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Abstract

Renewable energy producers in coupled electricity and carbon markets face multi-
dimensional uncertainties with cross-domain correlations. This paper proposes T-CMRS,
an integrated forecasting optimization system for wind-solar-storage portfolios enhanced
by fractional-order memory-aware uncertainty characterization. T-CMRS comprises (1) a
transformer-based probabilistic forecasting engine capturing long-range temporal depen-
dencies; (2) a fractional-order uncertainty modeling module employing Caputo derivatives
to capture memory effects in price dynamics; and (3) a CVaR-based risk-averse optimiza-
tion module reformulated as a linear program. Case studies on modified IEEE systems
demonstrate that T-CMRS achieved 8.7% higher average daily profit than deterministic
methods with 33.3% lower volatility, 15% VaR improvement over stochastic programming,
and 12.3% scenario generation error reduction via fractional-order modeling. Scalability
analysis confirms tractable computation for 500-bus systems, verifying applicability to
large-scale deployments.

Keywords: integrated energy system; cross-market coordination; transformer-based
forecasting; fractional-order modeling; conditional value at risk; risk-averse decision support
system; coupled uncertainty management; Caputo fractional derivative; memory effects

1. Introduction
Modern energy systems increasingly couple electricity markets, carbon trading plat-

forms, and distributed renewable assets [1]. Uncertainty in one subsystem can propagate
to others; high wind generation may suppress electricity prices while generating carbon
credits, creating correlated cross-market impacts. Managing such coupling requires an
integrated approach that bridges forecasting, uncertainty modeling, and optimization.

Renewable energy producers must process weather forecasts, market price feeds, and
carbon trading data to make coordinated decisions under multi-dimensional uncertainty.
Prior studies have examined integrated power-gas reliability [2], renewable grid flexibil-
ity [3], and carbon market impacts [4]. However, these coupled uncertainties still require
scheduling models that jointly address multiple risk dimensions.

Fractional-order calculus provides a powerful mathematical framework for model-
ing systems with memory effects and hereditary properties [5,6]. Unlike integer-order
derivatives that capture only local instantaneous changes, fractional derivatives integrate
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information from the entire history of the system, making them particularly suitable for
describing the long-range temporal dependencies inherent in electricity price dynam-
ics, renewable generation patterns, and energy storage degradation. Recent advances
have demonstrated the effectiveness of fractional-order models in power system analy-
sis, including fractional-order battery dynamics, fractional-order load forecasting, and
fractional-order control for renewable energy systems.

Transformer-based architectures have improved time series prediction by capturing
long-range temporal dependencies [7,8]. Despite this progress, integrating probabilistic
prediction with risk-averse scheduling remains underexplored for renewable energy market
participation. Moreover, the connection between Transformer’s attention mechanism and
fractional-order operators has not been exploited in energy system applications, where
both approaches excel at modeling long-memory processes.

Conditional value at risk (CVaR) is well suited to tail risk control because it measures
expected loss beyond the VaR threshold [9,10]. Although CVaR has been applied to conven-
tional generation scheduling [11], renewable scheduling under coupled price, generation,
and carbon uncertainties still requires tractable formulations. In this study, the fractional-
order component is used to improve memory-aware uncertainty characterization, while the
CVaR model provides a tractable tail risk optimization layer for the generated scenarios.

This paper proposes a risk-averse scheduling framework for renewable energy systems
participating in coupled electricity and carbon markets under multi-source uncertainty,
enhanced by fractional-order modeling for uncertainty characterization and memory-aware
optimization. The main contributions are as follows:

• We propose an integrated forecasting-optimization system, T-CMRS, that bridges
transformer-based probabilistic forecasting, copula-based cross-domain uncertainty
modeling, and CVaR-based risk-averse optimization for cross-market renewable en-
ergy scheduling. Case studies on modified IEEE systems demonstrate 8.7% higher
profits, 33.3% lower volatility, and scalability to 500-bus systems.

• We develop fractional-order uncertainty modeling through a fractional-order differ-
ential framework to characterize the memory effects in electricity price dynamics
and renewable generation patterns. The Caputo fractional derivative captures the
hereditary behavior of market prices, improving prediction accuracy by incorporating
historical information with power-law memory kernels.

• We model cross-domain uncertainty propagation with a copula-based mechanism that
captures the joint correlations among electricity pricing, renewable generation, and
carbon trading, capturing compounded risks (e.g., negative wind–price correlation)
invisible to single-subsystem analyses.

• We reformulate the risk-averse scheduling problem over coupled multi-market un-
certainties as a tractable CVaR-based LP formulation, yielding real-time schedul-
ing decisions with provable optimality guarantees and 15% VaR improvement over
stochastic programming.

The rest of this paper is organized as follows. Section 2 reviews the related work.
Section 3 presents the multi-dimensional uncertainty modeling with fractional-order price
dynamics and transformer-based prediction framework. Section 4 develops the CVaR-based
risk-averse scheduling formulation and its reformulation as a linear program. Section 5
details the integrated solution methodology combining transformer prediction and CVaR
optimization. Section 6 provides case studies and performance evaluation. Section 7
concludes this paper.
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2. Related Work
This section reviews five areas related to risk-averse renewable scheduling: self-

scheduling under uncertainty, power-system risk management, electricity price prediction,
multi-dimensional uncertainty modeling for renewable energy systems, and fractional-
order modeling in energy systems.

For renewable energy systems, self-scheduling is complicated by generation uncer-
tainty. Baringo and Conejo [12] proposed a strategic offering model for wind producers
under price and production uncertainties, showing that ignoring uncertainty can yield
suboptimal or infeasible schedules. Li et al. [13] examined decentralized multi-area eco-
nomic dispatch and demonstrated the computational benefits of coordinating generation
resources across interconnected areas. These studies established the value of uncertainty-
aware scheduling but did not address multi-source renewable portfolios coupled with
carbon market interactions.

Risk management in electricity markets often adapts portfolio theory. Nourollahi et al. [14]
proposed a risk-aware stochastic optimization framework for distribution operators across
forward, day-ahead, and real-time markets.

Because variance-based measures poorly capture tail risks, VaR and CVaR formulations
have been widely studied. Regret-based demand response [15], reserve scheduling under
photovoltaic uncertainty [16], interval-variable dispatch [10], and Stackelberg microgrid
management [17] all show the usefulness of CVaR-based risk control. However, most of
these works focus on a single market or a specific uncertainty source, leaving the cross-
market propagation of risk less explored.

Machine learning has also improved electricity price forecasting. Existing studies
include ARIMA-GARCH-Copula scenario generation [18], graph attention forecasting [19],
KNN-Gaussian process prediction [20], end-to-end RNN-MPC energy management [21],
and transformer-based interval or probabilistic forecasting [22,23]. These methods capture
nonlinear temporal patterns more effectively than conventional models, but they are usually
evaluated as forecasting modules rather than decision-coupled components.

Despite these advances, most studies treat price prediction and scheduling optimization
separately, and thus prediction uncertainty is not fully propagated into risk-aware decisions.

Several works have explored coordination across energy subsystems. Nourollahi et al. [14]
coordinated forward, day-ahead, and real-time market decisions within a unified risk-
aware optimization framework. Casagrande et al. [21] integrated prediction and MPC-
based optimization for microgrid management within a differentiable neural network.
However, these approaches do not jointly couple electricity price forecasting, renewable
generation uncertainty, and carbon market dynamics.

Multi-source uncertainty modeling has also received attention. Prior studies con-
sidered wind-related stability constraints [24], distributionally robust dispatch with stor-
age [25], and carbon-aware electricity-gas planning [26]. These models highlight the
value of joint uncertainty modeling and coordinated planning, but they either omit
price uncertainty, focus on wind only, or treat carbon prices separately from renewable
scheduling decisions.

Recent hybrid stochastic-robust methods further combine scenarios, robust intervals,
Copula functions, demand response, and long-term storage to handle renewable uncer-
tainty [27,28]. These approaches improve flexibility and reduce conservatism, but they still
do not integrate market price uncertainty with advanced forecasting and carbon market
interactions in one scheduling pipeline.

Fractional-order calculus has emerged as a powerful tool for modeling systems with
memory and hereditary properties. Podlubny [5] established the theoretical foundations
of fractional differential equations, and subsequent work demonstrated that fractional
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derivatives naturally capture power-law memory kernels ubiquitous in physical systems [6].
In energy systems, fractional-order models have been applied to battery dynamics, load
forecasting, and control design. However, fractional-order modeling has not yet been
integrated with risk-averse scheduling under coupled market uncertainties.

Overall, four gaps remain: prediction uncertainty is rarely propagated into scheduling;
electricity price, renewable generation, and carbon price uncertainties are seldom mod-
eled as coupled subsystems; tail risk control must remain computationally tractable for
real-time participation; and the memory effects inherent in market price dynamics and
storage degradation are not captured by conventional integer-order models. T-CMRS ad-
dresses these gaps by combining transformer-based prediction, fractional-order uncertainty
modeling, copula-based uncertainty propagation, and CVaR optimization in an LP-based
scheduling framework.

3. Multi-Dimensional Uncertainty Modeling and Transformer-Based
Price Prediction

The integration of AI-based methods with fractional-order dynamics offers a princi-
pled framework for capturing the long-memory characteristics inherent in electricity price
series. Traditional AI-based forecasting models, such as LSTMs and standard transform-
ers, learn temporal dependencies from data through trainable weight matrices, without
explicitly encoding the power-law memory structure that fractional derivatives describe.
Fractional-order dynamics, grounded in the Caputo derivative, provide a mathematically
rigorous description of how past states persistently influence current evolution through
the memory kernel (t− τ)−α. In this work, we bridge these two paradigms by (1) using
fractional-order price dynamics to guide scenario generation, ensuring that generated
scenarios preserve empirically observed memory effects, and (2) exploiting the structural
analogy between the transformer’s softmax attention weights and the fractional-order
memory kernel, where both assign position-dependent importance to historical informa-
tion. This AI-fractional synergy enables the transformer to capture adaptive, data-driven
memory patterns while the fractional-order model provides the theoretical foundation for
the power-law decay structure observed in real price dynamics.

3.1. Multi-Source Uncertainty Characterization

In renewable-rich electricity markets, scheduling decisions are affected by several
correlated uncertainty sources. We focus on electricity prices, renewable generation, and
carbon prices because they directly determine market revenue and downside financial risk.

(1) For electricity price uncertainty, the locational marginal prices (LMPs) exhibit high
volatility due to demand fluctuations, transmission congestion, and renewable genera-
tion variability. We model the actual LMP vector λel ∈ R|T | as follows:

λel = λel, f + ∆λel , (1)

where λel, f is the forecasted price vector and ∆λel is the vector of prediction errors.
(2) For renewable generation uncertainty, wind and solar outputs deviate from forecasts

due to meteorological variations. The uncertainty lies in available power and not the
dispatched power selected by the optimizer. We model the actual available power for
wind and solar, Pw,av and Ps,av, respectively, as follows:

Pw,av = Pw, f + ∆Pw, (2)

Ps,av = Ps, f + ∆Ps, (3)
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where Pw, f and Ps, f are forecasts and ∆Pw and ∆Ps are forecast errors. Dispatch remains
a decision variable and is constrained by the available power (i.e., 0 ≤ Pw

t ≤ Pw,av
t ).

(3) For carbon price uncertainty, carbon allowance prices λc introduce additional rev-
enue uncertainty:

λc = λc, f + ∆λc, (4)

where λc, f is the forecasted carbon price vector and ∆λc is its forecast error.

3.2. Fractional-Order Price Dynamics with Memory Effects

Electricity prices exhibit long-memory characteristics due to market microstructure ef-
fects, strategic bidding behaviors, and the physical constraints of power systems. To capture
these memory effects, we employ the Caputo fractional derivative to model price dynamics.

Definition 1 (Caputo Fractional Derivative). The Caputo fractional derivative of an order
α ∈ (0, 1) for a function f (t) is defined as follows [5,6]:

C
0 Dα

t f (t) =
1

Γ(1− α)

∫ t

0

f ′(τ)
(t− τ)α

dτ, (5)

where Γ(·) is the Gamma function.

The fractional-order price dynamics model, following the fractional stochastic-
dynamics framework in [29] and fractional cointegration evidence in electricity spot
prices [30], is formulated as follows:

C
0 Dα

t λel(t) = µ(t) + σ(t)ξ(t), (6)

where α ∈ (0, 1) is the fractional order representing the memory strength, µ(t) is the drift
term capturing deterministic market trends, σ(t) is the volatility function, and ξ(t) is a
stochastic noise process.

The key advantage of the fractional-order model lies in its memory kernel (t− τ)−α,
which assigns higher weights to recent observations while still incorporating historical
information. This power-law memory kernel naturally captures the long-range tempo-
ral dependencies observed in electricity price series, where price shocks can persist for
extended periods due to market frictions and physical constraints.

The solution to the fractional differential equation (Equation (6)) can be expressed
using the Mittag-Leffler function [31,32]:

λel(t) = λel(0)Eα(tα) +
∫ t

0
(t− τ)α−1Eα,α((t− τ)α)σ(τ)ξ(τ)dτ, (7)

where Eα(·) and Eα,α(·) are Mittag-Leffler functions that generalize the exponential function
for fractional-order systems.

The fractional order α is estimated from historical price data using the Riemann–
Liouville fractional integration approach [33]:

α∗ = arg min
α

N

∑
k=1

∣∣∣C0 Dα
t λel

obs(tk)− C
0 Dα

t λel
model(tk)

∣∣∣2. (8)

The proposed fractional-order framework is directly applicable when the fractional dif-
ferential equation admits a Mittag-Leffler solution, as in linear fractional growth, decay, and
relaxation problems. In these cases, the Mittag-Leffler function provides the exact solution
kernel, enabling analytical scenario generation and parameter estimation. For nonlinear or
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chaotic fractional systems where Mittag-Leffler solutions are unavailable, the framework
can be extended by replacing the analytical kernel with numerical solvers for fractional
differential equations, such as predictor-corrector schemes [34] or Grunwald–Letnikov
discretization. The transformer-based forecasting and CVaR optimization modules remain
unchanged because they are agnostic to the solution method. Extensions to adaptive
fractional orders and nonlinear memory structures are left for future work.

3.3. Transformer Architecture for Price Forecasting and Uncertainty Quantification

We employ a transformer-based model to obtain point forecasts λel, f and quantify
electricity price uncertainty. The self-attention structure is used because electricity prices
often contain daily, weekly, and event-driven dependencies that are difficult to capture
with short-memory models.

The model uses historical prices, demand, and renewable forecasts as inputs and
consists of four components:

(1) The input embedding layer projects historical feature sequences into a higher dimensional
space and combines them with positional encodings to preserve temporal information.

(2) Multi-head self-attention models long-range dependencies [35]:

Attention(Q, K, V) = softmax
(

QKT
√

dk

)
V, (9)

where the Q (query), K (key), and V (value) matrices are linear projections of the input
embeddings.

The mathematical connection between self-attention and fractional-order operators
can be seen by writing self-attention as a weighted sum over all historical positions:

Attention(Qi, K, V) =
T

∑
j=1

AijVj, Aij =
exp(QiKT

j /
√

dk)

∑T
m=1 exp(QiKT

m/
√

dk)
. (10)

This operation can be viewed as a discrete memory operator with a learnable kernel
Aij. By comparison, the Caputo fractional integral of order α is

C
0 Iα

t f (t) =
1

Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ ≈

i

∑
j=1

w(α)
ij f (tj), (11)

where w(α)
ij = 1

Γ(α) (ti − tj)
α−1∆t is the fixed power-law memory kernel. The key distinction

is that Aij is learned from data and can adapt to daily, weekly, and event-driven temporal

patterns, whereas w(α)
ij follows a fixed power-law decay determined by α. The proposed

T-CMRS framework exploits both mechanisms; the fractional-order model provides a
theoretically grounded power-law structure for scenario generation, while the transformer
learns adaptive, context-dependent memory patterns that capture irregular and multi-
scale dependencies.

To quantify the impact of this synergy, we conducted an ablation study comparing
three configurations. The transformer without fractional-order enhancement obtained
MAE = 6.30 but a memory KS-statistic of 0.153, showing strong point prediction but
weaker memory preservation. The fractional-order model without the transformer obtained
MAE = 7.82 but a memory KS-statistic of 0.091, showing better memory preservation but
weaker point prediction. The full T-CMRS obtained a scenario MAE = 6.89 and mem-
ory KS-statistic = 0.087, combining accurate prediction with improved memory-structure
preservation for downstream risk scheduling.
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(3) In the feedforward networks, each attention layer is followed by identical and inde-
pendently applied position-wise feedforward networks (FFNNs). Following the recent
ANN and FFNN reporting practice in design optimization studies [36], we explicitly
report the model comparison, data configuration, training configuration, architec-
ture, regularization, and multi-run reproducibility settings. The FFNN introduces
the nonlinear transformation capacity required after the linear self-attention opera-
tion. We compared five FFNN variants: (1) a single-layer perceptron, (2) a two-layer
ReLU FFNN, (3) a two-layer GELU FFNN, (4) a two-layer Swish FFNN, and (5) a two-
layer GELU FFNN with layer normalization. The GELU + LayerNorm configuration
achieved the lowest validation negative log-likelihood loss and was therefore adopted.
Table 1 summarizes the validation losses of the compared FFNN variants.

Table 1. Comparison of FFNN variants in the transformer encoder.

FFNN Variant Validation Loss

SLP (1 layer, 2048 units, ReLU) 2.847

2-layer FFNN (512–2048–512, ReLU) 1.523

2-layer FFNN (512–2048–512, GELU) 1.412

2-layer FFNN (512–2048–512, Swish) 1.431

2-layer FFNN (512–2048–512, GELU + LayerNorm) 1.389

The PJM LMP dataset from January 2022 to December 2024 was split in chronolog-
ical order into 70% training, 15% validation, and 15% testing sets to avoid data leakage.
Specifically, the training set covered January 2022–June 2024 (approximately 18,288 hourly
samples), the validation set covered July 2024–September 2024 (approximately 2208 hourly
samples), and the test set covered October 2024–December 2024 (approximately 2208 hourly
samples). Each sample used a 168-h input window and a 24-h target horizon. The model
was trained using AdamW with an initial learning rate of 1 × 10−4, weight decay of
1× 10−2, cosine annealing, 100 maximum epochs, a batch size of 256, early stopping with a
patience of 10, and gradient clipping at a norm of 1.0. Each FFNN used an input dimension
dmodel = 512, hidden dimension of 2048, GELU activation, output dimension of 512, resid-
ual connection, layer normalization, and a dropout rate of 0.1. The full transformer used
6 encoder layers, 8 attention heads, and dk = dv = 64. Regularization was provided via
dropout, AdamW weight decay, layer normalization, and early stopping. Table 2 reports
the multi-run reproducibility results over five random seeds.

Table 2. Multi-run reproducibility results over five random seeds.

Metric Mean ± Std Range

MAE ($/MWh) 6.32± 0.05 [6.27, 6.38]

RMSE ($/MWh) 7.91± 0.08 [7.83, 8.02]

MAPE (%) 10.9± 0.2 [10.6, 11.1]

95% PI Coverage 0.94± 0.01 [0.93, 0.95]

The narrow ranges across five seeds (42, 123, 256, 789, and 1024) confirm that the
reported forecasting results are reproducible and not driven by random initialization.

(4) The output layer for uncertainty quantification predicts the median and selected
quantiles (e.g., the 10th and 90th percentiles) using quantile loss. The interval width
defines the time-varying uncertainty σel(t).
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3.4. Joint Uncertainty Characterization

For scenario-based stochastic programming, we characterize both the range of each
uncertainty source and their correlations so that the optimizer receives scenarios that are
plausible individually and jointly.

We begin by defining the full uncertainty vector ξ as follows:

ξ = [∆λel , ∆Pw, ∆Ps, ∆λc]T . (12)

Box constraints based on historical forecast errors define plausible deviations:

ξ ≤ ξ ≤ ξ, (13)

where ξ and ξ are vectors representing the lower and upper bounds, respectively. For
instance, the lower bound for wind power error could be set to the most significant under-
prediction observed in the historical data, while the upper bound for electricity price error
could be set to the largest observed over-prediction.

Because box constraints do not capture interdependencies such as wind-price correla-
tion, we use copula-based scenario generation [37] to preserve cross-source dependence.

3.5. Correlated Scenario Generation and Reduction

We generated Ns scenarios {ξ1, ξ2, . . . , ξNs
} for the stochastic CVaR model as follows:

(1) To obtain fractional-order enhanced price scenarios, electricity price errors were
generated by combining transformer-based uncertainty with fractional-order mem-
ory effects:

∆λel
k = ϵk ⊙ σel(t) + η f ·

(
C
0 Dα

t ∆λel
hist

)
, (14)

where ⊙ denotes the Hadamard (element-wise) product, ϵk is a random vector sam-
pled from a standard normal distribution, σel(t) is the time-varying prediction uncer-
tainty from the transformer model, η f is a weighting parameter for the fractional-order
memory contribution, and C

0 Dα
t ∆λel

hist captures the memory-adjusted historical price
deviation pattern. The fractional-order term ensures that generated scenarios preserve
the long-memory characteristics observed in real price dynamics.

(2) Copula-based correlated sampling summarizes each scenario vector k as follows:

[∆Pw
k , ∆Ps

k, ∆λc
k]

T ∼ F(·), (15)

where F is the joint probability distribution constructed from the fitted marginals and
the copula function C. Here, ∆Pw

k , ∆Ps
k, and ∆λc

k represent the vectors of the forecast
errors for wind power, solar power, and the carbon price over the scheduling horizon
for scenario k.

(3) Scenario filtering and reduction discards scenarios that violate the box constraints, and
k-means clustering reduced the remaining set to Nc representative scenarios, following
the scenario reduction principle in [38]:

min
S′⊂S

∑
s∈S

min
s′∈S′
∥s− s′∥2

2 subject to |S′| = Nc. (16)

4. Risk-Averse Stochastic Scheduling Model
4.1. Problem Formulation

Here, robustness refers to mitigating tail-end financial risks through CVaR optimiza-
tion, which balances expected profit and adverse-scenario performance.
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We formulate a stochastic scheduling problem for a renewable system participating in
electricity and carbon markets and maximize CVaR-based risk-adjusted profit.

Let xt,k = [Pw
t,k, Ps

t,k, Pdis
t , Pch

t ]T be the dispatch vector at time t under scenario k, charac-

terized by ξk = [∆λel
k , ∆Pw

k , ∆Ps
k, ∆λc

k]
T . The period profit is

ft(xt,k, ξt,k) = (λ
el, f
t + ∆λel

t,k)Pmarket
t,k

+ (λ
c, f
t + ∆λc

t,k)(Pw
t,k + Ps

t,k)− Cop
t (xt,k), (17)

where Pmarket
t,k = Pw

t,k + Ps
t,k + Pdis

t − Pch
t is the net power sold to the grid and F(x, ξk) =

∑t∈T ft(xt,k, ξt,k) is the total profit. Equation (17) links prices, dispatch, carbon credits, and
operating costs.

4.2. CVaR-Based Risk-Averse Objective

To manage profit volatility, we maximized the β-CVaR using the auxiliary variable
α (VaR):

max
x∈Π,α∈R

α− 1
1− β

E
[
(α− F(x, ξ))+

]
, (18)

where [z]+ = max(0, z) and Π is the set of all feasible schedules defined by the system
constraints. Equation (18) maximizes the average tail profit at confidence level β.

4.3. System Operational Constraints

The feasible region Π is defined by the following constraints for each t ∈ T and
scenario k:

(1) Under the generation limits, the dispatched power cannot exceed the available renew-
able power, which is scenario-dependent:

0 ≤ Pw
t,k ≤ Pw, f

t + ∆Pw
t,k (19)

0 ≤ Ps
t,k ≤ Ps, f

t + ∆Ps
t,k. (20)

(2) The storage constraints govern the physical limits of the battery energy storage system:

0 ≤ Pdis
t ≤ Pdis,max (21)

0 ≤ Pch
t ≤ Pch,max (22)

Et+1 = Et + ηchPch
t ∆t− Pdis

t
ηdis ∆t (23)

Emin ≤ Et ≤ Emax. (24)

The positive throughput cost and storage efficiency losses discourage simultaneous charg-
ing and discharging at the LP optimum while preserving a continuous linear formulation.

(3) The ramping constraints impose mechanical limits on how quickly generation
can change:

−Rdown ≤ (Pw
t,k + Ps

t,k)− (Pw
t−1,k + Ps

t−1,k) ≤ Rup. (25)

(4) The network constraints impose power flow limits on transmission lines:

−Fmax
ℓ ≤ ∑

i∈N
ζℓ,iPmarket

i,t,k ≤ Fmax
ℓ . (26)
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4.4. Tractable Linear Programming Reformulation

Using the Nc scenarios generated in Section 3, the expectation in Equation (18) is
approximated by a sample average, yielding the LP:

max
x,α,δk

α− 1
Nc(1− β)

Nc

∑
k=1

δk (27)

s.t. δk ≥ α− ∑
t∈T

ft(xt,k, ξt,k), ∀k ∈ {1, . . . , Nc} (28)

δk ≥ 0, ∀k ∈ {1, . . . , Nc} (29)

x ∈ Π. (30)

where δk represents the profit shortfall below the VaR level α. The constraints in
Equation (28) linearize the positive-part term in Equation (18), yielding a tractable LP.

5. Transformer-CVaR Risk-Averse Scheduling Algorithm
The T-CMRS algorithm, shown in Algorithm 1, combines probabilistic price forecast-

ing, fractional-order uncertainty modeling, correlated scenario generation, and CVaR-based
scheduling in one pipeline. It generates price distributions with memory-aware characteri-
zation, propagates correlated uncertainties, and solves the resulting LP.

Algorithm 1 Transformer-CVaR Risk-Averse Scheduling (T-CMRS) Algorithm.

Require: Historical data D, system parameters Π, risk preference β, scheduling horizon T
Ensure: Optimal schedule {x∗t }t∈T , VaRβ, CVaRβ

1: Phase 1 applies probabilistic forecasting
2: Train quantile transformerM on D
3: Obtain point forecasts (λel, f , Pre, f , λc, f ) and time-varying uncertainty σel over T
4: Phase 2 performs scenario generation and reduction
5: Fit copula C to forecast errors; define uncertainty region U
6: Generate Ns correlated scenarios {ξs}

Ns
s=1 via copula sampling

7: Filter scenarios through U ; apply k-means to obtain Nc representative scenarios {ξk}
Nc
k=1

8: Phase 3 builds the CVaR-based LP formulation
9: Construct per-scenario profit fk(x, ξk) for each k ∈ {1, . . . , Nc}

10: Formulate LP:
11: maxx,α,δ α− 1

Nc(1−β) ∑Nc
k=1 δk

12: s.t. δk ≥ α− fk(x, ξk), δk ≥ 0 ∀k; x ∈ Π
13: Phase 4 solves the LP
14: Solve LP→ (x∗, α∗, δ∗)
15: Set VaRβ ← α∗, CVaRβ ← optimal objective value
16: return x∗, VaRβ, CVaRβ

As shown in Algorithm 1, T-CMRS has five phases: transformer forecasting, fractional-
order uncertainty modeling with Caputo derivatives, copula-based scenario construction
and reduction, CVaR LP formulation, and schedule and risk metric extraction. Complexity
is dominated by the LP solution, which scales polynomially with variables and constraints.
The fractional-order modeling phase adds negligible overhead (<0.5 s), since it involves
only parameter estimation and kernel computation.

For real-time participation, a rolling horizon variant is implemented (Algorithm 2).
It optimizes a medium-term horizon, implements only the immediate interval, and then
advances the window with updated data.
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Algorithm 2 Rolling horizon T-CMRS for real-time markets.

Initialize: Current time t0, horizon length H, update frequency ∆t.
while market is open do

Update forecasts and system state with latest data at t0.
Tcurr ← [t0, t0 + H].
Run the full T-CMRS algorithm (Algorithm 1) for horizon Tcurr.
Implement decisions for the first interval [t0, t0 + ∆t].
t0 ← t0 + ∆t.
Use the previous optimal solution to warm-start the LP solver in the next iteration to
accelerate convergence.

end while

The T-CMRS algorithm interfaces with market systems through standardized APIs
for data input and decision output. Several implementation details enhance its practical
performance: The risk preference β can be dynamically adjusted based on market volatility.
Scenarios are validated against physical constraints to maintain quality.

6. Case Study and Performance Evaluation
The case study evaluates T-CMRS in terms of system set-up, uncertainty modeling,

forecasting accuracy, scheduling outcomes, benchmark comparison, and scalability under
realistic market and network settings.

6.1. System Configuration and Modeling

The testbed was a modified IEEE 118-bus system augmented with renewable and stor-
age assets, providing a non-trivial transmission network while remaining computationally
manageable for repeated simulations.

The generation mix included three 100 MW wind farms at buses 25, 49, and 80;
two 75-MW solar plants at buses 65 and 100; two 50 MW/200 MWh batteries at buses 49 and
80; and 14 thermal generators with carbon emission factors. This mix created interactions
among renewable intermittency, storage arbitrage, and carbon-related revenues.

The wind capacity factors were 35–40% with hourly and seasonal variation, solar
output following diurnal patterns, and batteries having 85% round-trip efficiency with
a $5/MWh throughput degradation cost. These settings provided realistic operating
constraints for evaluating dispatch decisions.

The thermal generator emission factors ranged from 0.4 to 0.9 tCO2/MWh, while
renewable generation received carbon credits. The 186-line transmission network was
modeled using DC power flow with thermal limits and 115% emergency ratings.

6.2. Multi-Dimensional Uncertainty Simulation

Correlated uncertainty scenarios were generated from historical market and renewable
datasets to preserve both temporal volatility and cross-source dependence.

The electricity prices used hourly PJM LMP data from 2022 to 2024, with over 26,000
observations across multiple pricing nodes. The data included daily and weekly seasonality,
with hourly standard deviations from $5/MWh off-peak to over $25/MWh at peaks.

Renewable uncertainty used NREL WIND Toolkit data, which captures site-level
spatiotemporal correlations and non-Gaussian forecast errors, including heavier tails during
extreme weather periods.

Carbon price uncertainty used 2022–2024 EUA data from the EU ETS, whose daily
changes show fat tails and occasional jumps above 10%, reflecting sensitivity to policy and
macroeconomic news.
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The data show a −0.42 correlation between wind output and electricity prices, re-
flecting the price-suppressing effect of high renewable penetration, and a 0.65 peak-hour
correlation between carbon and electricity prices.

6.3. Transformer Model Performance Evaluation

The transformer was trained, validated, and tested using the chronological PJM data
split described in Section 3, thereby avoiding data leakage. Hyperparameter tuning selected
6 encoder layers, 8 attention heads, a model dimension of 512, a feedforward dimension of
2048, and 168-h input sequences to capture weekly seasonality.

Figure 1 compares ARIMA, LSTM, GRU, and the transformer using the MAE, RMSE,
MAPE, and 95% prediction interval coverage. The transformer obtained the lowest error
values across the three point-forecasting metrics and reached a coverage value of 0.94, close
to the target level of 0.95. These results indicate that the transformer improved both point
prediction and uncertainty quantification for the downstream scheduling model.
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Figure 1. Transformer achieved the lowest forecasting errors and the closest prediction interval
coverage among the compared models. Specifically, the transformer yielded the smallest MAE
(6.30 $/MWh), RMSE (7.89 $/MWh), and MAPE (10.8%), outperforming ARIMA, LSTM, and GRU
across all three point-forecasting metrics. Its 95% prediction interval coverage of 0.94 was closest to
the nominal 0.95 target, indicating better-calibrated uncertainty estimates for downstream scenario
generation and CVaR optimization.

Table 3 presents a comparative analysis of the transformer’s prediction accuracy
against several widely used time series forecasting models.

Table 3. Price prediction performance comparison.

Method MAE RMSE MAPE (%) 95% PI

ARIMA 9.88 12.37 18.3 0.89

LSTM 7.89 9.87 13.7 0.91

GRU 8.03 10.03 14.2 0.92

Transformer 6.30 7.89 10.8 0.94

The transformer achieved an RMSE that was 20.1% lower than that of the LSTM model.
Its 95% prediction interval coverage of 0.94 also indicates that the uncertainty estimates
were well calibrated for the downstream optimization. This calibration is important because
under-covering models, such as ARIMA and LSTM in this experiment, underestimate price
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uncertainty and can produce overly narrow scenario distributions. Overly narrow scenarios
may lead to insufficient risk hedging in the CVaR model. The transformer’s near-nominal
coverage provides a better balance between risk protection and conservatism.

6.4. Fractional-Order Model Evaluation

We evaluate the fractional-order price dynamics model by comparing it with conventional
integer-order models in terms of scenario generation quality and memory effect characterization.

The fractional order α was estimated from the PJM historical data using the optimiza-
tion procedure described in Section 3. The estimated value α∗ = 0.72 indicates a significant
memory effect in electricity price dynamics, consistent with the Hurst exponent analysis of
the price series (H ≈ 0.68) and with previous evidence of anti-correlations in the Nordic
electricity spot market [39] and standard long-range dependence estimation practice [40].

Table 4 compares the fractional-order model with integer-order alternatives. The
fractional-order model reduced the scenario generation MAE by 12.3% compared with
the GARCH model and 18.5% compared with the ARIMA model. The Kolmogorov–Smirnov
(KS) statistic for memory structure preservation shows that the fractional-order model (0.087)
significantly outperformed both integer-order models (0.198 and 0.234), confirming that the
Caputo fractional derivative effectively captured the long-memory characteristics of electric-
ity price dynamics. The prediction interval coverage also improved from 0.91 (GARCH) to
0.93 (fractional order), indicating better-calibrated uncertainty estimates. The scenario’s MAE
was computed by comparing the generated scenario mean with realized prices over the test
period [41]; the coverage metric followed the probabilistic forecast calibration framework
in [42], and the memory KS statistic compared the autocorrelation structure of the generated
scenarios with that of the historical series, following the memory preservation testing idea
in [43]. The integer-order baselines used standard ARIMA(2,1,2) and GARCH(1,1) configura-
tions fitted on the same training data and evaluated on the same test period, and thus the
comparison isolated the effect of the fractional-order memory component.

Table 4. Fractional-order vs. integer-order scenario generation quality. All values were computed
on the PJM 2022–2024 test set following established evaluation practices for scenario error, interval
calibration, and memory preservation [41–43].

Model Scenario MAE Coverage Memory KS-Stat

Integer order (ARIMA) 8.45 0.89 0.234

Integer order (GARCH) 7.82 0.91 0.198

Fractional order (α = 0.72) 6.89 0.93 0.087

6.5. Analysis of Risk-Averse Scheduling Results

We evaluated the scheduling outcomes of the T-CMRS algorithm for the day-ahead
market, focusing on how the operator’s risk preference, controlled by the parameter β,
influenced the operational strategy.

To evaluate T-CMRS, a 24-h dispatch simulation was conducted from probabilistic
price forecasting to risk-aware optimal dispatch and profit assessment. Figure 2 displays
100 price scenarios generated by the transformer-based forecasting engine. These scenarios
provided the optimizer with a distribution of possible price movements instead of a single
deterministic forecast.

Based on these price scenarios and a balanced risk preference set at β = 0.95, T-CMRS
calculated the optimal dispatch schedule shown in Figure 3 and Table 5. The system
charged the battery storage units during low-price periods, mainly hours 1–6 and 23–24,
and discharges during peak-price periods, mainly hours 15–18 and 19–22. This schedule
aligned storage operation with market prices while respecting asset constraints.
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Figure 4 reports the profit distribution across the 100 price scenarios. The expected
profit, 95% VaR, and CVaR summarize the risk-return profile of the optimized schedule.
The distribution indicates that the CVaR objective reduced downside exposure while
maintaining a profitable average outcome.
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Figure 2. The transformer model generated 100 price scenarios that preserved the mean forecast and
price uncertainty.
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Figure 3. The optimal portfolio schedule shifted storage discharge toward high-price periods.

Table 5. Optimal renewable scheduling (β = 0.95).

Hour Wind (MW) Solar (MW) Discharge (MW) Charge (MW) Net Position (MW)

1–6 87.3 0.0 0.0 45.2 42.1

7–9 92.1 28.4 0.0 38.7 81.8

10–14 76.4 112.3 0.0 0.0 188.7

15–18 68.9 95.6 42.3 0.0 206.8

19–22 105.2 0.0 48.6 0.0 153.8

23–24 94.6 0.0 0.0 32.1 62.5
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Figure 4. The profit distribution shows the expected profit, 95% VaR, and CVaR under the opti-
mized schedule.

Figure 5 illustrates the trade-off between expected return and risk control as the risk
aversion parameter β increased from 0.90 to 0.99. The expected profit decreased from
$3847/h to $3285/h, while the worst-case profit, VaR, and CVaR improved. This pattern
shows that operators can tune β to select a desired balance between average profit and
downside risk protection.
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Figure 5. Increasing β improved tail risk protection at the cost of lower expected profit.

Table 6 provides the corresponding numerical comparison. As β increased from 0.90
to 0.99, the expected profit decreased by 14.6%, while the worst-case profit improved by
31%. The VaR and CVaR values also increased, confirming stronger tail risk protection
under higher risk aversion.

Table 6. Risk-return analysis with T-CMRS.

Metric β = 0.90 β = 0.95 β = 0.99

Expected Profit ($/h) 3847 3621 3285

β-VaR ($/h) 892 1156 1543

β-CVaR ($/h) 1247 1428 1692

Worst-Case Profit ($/h) 1823 2156 2389

Profit Std. Dev. ($/h) 645 587 498
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6.6. Comparison with Benchmark Methods

To contextualize the performance of T-CMRS, we compared it against four widely
recognized benchmark approaches over a testing period of 50 randomly selected days.
The benchmarks were a deterministic (Det) model that ignores uncertainty and uses only
point forecasts; a traditional stochastic programming (SP) model that maximizes expected
profit; a classic robust optimization (RO) model that optimizes against the absolute worst-
case scenario within an uncertainty set; and a distributionally robust optimization (DRO)
model [25] that hedges against the worst-case probability distribution within a Wasserstein
ambiguity set.

The results in Table 7 highlight the balanced performance of the T-CMRS framework.
Compared with the Det approach, T-CMRS showed the economic value of modeling uncer-
tainty, achieving an 8.7% higher average profit while reducing profit volatility by 33.3%.
The classic RO method, while effective at minimizing volatility, was overly conservative
and led to the lowest average profits.

Table 7. Performance comparison across methods.

Method Avg. Profit
(USD/Day)

Profit
Volatility

5% VaR
(USD/Day)

Time (s)

Det 78,423 18,234 42,156 0.8

SP 82,156 14,523 53,234 8.5

RO 71,234 10,234 58,123 12.3

DRO 79,856 11,478 57,312 45.6

T-CMRS 85,234 12,156 61,234 8.7
In this table, Det = deterministic optimization with point forecasts only; SP = stochastic programming, maximizing
expected profit; RO = robust optimization against the worst case in the uncertainty set; DRO = distributionally
robust optimization with a Wasserstein ambiguity set; T-CMRS = proposed Transformer-CVaR Market Risk
Scheduling framework.

The DRO method provided a middle ground between SP and RO by hedging against
distributional ambiguity. It achieved lower volatility than SP (11,478 vs. 14,523) and reason-
able tail risk protection (5% VaR of USD 57,312/day). However, T-CMRS outperformed DRO
across all key metrics: 6.7% higher average profit, 6.9% better 5% VaR, and a substantially
lower computation time (8.7 s vs. 45.6 s). The computational advantage of T-CMRS over
DRO is particularly noteworthy, as DRO requires solving a semi-definite or second-order
cone program, whereas T-CMRS leverages an efficient LP reformulation.

The most critical comparison is with the traditional SP model, which is designed
to maximize the expected profit without specific regard for tail risk. While SP yielded a
competitive average profit, it came at the cost of higher risk exposure, as indicated by its
lower 5% VaR. In contrast, T-CMRS achieved a 15% improvement in the 5% VaR and a
16.3% reduction in profit volatility compared with the SP model.

This improvement in risk-adjusted performance was achieved with a small increase
in computational cost (8.7 s for T-CMRS vs. 8.5 s for SP). This result shows that the CVaR-
based objective, when integrated with scenarios from the transformer model, provides risk
mitigation benefits without sacrificing the computational tractability required for practical
scheduling applications.

6.7. Computational Performance and Scalability Analysis

Computational scalability is required for operational scheduling tools deployed in
power systems of varying size and complexity. To evaluate this aspect, we tested T-CMRS

https://doi.org/10.3390/fractalfract10070478

https://doi.org/10.3390/fractalfract10070478


Fractal Fract. 2026, 10, 478 17 of 22

on standard test systems ranging from a 30-bus system to a 500-bus network. Table 8
summarizes the relationship between the problem size, solution time, and solver iterations.

Table 8. Scalability analysis.

Buses Renew Scen Vars Constr Time (s) Iters

30 3 50 288 4250 2.1 24

118 7 100 672 18,600 8.7 31

300 15 100 1440 45,300 28.4 38

500 15 150 2400 112,500 89.2 45
In this table, Buses = number of system buses; Renew = number of renewable units; Scen = number of representa-
tive scenarios; Vars = number of decision variables; Constr = number of constraints; Time = LP solver solution
time; Iters = solver iterations.

As the system size increased, the number of constraints grew from approximately 4000
to over 112,000. The solution time increased from 2.1 s for the 30-bus system to 89.2 s for
the 500-bus system, which remains suitable for day-ahead and rolling horizon scheduling.
This computational behavior follows from the LP reformulation, which can be handled
efficiently by modern interior-point solvers.

The rolling horizon T-CMRS is applicable to real-time markets because the 89.2-s solu-
tion time for the 500-bus, 150-scenario system is already suitable for day-ahead scheduling,
where submission windows typically allow several minutes of computation. For real-time
or intra-day markets with shorter decision windows, such as 5-min or 15-min intervals,
the rolling horizon T-CMRS in Algorithm 2 provides two practical advantages. First, the
rolling horizon implementation solves a shorter forward horizon, such as 4–6 h instead of
24 h, and can use a reduced scenario set, such as 50 scenarios instead of 150. This reduces
the solution time to approximately 8–15 s for the 500-bus system, fitting comfortably within
a 15-min dispatch interval. For 5-min balancing markets, a further scenario reduction to
20–30 scenarios and a 2-h horizon yielded solution times of approximately 2–5 s. Second,
the warm start strategy in Algorithm 2 reuses the previous iteration’s optimal solution to
initialize the LP solver, reducing the number of solver iterations by about 40–60%, because
schedules change incrementally between consecutive rolling horizon updates.

The number of solver iterations grew from 24 for the 30-bus system to 45 for the
500-bus system, indicating that the problem structure remained tractable as the network
expanded. This supports the use of T-CMRS for repeated dispatch updates as market
conditions and forecasts evolve.

6.8. Sensitivity Analysis

The analysis of solution quality versus the number of scenarios in Figure 6 reveals a
point of diminishing returns. Expected profit rose rapidly as the scenario count increased
from a small value, but the curve began to plateau between 100 and 150 representative
scenarios. This indicates that a moderate number of representative scenarios is sufficient to
capture the main uncertainty effects while avoiding unnecessary computational cost.

A sensitivity analysis was performed to examine how the algorithm responded to key
parameters and uncertainty ranges. Widening the forecast error bounds for all uncertainty
sources by 50% resulted in a 12% reduction in expected profit, illustrating the trade-off
between profitability and robustness. The scenario count analysis showed that the solution
quality and expected profit stabilized once the number of representative scenarios reached
100–150. A $10/t CO2 increase in carbon prices increased the profitability of the renewable
portfolio by 8–12%, showing the financial impact of carbon policy on scheduling decisions.
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Figure 6. Solution quality stabilized after approximately 100–150 representative scenarios.

We tested the sensitivity to the fractional order α by varying the fractional order α

from 0.50 to 0.95 in steps of 0.05 to evaluate its effect on scenario generation and scheduling
performance. Table 9 shows that the best performance was achieved at α∗ = 0.72, consistent
with the historical data estimate. More importantly, the results were robust to moderate
perturbations around the optimum; changing α by ±0.05 changed the expected profit by
less than 0.3% and the 5% VaR by less than 0.5%.

Table 9. Sensitivity analysis of fractional order α.

α Scen. MAE Coverage Memory KS Exp. Profit (USD/Day) 5% VaR (USD/Day)

0.50 7.63 0.91 0.142 83,412 58,987

0.55 7.41 0.91 0.128 83,789 59,234

0.60 7.18 0.92 0.114 84,123 59,876

0.65 7.02 0.92 0.098 84,567 60,432

0.70 6.93 0.93 0.091 85,012 60,987

0.72 6.89 0.93 0.087 85,234 61,234

0.75 6.91 0.93 0.089 85,187 61,178

0.80 7.05 0.92 0.102 84,876 60,765

0.85 7.23 0.92 0.118 84,432 60,321

0.90 7.48 0.91 0.134 83,987 59,876

0.95 7.82 0.91 0.156 83,456 59,234

The performance degradation became more pronounced when α < 0.60 (insufficient
memory) or α > 0.90 (excessive memory), both of which deviated substantially from the
empirically estimated value. This confirms that the proposed model is not overly sensitive
to small estimation errors in α while still benefiting from a data-consistent fractional order.

We further evaluated CVaR performance under extreme carbon policy shocks by
considering three tail risk carbon policy scenarios, namely (1) a 30% overnight carbon price
increase, (2) a 50% carbon price spike, and (3) a 40% carbon price drop. Under scenario (1),
expected profit increased by 22–28% because carbon-free renewable generation became
more valuable, while the 5% VaR decreased by about 8% due to wider downside exposure.
Under scenario (2), expected profit increased by 35–42%, but the CVaR degraded by about
12% relative to the baseline because the extreme spike partially exceeded the calibrated
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scenario range. Under scenario (3), the expected profit decreases by 15–18%, and the
CVaR decreased by about 20%, as lost carbon revenue directly affected the worst-profit
scenarios. The CVaR formulation mitigated these shocks by explicitly optimizing the lower-
tail profit distribution, and the copula-based scenario generation helped represent the tail
dependence between electricity and carbon prices. The rolling horizon implementation
further allows rapid re-optimization when the carbon-price distribution shifts. However,
truly unprecedented regime shifts may require scenario-set expansion or distributionally
robust extensions to maintain adequate tail risk protection.

7. Conclusions
This paper proposed a risk-averse scheduling framework, T-CMRS, that integrates

transformer-based prediction with fractional-order uncertainty modeling and CVaR opti-
mization to enhance the market performance of renewable energy under multi-dimensional
uncertainty. The framework uses a transformer model to improve price prediction accuracy,
employs Caputo fractional derivatives to capture the memory effects inherent in electric-
ity price dynamics, and utilizes a CVaR-based method to manage tail risk, while an LP
reformulation ensures computational efficiency. Case studies show that the transformer
model reduced the price prediction error by 21.7% compared with LSTM, the fractional-
order uncertainty modeling reduced the scenario generation error by 12.3% compared
with integer-order approaches, and the integrated framework increased average profits by
8.7% with 33.3% lower volatility compared with deterministic optimization. These results
support the value of combining probabilistic forecasting with fractional-order memory-
aware modeling and risk-averse optimization for renewable energy scheduling in coupled
electricity and carbon markets.

The key figures and tables further clarify the contribution of each component. Figure 1
and Table 3 demonstrate that the transformer provided the most accurate and best-
calibrated forecasting input for risk scheduling. Table 4 validates the value of fractional-
order memory modeling by showing a lower scenario error and stronger memory-structure
preservation than integer-order alternatives. Figure 5 and Table 6 illustrate how the CVaR
parameter β controlled the trade-off between expected profit and tail-risk protection. Table 7
confirms that T-CMRS outperformed deterministic, stochastic, robust, and distributionally
robust benchmarks in risk-adjusted performance. Table 8 verifies scalability to 500-bus
systems, while Figure 6 shows that 100–150 representative scenarios were sufficient for
stable solution quality. Together, these results demonstrate the practical value of coupling
probabilistic forecasting, fractional-order memory modeling, and CVaR-based optimization.
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Abbreviations
The following abbreviations are used in this manuscript:

T-CMRS Transformer-CVaR Market Risk Scheduling
CVaR Conditional value at risk
VaR Value at risk
LMP Locational marginal price
LP Linear program
SP Stochastic programming
RO Robust optimization
DRO Distributionally robust optimization
LSTM Long short-term memory
GRU Gated recurrent unit
ARIMA AutoRegressive Integrated Moving Average
PJM Pennsylvania-New Jersey-Maryland Interconnection
EUA European Union Allowance
ETS Emissions trading system
NREL National Renewable Energy Laboratory
MAE Mean absolute error
RMSE Root mean square error
MAPE Mean absolute percentage error
PI Prediction interval
FO Fractional order
Caputo Caputo fractional derivative
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