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Abstract

The main aim of this work is to introduce the notion of a tvs-valued cone suprametric
space,which unifies and generalizes cone suprametric spaces, tvs-valued cone metric spaces,
and cone metric spaces, and to establish new fixed point theorems for single-valued and
multivalued generalized contractive mappings within this framework. The presented
results extend and unify some well-known outcomes available in the existing literature. To
demonstrate the applicability and significance of the proposed theory, a number of illustra-
tive examples are provided. In addition, the obtained fixed point results are employed to
investigate the existence of solutions for a Caputo fractional differential equation as well as
a Volterra—Fredholm integral equation.
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1. Introduction

Fixed point (FP) theory is a well-established and influential branch of mathematics,
widely recognized for its applications across various scientific and engineering fields.
The concept of metric spaces (MSs), which serves as a cornerstone for FP theory, was
first introduced by M. Fréchet in 1906, providing a rigorous framework for analyzing

distances and convergence. This foundational idea has motivated extensive research into

W) Check for updates ‘ generalizations and extensions of MSs, leading to significant advancements in the study
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a BCP in partially ordered MSs by incorporating the order structure into the contractive
framework. Their result assumes monotonicity of the mapping and requires the contraction
condition only for comparable elements, leading to existence and uniqueness of FPs.
Subsequently, Nieto et al. [6] extended and refined these ideas and developed more general
FP theorems in partially ordered MSs by weakening certain assumptions, particularly
regarding continuity and monotonicity. Their framework proved especially effective in
treating ordinary differential equations, where existence and uniqueness of solutions were
obtained by transforming the problem into an ordered FP setting.

Meanwhile, Huang et al. [7] defined cone metric spaces (cone MSs) equipped with
normal cones, although similar ideas had appeared earlier in the literature. Their approach
relied on a partial ordering in a real Banach space induced by a cone, and they presented
key notions including convergence, completeness, and continuity, ultimately establishing
the BCP in this context. Building on these results, Rezapour et al. [8] showed that the
theorems remain valid even when the cone is not normal, representing a significant gen-
eralization. Later, Jankovi¢ et al. [9] provided a thorough review of cone MSs, helping to
consolidate the theoretical foundations of the field. Further developments by Cho et al. [10]
expanded the theory by introducing a generalized Hausdorff distance and establishing a
FP theorem for multivalued mappings. Subsequently, Cho et al. [11] extended these results
to multivalued mappings in cone MSs that satisfy Kannan-type contractive conditions.
Beg et al. [12] broadened the framework of cone MSs by putting forward topological
vector space (tvs)-valued cone MSs. Later, Azam et al. [13] further developed this concept
through the development of FP theorems for mappings subject to new contractive condi-
tions. Subsequently, Shatanawi et al. [14] reformulated the Hausdorff distance in the setting
of tvs-valued cone MSs with the solid cones and derived FP theorems for multivalued
mappings. Azam et al. [15] advanced this line of research by obtaining additional FP results
for multivalued mappings in tvs-valued cone MSs. Alzumi et al. [16] further strengthened
the concept of tvs-valued cone MSs by establishing new FP theorems for multivalued
mappings satisfying Kikkawa and Suzuki-type contractions. Additional results related to
this topic can be found in [17-21].

The concept of a suprametric space (SMS) was introduced by Berzig [22] as a general-
ization of the classical MS. A suprametric space is defined by relaxing the standard triangle
inequality and replacing it with a weaker inequality involving an additional multiplicative
term. This modification allows the distance function to exhibit non-linear behavior while
still preserving essential properties such as symmetry and the identity of indiscernibles.
Berzig [22] also constructed suprametrics in partially ordered vector spaces and employed
them to establish some FP theorems. For more details in this direction, we refer the readers
to [23,24].

The main aim of this paper is to introduce the notion of a tvs-valued cone SMS,
which unifies and generalizes cone SMSs, tvs-valued cone MSs, and cone MSs. Within
this unified framework, new FP theorems are established for both single-valued and
multivalued generalized contractive mappings. The obtained results extend and unify
several well-known FP theorems available in the existing literature. To demonstrate the
applicability and significance of the proposed theory, a number of illustrative examples are
presented. Furthermore, the developed FP results are applied to investigate the existence of
solutions for a Caputo fractional differential equation and a nonlinear Volterra—Fredholm
integral equation.

The remainder of this paper is organized as follows. Section 2 presents the fundamen-
tal definitions, preliminary concepts, and auxiliary results that are required throughout
the paper. Section 3 contains the main results and is divided into two subsections. In
Section 3.1, new FP theorems are established for single-valued self-mappings in fvs-valued
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cone SMSs, whereas Section 3.2 is devoted to FP results for multivalued mappings in the
same framework. Section 4 presents some consequences of the main theorems by deriving
corresponding FP results in cone SMSs, tvs-valued cone MSs, cone MSs, and SMSs. Section 5
is devoted to applications of the developed theory. Specifically, Section 5.1 establishes
the existence of solutions for a Caputo fractional differential equation, while Section 5.2
investigates the existence of solutions for a nonlinear Volterra—Fredholm integral equation
by employing the main FP results.

2. Preliminaries

In the current section, we recall the basic definitions, concepts, and results that will be
used across the research article. For the sake of clarity, we denote by N the set of natural
numbers, by R the set of all real numbers, and by R the set of positive real numbers.

Definition 1 ([12]). Let (E,t) always be a tvs with zero element 8 and P C [E be a subset. Then P
is called a cone if the following conditions hold:

(i) P isa nonempty, closed and P # {6};

(i)  for all ¢,x € P and for every pair of nonnegative real numbers a, b, the linear combination
ag + bx also belongs to P;

(iii) PN (—P)={6}.

Definition 2 ([12]). Let (E,t) always be a tvs with zero element 6 and let P C |E be a cone. The
cone P induces a partial order =< on I defined by

¢ 2« ifandonlyifx —¢ € P.
In this case, the pair (E,P) is called an ordered tvs. Furthermore, we write ¢ < x, whenever
¢ Xxandg #x
and ¢ <K x whenever
K —¢ € intP,

where intP denotes the interior of P. The cone P is called normal provided that the space E admits a
neighborhood base at 0 consisting entirely of order-convex sets. Finally, the cone P is called solid if
its interior is nonempty.

Definition 3 ([12]). Let ® # @, and consider (E,P) as an ordered tvs. Assume that the function
d : ® x O — E satisfies the following conditions:

(tvs) 0 < d(g,x)and d(g,x) =0 <= ¢ =x,
(tvsy) d(g,x) =d(x,q),
(tvss) d(g,x) 2 d(g,z) +d(z,%),

forall g, x,z € D, then (P, d) is called a tvs-valued cone MS.

Remark 1 ([12]). The concept of a cone MS can be viewed as a particular instance of a tvs-valued
cone MS when the underlying tvs [E is taken to be a real Banach space.

The concept of a SMS was introduced by Berzig in [22].

Definition 4 ([22]). Let ® # @, p > 0and d : ® x & — R U {0}. If the function d fulfills the
following properties:

(sms1) 0<d(g,«x)andd(c,x) =0<=¢=x,
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(smsp) d(g,x) =d(x,¢),
(sms3) d(g,x) <d(g,z)+d(z,x) + pd(c,z)d(z,x)
V¢, «,z € ®. Then, the pair (®,d) is called a SMS.
In this way, we define the notion of tvs-valued cone SMS.

Definition 5. Let ® # @, and let (E,T) be a tvs with a solid cone P C E. Assume further that E
is equipped with a continuous bilinear multiplication

- tExXE—E

making it a topological algebra, and that the cone satisfies P - P C P. Assume that the function
d : ® x © — E satisfies the following conditions:

(csmsy) 0 2 d(g,x)and d(g,x) =0 < ¢ =x,
(csmsy) d(g,x) =d(x,¢),
(csmsz) d(g,x) <d(g,z) +d(z,x)+ - [d(g z) - d(z,x)]

forall g,x,z € O, where o € P, then (D, d) is called a tvs-valued cone SMS.

Definition 6. Let (D, d) be a tvs-valued cone SMS over an ordered tvs (E,P). For any ¢ € ® and
0 < c € E, we define the open ball

B(g,c) ={x € ®:d(g,x) < c}.
The family
T={UCP:Vge U, I <K c < Esuchthat B(g,c) C U}

defines a topology on @, called the topology induced by the tvs-valued cone SMS.

e Ifp =0, condition (csmss) reduces to the standard triangle inequality
d(¢,x) 2 d(g,z) +d(z,x),

which is precisely the definition of a tvs-valued cone MS. Therefore, every tvs-valued cone MS
is a tvs-valued cone SMS, but the converse is not true in general.

* WhenE=R,P = [0,+0c0),and p € [0,+00) the definition reduces to the classical (real-
valued) SMS introduced by Berzig [22].

®  The algebraic structure of E is essential: without a well-defined multiplication on E, the term
d(g,z) - d(z,«) would not be meaningful. The condition P - P C P ensures that products of
cone elements remain in the cone, preserving the order structure.

Example 1. Let ® = {a,b,c}, E = R?, equipped with the usual vector addition and scalar
multiplication. Consider E as a topological algebra with the continuous bilinear multiplication
defined componentwise by

((:_;1/ Kl) ' (gZI KZ) = (gl(;ZIKlKZ)‘

Let
P=R; ={(¢x):cx >0},

which is the standard cone in E. Clearly, P - P C P. Choose
p=1(1,1) P
Defined : & x & — E by

d(a,a) =d(b,b) =d(c,c) = (0,0),

https:/ /doi.org/10.3390/ fractalfract10070498


https://doi.org/10.3390/fractalfract10070498

Fractal Fract. 2026, 10, 498

50f29

d(a,b) = d(b,a) = (;;)
d(a,c) =d(c,a) = (1,1),
d(b,c) =d(c,b) = (2,2).

Clearly,
(0,0) 2 d(g,x),

and
d(c,x) = (0,0) <= ¢ = «.

Hence (csmsq) holds. Also from the definition, we have

d(g 1) = d(x,¢),

so the condition (csmsy) is satisfied directly. Moreover, for the condition (csmss), the only nontrivial

case is
¢c=b k=c, z=a
Then
d(b,c) = (2,2),
while

d(b,a) +d(a,c) + pd(b,a) - d(a,c) — (; ;) (L) 4 (1,1) - K; ;) . (1,1)].

Since the algebra multiplication on R? is componentuwise,

CHRE)!

and thus 11 - -
o0 {(32) wn]=on-(33) = (22)
Therefore
d(bya)+d(a,c) + - [d(b,a) - d(ac)] — <;,;)+(1,1)+<§,§)
= (2,2).
Hence

d(b,c) <d(b,a)+d(a,c)+p-[d(b,a)-d(ac)].

All remaining cases are immediate. Therefore, (D, d) is a tvs-valued cone SMS. On the other hand,
in a tvs-valued cone MS, one requires

d(g,x) = d(g,z) +d(z,x).

However,
db,c) =(2,2),

whereas
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d(b,a)+d(a,c) = (2,2>—|—(1,1)

Since
222 (33):

which shows that the triangle inequality of tvs-valued cone MS fails. Hence, (®,d) is not a
tvs-valued cone MS.

Example 2. Let
® =C([0,1]), E=C([0,1]),

where [E is endowed with the usual operations of function addition and scalar multiplication.
Consider I as a topological algebra with the continuous bilinear multiplication defined pointwise by

(f-&)(t) = f(t)g(t), te[01].

Let
P={feE: f(t) >0, vVt [0,1]}.

Clearly, P-P C P. Let p(t) =c¢ >0, forall t € [0,1],s0 p € P. Defined : & x & — E by
d(f,8)(t) = |f(t) —g(t)|e', t € [0,1].

It is immediate that conditions (csmsy) and (csmsy) hold. For any f,g,h € ® and t € [0,1], we
obtain

f(t) —g(t)le!

f(t) = h(t)]e" + [n(t) — g (t)]e!

+el f(£) = h(B)[[h(t) — g(£)|e*

d(f,h)(8) +d(h,g)(t) + - [d(f, h)(t) -d(h,g)(1)],

d(f,8)(t)

IN

where the last term uses the pointwise multiplication in the algebra E. Hence

d(f,8) 2 d(f,h) +d(h,g) + - [d(fh)-d(hg)],
which verifies condition (csms3). Therefore, (®,d) is a tvs-valued cone SMS.

Definition 7. Let (®,d) be a tvs-valued cone SMS, ¢ € ® and {gy },>1 be a sequence in ®. Then

(i) {gn}n>1 converges to ¢ whenever for every ¢ € E with 0 < c there is a natural number N
such that
d(gn/ Q) <c

foralln > N. We denote this by
lim ¢y =g or ¢n— .

(ii) {gn}n>1 is a Cauchy sequence whenever for every ¢ € E with 6 < c there is a natural number
N such that
d(gi’lr Qm) <c

foralln,m > N.
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(iii) (®,d) is a complete tvs-valued cone SMS if every Cauchy sequence is convergent.

Motivated by [21], we state and prove the following lemma, which is fundamental for
proving the main results.

Lemma 1. Consider (®,d) as a tvs-valued cone SMS associated with a solid cone P within ordered
tvs . The subsequent properties will be frequently used directly or indirectly in the sequel.

(@) Foru,v,w € E,ifu < vandv < w, then it follows that u < w.

(b) Whenever u R vand v < w, then u < w, forall u,v,w € E.

(c) Foru,v,w € K, the relations u < v and v < w imply that u < w.

(d)  Suppose that @ < wand u < v for all v € IntP. Then it follows that u = 6.

(e) Ifu e Pandu = Au for some A € [0,1), then necessarily u = 6.

) Iffu,} C Eand u, — 6 asn — coand if v € intP, then there exists ny € N such that

U, L0
foralln > ny.
Proof. (a) Since u < v, we have
v —u € intP.
Since v < w, then
w—oveP.

Now
w—u=(w—-ov)+(v—u).

Because P + intP C intP, we obtain w — u € intP. Hence u < w.
(b) Since u < v, then
v—u € P.

Since v < w, so
w— v € intP.

Now
w—u=(w—-ov)+(v—u).

Again using P + intP C intP, we get that w — u € intP. Hence u < w.
(c) Suppose that u < v and v < w, then

v—u € intP and w — v € intP.

Now since
w—u=(w—-ov)+(v—u),

and intP + intP C intP, so we have w — u € intP. Hence u < w.
(d) Suppose u # 0. Then u € P\{6}. Since P is solid, intP # @, choose w € intP. For
sufficiently small ¢ > 0, let
v = tw € intP.

Since u < v, we have
v—u € intP.

On the other hand, for sufficiently small ¢ > 0, this is impossible unless u = 6. Hence we
conclude that
u=>90.

https:/ /doi.org/10.3390/ fractalfract10070498
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(e) From u < Au, we get that Au — u € P. Hence
—(1-MNu=A-1u=Au—uecP. (1)
Since u € P and P is a cone, we have
(1-MNuep, (2)

for (1 —A) > 0. By (1) and (2), we have
(1-ANuePand —(1—A)u eP.

It means
(1—-AueP and(1—A)uec —P.

Hence
(1-ANuePn(-P).

But P is a cone, so
PN (—=P) ={6}.
Hence (1 — A)u = 6. Since (1 — A) > 0, it follows that u = 6.

(f) Since v € intP, so the set v — intP is an open neighborhood of 6. Because {u, } — 6
as n — 0. So there exists ny € N such that

uy, € v—intP, foralln > ng.

Thus
v — Uy, € intP.

Hence u,, < v, foralln > nyg. O

3. Main Results

This section is devoted to establishing the main FP theorems in the framework of
tvs-valued cone SMSs. The obtained results provide sufficient conditions for the existence
and uniqueness of FPs for both single-valued and multivalued generalized contractive
mappings, thereby extending and unifying some well-known results in the existing litera-
ture. Throughout this section, we assume that [E is a topological algebra with a continuous
bilinear multiplication - : E x E — [E and a multiplicative identity 1g. The cone P C E is
assumed to be solid and satisfies P - P C P and (®,d) denotes a complete tvs-valued cone
SMS with a solid cone P.

3.1. Fixed Point Theorems for Self-Mappings

In this subsection, we establish some FP theorems for self-mappings in the context
of tvs-valued cone SMSs. The contractive condition employed in this study extends and
unifies classical contraction principles, including the Banach contraction and the Kannan
contraction, thereby providing a broader setting for the analysis of nonlinear operators.

Theorem 1. Let Q : & — ®. Suppose that there exist the constants 0q,02,03 € [0,1) with
01+ 0o + 03 < 1 such that

d(Qg, Qx) = o1d(g, «) + 02d(g, Q¢) + 03d(x, Qx), 3)

forall g,x € ®. Then Q has a unique FP.
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d(6n-1,6n)

Proof. Let gy € ® be an arbitrary element. Define a sequence {g,} such that

Cn+l1 = (O]

for all n € N. If there exists a natural number n* such that ¢,,+ = ¢;+11, then ¢+ is a FP of
the mapping Q. So we assume that ¢, # G,+1, for all n € N. Now by (3), we have

Ad(Gn,Gnr1) = d(Q6n-1,96n) = 1d(Gn-1,6n) + 02d(6n-1, Q5n—1) + 03d(Gn, Q5n)
1d(Gn-1,6n) + 02d(Gn—1,6n) + 03d(Gn, Gut1),

which further yields

o+ o0
d(gn, Qn+1) = ( 1 — 03

)d(gn_l,m — Ad(en_1rc), @

for all n € N. Similarly by (3), we have

d(9Q6n—2,96n-1) = 1d(Gn—2,6n-1) + 2d(cn—2, Q6n—2) + 03d(Gn—-1, Q5n—1)
01d(Gn—2,6n-1) + 02d(6n—2,6n—-1) + 03d(Gn—1,6n),
which implies

0+ 03
< 2——=
d(gn—lr g'rl) - < 1 _ 0_3

)d(Qangn—l) = Ad(Gn-2,6n-1), )
for all n € N. Then by (4) and (5), we have

d(GnsGnr1) 2 Ad(Gu—1,6n) = /\zd(gnle Gn-1),
for all n € N. Continuing in this way, we get
d(Gn Gnr1) 2 Ad(gn-1,6n) = -+ 2 A"d(g0,61), (6)

for all n € N. For m > n, using (csmsgz) repeatedly, we obtain

d(gn,Gm) = d(Gn Gny1) +d(Gnr1,6m) + 0 [A(Gn, Gnt1) - d(Gnr1, Gm)]
d(Gn,Gns1) + (g + 9 - d(Gn, Gnr1)) - A(Gnt1, Gm)- 7)

Applying the triangle inequality (csms3) once again to d(¢,+1,Gm), we get

A(Gnt1,6m) = A(Gnr1,Gnv2) +A(Gnr2,6m) + © - [A(Gnt1,Gnt2) - A(Gnr2s Gm)]
= d(Gut1,6n42) + (Ig + © - d(Gn+1,6n+2)) - A(Gnt2,Gm)-

Proceeding similarly for the subsequent terms, we have

A(Gny2,6m) = d(Gni2,6n43) +A(Gny3,6m) + @ - [d(Gnt2,6n+3) - A(Gnt3,Gm)]
= d(€n+2/€n+3) + (1E + - d(€n+2/ €n+3)) : d(€n+3/€m)-

Continuing this recursive process, we obtain

dem-2,6m) = d(Gm-2,6m-1) +d(Gm-1,6m) + 9 [A(Gm-2,Gm—1) - A(Gm-1,6m)]
d(gmle Qm—l) + (1]E + [ d(Gmfz, Qm—l)) : d(gm—l/ Qm)'

https://doi.org/10.3390/ fractalfract10070498
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By successively substituting each inequality into its predecessor in (7) and simplifying,

we derive . o
m— _

d(gn6m) = Y. d(spcrs) - [ [(E +9-d (g 6j41)),
k=n j=n

where all products are taken in the topological algebra [E. Using inequality (6), it follows that

m—1 k—1 .
d(cncm) = Y, A¥d(co,61) - H(llE +p- )\]d(GO,Gl))- (8)

k=n j=n

Define

uj =g -Md(co,61) € P.
Since A € [0,1) and d(go,61) € P, the sequence u j converges to 6 in E. Moreover, the series
[ee]

Y uj converges in the order-topological sense because
j=0

converges in R and K is a topological algebra with continuous multiplication, ensuring that
products of convergent sequences converge. Therefore, the infinite product

o)

[1(& +u))

j=n
converges in [E to some element. Consequently, the partial products
k-1
[1(E+w)
j=n
are uniformly bounded in E. Moreover,
k-1
[T +u)) = 1gasn — oo,

=

uniformly in k > n. Hence, there exists M € E, with 6 < M, such that

k—1
[TO+u) =M, Vk>n )
j=n
Using (9) in (8), we obtain
m—1 P
d(Gn om) = M-d(go,61)- ), A
k=n
Since
mZ—:1 Ak Al
= 1-A
we conclude
My
A(Gn, gm) = -1 - A"d(Go,61)- (10)
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Let c € E with ¢ > 0. Since A" — 0, from (10) there exists N € N such that
M o
=3 -A*d(go,¢1) < ¢, foralln > N.
Thus, forallm >n > N,
d(gn, cm) < c.

This shows that {,} is a Cauchy sequence in the tvs-valued cone SMS (P, d). The complete-
ness of ® implies the existence of ¢* such that ¢, — ¢* € ®asn — oo.

. %
A, 6 = 67

Thus,

d(¢*, Qg") d(¢", 6nt1) +d(6n+1,Q6") + 9 - [d(6", 6ni1) - d(gni1, Q6")]
d(¢", 6nt1) +d(Q6n, Q6™) + o+ [d(6", gnr1) - d(Qgn, Qc™)]
d(6*, ¢ny1) +01d(Gn, 6*) + 02d(Gn, Qgn) + 03d (", Qg™)

0 [d(¢" ¢ny1) - {o1d(Gn, 6*) + 02d(Gn, Qon) + 03d(¢*, Q¢™) }]
d(6*, ¢ny1) +01d(Gn, 6*) + 02d(Gn, Gnr1) +03d(c*, Qg™)

+ - [d(6", Gns1) - {01d(Gn, 67) + 02d(Gn, Guy1) + 03d (57, Q™) }].

PN

Since ¢, — ¢* in (P, d), it follows that

d(¢*,¢ne1) — 0, d(gn,¢*) =0, d(gn,Gni1) — 0

asn — oo. Let ¢ € E with ¢ > 6. Since P is a solid cone, convergence is characterized in the
order-topological sense. Hence, there exists N € N such that foralln > N,

d(g*/ Qn+l) <, d(Gn/ Q*) <gc d(gn/ gfl-'r]) <c.

Using the continuity of vector addition and multiplication in the ordered tvs E, and passing
to the limit as n — oo in the above inequality, we obtain

d(¢", Qc™) X aad(g", Qc™).
Since 0 < 03 < 1, we have
(1g — o31g) - d(¢", Q¢7) < 0.
Since (1g — 031g) € int Pand d(¢*, Q¢*) € P, their product belongs to P. The cone property
PN (—P) = {6}

implies
(1g — o31g) - d(¢", Q¢) = 6.

Since (1g — o3lg) is invertible, it follows that
d(¢*, Qg”) = 6.

By condition (csms; ), we conclude that
Qg* — g*‘
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Therefore, ¢* is a FP of the mapping Q. Assume that there exists another FP ¢/ of Q, that is,
Q¢/ = ¢/ but¢* # ¢/. Then by (3), we have

d(g*,¢/) = d(Q¢*, Q¢’) = cd(c*,¢) + cad(c*, Q¢*) + o3d (¢, Q¢’)
o1d(c*,¢/).

Thus
(1E — 0'11[E) . d(g*,g/) j 0.

Since (1g — 011g) € int P and d(¢*,¢/) € P, their product belongs to P. The cone property
Pn(=P) = {0}

implies
(g —o11g) - d(",¢/) = 6.

Since (1g — 0q1g) is invertible, it follows that
d(¢*,¢/) = 6.
Thus¢* =¢/. O
Corollary 1. Let Q : & — ®. Suppose that there exists o € [0,1) such that
d(Qg, Qx) = vd(g, k)
forall g,x € ®. Then Q has a unique FP.
Proof. Take 07 = 0 and 0» = 05 = 0in Theorem 1. [J
Corollary 2. Let Q : & — ®. Suppose that there exists o € [0, 3) such that
4(Q¢, OK) = o(d(g, Qg) + d(x, Q)
forall g,x € ®. Then Q has a unique FP.
Proof. Take 0y = 0 and 0 = 03 = ¢ in Theorem 1. [J
Example 3. Let ® be the upper half of the unit circle in the complex plane, that is,
@:{eiQ:OSGSH},

where,
e = cos(0) +isin(6).

Let
E = C[0, 7],

the space of continuous real-valued functions on [0, 7|, with the supremum norm

£l = sup}lf(f)l

tel0,

So this is a Banach space. Define the cone
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P =

{feE:f(t) >0, forallt € [0,7]},

Then P is a solid cone with nonempty interior

int(P)

={feE:f(t) >0, forallt € [0, 7]}

Consider I as a topological algebra with the continuous bilinear multiplication defined pointwise by

Clearly, P-P C P. Let p(t)
d:dxP—Eby

()

where 0 < t < 7t. Then (®,d)

for 6 € [0, it]. For any ¢ = €%

Using the inequality

we obtain

Thus

Also, from

and
foru € [0, 7). So

Hence

:F

(f-&)(t) = f(t)g(t), t €07

= ¢/, forall t € [0,7], then € P and o # 6. Define

= \/(cos(Bl) — c0s(6,))? + (sin(6;) —sin(6,))? - '

01 _ it | ot

is a complete tvs-valued cone SMS. Define Q : & — & by
o) ( eie) — .5

L,k = €% € @, we have

ﬁ Gl ¢
d(Qg, Qx)(t) = |e'2 —e' T |e'.
L _eiﬁ < |tx —,8|,

0 0 1
617] —6172 < 7|91 — 92|.
2
19—1 ie—2 t
d(Qg, Qx)(f) = |é2 —e'Tle
1
< Sl -6l (11)
e — ¢f02] — 2gin 01— 2]
2
sinu > —
. . 2
6191 —6192 > 7|91 — 92|.
s
|61 — 62| < g e — el

Substituting this fact in inequality (11), we have
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1
4(Qc, Qe)(1) < 5161 —bale’
1 my; i
< _. 19] 192 t
s 5 ze e’2le
= Zdle ()

Thus in the cone order, -
d(Qg, Q) = d(g,x).

Taking o = §,00 = 03 = 0 gives 01 + 02 + 03 = § < 1. Thus all the conditions of Theorem 1
are satisfied and ¢* = €' = 1 is a unique FP of Q.

3.2. Fixed Point Results for Multivalued Mappings

In this subsection, we establish FP results for multivalued mappings in the framework
of tvs-valued cone SMSs. To attain this target, we define a generalized Hausdorff distance
function in tvs-valued cone SMSs and establish new FP theorems. These results broaden
the scope of FP theory in tvs—valued environments and provide a foundation for further
applications to nonlinear operator equations. In what follows, (®, d) represents a complete
tvs-valued cone SMS equipped with a solid cone P in ordered locally convex space E.

Let 2% and CB(®) represent the collection of all non-empty subsets (respectively,
closed and bounded subsets) of a subset of a fvs-valued cone SMSs. Let (®,d) be a tvs-
valued cone SMS with a solid cone P C E, where E is a topological algebra. Here, a subset
Q C @ is considered closed if, for each sequence {¢,} C Q,Vn € N such that ¢, — ¢, the
limit ¢ also belongs to (). A subset (2 C @ is called bounded if there exists an element
@ € P such that

d(g,x) 2 @,

for all g, x € Q). In other words, all distances between points in () are bounded above by a
fixed element of the cone P. Now, let us define a function s : E — E by

s(p)={q€E: p=q}

forp € E, and
O)= Us(d = U E:d =
s(c, Q) KGQS( (¢, %)) er{Z € (¢,x) 2z}

for¢ € ®and Q € 2°.
For 1, )y € CB(®), we define the generalized Hausdorff distance in this way

O, 0) = ,Q N ,01) ).
s(0,00) = (1 56,09 )17 st
Remark 2. IfE = Rand P = [0,+), then (®,d) is a SMS. Moreover, for A,B € CB(®),

we have
H(A,B) =infs(A, B)

is the Hausdorff distance induced by d. Also,

s({g} {x}) = s(d(g,x))

forall g, x € .

Theorem 2. Let Q, W : ® — CB(®). Suppose that there exists o € [0,1) such that

od(g, k) € s(Qg, Wk) (12)
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forall g,k € . Then there exists ¢* € ® such that ¢* € Q¢* N Wg*.

Proof. Let gy € ® be an arbitrary element. Since Qg € CB(®), Qg is non-empty, so that
there exists some ¢ € Qgp. By (12), we have [

od(co,61) € s(Q6o, We1).

By the definition of s(Qgo, Wg1), we have

od(go,61) € ( N S(G/W€1)> m( N S(Q,ng)),

€960 cEWG

which implies that

od(go,¢1) € ( N S(QWGQ)

6€9¢0

which further yields
od(go,61) € s(g, Wer), forallg € Qgp.

Since g1 € Qgp, so we have
od(go,61) € s(61, We1).

By the definition of s(g, W¢1), we have

od(go,61) €s(c1. We1) = |J s(d(s1,6))-
GEWG

So there exists some ¢, € Wgy such that
od(go,61) € s(d(c1,62))-
Thus by the definition, we have
d(¢1,62) = od(go, 61)- (13)
Then by (12), we have
0d(61,62) = 0d(62,61) € 5(Q62, We1) = s(We1, Q62).
By the definition of s(Wg1, Q¢»), we have

0d(61,62) € ( N S(g,ng)) ﬂ( N S(G/WQ1)>,

cEWG, ¢€Qcn

which implies that

GEWG

0d(¢1,62) € ( N s Q(;z)),

which further yields
0d(61,62) € s(g, Qg2), forallg € We;.

Since ¢» € Wg1, so we have
0d(61,62) € s(2, Qg2).
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By the definition, we have
0d(g1,62) € s(62,Qc2) = |J s(d(g2,6))-
c€9¢>
so there exists some ¢3 € Qgy such that
od(g1,62) € 5(d(62,63))-
Thus by the definition, we have
d(g2,63) = 0d(c1,62). (14)
Using (14) in (13), we have
d(c2,¢3) = 0d(61,62) = 0?d(go, 61)-
Continuing this procedure we can construct a sequence {g, } in ® such that
Gon+1 € Q62 , Gont2 € Weant1
and
d(G2n, Gan+1) = 0d(Gan—1,62n) (15)
d(Gan+1,6an+2) = 0d(Gon, Gant1)- (16)
From (15) and (16), we can conclude that
d(gn,gn+1) 2 0d(Gn-1,6n), (17)

which further implies

d(Gn, Gni1) = 0d(u_1,6n) 2 2d(Gn2,6n 1) = . < 0"d(go,61)

for all n € N. By employing arguments analogous to those used in the proof of Theorem 1
(with the topological algebra structure and the continuity of multiplication), we conclude
that {¢, } is a Cauchy sequence in ®. Since ® is complete, there exists ¢* € ® such that
¢n — ¢*. Let ¢ > 6. Since P is solid, choose ¢; > 6 and N(c1) € N such that

d(c*, cont1) < c1, d(Gon,¢*) K cpand d(¢*, 6on—1) K 1, (18)

and
cgtoa+p-(oc-c)<Lc,

for n > N(cp). From (12), we have

0d(gan, ") € s(Qgan, We™).

By the definition of s(Qg2,, W¢*), we obtain

U'd(GanQ*)E( N S(QrWQ*))ﬂ( N S(QIQGZn))/

€96 GEWG*

which implies that
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(Td(gzn,g*)E( N S(G/WQ*)>,

[8S QQZn

which further yields
0d(2n, ") € 5(¢,Wg™), forallg € Qgap.

Since ¢o,11 € QGoy, SO we have

0d(62n,6") € s(Gant1, WG™).

By the definition, we have

0d(Gon,¢*) € 5(cons1, We*) = |J s(d(cant1,6))-
cEWG*

so there exists some u, € W¢* such that

Ud(Qan Q*) € S(d(§2n+1/ ”n))-

and thus
d(§2n+1/ un) = Ud(QZn/ Q*)-

Now, using (csms3) with the algebra multiplication,

d(¢*, un) d(6", Gant1) +d(Gans1,tn) + 9 - [d(6", Gany1) - d(G2nr1, tn)]
d(¢*, Gont1) +0d(con, %) + 9 - [0d(¢™, Gont1) - d(G2n, G7)]

L cgtoa+p-(og-a)<Lec.

=
=

Thus d(¢*, u,) — 6, and since W¢* is closed, so we conclude
¢ e W¢*.
From the contractive condition (12), we have
od(¢*, an-1) €5(Q¢", Wgaun-1)-
By the definition of s(Q¢*, Wg¢2,—1), we obtain
od(¢", gon-1) € ( M s(s Wgzn_l)) N ( N sl Qg*)),
c€Qg* CEWG2—1

which further yields

Ud(g*,gznl)e( N S(Q,QQ*))

6EWGon-1

that is,
od(¢*, gan—1) € s(g, Q¢*), forall g € Wgo,_1.

Since G2, € Wg¢o, 1, so we have

Ud(g*/ 921171) € S(QZn/ Qg*)
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By the definition of s(g2,, Q¢*), we have

od(¢*, 6on-1) €5(62n, 2¢*) = |J s(d(g2n,6))
c€Qc*

so there exists some v, € Q¢* such that

od(¢*,an-1) € s(d(Gan,vn)).

and thus
d(an/ Un) = Ud(g*, €2n71)-

Now, using (csms3) with the algebra multiplication,

d(g", vn) d(¢", Gan) +d(Gan,vn) + o - [d(", 62n) - d(G2n, Vn)]

=
= d(¢", 6on) +0d(¢", Gon—1) + 9 [0d(¢",62n) - A(S™, G2n—1)]
< C1+0’C1+30'(0'C1'C1)<<C.

Thus d(¢*, v,) — 6, and since Q¢* is closed, so we conclude
¢* e Qg
Hence ¢* is a CFP of Q and W.

Example 4. Consider the interval ® = [0,1], and let E =C([0,1]), the space of all real-valued
continuous functions on ®, equipped with the supremum norm

1flleo = Sup}lf(f)l

te[0,1

So this is a Banach space. Consider IE as a topological algebra with the continuous bilinear multipli-
cation defined pointwise by

(f-8)(t) = f(B)g(t), te[0,1].

Define the cone
P={feE:f(t)>0, forallt € [0,1]},

Then P is a solid cone with nonempty interior
int(P) ={fe€kE: f(t) >0, forallt € [0,1]}.

Clearly, P- P C P. Let p(t) = ¢!, forall t € [0,1], s0 p = e' € P. Equipped with the usual
operations of function addition and scalar multiplication, E becomes a vs over the field of R. In
particular, for g, x € ® and a € R, the operations are defined by

(6 +x)(t) = ¢(t) +x(t)

and
(ag)(t) = ag(t).

Let T denote the finest locally convex topology on E. Endowed with this topology, the pair (®, T)
becomes a tvs that is neither normable nor metrizable. Define a mapping d : & x ® — E by

(d(g,%))(t) = |g — x|e".
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Consequently, (®,d) constitutes a tvs-valued cone SMS. Now define the multivalued mappings
Q: D — CB(P) by
_ o5 —lo, =
Qc = 053 We = [o.55.
Clearly, for every ¢ € @, both Qg and Wg are nonempty,closed and bounded subsets of ®. Let
¢,k € ®. Without loss of generality, assume that ¢ > x. For any u € Qg, define

. K
v = min{u, — .
1 { 12} S WK
Then two cases arise.
e Ifu < {5, then v = u and therefore
lu—v| =6.

e Ifu> {5, thenv = {5, and hence

K _ ¢ k _ |g—x
— f— - < L - = _
u—vl=u-p <o n 12

Therefore, in both cases,

—K
w—o| < Iglz |
Consequently,
A, 0)(8) = |u—olet < C= ot = Lare o p).
12 12
Since 1 1
SdleR)(0) < (e n)(0),

it follows that
1
Ed(g, k) € s(Qg, Wrk).

The same conclusion is obtained when x > ¢. Hence,
1
Ed(g, k) € s(Qg, Wk).

Thus the condition
od(g,x) € s(Qg, Wk)

is satisfied for all g, x € ®. Finally,
Q0N W0 = {0},

which implies that 0 € Q0 N WO. Hence ¢* = 0 € ® is a common FP of the multivalued
mappings Q and V.

Corollary 3. Let Q : & — CB(®P). Suppose that there exists o € [0,1) such that

od(g, ) € s(Qg, Q)
forall g,k € ®. Then there exists ¢* € ® such that ¢* € Qg*.

4. Consequences

In this section, we derive several important consequences of our main theorems by
specializing the underlying space E and the suprametric parameter p. These consequences
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recover and unify various known FP results from the literature, including classical Banach
contractions, Kannan contractions, and their multivalued analogues in the settings of cone
MSs, SMSs, and tvs-valued cone MSs.

4.1. Fixed Point Analysis in Cone Suprametric Spaces

When the topological algebra [ is taken to be a Banach algebra (such as E = R or
E =CJ0, 1]) with a solid cone P, the tvs-valued cone SMS reduces to a cone SMS. Throughout
this subsection, (®, d) denotes a complete cone SMS with a solid cone P in a Banach algebra
E, and p € P is a fixed element. The following result is a direct consequence of Theorem 1.

Corollary 4. Let Q : ® — ®. Suppose that there exist o1, 09,03 € [0,1) such that
oq+o+o3<l1

and
d(Qg, Qx) = d(g, k) + 02d (g, Q) + 03d(x, Qx)

forall g,x € ®. Then Q admits a unique FP.
Corollary 5. Let Q : & — ®. Suppose that there exist o € [0,1) such that
d(Qg, Qr) = od(g, x)

forall g, x € ®. Then there exists ¢* € ® such that ¢* = Qg*.

Proof. Set oy = 0 and 03 = 03 = 0in Corollary 4. O

Corollary 6. Let Q : & — . Suppose that there exist o € [0, 1) such that
d(Qg, Qr) < a(d(g, Qg) +d(x, Qx))

forall g,k € ®. Then there exists ¢* € ® such that ¢* = Qg*.

Proof. Take oy = 0 and 03 = 03 = 0 in Corollary 4. O

The following multivalued result follows immediately from Theorem 2.
Corollary 7. Let Q, WV : & — CB(®). Suppose that there exists o € [0,1) such that
od(g,x) € s(Qg, Wk)
forall g,k € ®. Then there exists ¢* € ® such that ¢* € Q¢* N Wc*.
Corollary 8. Let Q : & — CB(®P). Suppose that there exists o € [0,1) such that
od(g,x) € s(Qg, Qxk),
forall g,k € ®. Then there exists ¢* € O such that ¢* € Qg*.

Proof. Take W = Q in the above Corollary. [

4.2. Fixed Point Results in tvs-Valued Cone Metric Spaces

If we set p = 6 (the zero element of [E) in Definition 5, the suprametric term vanishes,
and the tvs-valued cone SMS framework simplifies to a tvs-valued cone MS. Assume
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throughout that (®,d) denotes a complete tvs-valued cone MS associated with a solid cone
P in an ordered topological algebra E.
The following results are direct consequences of Theorem 1 with p = 0.

Corollary 9. Let Q : & — ®. Suppose that there exist o1, 09,03 € [0,1) such that
d(Qg, Qr) = od(g, x) + 02 (g, Qg) + 03d (x, Qx)
forall g,x € ®. Then Q admits a unique FP.
Corollary 10. Let Q : & — . Suppose that there exists o € [0,1) such that
d(Qg, Qx) = od(g, k)
forall g,k € ®. Then there exists ¢* € ® such that ¢* € Q¢*.
Proof. Set oy = o and 03 = 03 = 0 in Corollary 9. O
Corollary 11. Let Q : & — ®. Suppose that there exists o € [0, %) such that
d(Qg, Q) < o(d(g, Q) +d(x, Cx))
forall g,k € ®. Then there exists ¢* € ® such that ¢* = Qg*.

Proof. Set ry = 0 and 0» = 03 = ¢ in Corollary 9. O

Restricting the notion of a tvs-valued cone SMS to a tvs-valued cone MS, we obtain the
following result as a direct consequence of Theorem 2.

Corollary 12. Let Q, W : ® — CB(®). Suppose that there exists o € [0,1) such that
od(g, ) € s(Qg, Wk)

forall g,x € ®. Then Q and W admits a CFP.

Corollary 13. Let Q : ® — CB(®). Suppose that there exists o € [0,1) such that
od(g,x) € s(Qg, Qx),

forall g,x € ®. Then Q admits a FP.

Proof. Take W = Q in above corollary. [

4.3. Existence of Fixed Points in Cone Metric Spaces

When the underlying tvs is a Banach space (not necessarily a Banach algebra) and
g = 0, the tvs-valued cone SMS framework coincides with a cone MS introduced by Huang
et al. [7]. Unless otherwise stated, (®,d) denotes a complete cone MS over a solid cone P in
a Banach space E. The next result follows straightforwardly from Theorem 1 with ¢ =0
and E a Banach space.

Corollary 14. Let Q : & — . Suppose that there exist 01,02,03 € [0,1) such that

d(Qg, Q) = c1d(g, k) + 02d(g, Qg) + o3d(x, Ox)

https:/ /doi.org/10.3390/ fractalfract10070498


https://doi.org/10.3390/fractalfract10070498

Fractal Fract. 2026, 10, 498 22 of 29

forall g,x € ®. Then Q has a unique FP.

In this way, we derive the leading theorem (Theorem 2.3) of Rezapour et al. [8] from
the above corollary.

Corollary 15. ([7]) Let Q : & — ®. Suppose that there exists o € [0,1) such that
d(Qg, Q) = vd(g,x)

forall g,x € ®. Then Q has a unique FP.

Proof. By setting oy = ¢ and 0 = 03 = 0 in Corollary 14, we obtain the desired conclu-
sion. [

From Corollary 14, we immediately obtain the Kannan-type FP theorem (Theorem 2.6)
of Rezapour et al. [8].

Corollary 16. ([7]) Let Q : & — ®. Suppose that there exists o € [0, 3) such that
d(Qg, Qx) = o(d(g, Q) +d(x, Qx))
forall g,x € ®. Then Q has a unique FP.

Proof. The result follows by selecting o7 = 0 and setting 02 = 03 = ¢ in Corollary 14. O

By reducing the concept of a tvs-valued cone SMS to that of a cone MS, the following
result is obtained as an immediate consequence of Theorem 2.

Corollary 17. Let Q, W : ® — CB(®). Suppose that there exists o € [0,1) such that
od(g,x) € s(Qg, Wk)
forall g, x € ®. Then Q and W admit a CFP.
The next result corresponds to Corollary 2.3 in Cho et al. [10].
Corollary 18. ([10]) Let Q : ® — CB(®). Suppose that there exists o € [0,1) such that
od(g,x) € s(Qg, Qx),
forall g,k € ®. Then Q has a FP.

Proof. The result is obtained from the foregoing corollary upon identifying Q and W. O

4.4. Fixed Point Results in Suprametric Spaces

WhenE =R, P = [0,00), and p € [0, c0), the structure of tvs-valued cone SMS reduces
to a SMS. In this case, the order < becomes the usual order < on R, and the cone P is the
nonnegative real numbers. Within the subsection, (®, d) is regarded as a complete SMS.

The following results follow from Theorem 1 with E = R.

Corollary 19. Let Q : & — . Suppose that there exist 0q,02,03 € [0,1) such that

d(Qg, Qx) < oqd(g, «) + 02d(g, Qg) + 03d(x, k)

https:/ /doi.org/10.3390/ fractalfract10070498


https://doi.org/10.3390/fractalfract10070498

Fractal Fract. 2026, 10, 498

23 of 29

forall g,x € ®. Then Q has a unique FP.
We now derive Berzig’s principal result [22] directly from the above corollary.
Corollary 20. Let Q : & — . Suppose that there exists o € [0,1) such that
d(Qg, Qr) < od(g, k)
forall g,x € ®. Then Q has a unique FP.
Corollary 21. Let Q : & — ®. Suppose that there exists o € [0, 1) such that
d(Qg, Qr) < o(d(g, Qg) +d(x, Cx))
forall g,x € ®. Then Q has a unique FP.
From Remark 2 and Theorem 2, the following result immediately follows.
Corollary 22. Let Q, W : ® — CB(®). Suppose that there exists o € [0,1) such that
H(Qg, Wr) < od(g,x)
forall g,k € ®. Then there exists ¢* € ® such that ¢* € Q¢* N Wg*.
Corollary 23. Let Q : ® — CB(®P). Suppose that there exists o € [0,1) such that
H(Qg, Qx) < d(g,x),
forall g,k € ®. Then there exists ¢* € ® such that ¢* € Qg*.

5. Applications

This section illustrates the applicability of the developed FP framework in tvs-valued
cone SMSs to concrete mathematical models arising in applied analysis. By reformulating
differential and integral equations as operator equations in suitable function spaces, the
abstract results obtained earlier are employed to guarantee the existence and uniqueness
of solutions.

5.1. Solvability of Caputo Fractional Differential Equations

Fractional differential equations have attracted considerable attention in recent years
due to their ability to model memory and hereditary effects arising in various branches
of science and engineering, including viscoelasticity, control theory, fluid dynamics, and
biological systems. Among the several definitions of fractional derivatives, the Caputo frac-
tional derivative is particularly significant because it allows the incorporation of classical
initial conditions, making it more suitable for practical applications.

The existence and uniqueness of solutions to Caputo fractional differential equations
constitute a fundamental problem in fractional calculus. FP theory provides an effective
and powerful framework for addressing this problem, especially when classical analytical
techniques are not applicable. By reformulating a Caputo fractional differential equation
into an equivalent integral equation, one can study the associated operator in an appropriate
function space and apply suitable FP theorems to guarantee the solvability of the problem.

In this subsection, we employ the established FP results in the setting of a tvs-valued
cone SMS to investigate the existence of solutions for a Caputo fractional differential equa-
tion. The proposed approach not only ensures the existence of solutions under generalized
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contractive conditions but also extends several earlier results obtained in standard metric
and cone metric frameworks.
Consider the Caputo fractional differential equation of order « € (0,1)

Dic(t) = f(t.c(1)), t € [a,0] (19)

subject to the initial condition
¢(a) = co,

where f : [a,b] x R" — R" is a continuous function. It is well known that this problem is
equivalent to the fractional integral equation

t

c(t) = 6o+ a7 /(4= )" s cls)ds, £ € o]

Let @ = C([a, b], R") be the space of continuous functions from [a, b] to R". Let E =C[a, b]
with the supremum norm, which is a Banach algebra under pointwise multiplication

(f-8)(t) = f(H)g(t), t€[01].
Then E is a vector space over R under the following operations:
(6 +x)(t) = ¢(t) +x(t)

and
(ag)(t) = ag(t),

forallg,x € E, & € R. Let T be the strongest vector (locally convex) topology on . Then
(®, 7) is a tvs which is not normable and is not even metrizable. Define the cone

P={feE:f(t) >0, forallt € [0,1]},
which is solid with
int(P)={f €E: f(t) >0, forallt € [0,1]},

andd: ® x & — Eby
d(g,x)(t) = (g = xll)e’

Then (P, d) is a complete tvs-valued cone SMS. Define the operator Q : & — ® by

t
(Qg)(t) 1“(104/ (s,¢(s))ds, t € [a,b].

Assume the following conditions:

(i) There exists L > 0 such that for all

1£(s,6) = f(s, )| < Llig —]|-

(ii)
L(b—a)"

i) Y
Ta+1)
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Theorem 3. Under the above assumptions, the Caputo fractional differential equation admits a
unique solution in C([a, b], R").

Proof. For g,k € ®and t € [4,b], we have

1Q¢(t) — Qx()] = (5,6(s)) = f(s,x(s))]ds

INA
‘H

=) M f(s,6(5)) = f(5,x(s))|ds.

ol
oo

—

()
Using assumption (i), we obtain

196 = Qx| < g5 [ (6=l — (o) s

t

F(La)ng—m / (t—s)* Vds.

IN

Since
t

Je—ortas == o,

o

a

we get
19c() = @x(t)l < e~ < TS Pl = el

Taking supremum over ¢ € [a,]], we have

1Q¢ — Qxlloe < allg — |,

L(b—a)®
I'(a+1)

where 0 = . By assumption (ii), we get o € [0,1). Hence

Q¢ — Qx| < ollg — K| oo
Therefore, for all t € [a,b], we have
d(Qg, Ox)(t) = [|Q¢ — Ok |le' < allg — Kl = d(g, x) (1)

Thus, in the cone order,

d(Qg, Qx) < 7d(g, k).

All the conditions of Theorem (1) are satisfied with ¢ = 0y and 0, = 03 = 0. Therefore,
there exists a unique point ¢* € ® such that ¢* = Q¢*. Hence, ¢* is the unique solution of
the Caputo fractional differential equation. []

5.2. Existence Theory for Nonlinear Volterra—Fredholm Integral Equations

Integral equations of Volterra-Fredholm type play a significant role in the mathemat-
ical modeling of processes where present states depend simultaneously on past history
and cumulative spatial effects. Such equations frequently appear in diverse areas such as
epidemiology, economics, signal processing, and nonlinear mechanics. The presence of
both Volterra and Fredholm components introduces analytical complexity, which often
prevents the direct use of classical solution techniques.
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One effective strategy for overcoming these difficulties is to employ FP methods, which
allow the problem to be studied through the properties of an associated nonlinear operator.
By embedding the equation into an appropriate functional framework, FP theorems provide
sufficient conditions for the existence of solutions without requiring explicit formulas.

In this part of the work, the Volterra—Fredholm integral equation is examined within
the setting of a tvs-valued cone SMS. Using the FP results developed earlier, we establish
the existence of solutions under generalized contractive conditions. This approach not only
broadens the applicability of FP theory but also offers a unified method that encompasses
and extends several existing results in the literature.

This section is devoted to establishing an existence result for solutions of a Voterra-
Fredholm integral equation. Consider the nonlinear Volterra—Fredholm integral equation

t b
c(t) =g(t) +/K1(t,s,g(s)) +/K2(t,s,g(s))ds, t € [a,b], (20)

a

where ¢,g € ® = C([a,b],R"), K1, Ky : [a,b] x [a,b] x R" — R" are continuous functions.
Let E = C[a, b] with the supremum norm and pointwise multiplication, and let

P={feE:f(t) >0, forallt € [0,1]}.

The space (P, d) is defined as in the previous subsection.
Define the operator

b

(Qa)() = (1) + [ Kalt,sc(s) + [ Kalt,s,c(s))ds, t € [a,].

a

Assume the following conditions hold:

(H1) There exist the constants Lq, L, > 0 such that for all £,s € [a,b] and all ¢, x € R",
[Ki(ts,¢) — Ki(t,s,x)|| < Lillc —x|, i=1,2

(H2)
Li(b—a)+ Lo(b—a) < 1.

Theorem 4. Under assumptions (Hy)-(Hy), the Volterra—Fredholm integral Equation (20) admits
a unique solution in C([a, b], R").

Proof. For any ¢, « € ® and for all t € [a, b], we have

1Q¢(t) — k(D) = /[Kl(hS/G(S)) — Ku(t,s,x(s))]ds

b
| [ IKats,6()) = Kalt, s, x(s))ds

a

IN

JIKu(t5,6(5)) = Ka (t5,(s)) s
b

+ [1Ka(ts,6(5)) = Ka(t,5,x(5)) ds:
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Using assumption (Hp), we obtain

t b
19s(t) = (Ol < [ Lille(s) =x()lds + [ Lallg(s) = x(s)]lds

(Li(t —a) + La(b —a))[lc — x|l
(L1(b—a) + La(b — a))[|g — ¥l -

ININA

Taking supremum over t € [a,b], we get
1Q¢ — Qxlles < (La(b —a) + La(b — a))[|¢ — K[| -
Leto = (L1(b—a)+ Lp(b — a)). By assumption (H,), we have ¢ € [0,1). Hence
1Q¢ = Qrllee < ollg = xl|oo-

Therefore,
d(Qg, Qr)(t) = || Q¢ — Qx| o€ < 0llg — x| oe" = od(g, x)(t)

which means
d(Qg, Qx) < 0d(g, ).

Thus all the hypotheses of the FP Theorem (1) are satisfied with r; = cand o2 = 03 = 0.
Therefore, there exists a unique point ¢* € ® such that ¢* = Q¢*. Hence, ¢* is the unique
solution of the Volterra—Fredholm integral Equation (20). [

6. Conclusions

This paper introduced the notion of a tvs-valued cone SMS, which provides a unified
framework that encompasses cone SMSs, tvs-valued cone MSs, and cone MSs as particular
cases. Within this generalized setting, new FP theorems were established for both single-
valued and multivalued generalized contractive mappings. The proposed results not only
extend but also unify several well-known FP theorems available in the existing literature,
thereby broadening the scope of FP theory in generalized topological structures.

To demonstrate the effectiveness and applicability of the developed theory, some illus-
trative examples were presented, highlighting the novelty and usefulness of the established
results. Furthermore, the theoretical findings were successfully applied to investigate the
existence of solutions for a Caputo fractional differential equation and a Volterra—Fredholm
integral equation, illustrating that the proposed framework is not only of theoretical interest
but also serves as an effective analytical tool for studying nonlinear mathematical models
arising in applied sciences.

Opverall, the results obtained in this work contribute to the advancement of generalized
metric FP theory by providing a more flexible and comprehensive framework that may
facilitate further developments in both abstract FP theory and its applications to differential
equations, integral equations, and other nonlinear problems.

Future Work

The framework introduced in this paper provides several promising directions for
future research, including but not limited to the following:

*  The concept of tvs-valued cone SMS may be extended to more general settings, such
as tvs-valued G-cone SMSs, tvs-valued perturbed cone MSs, controlled cone SMSs,
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and other generalized topological structures. Such extensions may lead to broader
classes of FP theorems and enrich the existing theory of generalized MSs.

¢  Future studies may focus on establishing FP results for various nonlinear contrac-
tive conditions, including polynomial-type contractions, integral-type contractions,
interpolative contractions, rational contractions, simulation function contractions, and
other generalized contractive mappings. These investigations may provide a unified
framework encompassing many existing contraction principles as particular cases.

*  Another interesting direction is the study of FP, coincidence point, and common
FP results for multivalued mappings, hybrid pairs of mappings, cyclic mappings,
and mappings satisfying graph-based or order-theoretic conditions within the pro-
posed framework.

*  The developed FP theory can be employed to investigate the existence, uniqueness, sta-
bility, and qualitative behavior of solutions to various nonlinear mathematical models,
including fractional differential equations, fractional boundary value problems, cou-
pled fractional systems, integral equations, integro-differential equations, evolution
equations, and dynamical systems. Such applications would further demonstrate the
effectiveness of the proposed framework in modeling real-world phenomena arising
in engineering, physics, biology, and applied sciences (see, for example, [25-27]).

e Future research may also address the development of iterative algorithms and numer-
ical approximation techniques based on the established FP results. These methods
could be used to approximate solutions of nonlinear equations arising in practical
applications and to analyze their convergence properties.
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