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Abstract

This paper investigates the existence of pseudosolutions for a class of fractional retarded
dynamic equations on time scales in Banach spaces endowed with the weak topology.
The proposed model combines fractional dynamics, explicit delay effects, and hybrid
continuous—discrete temporal structures within a unified analytical framework. The analy-
sis is performed by means of the A-Henstock—Kurzweil-Pettis integral, allowing signifi-
cantly weaker regularity assumptions than those required by classical integration theories.
The existence result is established using the De Blasi measure of weak noncompactness to-
gether with Kubiaczyk’s fixed point theorem for weakly sequentially continuous operators.
The obtained theorem extends several existing results on fractional differential equations
and dynamic equations on time scales by incorporating explicit delays and generalized
integration into a common framework. The obtained results provide a unified analytical
framework for studying hereditary systems evolving on hybrid time domains.

Keywords: retarded dynamic equations; pseudosolutions; measure of weak noncompactness;
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1. Introduction

Differential equations constitute one of the principal mathematical tools for describ-
ing dynamic phenomena arising in natural sciences, engineering, economics, and many
interdisciplinary areas. In numerous realistic models, however, the evolution of a system
depends not only on its current state but also on its past history. Such memory effects

W) Check for updates naturally occur in population dynamics, where the growth rate depends on maturation

time, in epidemiology through incubation periods, in economics where investment deci-
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and in control theory where delayed feedback plays a fundamental role in the system
dynamics. These observations have led to the extensive development of the theory of
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physical and engineering systems. Applications of fractional differential equations include
anomalous diffusion, viscoelastic materials, thermal processes, electrical circuits, biological
systems, and financial mathematics [1-5]. Owing to their nonlocal character, fractional
models have proved to be more accurate than classical models in describing complex
dynamical behavior.

Recent years have also witnessed successful applications of fractional-order models in
epidemiology, particularly in the analysis of COVID-19 dynamics involving quarantine,
vaccination, and environmental viral load [6-8]. Their ability to incorporate memory effects
has significantly improved model realism and prediction accuracy.

Another important direction of research is provided by the theory of time scales, which
unifies differential and difference equations within a common mathematical framework.
Its general foundations and the theory of dynamic equations are developed in [9-12].
Specific advances include inequalities on time scales [13], economic applications [14,15],
and integration theory on time scales [16,17]. Quantum and g-calculus, which are closely
connected with discrete and quantum time scales, are presented in [18]. Weak existence
results for dynamic Cauchy problems are obtained in [19], whereas Fredholm-type integro-
differential equations on time scales are studied in [20]. As a consequence, fractional
calculus on time scales has emerged as a natural extension of classical fractional analysis,
allowing memory effects to be studied on continuous, discrete, quantum, and hybrid
temporal domains.

In many practical applications, however, memory effects arise from two independent
mechanisms. The first one is represented by the fractional derivative, reflecting the heredi-
tary nature of the process, whereas the second originates from explicit delays describing
the dependence of the present state on past values of the unknown function. Such phe-
nomena occur in neural networks with transmission delays, physiological control systems,
epidemiological models involving incubation periods, ecological systems with maturation
delays, and engineering systems with delayed feedback. Consequently, fractional retarded
dynamic equations on time scales provide a natural mathematical model for systems pos-
sessing hereditary properties, explicit delays, and hybrid continuous—discrete temporal
evolution simultaneously.

Recent advances in control theory have led to the development of stochastic, cyber-
physical, intelligent, and networked control systems [21,22]. Fractional-order control
strategies for networked systems with delays and fault-tolerant intelligent control have
recently been investigated in [23,24]. Fractional-order models play an important role in
these areas owing to their ability to describe hereditary effects and delayed dynamics.
Consequently, rigorous existence results provide an essential analytical foundation for
subsequent studies on controllability, stabilization, and optimal control.

From the analytical viewpoint, many nonlinear operators satisfy only weak sequen-
tial continuity assumptions and lack the compactness required by classical fixed point
methods. This motivates the use of the A-Henstock-Kurzweil-Pettis integral together
with weak topological techniques for proving existence results under weaker regularity
assumptions [17,25].

In recent years, fractional delay differential equations have attracted considerable
attention. Existence and stability results for fractional delay differential equations are
established in [26,27]. Hyers—Ulam-type stability for Caputo fractional delay systems is
investigated in [28,29]. Uniqueness and generalized Ulam stability for delayed multi-term
fractional equations are studied in [30,31]. A linearized stability theorem for nonlinear delay
fractional differential equations is established in [32]. Recent studies have demonstrated a
growing interest in fractional dynamic equations on time scales, including existence, stabil-
ity, and qualitative properties of solutions under various assumptions [33,34]. Furthermore,
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abstract dynamic equations in Banach spaces and generalized integro-dynamic models on
time scales have recently been investigated using fixed point techniques and measures of
noncompactness [35,36].

Nevertheless, the simultaneous incorporation of explicit delays, Caputo fractional
dynamics, the A-Henstock-Kurzweil-Pettis integral, and weak topological methods has
not yet been addressed. In particular, the theory of fractional retarded dynamic equations
on time scales involving the A-HKP integral and formulated in Banach spaces endowed
with the weak topology remains essentially undeveloped.

Retarded fractional dynamic equations naturally arise in delayed feedback, adaptive,
sampled-data, and distributed parameter systems. The existence theorem established in
this paper guarantees the existence of admissible trajectories and provides a mathematical
foundation for subsequent studies on controllability, stabilization, and optimal control.

In this paper, we study a class of fractional retarded dynamic equations on time scales
in a Banach space E of the form

%A“x(t) = f(t,xt), (1)
with the initial condition
x(0) =), 0€l =[-r0NT,

where x;(0) = x(t + 6), r > 01is a fixed real number, ¢ is a given function, and T denotes a
time scale. Moreover, we assume that f : I, x C(I;, E) — E is A-HKP-integrable.

Since translations on general time scales are not always generated by additive shifts,
the notation x; should be understood as the history segment obtained whenever ¢t + 6 € T.
Throughout this paper, we assume that the chosen interval guarantees the existence of
these translated arguments.

These equations incorporate memory effects resulting from both the delay and the
fractional order of the derivative, as well as a hybrid time structure. The analysis is carried
out in the weak topology using the De Blasi measure of weak noncompactness and fixed
point methods for weakly sequentially continuous mappings.

The main objective of this paper is to establish sufficient conditions for the existence
of pseudosolutions to the considered problem. The obtained results extend existing contri-
butions and contribute to the development of the modern theory of dynamic equations,
providing tools for the analysis of complex systems with memory, delay, and continuous-
discrete structure.

To better emphasize the novelty of the proposed approach, we briefly compare it with
the most closely related contributions available in the literature. Salem et al. [37] investi-
gated fractional differential equations in Banach spaces but did not consider delay effects,
time scales, or generalized integration techniques. Kubiaczyk and Sikorska-Nowak [19]
established a weak topological framework for dynamic equations on time scales; how-
ever, their analysis was restricted to classical dynamic equations and did not involve
fractional operators. Sikorska-Nowak [34] extended this line of research by introducing
the A-Henstock-Kurzweil-Pettis integral into fractional dynamic equations on time scales,
although explicit delays were not included. More recently, Nisar et al. [33] investigated
fractional dynamic equations on time scales using classical fixed point techniques, but
without employing the A-HKP integral or weak topological methods. To the best of the
authors” knowledge, the present paper is the first to combine explicit delay, fractional
dynamics, arbitrary time scales, the A-Henstock-Kurzweil-Pettis integral, weak sequential
continuity, the De Blasi measure of weak noncompactness, and Kubiaczyk’s fixed point
theorem within a unified existence framework. Consequently, the obtained existence theo-
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rem unifies several previously independent research directions and substantially extends
the available existence theory for hereditary dynamical systems evolving on arbitrary
time scales.

2. Preliminaries

Let (E, | - ||) be a Banach space and let E* be its dual space. Denote, by (C(I,, E), w),
the space of all continuous functions from I, to E endowed with the topology

o(C(I,,E),C(I., E)*),

and, by C,;(I,, E), denote the space of all rd-continuous functions from the time scale
interval I, to E. By ua, we denote the Lebesgue measure on the time scale T. For a precise
definition and basic properties of this measure, we refer the reader to [16].

This section summarizes the notation and auxiliary concepts required in the subse-
quent analysis. For completeness, we briefly recall several standard notions from the theory
of time scales and generalized integration that will be used throughout the paper. Detailed
expositions of these topics can be found in the literature cited below, and only the concepts
directly needed in the proof of the main theorem are presented here.

2.1. Time Scale Calculus

For the convenience of the reader and to facilitate the exposition, we introduce some
preliminary definitions and notations related to time scales, commonly found in the litera-
ture (see references [10,11,38-40] and the cited papers therein).

A time scale T is a nonempty closed subset of real numbers R, with the subspace
topology inherited from the standard topology of R.

By an interval I;, we mean the time scale interval

Li=[0aNT={teT:0<t<a}=][0,a]r.
Throughout this paper, all intervals are understood as intervals on a time scale.

Definition 1. The forward jump operator o : T — T and the backward jump operator p : T — T
are defined as o(t) = inf{s € T : s > t} and p(t) = sup{s € T : s < t}, respectively. We put
inf@ =infT (ie., p(m) = m if T has a minimum m).

The jump operators ¢ and p allow the classification of points in time scale in the
following way: t is called right-dense, right-scattered, left-dense, left-scattered, dense and
isolated if o(t) =t, o(t) >t p(t)=t p(t)<t, pt)=t=0c(t), pt) <t<o(t),
respectively.

Definition 2. We say that a function k is right-dense continuous (rd-continuous) if k is continuous
at every right-dense point t € T and
lim k(s)

s—t~

exists and is finite at every left-dense point t € T.

The fundamental differential operator on a time scale is the A-derivative, recalled
below for completeness.

Definition 3. Fixt € T. Let f : I, — E. Then, we define A-derivative of f by

fA(t) — limf(a( )) _f(s)‘

t
s—t o(t) —
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The function f is called A-differentiable on T, if for each t € T there exists f(t).

Note that

(1) f% = f’is the usual derivative if T = R;
(2) f® = Af is the usual forward difference operator if T = 7Z;

B) fA=Dyf = % is the g-derivative or the delta derivative on the g-time scale if

T =g ={g":t €Ny, qg>1}.

Therefore, the delta derivative provides a common framework encompassing classical
differentiation, forward difference operators, and g—calculus as particular cases. This
unifying property constitutes one of the principal advantages of the time-scale approach
(see [10,11], for instance).

2.2. The A-Henstock-Kurzweil-Pettis Integral and Fractional Operators

Since the existence theory developed in this paper relies on generalized integration,
we next recall the vector-valued A-Henstock-Kurzweil integral together with the corre-
sponding Pettis extension.

We will use the notation

where v is called the left-graininess function.
We say that 6 = (1, ) is a A-gauge for time scale interval [a, b] provided

or(t) >0 on(a,b],

Or(t) >0 on/ab),
oL(t) >0,  Or(t) >0

and
Or(t) = n(t)

forallt € [a,b).
We say that a partition D for a time scale interval [a, b] given by

D={a=ty <& <t < - <ty <& <ty =0}
with t; > t;_q1,for1 <i<mand#t;,¢ €T is d-fine if

Gi—or(8i) <ti1 <t; <&+ 0r(G:),
forl1 <i<n.

Definition 4. A function
f : [a, b]T — E

is the Henstock—Kurzweil A-integrable on [a, b]y (A-HK-integrable in short) if there exists a function

F: [a,b]T — E,
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defined on the subintervals of [a, b], satisfying the following property: given € > 0, there exists
a positive function & on [a, b] such that D = {[u, v, C} is the é-fine division of a [a, b]r. Thus,
we have

<e&.

L(F(@) (v —u) = (F(v) — F(u)))

D

Definition 5. The function f : I, — E is A—Henstock—Kurzweil-Pettis-integrable (A—HKP-
integrable for short) if

(1) Vx* € E*, x*f is Henstock-Kurzweil A—integrable on I,.
(2) Vtel, Vx* €E*, x*g(t) = (A-HK) [y x*f(s) As.

The function g will be called a primitive of f and by ¢(t) = (A-HKP) fotf(s) As we will denote
the A-Henstock—Kurzweil—-Pettis integral of f on the interval I,.

Examples illustrating the difference between the A-HKP integral and the classical
Pettis and A-Henstock-Kurzweil integrals are presented in [17].

Theorem 1. Suppose that f, f, : [a,b] — E, n=1,2,..., are A-HKP-integrable functions.
Let F,, be a primitive of f,. If one assumes the following, then f is A-HKP-integrable on I, and
fot fn(8) As tends weakly in E to fotf(s) As foreach t € I,.

(1.) Vx* € E*, x*fu(x) = x*f(x) pp-almost everywhere on I,.

(2.) Vx* € E* the family G = {x*F, : n = 1,2,...} is uniformly ACG* on I, (i.e., weakly
uniformly ACG* on I,).

(3.) Vx* € E* the set G is equicontinuous on I,.

Theorem 2. [Mean Value Theorem] For each A-subinterval [c,d] C [a,b], if the integral

(A-HKP) / " (s) s

c

exists, then we have

(a-HKP) [ y(s) s € a(lc,d]) - y([c ),

c

where
conv y([c, d])

denotes the close convex hull of the set y([c, d]).

We conclude the preliminary material by recalling the notions of fractional integration
and the Caputo fractional derivative on arbitrary time scales.

Definition 6. Suppose that T is a time scale. The Caputo fractional derivative of g is defined by

1 t Y — n
%‘Alxg(t) = m/o (t—s)" " 1gA (s) As, tel,

where n = [a] + 1 and [«] denotes the integer part of « and integral is taken in the sense of A-HKDP,
I' is the Gamma function.
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Definition 7. Suppose that T is a time scale, g : I — E is A-HKP-integrable function. The
fractional A-HKP integral of the order & € R of ¢ is defined by

t (t _ S)afl
I“o(t) = / ~———~9o(s)As,
O A A
where integral is taken in the sense of A-HKP and T is the Gamma function.

Remark 1. It should be emphasized that the fractional kernel (t — s)*~1 is always interpreted
together with the corresponding A-integral on the underlying time scale. Thus, the integration is
performed exclusively over admissible points of T. In particular, for T = R, the operator coincides
with the classical Caputo fractional integral. For T = Z, the A-integral reduces to a discrete delta
sum, yielding the corresponding discrete fractional convolution. Therefore, the same analytical
formulation consistently covers continuous, discrete, quantum, and hybrid time scales.

2.3. Weak Topological Tools

The principal compactness-type tool employed in the sequel is the De Blasi measure
of weak noncompactness, whose basic properties are recalled below.
The deBlasi measure of weak noncompactness f(A) is defined by

B(A) =inf{t > 0: there exists C € K“ such that A C C+ By},

where K¢ is the set of weakly compact subsets of E and By is the norm unit ball in E.
The properties of the measure of noncompactness f(A) are as follows:

(i) IfA C B, then B(A) < B(B);

(i) B(A)=0if and only if A is relatively weakly compact;
(iif) B(AUB) = max{p(A),B(B)};

(iv) B(A“) = PB(A), where A denotes the weak closure of A;
(V) B(AA) = |AB(A), (A € R);

(vi) B(A+B) < B(A)+ B(B);

) <
(vii) B(conv(A)) = B(A), where conv(A) denotes the convex extension of A.

Theorem 3. [19] Let H C C(I, E) be a family of strongly equicontinuous functions. Let
H(t) = {h(t) € E:h € H}, fort € I;and H(I;) = Uy, H(t). Then,

Bc(H) = squ[S(H(t)) = B(H(L)),
tel,
where Bc(H) denotes the measure of noncompactness in C(1,, E), and the function t — B(H(t))
is continuous.

Definition 8. A function f : I, — E is said to be weakly continuous if it is continuous from I,
to E endowed with its weak topology. A function g : E — Eq, where E and E are Banach spaces,
is said to be weakly sequentially continuous if for each weakly convergent sequence (x,) in E, the
sequence (g(xy,)) is weakly convergent in Ey.

When the sequence x,, tends weakly to xo in E, we will write x, < xq.

Definition 9 ([40]). A family F of functions F is said to be uniformly absolutely continuous in
the restricted sense on A or, in short, uniformly AC,(A) if for every € > 0 there is § > 0, such
that for every F in F and for every finite or infinite sequence of non-overlapping intervals {[a;, b;] }
with a;, b; € A, and satisfying Y_; |b; — a;| < 11, we have }_; w(F, [a;, b;]) < &, where w denotes the
oscillation of F over [a;, b;].
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A family F of functions F is said to be uniformly generalized absolutely continuous in the
restricted sense on [a, b] or uniformly ACG.([a, b]) if [a, b] is the union of a sequence of closed sets
A; such that on each A; the function F is uniformly AC,(A;).

The existence result established in Section 3 is based on the following fixed point
theorem according to Kubiaczyk.

Theorem 4 ([41]). Let X be a metrizable locally convex topological vector space. Let D be a closed
convex subset of X, and let F be a weakly-weakly sequentially continuous map from D into itself. If
for some x € D, the implication that

V =conv({x} UF(V)) = V is relatively weakly compact ()
holds for every subset V of D, then F has a fixed point.

3. Main Problem

Let r,a be non-negative real numbers, I, = [0,a]y, a > 0. Let x be some function
defined on [—r,a]y. For any t € I,, the function x; is defined as x¢(6) = x(6 + t), where
6 € I, = [—r,0]. Here, 6 may be a function involving t.

Let f : I, x C(I;,E) — E and

FAx(t) = f(t,x1),

where « € (0,1] and ¢ is some specified function.
We will consider the following problem:

K0 = 9l0) + s [ (-9 exss te, ®

where the integral is taken in the sense of fractional A-HKP integrals.
Fix x* € E* and consider the following problem:

FA*(xX*x)(t) = x*(f(t,xr),  x(0) =@(F), tE€L.
Let us introduce a definition.

Definition 10. Let F : I — E and let A C I. The function f : A — E is a fractional pseudo
A-derivative of F on A if, for each x* € E*, the real-valued function x*F is %A“—dlfferentiable UA
almost everywhere on A and %A”‘ (x*F) = x*f up-almost everywhere on A.

Regarding the above definition, it is clear that the left-hand side can be rewritten to
the form x* (%A“x(t)), where %A“ denotes the fractional pseudo A-derivative.

To obtain the existence result for our problem, it is necessary to define a notion of
a solution.

Definition 11. A function x : I, — E is said to be a pseudosolution of problem (1) if it satisfies the
following conditions:

1. x(-)isan ACG* function;
2. x(0) = ¢(0);
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3. foreach x* € E* there exists a set A(x™) with y measure zero, such that for each t ¢ A(x*),

FA (¥ x) (1) = x* (f(t,x1)).

Remark 2. The notion of a pseudosolution adopted in this paper is formulated in the weak topological
setting and is based on the existence of weak fractional pseudo-derivatives. It is motivated by the
concept of weak solutions commonly employed in the theory of differential equations in Banach spaces
and provides a natural extension of this framework to fractional dynamic equations on time scales.
Unlike a classical solution, a pseudosolution is not required to possess a strong Caputo fractional
A-derivative. Instead, the governing equation is satisfied after applying arbitrary continuous linear
functionals from the dual space E*, which enables the use of weak topological methods and generalized
integration techniques. Whenever the solution possesses sufficient reqularity, for example, when x
admits a strong Caputo fractional A-derivative and the nonlinear term satisfies stronger reqularity
assumptions, every classical solution is also a pseudosolution. Consequently, the present concept
extends the classical notion of a solution while remaining consistent with it whenever additional
smoothness is available. Furthermore, the notion of a pseudosolution includes classical solutions
as a particular case and, in the general setting, remains closely related to the concepts of weak and
mild solutions frequently used in the analysis of evolution equations in Banach spaces. The precise
relationships between these notions depend on the reqularity of the solution and the assumptions
imposed on the nonlinear operator.

Definition 12. A continuous function x : I, — E is said to be a solution to problem (3) if it
satisfies (3) for every t € I,.

Now, we prove an existence theorem for problem (3).
Two functions ¢1, ¢, which are A-HKP-integrable on some interval [u, v]r, are said to
belong to the same equivalence class if

P1(t) = @a(t)

almost everywhere in [u, v]r.

Before introducing the notion of a pseudosolution and the associated integral operator,
we define several auxiliary functional sets that will be used throughout the paper. The sets
Hlu,v], O, and R, describe, respectively, the admissible history space, bounded subsets
of the solution space, and the domain on which the nonlinear operator is investigated.
These sets constitute the basic functional framework for the subsequent fixed point analysis.

Let H[u,v] denote the space of equivalence classes of functions which are A-HKP-
integrable on [u, v|1. The norm || - || on H[u, v] is defined as follows: for P € H[u,v],

[Pl = sup [|P(H)]],
te[u,0]NT

where

for any ¢ € P.

Throughout the sequel, let By denote the De Blasi measure of weak noncompactness
in the Banach space H[—r, d], whereas  denotes the corresponding De Blasi measure in the
Banach space E. Moreover, let ¢ denote the De Blasi measure of weak noncompactness in
C(14,E).
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Let ¢ be some function fixed in H[—r,0], where r > 0. The sets ), and R, are
defined as
Qp ={x € H[-r,0] : |[x — ¢[ln < b},

Ra,b = Lz X Qb,

where a, b are positive numbers.

Continuity here is understood in the sense that if {x,}, n = 1,2,... is a sequence in
0y, and x,(s) converges uniformly on [—7, 0] to some xg € ()}, as n — oo, then for almost
allt € I, f(t, x,) converges to f(t,xo) as n — oo.

It is convenient here to introduce an auxiliary function X: if x is defined on I. =
[0,c] NT with x(0) = ¢(0), the function X is defined as

x(t), tel,

X =
e(t), tel.

The set
A(p,a) = {x € (C(Io, E),w) : x(0) = ¢(0), [|x[| < b+ [|¢(0)[|, Xt € O}

It is easy to see that the set A(¢, a) is bounded, closed and convex.
Let
F:(C(I,E),w) — (C(I4, E), w)

be defined by

F(x)(t) = 9(0) + r(l) /Ot(t — s)"‘flf(s, Xs) As,

14

fort € I, and x € A(¢,a), where the integral is taken in the sense of A-HKP.
Moreover, let
K= {F(x) € (C(I,E),w) : x € A(¢,a)}.

Theorem 5. Let ¢ € H[—r,0] be a fixed function. Let E be a Banach space with norm || - ||.
Assume that for every ACG* function x : I, — E,

1. The function f(t,x;) is A-HKP-integrable;

2. Foreacht € I, the mapping f(t,-) is weakly—weakly sequentially continuous on R, p;

3. For every bounded set X C E and every time scale interval I C I,.

BUf(L, X)) < LB(X). )
where B denotes the De Blasi measure of weak noncompactness and the constant L > 0 satisfies
L t
——sup [ (t—s)"TAs < 1. (5)
['(a) teIIdD 0

Moreover, suppose that the set K is equicontinuous and uniformly ACG* on I,. Then, there
exists a pseudosolution of problem (3) on the interval 1; = [0,d], for some 0 < d < a.

Proof. We will prove, in fact, the existence of a solution for problem (3) because each
solution of problem (3) is the solution of problem (1).

Fix an arbitrary b > 0. Recall that the set K of continuous function F(x) € K defined on
a time scale interval I, is equicontinuous on I, if for each € > 0 there exists § > 0, such that

[F(x) () = F(x)(7)[| < ¢
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for all x € A(¢,a) whenever |t — T| < J,t,T € I, for each F(x) € K.
Thus, for each ¢ > 0, there exists § > 0 such that

<g,

[ =51 s x()) s

forall x € A(¢@,a), whenever |t — 7| < dand t,T € I,.
As a result, there exists a number d, 0 < d < g, such that

<b

7

/;(t — ) (s, &) As

/_T (t =) [g(0) — p(s)] As <k,

T
T t+s
/ /O (t=p)* ' f(p.Xp) Dp As <1,
k+1=0b, tely, x € A(g,a).

We will show that the operator F is well-defined and maps A(¢, d) into A(¢,d).
To see this note for any x* € E*, such that ||x*|| <1, forany x € A(¢,d) and t € I;,

we have
FEO] = 790 + |+ (g5 [ -9 (s 7))
<1 o+ 11y [ =911 (15,220 s
< ol + | o < ol + 8
Thus,

sup{|x*F(x)(£)] : x" € E7, [[x"[| <1} <[l +b

and, as a result,
IF(x)(E)] < llxol| + .

Moreover,

1BG) = gl = sup)| [ (¢ = 51" [F(x)(6) ~ 9(s)] As

T€l,

— sup / (=) [E(x)(t+5) — (s)] s

Tel I/ =T
=sup| [ (=91 [00) + 1y [ (=P E) Ap o) s

< sup [ (1=5)*[p(0) — p(s)] B

Tel /=T

Sl L etz aps
+ sup| —— // —p)*” , X s
TEE r(a) ~+Jo p P:Xp p
<k4+1=h0.

We will show that the operator F is weakly—weakly sequentially continuous. Assume that

Xp = x inC(I4 E).
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By Lemma 9 of [42], this means that
xq () = x(t), for every t € I;.
Since f(t, -) is weakly-weakly sequentially continuous,
f(s,Xns) = f(s,Xs), for every s € I;.

Hence, for every x* € E*,
X (f(s,%ns)) = 2" (f(s, %))

for yp a.e. s € Iy.

Moreover, by the assumptions of Theorem 5, the family of primitives F,(x)(t) is
uniformly ACG* and equicontinuous on I;.

Therefore, all assumptions of Theorem 1 are fulfilled. Consequently,

1 t o N 1 t . R
W/o (F= )" f (5, %ns) As — W/o (t—s)" L (s, %) As

weakly in E for every t € I;.
Thus,
F(xn)(t) = F(x)(t), tely,

and, hence,
F(xy) — F(x) inC(I4 E).

Therefore, F is weakly—weakly sequentially continuous.
Suppose that V C A(¢,d) satisfies

V = conv({xo} UF(V))

for some xy € A(¢,d), where conv denotes the closure in the weak topology. We shall
prove that V is relatively weakly compact in A(¢, d); hence, condition (2) is satisfied.
Fort € 1, set

V() ={x(t):xeV},  ot) =B(V(D),
and, for s € I;, define the family of history segments by

‘/;;:{J?SZXEV}.

Thus, f(s, Vs) = {f(s,Xs) : x € V}. This notation distinguishes the section V(t) C E
from the set V; of history segments.

Since V C V and the De Blasi measure is invariant under weak closure and closed
convex hulls, while Bc({x}) = 0, we obtain

Be(V) < Bc(V) = Be(conv({xo} UF(V))) = Bc(F(V)).

Moreover, F(V) C K, and K is equicontinuous. Hence, V; therefore, V is equicontinu-
ous. By Theorem 3, the function t — v(t) = B(V(t)) is continuous on I; and

Bc(V) = sup B(V (1)),

tely

Fix an arbitrary ¢ € I;. We divide the interval [0, t] into m parts as follows:
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and recursively
ti+1:SUP{S€IdZSZfZ‘,S*fi<§}, i=0,...,m—1

Since T is closed, we have t; € I;. If some t;,1 = t;, thent; ., =inf{t € T: t > t;11}.
This is a finite partition of the time-scale interval [0, t]1, such that the oscillation of
the kernel s — (t —s)*~! on every J; = [t;, t;,1]T is sufficiently small. Whenever a right-
scattered point occurs, the partition is refined so that this point is an endpoint of one of
the subintervals. Such a refinement is possible because T is closed and the partition is
constructed exclusively from admissible points of the time scale.
Foreachi=0,1,...,m —1, put

Vi, ={xs:x€V,sc ]}
Here,

fUi Vi) ={f(s,xs) :s € J, x € V},

that is, the image of all history segments generated by functions from V over the subinterval J;.
For every x € V, Theorem 2 applied on the subinterval J; implies that

/(t—s)”"lf(s,xs)As e/](t—s)“*lmf(]i,vh)As

i i

Consequently, by monotonicity, positive homogeneity, subadditivity and invariance
of the De Blasi measure under closed convex hulls, we obtain

BEWIO) < s L B[ -5 a5 )omesinvy)

“rw 5l

1

O

§~
—_

(t—s)*! As> Bf i, V).
Since the kernel is non-negative, Theorem 2 applied on J; gives
/ (t— ) (s, Vi) As C / (t—s)* 1. o (f(J;, V) As

Consequently, using monotonicity, subadditivity, positive homogeneity, and invari-
ance under closed convex hull of the De Blasi measure, together with assumption (4),
we obtain

t*S “1.Bu(Vy,) As

BEWV)D) < 5 [ =5y B (£ V1) s <

For the history sets, equicontinuity and Theorem 3 yield the standard estimate

Br(Vy;) <sup{B(V(7)): T € [=7 tipa]r}-

On the prescribed initial interval [—r,0]r, all functions have the same history ¢;
hence, the corresponding sections have a measure of weak noncompactness equal to zero.
Therefore, if

M(t) =sup{B(V(7)): T € I},

then
BV(1)) < F(La) /O (t — )1 M(t) As.
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Taking the supremum over t € I; gives
M(d) < qaM(d),

where ,

L -1
4= =——su t—s)* T As <1
%= Ty oy )

by condition (5). Hence, M(d) = 0; thus,
B(V(t)) =0  foreveryt € I.

Therefore, every section V (t) is relatively weakly compact in E. Since V is equicon-
tinuous, the weak Ascoli theorem implies that V is relatively weakly compact in C(Iy, E).
Thus, condition (2) of Kubiaczyk’s fixed point theorem is satisfied.

By Theorem 4, the operator F has a fixed point in A(¢,d). This fixed point is a
solution of the equivalent integral Equation (3) and, by Definition 11, a pseudosolution of
problem (1). O

Remark 3. The main existence result can be interpreted as a fixed point principle applied to a
nonlocal dynamic system combining delay and fractional effects on time scales.

The considered equation incorporates two distinct sources of memory: the delay term, which
depends on the past trajectory (x¢), and the fractional derivative, which accounts for hereditary
effects distributed over the entire history of the system. As a consequence, the problem is intrinsically
nonlocal both in time and in state.

To overcome these difficulties, the original problem is reformulated as an equivalent integral
equation involving a Volterra-type operator. This transformation allows one to interpret the solution
as a fixed point of an operator acting on a suitable function space. The operator aggregates past
states weighted by a singular kernel of the fractional type, reflecting the long-memory behavior of
the system.

The assumptions imposed on the nonlinear term ensure that this operator is well-defined and
weakly sequentially continuous. Moreover, the use of the De Blasi measure of weak noncompactness
provides a mechanism to control the possible dispersion of trajectories in infinite-dimensional spaces.
In particular, the condition involving the constant L guarantees that the accumulation of memory
effects does not dominate the system, preventing loss of compactness.

From an analytical perspective, the result shows that even in the absence of strong compactness
or classical integrability assumptions, e.g., Bochner or Pettis integrability, the problem still admits a
solution in a generalized sense. This is achieved by working within the framework of the Henstock—
Kurzweil-Pettis integral, which significantly enlarges the admissible class of functions.

Consequently, the theorem establishes that the interplay between delay, fractional dynamics,
and generalized integration can be handled within a unified functional-analytic framework, ensuring
the existence of pseudosolutions under relatively weak assumptions.

Remark 4. An important advantage of Theorem 5 is that it immediately specializes to several
classical settings. In particular,
1. If T = R, Theorem 5 becomes an existence theorem for fractional retarded differential equa-
tions;
2. IfT = Z, it yields an existence theorem for fractional retarded difference equations;
If T = g™, it provides an analogous result for fractional q-dynamic equations.

Therefore, the present theorem unifies the continuous, discrete and quantum cases within a
common weak topological framework.
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4. Discussion

The existence theorem established in this paper extends the current theory of fractional
dynamic equations by combining several analytical ingredients that have previously been
investigated separately, namely fractional dynamics, explicit delay, arbitrary time scales,
the A-Henstock—Kurzweil-Pettis integral, weak topology, and the De Blasi measure of
weak noncompactness. Their simultaneous incorporation leads to a unified existence
theory applicable to hereditary systems evolving on continuous, discrete, and hybrid
temporal domains.

From the analytical viewpoint, one of the main advantages of the proposed approach
is that compactness of the solution operator is not required. Instead, the proof relies on
weak sequential continuity together with a condensing-type estimate expressed in terms
of the De Blasi measure of weak noncompactness. This considerably enlarges the class
of admissible nonlinear operators and makes the obtained theorem applicable in infinite-
dimensional Banach spaces, where compactness assumptions are frequently difficult or
impossible to verify.

The use of the A-Henstock-Kurzweil-Pettis integral constitutes another essential
feature of the present framework. Unlike approaches based on Bochner or Pettis integration,
the A-HKP integral admits a broader class of vector-valued functions while remaining
compatible with the calculus on arbitrary time scales. Consequently, the proposed method
provides a natural analytical setting for problems involving generalized integration together
with hereditary and delayed effects.

The obtained result also complements several existing contributions in the litera-
ture. Previous studies have considered fractional differential equations in Banach spaces,
dynamic equations on time scales, or neutral fractional systems separately. In contrast,
the present work combines these directions within a single weak topological framework,
thereby extending the applicability of fixed point methods to a broader class of fractional
retarded dynamic equations.

The present analysis is restricted to the existence of pseudosolutions. Questions
concerning uniqueness, continuous dependence on initial data, stability, attractivity, and
asymptotic behavior remain outside the scope of this paper and generally require stronger
assumptions, such as Lipschitz-type conditions or more restrictive condensing properties.
Likewise, the assumptions of uniform ACG* regularity and equicontinuity are imposed
explicitly. Deriving these properties directly from natural assumptions on the nonlinear
operator would constitute an interesting theoretical extension of the present results.

Although this paper is primarily theoretical, the obtained existence theorem provides
the analytical foundation required before addressing qualitative properties of fractional
delayed systems. In particular, it may serve as a starting point for future investigations of
controllability, stabilization, observer design, optimal control, and numerical approximation
of fractional dynamic systems on arbitrary time scales. The proposed framework also
appears suitable for further extensions to stochastic, impulsive, variable-order, and set-
valued fractional dynamic equations. Another promising direction concerns applications
to fractional neural network models evolving on arbitrary time scales.

5. An Illustrative Example

In this section, we present a concrete example illustrating the applicability of
Theorem 5.
Let
T=12, I, =[0,3]r = {0,1,2,3},

and consider the Banach space
E=1P,
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consisting of all square-summable real sequences equipped with the standard norm

o 1/2
x|z = <Z Ixn|2> :
n=1

O<a<l, r=1,

Assume that

and define
x(0) = x(t+90), 6el =[-1,0].

Thus, for every instant ¢, the state of the system depends not only on its current value
but also on its value one time unit earlier.
Consider the fractional retarded dynamic equation

CA*x(t) = f(t,xe), tel,

with the initial condition
x(6) = ¢(0), 0 e l,.

Define the linear operator
A2 12

by

A(ylryZI-“) - (%, %, %,)

The operator A is compact since its diagonal coefficients converge to zero. Conse-
quently, it maps bounded sets into relatively compact subsets of /2, which plays an essential
role in verifying the assumptions involving the De Blasi measure of weak noncompactness.

Next, define the forcing term

(t) _ sint sint sint
g - 2/22/23/--~/

which is a bounded vector-valued function on the finite time scale interval I,.
Finally, let

flt,p) = Asin((p(—1),e1))Ap(—1) +g(t), 0<A<I,

where
e1 =(1,0,0,...)

denotes the first element of the canonical basis of 2.
Notice that

(W(=1),e1) = ¥1(-1),

that is, the scalar product simply extracts the first coordinate of the delayed state. Hence,
the nonlinear coefficient

sin((y(—1),e1))

depends only on the first component of the previous state and remains uniformly bounded
by one. Therefore, the nonlinearity introduces a bounded state-dependent feedback without
affecting the growth properties of the operator.

The corresponding fractional retarded dynamic equation takes the form

SA%x(t) = Asin((x(t —1),e1)) Ax(t — 1) + g(t).
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The presence of the term x(f — 1) models an explicit delay, meaning that the evolution
of the system at time t depends on its previous state, while the fractional Caputo derivative
describes hereditary effects distributed over the whole history of the process. Consequently,
the equation combines two independent mechanisms of memory within a single hybrid
continuous—discrete framework.

Since the interval I, is finite, every E-valued mapping defined on I, is A-HKP-
integrable. Therefore, for every fixed history function ¢, the mapping

t— f(t¢)

is A-HKP-integrable.
Assume now that
Yy, — ¢ weaklyin C(I,, E).

Then,
PYn(—1) = p(—1) weaklyin E.

Since the operator A is compact, it transforms weakly convergent sequences into
strongly convergent ones. Moreover, the scalar function

y — sin((y,e1))

is continuous because the mapping

y— (y,e1)

is a continuous linear functional on 2.
Hence, for every t € I,,

f(tn) = f(E9).

This proves that f (¢, -) is weakly-weakly sequentially continuous.
Furthermore, for every bounded set X C E, the image A(X) is relatively weakly
compact, implying

B(A(X)) =0.

Since the set g(I,) is finite, it is relatively compact as well; therefore,

B(g(la)) = 0.

Consequently,

B(f(la, X)) = 0 < LB(X),

for every bounded subset X C E, where L > 0 is arbitrary.

Finally, if
L /t(t —s)" tAs <1
I'(w) Jo '

then all assumptions of Theorem 5 are fulfilled.
Therefore, the fractional retarded dynamic equation

SAx(t) = Asin((x(t —1),e1)) Ax(t — 1) + g(t)
admits at least one pseudosolution on some interval

I. = [0,¢|T, 0<c<3.
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This example represents an infinite-dimensional nonlinear delayed dynamical system
in which the future evolution depends simultaneously on explicit delays and hereditary
effects described by the fractional derivative. The compact operator A models dissipative
interactions between infinitely many components of the state vector, while the bounded
nonlinear factor provides a state-dependent feedback mechanism. Consequently, the
example demonstrates that Theorem 5 applies to genuinely nonlinear fractional retarded
dynamic equations on time scales formulated in Banach spaces.

6. Numerical Illustration

To complement the abstract existence result with a transparent numerical example, we
consider the scalar case E = R. This choice is fully consistent with Theorem 5, since R is a
Banach space, and it permits a direct visualization of the solution trajectories. The purpose
of this example is illustrative rather than being used to reproduce the full generality of the
weak topological setting. Consider the Caputo fractional delay differential equation

SD*x(t) = —05x(t — 7) +sint,  t>0,
subject to the history condition
x(t) =1, te[-7,0].

The problem was solved on the interval [0, 10] by the fractional Adams—Bashforth—
Moulton predictor—corrector with the a step size & = 0.01. This predictor-corrector algo-
rithm is one of the standard numerical methods for Caputo fractional differential equations
and has been widely used in the literature [43]. At off-grid delayed arguments, the previ-
ously computed numerical solution was evaluated by linear interpolation. The calculations
and plots were prepared in R; the complete script is supplied separately. To separately
illustrate the influence of the fractional order and the delay parameter, two independent
numerical experiments were performed. First, the delay was fixed at T = 1 and the com-
putations were repeated for « = 0.6,0.8, and 1. The resulting trajectories are presented in
Figure 1.

Influence of the fractional order

1.54

1.0 1

0.5 1

0.0 1

®(t)

—0.5 1

=1.04

Figure 1. Numerical trajectories for T = 1 and different values of the fractional order «.

It can be observed that decreasing the fractional order produces a smoother system
response and modifies both the phase and amplitude of oscillations. This behavior reflects
the long-memory property of the Caputo fractional derivative: the present state depends
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on the entire history of the solution rather than only on its instantaneous value [44].
Consequently, the dynamics differ noticeably from the classical case a = 1, illustrating the
influence of hereditary effects predicted by the theoretical model. Next, the fractional order
was fixed at @ = 0.8, and the delay was varied over T = 0,0.5, and 1. Figure 2 shows the
corresponding numerical trajectories.

Influence of the delay

1.5 1

1.0 4

0.5 1

®(t)

0.0 1

=1.04

Figure 2. Numerical trajectories for « = 0.8 and different delay values 7.

Figure 2 demonstrates the influence of the delay parameter on the system trajectory.
Increasing the delay changes the interaction between the current and past states, leading
to visible phase shifts and modifications of the oscillation amplitude. This confirms that
the delay term introduces an additional memory mechanism independent of the fractional
derivative, and that both effects jointly determine the qualitative behavior of the solution.
Although the numerical experiment concerns a scalar equation and does not constitute a
proof of the abstract theorem, it illustrates a finite-dimensional case covered by the general
theory and demonstrates how the parameters & and 7 influence an admissible solution
trajectory. The numerical results are fully consistent with the theoretical analysis and
provide a visual illustration of the existence result established in Theorem 5.

7. Conclusions and Future Research
The main contributions of this paper can be summarized as follows:

1.  We established an existence theorem for pseudosolutions of fractional retarded dy-
namic equations on arbitrary time scales by combining the A-Henstock-Kurzweil-
Pettis integral, the De Blasi measure of weak noncompactness, and Kubiaczyk's fixed
point theorem.

2. We developed a unified analytical framework that simultaneously incorporates frac-
tional dynamics, explicit delay, arbitrary time scales, generalized integration, and
weak topological methods, thereby integrating several research directions that have
previously been investigated separately.

3.  The obtained existence theorem is formulated under relatively weak assumptions.
In particular, compactness of the solution operator is not required; instead, weak
sequential continuity together with a condensing-type estimate expressed via the De
Blasi measure of weak noncompactness is sufficient.

4. The use of the A-Henstock-Kurzweil-Pettis integral enlarges the class of admissible
vector-valued nonlinear operators compared with approaches based on classical
Bochner or Pettis integration.
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5. The theoretical analysis is complemented by both an infinite-dimensional example
illustrating the applicability of the assumptions of the main theorem and a numer-
ical illustration demonstrating the influence of the fractional order and the delay
parameter on the behavior of solution trajectories.

6.  Consequently, the proposed framework provides a unified analytical basis for study-
ing hereditary systems evolving on continuous, discrete, quantum, and hybrid
time scales.

Although the present paper establishes a general existence theory for fractional re-
tarded dynamic equations on arbitrary time scales, several important questions remain
open. Future research may focus on the following directions:

1. Establishing uniqueness, continuous dependence on initial data, and stability results
under appropriate Lipschitz-type assumptions;

2. Extending the theory to stochastic, impulsive, neutral, variable-order, and set-valued
fractional dynamic equations on time scales;

3. Investigating controllability, stabilization, observer design, and optimal control prob-
lems within the proposed weak topological framework;

4. Developing numerical methods together with convergence and error analyses for the
considered class of equations;

5. Studying applications to fractional neural networks, cyber-physical systems, and
other delayed dynamical models evolving on arbitrary time scales;

6.  Deriving the assumptions of uniform ACG* regularity and equicontinuity directly
from natural conditions imposed on the nonlinear operator.
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