‘"ree,likesin (t)}: xO {p +— a) p }

0

o k (k 2k A
L {Z Z( .)(—l)k“’%p‘z““”}+ (79)

k=1 =0\.J

W& k (k o _
+ x0L7 { L Z a(le+1)- 2( ](_ 1) J _f;jPZ(k./)}
Wy k=1 j=0
As in the previous Section 6.1, we solved the inverse Laplace transforms of the three
terms in the previous expression (78), and in the final approximate analytical form, in the
form of an expression as a function of time, we write the final approximate analytical ex-
pression of the own mode, of the “sinusoidal” type of the rheological creep dynamics of
that rheological Maxwell-Faraday model, of fractional type of discrete dynamic system,

from lower part in Figure 3, with piezoelectric property, we write it in the form:

( ) a)z - w2
X oo sitesin \E) = Xt + Xy —%———1"
free,like sin 0 0 g r(z a)

o k (k 2k -2j
+xoz<—1>kz<2-a>k+lz[ .j(—n“ o 7 )

k=1 =0\ J @’ F(2(k —-J*t 1)_ O!k)

Z k (e k+1)zk:(kJ(_ l)k—j a);k 7
w(? = =\ @)’ T(2(k—j+1)-ak)

* The inverse Laplace transform of its own mode, of the “cosines-like” type of rheo-

logical creep dynamics of that rheological Maxwell-Faraday model, of fractional type of
discrete dynamic system, from the lower part in Figure 3, with piezoelectric property, we
write it in the form:
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0 k= j=0 ]
)« k
+a)a a(k+1) 1z[kJ k ]a)(z e p “2(k=J)
P
a)() k= Jj=0 ] a)o

and in rewritten form

2
x_/'ree,likecm( L L{xﬁee llkecm } L {p +— ([) p }

e i(_ l)k a1 K (_l)kfj a)ék -2(k-/)
p ; “p + (80)
j=0

k=

+ L—l {w_% i (_ l)k pa(k+1)—l Zk: (k](_ 1)k—j a);cicl;p—Z(k—j)}
6()0 k= j=0 ]

As in the previous Section 6.1, we solved the inverse Laplace transforms of the three
terms in the previous expression (80), and in the final approximate analytical form, in the
form of an expression as a function of time, we write the final approximate analytical ex-
pression of the own mode, of the “’sinusoidal” type of the rheological creep dynamics of
that rheological Maxwell-Faraday model, of fractional type of discrete dynamic system,

from lower part in Figure 3, with piezoelectric property, we write it in the form:

@ ¢

xfree,likecas (t) = 1 + a)_gr‘(l—_a) +

o K (k 2k 2
+z<—1>krk<a-2>-4z[ .j<—1>kf o __t -

k= j=0 J ng r(k(a—Z) -1+ 2_/)

Z 1) pha-2ha Zk:(kj( = el f2
+ o IZ +a— _ 1 -J o
. 2 .
o, = = o Tk~ j+1)-ok)
Which is the Laplace transform of the forced mode under the action of an external

periodic sinusoidal force of the form:

1 Q

L{XF ed like si (t)}: 1 T 2

orced  like sin a) +Q 82

<pz_a)g+ o > P (82)
w,p

to obtain its inverse Laplace transform, we can apply the Convolution Theorem.

Now, based on the previous (79) expression by applying the Convolution Theorem,
in the final approximate analytical form, in the form of an expression as a function of time,
we write the final approximate analytical expressions of the forced modes, of the “sinus-
like” or “cosine-like” type for the rheological forced creep dynamics of that rheological
Maxwell-Faraday model, of fractional type of discrete dynamic system, from lower part
in Figure 3, with piezoelectric property, under the action of an external forced periodic
sinusoidal, or cosine force we write it in the form:
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xForced,like sin (t )

2 l-a
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g TQ2-a
o k 2k —2j
+ Qt— 2 a)k+1 k j @, T dr+
o <z o e @
; < k p2k+1-alk+) L (kj i W i
+ | sinQt —7) < -1 a dr
! e <w§kZ‘ ,Z: j( ) ' T2k - j+1)—ak)

t a)2 tl—a
xForced,likesin (t) = .[Sln Q(t - T)<T + _0(—)2-0’_2>d2- +
0

g T2-a

_2/

+j Q t i 2 ak+le“(k)( l)k—j a);k T Jr+
sinQ(t — . | .
=! im0\ J @}’ T(2(k - j+1)— ak) (84)
+ [sinle—o) % 3 (1) ““‘)i(k}(—nk-j oo\
0 6!)(? k= 1 o\J 6002] F(z(k—j+l)—ak)

6.3. Approximate Analytical Expressions for the Modes of Independent Generalized Coordinates,
Which Correspond to Each of the Internal Degrees of Freedom of the Flow Dynamics, Each of the
Two Rheological Maxwell-Faraday Models, of Fractional Type of Discrete Dynamic Systems,
from Upper and Lower Parts in Figure 3, with Piezoelectric Property, Which Are Inversely Re-
lated to the Standard Light Rheological Maxwell-Faraday Model, of Fractional Type with Piezoe-
lectric Property

Based on the previously determined relationships: relationship (24) from Section 4.1,
and relationship (33) from Section 4.2, respectively, give the relationships of independent
generalized coordinates corresponding to the Laplace transforms of the coordinates that
correspond to the internal and external degrees of freedom of the flow dynamics in each
of the two rheological Maxwell-Faraday models, of fractional type with piezoelectric
properties, discrete dynamic systems, which are shown in the upper part and lower part
of Figure 3, respectively.

In order to apply the convolution theorem

(2%

2
L_IL{xu,l, free,likesin (t )}: L <a)gcf|)-a(i§p“> * L_IL{X free like sin (f )} (85)

to apply the convolution theorem, we need to determine the inverse Laplace transforms
of the following factors:

2 o 2 o 2k
w,p k@, k
2 ‘ )« :—Zpaz(—l) % P (86)
<a) +a,p > @, w;
2 2 2n
W, _ @ Z(_l)n @y on g7
2 2 a2 2n p (87)
w, +w,p awy = (ON

The inverse Laplace transforms of the previous expressions are:

https://doi.org/10.3390/fractalfract10070474



Fractal Fract. 2026, 10, 474 24 of 26
)« > o 2k
L—l a)ap 2 -1 _1 k a)a (k+1)
v a 1B &
(88)
B a)Z a wz o a)Zk ta(k+l)71
L > apz o __02(2(_1)1{ Zk
<a)0 +a@lp > @ = " T(o(k +1))
2 2 on Lom-1
L @ LTI ) (e 89
Crwp” | @} ;( " T(ner) )
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By applying the Convolution Theorem, taking into account the previously solved in-
verse Laplace transformations (88) and (89) of expressions (86) and (87), as well as the
solved approximate analytical expressions for the modes of independent generalized co-
ordinates, which correspond to the internal degree of freedom of the creep-flow dynamics
of each of the two rheological Maxwell-Faraday models, of fractional type with piezoe-
lectric properties, discrete dynamic systems, which are shown in the upper part or lower
part of Figure 3. Given the large expressions, we will only give in the text one approximate
analytical expression for the modes of “sine-like” or for “cosine-like” generalized coordi-
nates of the internal degree of freedom of the creep-flow dynamics of the rheological Max-
well-Faraday discrete systems, of fractional type from Figure 3:

* Approximate analytical expression of the “sine-like” eigenmode of the internal gen-
eralized coordinate of the creep-flow dynamics of the rheological Maxwell-Faraday dis-
crete systems, of fractional type, for the model from the upper part of Figure 3 is in the
form:

2 o 2n 1 o(n+l)-1 2 -
%S iy S U (rrtht }m
@ w=o @y % F(a(n +1)) @, F(Z—Ot)

o 2n 1 t_,l.)a(nﬂ)fl o ) NG AP Y

YR A ) S S 90
2V e & 2\ o TR )= 40)
o 2n t(,  \elntl)-l 2 o k 2k -2
A A B (] e
P o' Tlen+)\ o & =\ j) @) T2k - j+1)-alkl))

* Approximate analytical expression of the eigenmode “like cosine” of the internal
generalized coordinate of the creep-flow dynamics of the rheological Maxwell-Faraday
discrete dynamical systems, of fractional type model from the bottom of Figure 3:

o o S () PR
X, free likesib ()==2> (1) =% J( ) r+ % I+
[0 10 )

r S 'y Tlna) @ T2-«a
wo y [ Gkl [ 3 (=1)f -kt & [kj iy 05 T }d
-1)'7 (=1) _ 7+
X R 2 T o
23 A Gk [ A p2kei-ali+) : (kj iy QL T ]d
- ) -1) Ry T 41
i 20 e ey a2 G e e

6.4. Short Comment on Convergence

The question is raised about the mathematical convergence of the approximate ana-
lytical solutions of the expressions described in this paper. The answer to the question
about the proof of the convergence of the obtained approximate analytical solutions and
approximate analytical expressions for the eigen and forced modes of creep dynamics in
the rheological Maxwell-Faraday discrete dynamic system is also proved to be dynamic
by the property of normal stress relaxation, which is quite visible from Figure 2 and the
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surface of the relaxation of the normal stress over time and in the interval from zero to
one of the exponents of the fractional order of the derivative.

7. Final Considerations

The paper contains newly derived approximate analytical expressions that describe
the eigen and forced modes of the “sine-like” or “cosine-like” type of the external and
internal generalized coordinates of the creep-flow dynamics of the rheological Maxwell-
Faraday discrete systems, of fractional type models from the upper and lower part of Fig-
ure 3:

The complete methodology and the mentioned methods with explanations for deter-
mining the inverse Laplace transforms are presented. In this case, it is shown that the so-
lutions of the system of two differential equations of fractional reference can be solved in
approximate analytical form. The work is a high theoretical-analytical approach that
opens up possibilities for specialized numerical research.

In the tasks, which contain the determination of the inverse Laplace transforms, in
the general case it is not possible to reach approximate analytical solutions, but the tasks
must be solved by numerical methods.

Therefore, we emphasize the importance and originality of the author’s approximate
analytical results, which are presented in this work.

These analytical results are not only of mathematical significance, but also have prac-
tical significance in terms of the analytical study of the dynamics of viscoelastic and pie-
zoelectric materials, as well as dynamics in discrete cores and continuous media, and open
new directions of research, especially in the dynamics of biomaterials.

In the concluding comments, we clearly emphasize that the main scientific contribu-
tions of this study are the obtained approximate analytical expressions of the eigen and
forced modes of creep-flow dynamics in RMFDDSFTPEP.

Based on the results of this paper devoted to the study of fractional-order Maxwell-
Faraday rheological discrete dynamical systems with piezoelectric properties, new ap-
proximate analytical solutions have been developed to describe creep-flow processes and
the dynamic behavior of viscoelastic properties in the rheological Maxwell-Faraday dis-
crete dynamical systems. The paper considers two-degree-of-freedom models, taking into
account both mechanical and electromechanical effects arising from the piezoelectric po-
larization of structural elements. The results obtained allow us to determine the influence
of the connection order of rheological elements on the nature of motion, stress relaxation,
and the formation of the electrical response of the system. The relevance of this research
is driven by the growing interest in materials and structures with hereditary properties
described by fractional calculus, as well as the need to improve the accuracy of mathemat-
ical models for intelligent and multifunctional materials. The practical significance of this
work lies in the development of methods for the analysis and design of modern viscoelas-
tic and piezoelectric systems used in engineering, mechatronics, and next-generation ma-
terials.

The results are approximately analytical and divided into descriptions of natural and
forced creep modes of the reaction type.
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