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Abstract

This paper develops a unified qualitative framework for four classes of Liouville-Caputo
fractional difference equations arising from different combinations of fractional sums and
integer-order differences. Based on the equivalence between initial/final value problems
and Volterra-type summation equations, sufficient conditions for the existence and unique-
ness of solutions are established by applying the Banach contraction mapping principle
together with refined combinatorial estimates. Furthermore, the continuous dependence
of solutions on prescribed initial or final data is investigated. By deriving explicit error
estimates through a discrete fractional Gronwall-type inequality, we prove that Lipschitz
solutions depend continuously on perturbations of boundary data. Numerical experiments
for a representative case are presented to verify the theoretical results, including the in-
fluence of the fractional order and the sensitivity with respect to boundary data, while
additional examples illustrate the applicability of the framework. The obtained results
extend the unified discrete fractional calculus framework by providing a rigorous well-
posedness analysis and offering a theoretical foundation for further applications of discrete
fractional models with memory effects and diverse boundary conditions.

Keywords: Liouville-Caputo fractional difference equation; existence, uniqueness, and
continuous dependence; Banach contraction mapping principle; initial value problem; final
value problem; variable-limit sums

1. Introduction

Fractional calculus has become an important framework in modern applied mathemat-
ics due to its capability of describing memory and hereditary properties in complex systems.
Since the introduction of the Liouville-Caputo fractional derivative [1], fractional-order
models have attracted extensive attention and have been successfully applied in various
areas, including memristive circuits [2], infectious disease modeling [3], control theory [4,5],
and economic dynamics [6]. Meanwhile, difference equations have played a fundamental
role in the analysis and modeling of discrete-time systems, with classical contributions
in stability theory [7,8] and systematic treatments provided in the monographs of Kocic
and Ladas [9] and Agarwal [10]. Comprehensive introductions to fractional calculus and
fractional differential equations can be found in the classical monographs by Oldham and
Spanier [11], Kilbas et al. [12], and Podlubny [13].
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The combination of fractional calculus and discrete analysis has led to the rapid devel-
opment of discrete fractional calculus. Several discrete fractional operators, including the
Griinwald-Letnikov [14], Riemann-Liouville [15], and Liouville-Caputo [16] formulations,
have been introduced. Among them, Goodrich and Peterson [17] provided a systematic
foundation for discrete fractional calculus, particularly emphasizing forward fractional
differences. Subsequently, different qualitative and numerical aspects of discrete frac-
tional equations have been investigated. For instance, Laledj et al. [18] studied implicit
fractional g-difference equations using fixed-point methods, while Allouch et al. [19] and
Alili et al. [20] considered boundary value problems and fractional difference inclusion
problems, respectively. Hattaf [21] further investigated numerical schemes for nonlinear
fractional models.

A Liouville-Caputo fractional difference operator can be interpreted as the compo-
sition of a fractional sum and an integer-order difference operator. Since fractional sums
can be defined through variable upper-limit and variable lower-limit formulations, while
integer-order differences can be constructed in forward and backward directions, four
distinct Liouville-Caputo fractional difference formulations naturally arise. However, these
four formulations have not yet been systematically studied within a unified theoretical
framework. Early developments of discrete fractional calculus mainly focused on the vari-
able upper-limit fractional sum combined with the forward difference operator [17]. Cheng
and Chu [22] considered a formulation involving the variable upper-limit fractional sum
and the backward difference operator, but a general framework covering all combinations
of fractional sums and difference directions was not established.

To overcome this limitation, our previous work [23] developed a unified framework
for the four Liouville-Caputo fractional difference formulations with variable bounds.
In that work, the four definitions were introduced, their fundamental properties were
established, their equivalence with corresponding Volterra-type summation equations was
proved, and explicit solution representations were obtained. These results provide the
necessary analytical foundation for further investigation of the qualitative properties of the
corresponding solutions. However, the existence, uniqueness, and continuous dependence
of solutions, which are essential aspects of well-posedness, remain open problems.

In the continuous setting, the qualitative analysis of fractional equations, especially
existence and uniqueness theory, has been extensively investigated. Various techniques
have been developed for different classes of fractional differential equations. For example,
Salem and Mshary [24] studied fractional Langevin equations, Nanware and Dhaigude [25]
considered fractional equations with integral boundary conditions, Ahmad and Alsaedi [26]
investigated coupled fractional systems, and Ardjouni and Djoudi [27] established results
for nonlinear Liouville-Caputo fractional differential equations. More recently, Baroudi
et al. [28], Benzenati et al. [29], Azzouz and Beddani [30], Promsakon et al. [31], Graef
et al. [32], and Ezugorie et al. [33] extended existence, uniqueness, and stability anal-
yses to various fractional models. Of particular relevance to the present work, Islam
et al. [34] investigated Caputo fractional differential equations by transforming the prob-
lems into equivalent Volterra integral equations and applying contraction arguments.
Their work also highlighted the potential extension of such qualitative analysis to discrete
fractional calculus. Motivated by these developments, this paper establishes a unified
well-posedness theory for the four Liouville-Caputo fractional difference formulations
introduced in [23]. By utilizing the equivalent Volterra-type summation equations, each
initial /final value problem is reformulated as a fixed-point problem in a Banach space.
The Banach contraction mapping principle is then applied to derive sufficient conditions
for the existence and uniqueness of solutions. Furthermore, the continuous dependence
of solutions on initial /final data is established through explicit Lipschitz-type estimates
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obtained from a discrete fractional Gronwall-type inequality. Compared with [23], which
focused on the construction of the operators and the representation of solutions, the present
work investigates their qualitative properties and completes an essential part of the unified
discrete fractional calculus framework. Numerical examples are also provided to illustrate
and validate the theoretical results. The remainder of this paper is organized as follows.
Section 2 introduces preliminary definitions and auxiliary results. Section 3 presents the
main theoretical results on existence, uniqueness, and continuous dependence. Section 4
provides numerical examples, and Section 5 concludes the paper.

2. Preliminaries

In this section, we will introduce fundamental concepts essential for the remainder
of the paper. These include the Gamma function, fractional order difference and sum,
initial and terminal value problems of solutions, as well as contraction mapping and the
fixed point theorem. Familiarizing oneself with these preliminaries will provide a solid
basis for understanding the subsequent discussions and methodologies. At the end of this
section, we also provide a brief comparison between the present work and our companion
paper [23] to clarify the distinct contributions of each study.

2.1. Basic Definitions and Tools
Definition 1 ([23]). Let x € R, and the Gamma function is defined as

IXx):iA+we_%*4dt 1)

with the convention that 0! = 1. It possesses the following properties:

1. T(x+1)=xI(x),
2. T(n)=(n—1)!, wheren € N,.

Definition 2 ([23]). Let x,a € R, and the fractional factorial is defined as

7z T(x+a) [(x+1)
o o
Sl M A o 2 2
* Ix) ~ " " Tx—a+1) @
Definition 3 ([23], Fractional forward variable upper limit sum). Let a € Z be a constant,
n e Z;and a € RT, we call

n—

WD x(n 1"12 (n—i—1)~1 (i):F(w)

?
—_
=

the w-order forward variable upper limit sum of x(n).
Here, Zys = {a+1,a+2,...}.

Definition 4 ([23], Fractional forward variable lower limit sum). Let b € Z be a constant,
n €L _opand a € RT, we call

b—1
v, “x %Z (i—n+1)%1 Zrl_n+a)x(i) 4)

the a-order forward variable lower limit sum of x(n).
Here, Z. oo ={...,b—2,b—1}.
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Definition 5 ([23], Fractional backward variable upper limit sum). Let a € Z be a constant,
n € Z,and a € RT, we call

L 1 T 1 & Tn—ita) .
WV %x(n) = ) i:azﬂ (n—i+1)"'x(i) = ) i:aZH T _i+1)x(z) )

the a-order backward variable upper limit sum of x(n).

Definition 6 ([23], Fractional backward variable lower limit sum). Let b € Z be a constant,
n€L_opand a € RT, we call

b b i—n
Vitx)=prg L (om0 = s Ve ©

the a-order backward variable lower limit sum of x(n).

To clarify the notation introduced in Definitions 3-6, the four fractional sum operators
are summarized in Table 1. The table presents the summation type (variable upper-limit
or variable lower-limit), the corresponding difference operator (forward difference A or
backward difference V), the domain of 7, the explicit summation range, and the associated
initial or final value problem. This table provides a concise reference for the operators used
in the subsequent sections.

Table 1. Summary of the four fractional sum operators.

Operator Type of Sum Difference Direction =~ Domain of # Summation Range Associated Problem
AT Variable upper-limit Forward (A) Zg i=aton—« Initial value

ALY Variable lower-limit Forward (A) Zi_oop i=ntob—1 Final value

vV Variable upper-limit Backward (V) Ly i=a+1lton Initial value

v, * Variable lower-limit Backward (V) Zi_ s i=n+atobd Final value

Definition 7 ([23], Fractional difference). Let n € Z, & > 0, and assume that m = [a] + 1.
Define
CD%(n) = D~ ") D"x(n) )

as the w order Liouville-Caputo-type fractional difference, where © D* is the difference operator of
order a.

Note: The superscript C stands for “Liouville-Caputo”. [-] denotes rounding to the
nearest integer towards zero.

Lemma 1 ([23]). Forany a« > 0,8 € R, it follows that
D*DP = D**P, 8)
where D* is the difference operator of order w.

Lemma 2 ([23]). Leta € Z be a constant,n € Zgandx € RY, m = [a] + 1. f[n+a — 1 u(n+
a —1)] € R is a given function. The forward fractional difference equation is defined as

{ Aau(n) :f[n+0¢—1,u(n+“_1)]/ (9)

Aku(a) =u, k=123, ,m—1.
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The Cauchy initial value problem (Equation (9)) is equivalent to the Volterra sum equation

N
|
_

(n— )" i, u(i)] m=1[a]+1.  (10)

g

1
U +
k! I'(a) =

Lemma 3 ([23]). Let b € Z be a constant, n € Z_op and « € RT, m = [a] + 1. f[n,u(n)] € R
is a given function. The negative forward fractional difference equation is defined as

(=8)*u(n) = fln,u(n)], (11)
(=N *u(b) =u, k=0,1,2,--- ,m—1
The Cauchy initial value problem (Equation (11)) equivalent to the Volterra sum equation
m=1(p _ k 1 b=l —
u(n) =Y (b—n) up + Y (i—n+1)" i, u(i)] m=[a] +1. (12)
= K I(a) &

Lemma 4 ([23]). Let a € Z bea constant, n € Zyand « € RY, m = [a] + 1. f[n,u(n)] € Risa
given function. The backward fractional difference equation is defined as

leu(n) = f[n/u(n)}/ (13)
Vku(a) =u,k=0,12,---,m—1.
The Cauchy initial value problem (Equation (13)) equivalent to the Volterra sum equation
m—1 (71 _ a)lz 1 n ) .. )
u(n) = Z % ”k+r(a) Z (n—i+ 1) fli,u(i)] m=|a] + 1. (14)
k=0 : i=a+1

Lemma 5 ([23]). Let b € Z be a constant, n € Z_op and « € RT, m = [a] +1. f[n —a +
1,u(n —a+1)] € Ris a given function. The negative backward fractional difference equation is
defined as

(=V)*u(n) = fln—a+1Lun—a+1)|, (15)
(=) *u(b) = ug, k=0,1,2,--- ,m—1.
The Cauchy final value problem (Equation (15)) equivalent to the Volterra sum equation
"= (o) R
u(n) =Y u + Yo (i—n)"fliu()] m=[a]+1 (16)
Par S Ia) ;5

Lemma 6 ([23]). Let « > 0and m,n € N. Then, the following two equalities hold:

L n 1) (a+k—1 1"
1 % -y a(a+1) k!(ﬂc+ ) _ (a:!) )
k=0 k=0
ok (mat )Y [(mAD)a+1]"
2 kg() (::—k)! k! - n! :

Definition 8 ([26], Contraction Mapping). Let (X, d) be a metric space. A mapping T : X — X
is called a contraction mapping if there exists a constant k € [0, 1) such that for all x,y € X,

d(T(x), T(y)) < k-d(x,y). (17)
The constant k is referred to as the contraction coefficient.

Lemma 7 (Banach Fixed-Point Theorem [26]). Let (X, d) be a complete metric space, and let
T : X — X be a contraction mapping. Then the following hold:
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1. Existence and uniqueness: There exists a unique fixed point x* € X such that T(x*) = x*;
Convergence: For any initial point xo € X, the sequence {x,} generated by the iteration
Xp+1 = T(xn) converges to x*;

3. Error estimate: The convergence rate satisfies the following inequality:

n

d(xy, x*) < .

kd(xo,xl), (18)
where k is the contraction coefficient.

Lemma 8 (Discrete Gronwall-type inequality). Let u(n) be a nonnegative sequence, and let
C,A>0ac(01]

1. (Forward form) If for a fixed interval (a, N]z,

A
u(n) <C+—=— Y (n— ) u(i), n € (a,N]z,
r(w) i=a
then there exists a constant K1 = K1(A,a, N — a) > 0 such that
u(n) < K4C, Vn € (a,N]z.

2. (Backward form) If for a fixed interval [M, b)y,
“u(i), ne[Mb)g,

then there exists a constant Ky = Kp(A, &, b — M) > 0 such that
u(n) < KC, Vn € [M,b)y.

Proof. Forward: Since n < N, the kernel sum is bounded by

1 N—a 1
_ x—
Cu(N) = g3 2:1: BT < oo,

where the finiteness follows because the sum is over a finite set. Substituting this bound
into the original inequality yields

|
_

u(n) < C+ ACy(N) ) u(i), n € (a,N]z.

a

This is the classical discrete Gronwall inequality (see, e.g., Agarwal [10], Theorem 2.1.1, p.
13). Applying it gives

u(n) < C(14+ ACx(N))"" < C(14 ACx(N))N" =: K;C,

where
Ky = Ki(A,a,N —a) := (14 AC4(N))N.
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Backward: Set v(m) := u(b —m) for m € (0,b — M]|z. Then, the backward inequality
becomes a forward inequality for v:

m—1 _
o(m) < C+ s X (n =) Te(), e (00— M,
£

Applying the forward result just proved to v on the interval (0, b — M|z, we obtain
v(m) < KC, m e (0,b— Mg,

with
A b—M - b—M
Ky =Ky(A,a,b— M) .= |1+ — K~ .
Since u(n) = v(b —n), wehave u(n) < K,Cforalln € [M,b). O

Note: The constants K;, K, depend on the interval length, so this lemma is valid only
on finite intervals and cannot be directly extended to infinite intervals. This is consistent
with the finite-interval setting of the continuous dependence theorems (Theorems 5-8).

2.2. Comparison with the Previous Work [23]

Before presenting the main results, we briefly clarify the relationship between the
present work and our previous study [23]. The main differences and complementary
aspects of the two works are summarized in Table 2.

Table 2. Comparison between the previous work [23] and the present paper.

Aspect Li et al. [23] Present Paper

Solution representations and

operator framework Qualitative properties of solutions

Primary focus

Introduction of four defi- Existence, uniqueness, and Lips-
nitions; equivalence with chitz continuous dependence on ini-
Volterra sum equations; ex- tial/final data for all four formula-
plicit solution representations  tions

Main objectives

Fractional sum identities and Banach contraction mapping princi-
combinatorial  transforma- ple and discrete fractional Gronwall-
tions type inequality

Mathematical
tools

The previous work [23] established the analytical framework and solution representa-
tions for the four Liouville-Caputo fractional difference formulations, whereas the present
paper focuses on their qualitative properties, including existence, uniqueness, and con-
tinuous dependence on prescribed boundary data. Therefore, these two studies address
different but complementary aspects of the unified discrete fractional calculus framework
and together provide an essential theoretical foundation for further analysis.

3. Theoretical Proof and Extended Discussion on the Existence and
Uniqueness of Solutions

In this section, we establish and rigorously prove four theorems concerning the ex-
istence and uniqueness of solutions for the four types of Liouville-Caputo fractional
difference equations introduced in Section 2, utilizing the Banach fixed point theorem
combined with refined estimates and combinatorial identities.
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3.1. Theoretical Proof of the Existence and Uniqueness of Solutions

This subsection focuses on the existence and uniqueness of solutions to fractional-
order difference equations under four different definitions. We propose and rigorously
prove four theorems, each corresponding to one of the four definition scenarios. This not
only consolidates the theoretical framework of fractional-order difference equations but
also provides a basis for their practical applications, thus promoting the development of
research in this field.

Theorem 1 (Forward fractional difference equation with initial value). Let a € Z be a
constant, and let N € Z with a < N < oo. Consider the initial value problem for a Liouville—
Caputo fractional difference equation of order & (0 < a < 1) on the finite interval (a, N|z:

Ay(n)=fln+a—1, yn+a—1)], 19)

]/(IZ) = Yo,

where A" denotes the Liouville—Caputo fractional difference operator of order a, f : (a,N]z x R —
R is a given function, and yq is the initial value. Assume that:

(H1) There exists a constant K > 0 such that |f(n,y)| < K foralln € (a,Nlz, y € R;
(H2) f satisfies a Lipschitz condition with respect to the second variable, i.e., there exists a constant
A > 0such that

f(ny1) = fmy2)| < Alyr —ya2l,  Vn€(aNlz, y,y2 €R,

and moreover, 0 < A < 1.

Then, problem (19) possesses a unique solution y(n) on (a, N|z.
Proof. By Lemma 2, the initial value problem (19) is equivalent to the Volterra sum equation

y(n) = I’L ni: (n =) f[i,y(0)], n € (a,N]z. (20)

(For n = a, the sum is empty and the equality reduces to y(a) = y.) This equivalence is
guaranteed by the corresponding lemma in [23]. Hence, it suffices to prove that (20) admits
a unique solution on (a, N]z.
Existence. Define a sequence {y;(1)};>0 by
1 n—1 _
vo(n) =vo,  yi(n)=yo+ O] Y (=) f[i,ya(i)], 1=1,2,..., n€ (aN]z

i=a

We first estimate the differences |y;(n) — y;_1(n)|. For I = 1, using (H1) and the
identity (see Lemma 6)

paT = (et )T et

['(a) ; (n—a—1)"

we obtain, for every n € (a,N|yz,

9109 = y0(n)| < 5
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For | = 2, by the Lipschitz condition (H2) and the previous estimate,

n—1

y2(n) —y1(n)] < () (n — i)Yy (i) — yo(i)]

I
2

AK n—1 1 +1 i—a—1
T &0 e
n—a—1
= AK % (by Lemma 6).

Assume inductively that for some I > 2, for all n € (a, Nz,

g 1)t
-2(m) =) < ka2
Then,
A n—1
lyi(n) —yi—1(n)| < () ;(” =) My (i) = y12(0)]
KA!-1 ] a1l =Da+1)—t
= I'(a) El(n—z) ' (i—a—1)!
(g 1)
= KA (n—a—1)!

Consequently, for every n € (4, N|z and alll > 1,

lyi(n) —y_1(n)| < KA1 %.

Now consider the series ) _ |y;(n) — y;_1(n)|. Since a € (0,1], wehave lx +1 < [ +1
=1
and therefore

(la+1)""1 T(la+14+n—a—1)

rl+1+n—-a—-1) (n—a)!
(n—a—1)!  T(la+1)I(n—a) '

rl+0r(n—a) I

<

Hence,

© l_lltx+1)_“1 K & n—a)fiK 1\
ZlKA (n—a—1)! Z; A (1—A) | <o

where the convergence follows from 0 < A < 1. Thus, the series converges absolutely, and
the sequence {y;(n)} converges pointwise to some limit y*(n) for each n € (a, N]z.

To see that y* satisfies (20), fix n € (a, N|z and let | — oo in the recurrence defining
yi(n). Because the sum is finite, we may interchange the limit with the summation. The
continuity of f (implied by the Lipschitz condition) yields

1 n—1 I
v () =yo+ 1y Y (n =) f i,y (1)),

i=a

which shows that y* is a solution of (20) on (a, N]z.
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Uniqueness. Let X be the space of functions on (a, Nz equipped with the supremum
norm |y|| = SUP;¢ (4N, ly(n)|. Then, (X, | - ||) is a Banach space. Define an operator
T:X — Xby

1 = AT T
(Ty)(n) =yo+ (@) Y (=i fliy(@)],  n€(aNlg
1=a
Thanks to (H1), Ty is bounded, so T is well defined. A solution of (20) is exactly a fixed
point of T.

Take any y1,y» € X. Using (H2) and the fact that % < 1foralln € (a,N]z,

we have
1

(n = )" y1 (i) — y2 (i)

a

A n
(a) |

< Allyr -

(Tyr)(m) = (Tya) ()| <

i=a

a+ 1)
= Ally1 — 2| ((n—a)—l)!

< Ally1 — 2.

Taking the supremum over n € (a, Nz gives ||Ty; — Ty2|| < Ally1 — y2||. Since A < 1, T'is
a contraction mapping.

By the Banach fixed-point theorem, T possesses a unique fixed point in X. Conse-
quently, problem (19) has a unique solution on (a4, N]z. O

Theorem 2 (Forward fractional difference equation with final value). Let b € Z be a constant,
and let M € Z with —co < M < b. Consider the final value problem for a Liouville-Caputo
fractional difference equation of order o (0 < a < 1) on the finite interval [M, b)z:

{ (=A)%y(n) = f[n, y(n)], (21)

y<b) = Yo,

where (—A)* denotes the Liouville—Caputo fractional difference operator of order w, f : [M, b)z X
R — R is a given function, and yg is the final value. Assume that:

(H1) There exists a constant K > 0 such that |f (n,y)| < K foralln € [M,b)z, y € R;
(H2) f satisfies a Lipschitz condition with respect to the second variable, i.e., there exists a constant
A > 0such that

lf(my1) = fmy2)| S Alyr — w2, Vne [M,b)z, yi,y2 €R,

and moreover, 0 < A < 1.
Then, problem (21) possesses a unique solution y(n) on [M, b)z.
Proof. By Lemma 3, (21) is equivalent to the Volterra sum equation

b—
y(n) = FL Z i—n+1)* f[i,y(i)}, n e [M,b)z. (22)

—_

(For n = b, the sum is empty and the equality reduces to y(b) = yo.)
The proof is exactly parallel to that of Theorem 1, with the summation direction re-
versed and rising factorials replaced accordingly. Following the same iterative construction
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Yi+1 = Ty; and applying the combinatorial identity from Lemma 6, we obtain, for every
ne [M, b)Z/
(la + 1)1

G-i-mr =21

lyi(n) —y;_1(n)] < KA1

. (R P () . B .
Since S and 0 < A < 1, the series Y |y; — y;_1| converges, ensuring

pointwise convergence to a solution of (22).
For uniqueness, define T on the Banach space of functions on [M, b)z with the supre-
mum norm by the right-hand side of (22). For any y1, y», using (H2),

b—1-n
(Tyn) ) = () 0)] < Al = ol G0 < Al =

Since A < 1, T is a contraction. The Banach fixed-point theorem yields a unique fixed point,
which is the unique solution of (21) on [M, b)z. O

Theorem 3 (Backward fractional difference equation with initial value). Let a € Z be a
constant, and let N € Z witha < N < oo. Consider the initial value problem for a Liouville-Caputo
fractional difference equation of order a (0 < a < 1) on the finite interval (a, N]z:

{ Vey(n) = fn, y(n)],
y(a) = vo,

(23)

where V* denotes the Liouville-Caputo fractional difference operator of order a, f : (a, N]z x R —
R is a given function, and yy is the initial value. Assume that:

(H1) There exists a constant K > 0 such that |f(n,y)| < K foralln € (a,Nlz, y € R;
(H2) f satisfies a Lipschitz condition with respect to the second variable, i.e., there exists a constant
A > 0 such that

\f(my1) — f(m,y2)| < Alyr —y2|,  Vn€(a,Nlz, y1,y2 €R,

and moreover, 0 < A < 1.

Then, problem (23) possesses a unique solution y(n) on (a, N|z.

Proof. By Lemma 4, (23) is equivalent to the Volterra sum equation

y(n) = yo + r(la)(n i fly()], ne (a N (24)

(For n = a, the sum is empty and the equality reduces to y(a) = yo.)

The proof follows exactly the same iterative construction as in Theorem 1, with the
summation limits adjusted fromi =atoi =n —1toi = a + 1 to i = n. Following the same
inductive argument and applying Lemma 6, we obtain, for every n € (a, N]z,

(I 4 1)1

(m—a—-1)"" tz1

i(n) —yia ()] < KA

(lfifgi_l;:l < ("ﬁ”)l and 0 < A < 1, the series Y |y; — y;_1| converges. Thus, {y;(n)}

converges pointwise to a solution of (24) on (a, N]z.

Since
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For uniqueness, define T on the Banach space of functions on (a, Nz by the right-hand
side of (24). For any y1, i, using (H2),

ot )T
(i)~ (Tya) ) < Al = vl S < Al =l

since A < 1. Thus, T is a contraction, and the Banach fixed-point theorem yields the unique
solution of (23) on (4, N|z. O

Theorem 4 (Backward fractional difference equation with final value). Let b € Z be a
constant, and let M € Z with —oco < M < b. Consider the final value problem for a Liouville—
Caputo fractional difference equation of order & (0 < a < 1) on the finite interval [M, b)y:

{ (=V)*(n) = fln—a+1, y(n—a+1)], -

y(b) = Yo,

where (—V)* denotes the Liouville-Caputo fractional difference operator of order w, f : [M,b)z x
R — R is a given function, and y is the final value. Assume that:

(H1) There exists a constant K > 0 such that |f(n,y)| < K foralln € [M,b)z, y € R;
(H2) f satisfies a Lipschitz condition with respect to the second variable, i.e., there exists a constant
A > 0such that

\f(ny1) = fy2)| < Alyr —wal,  Vn€[Mblz, y1,y2 €R,

and moreover, 0 < A < 1.

Then, problem (25) possesses a unique solution y(n) on [M, b)z.

Proof. By Lemma 5, (25) is equivalent to the Volterra sum equation

b
y(n) =yo+ (), Y (i-n)* 7 fliy@)],  neMb)s. (26)

(For n = b, the sum is empty and the equality reduces to y(b) = yo.)

The proof is exactly parallel to that of Theorem 1, with the summation direction
reversed and the kernel (i —n + 1)ﬁ replaced by (i — n)ﬁ. The shifted argument of f
in the original equation is a direct consequence of the equivalence proof in Lemma 5 (see
also [23]). Following the same iterative construction and applying Lemma 6, we obtain, for
every n € [M,b)z,

(I 4 1)b—n—1

b-—n-1)" tz1

yi(n) = yra(n)] < KA

b—n—1 Vi
Since (l&tl;zfl;! < (b l!") and 0 < A < 1, the series Y |y; — y;_1| converges, ensuring

pointwise convergence to a solution of (26) on [M, b)z.
For uniqueness, define T on the Banach space of functions on [M, b)z with the supre-
mum norm by the right-hand side of (26). For any 1, y», using (H2),

PR =
(i)~ (Tya) )] < Alls = vl $5ED o < Al =l

Since A < 1, T is a contraction. The Banach fixed-point theorem yields a unique fixed point,
which is the unique solution of (25) on [M, b)z. O
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Remark 1 (On the shifted arguments of the nonlinearity). The different arguments of the
nonlinearity f appearing in Theorems 1—4 result naturally from the index shifts involved in the
Caputo fractional difference definitions and their equivalent Volterra sum formulations.

For instance, in Theorem 1 (the forward initial value problem) with 0 < a < 1, the
Caputo fractional difference is defined as

Ayn)=fln+a—1, y(n+a—1)].
Applying the fractional summation operator ;A" to both sides and using the identity

AT Ay (n) = y(n) —y(a),

valid for 0 < a < 1 (see [23], Theorem 19, with m = 1), shifts the argument of f from
n + « — 1 to the summation variable i, leading to the Volterra sum equation

A similar index shift occurs in Theorem 4 (the backward final value problem), where
the argument n — « 4 1 is transformed into the summation variable i. In contrast, Theorems
2 and 3 do not involve such shifts because the summation variable naturally coincides with
the argument of f.

The precise form of these shifts follows directly from the equivalence results estab-
lished in [23] (Theorems 22-25), where the four Caputo fractional difference equations are
converted into their corresponding Volterra sum equations for 0 < a < 1. Thus, the shifted
arguments in the original formulations ensure that the resulting Volterra equations take the
standard form with f evaluated at the unshifted summation index i.

3.2. Continuous Dependence on Initial/Final Values

In this subsection, we establish that the unique solutions obtained in Theorems 1-4
depend continuously on the prescribed initial or final data. This property is indispensable
for practical applications, since boundary data in real-world models are inevitably subject
to measurement errors. Owing to the structural symmetry of the four formulations, we
provide detailed proofs for the forward initial value problem (Theorem 5) and the backward
final value problem (Theorem 8), while the remaining two cases (Theorems 6 and 7)
follow by completely analogous arguments; we state the corresponding estimates without
repeating the identical derivations.

Theorem 5 (Continuous dependence on initial value for forward type). Let a € Z be a
constant, n € (a, N|z with N < oo, and let 0 < a < 1. Suppose that f : Z, x R — R satisfies
the Lipschitz condition (H2) with constant A > 0. Let y(n) and y(n) be the unique solutions of the
initial value problem (19) corresponding to the initial values y(a) = yo and y(a) = Yo, respectively.
Then, there exists a constant K1 > 0, depending only on a, A, N, and a, such that

max_ |y(n) —y(n)| < Ki|yo = Jol-

a<n<N

In particular, the solution depends Lipschitz continuously on the initial datum.
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Proof. By Lemma 2, the solutions y and y satisfy the Volterra sum equations

1 n—1 I

Fay L (=)l y(0),

y(n) =yo+

i

Il
[

and
900 = G+ e 1 (0= 01670

Subtracting the two equations and defining the error e(n) := y(n) — (1), we obtain

|
—

e(n) = (yo — o) + r(la) ) (n— i) [f i,y (i) — £, 7).

i

Il
B

Taking absolute values and applying the Lipschitz condition (H2), we have

|
_

A n
I'(a)

(n—1)*He(d)].

a

le(m)| < |yo — Yol +

1

Let C := |yo — Jo|- Then, the above inequality reads

n—1 I
)] < C gy L= T, ne (o, Nz

By the forward version of the discrete Gronwall-type inequality (Lemma 8 (1)), there exists
a constant K; > 0, depending only on «, A, N, and 4, such that

le(n)| < KiC =Kilyo—Wo|,  Vn € (a,N]z.

Taking the maximum over n € (a, N|z yields the desired estimate. This completes the
proof. O

Theorem 6 (Continuous dependence on final value for forward type). Let b € Z be a
constant, n € [M,b)z with M > —co, and let 0 < a < 1. Suppose that f : Z_op, x R = R
satisfies the Lipschitz condition (H2) with constant A > 0. Let y(n) and y(n) be the unique
solutions of the final value problem (21) corresponding to the final values y(b) = yo and y(b) = o,
respectively. Then, there exists a constant Ky > 0, depending only on o, A, M, and b, such that

— < K — Yol-
ymax Jy(n) = §(n)| < Ka[yo = %o
Proof. By Lemma 3, the solutions satisfy the Volterra sum Equation (22). Setting e(n) :=
y(n) — y(n) and subtracting the corresponding equations, we obtain

~ A 1.
eI < lyo = %ol + 5 Y (i—n+1)*e(@)|,  neMDb)s.
1=n
Applying the backward version of Lemma 8 (2) to the above inequality yields a constant
K, > 0 such that |e(n)| < Kz|yo — ol for all n € [M, b)y. Taking the supremum over the
interval completes the proof. [

Theorem 7 (Continuous dependence on initial value for backward type). Let a € Z be a
constant, n € (a,N|y with N < oo, and let 0 < « < 1. Suppose that f : Z; x R — R satisfies
the Lipschitz condition (H2) with constant A > 0. Let y(n) and y(n) be the unique solutions of the
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initial value problem (23) corresponding to the initial values y(a) = yo and y(a) = Yo, respectively.
Then there exists a constant K3 > 0, depending only on «, A, N, and a, such that

max [y(n) —y(n)| < Kz |yo = Yol-

a<n<N

Proof. By Lemma 4, the solutions satisfy the Volterra sum Equation (24). Defining e(n) :=
y(n) — y(n) and subtracting, we have

n

k@ﬂghm—%k+ﬁb42ﬁn—ﬂﬁf4kﬁ% n € (a,Nlz.
1=a-+

Applying the forward version of Lemma 8 (1) yields a constant K3 > 0 such that |e(n)|

IN

Kslyo — yol| for all n € (a, N|z. Taking the supremum over n concludes the proof. []

Theorem 8 (Continuous dependence on final value for backward type). Let b € Z be a
constant, n € [M,b)z with M > —oo, and let 0 < a < 1. Suppose that f : [M,b)z x R = R
satisfies the Lipschitz condition (H2) with constant A > 0. Let y(n) and y(n) be the unique
solutions of the final value problem (25) corresponding to the final values y(b) = yo and y(b) = o,
respectively. Then there exists a constant K4 > 0, depending only on «, A, M, and b, such that

—5(n)| < Ky yo — Tol-
Mmggﬁbly(n) y(n)| < Kalyo — Yol

In other words, the solution depends Lipschitz continuously on the final datum.

Proof. By Lemma 5, the solutions satisfy the Volterra sum Equation (26). Letting e(n) :=
y(n) — y(n) and subtracting, we get

~ 1 . - oo vy

e(n) = (o = ¥0) + 175 Yo (=) f Gy () - £G,7()]
i=n+1

Taking absolute values and applying (H2), we have

b

kmﬂéhm—%)+rahg;fﬁ—M“HdﬂL n e [M,blz.
Let C := |yo — Jo|- Then,
A & T
o] < €+ g 3 (= m el

By the backward version of Lemma 8 (2), there exists a constant Ky > 0 such that
le(n)| < K4C = Kulyo —Vol,  Vn € [M,b)z.

Taking the maximum over n € [M, b)y, yields the desired estimate. The proof is complete. []

Theorems 5-8 collectively establish the continuous dependence of solutions on the
boundary data for all four types of Liouville-Caputo fractional difference equations. To-
gether with the existence and uniqueness results in Theorems 1-4, this completes the
qualitative analysis of the unified discrete fractional calculus framework. These results
are indispensable for sensitivity analysis, parameter identification, and numerical approxi-
mation in practical applications where boundary data are inevitably subject to measure-
ment errors.

https://doi.org/10.3390/ fractalfract10080504


https://doi.org/10.3390/fractalfract10080504

Fractal Fract. 2026, 10, 504

16 of 24

3.3. Discussion

The results obtained in Section 3 establish a unified qualitative framework for the
four Liouville-Caputo fractional difference formulations introduced in [23]. Theorems 14
provide sufficient conditions for the existence and uniqueness of solutions for the cor-
responding initial and final value problems, while Theorems 5-8 establish the Lipschitz
continuous dependence of solutions on prescribed boundary data. These results extend the
operator framework developed in [23] from solution representations to the well-posedness
analysis of the associated fractional difference equations.

All results in this paper are established on finite discrete intervals, namely (a, N ] 7, O
[M, b)7. This restriction is closely related to the discrete fractional Gronwall-type inequality
used in the continuous dependence analysis, since the corresponding estimates generally
depend on the length of the interval. Extending the results to infinite domains would require
additional uniform estimates and remains an interesting direction for future research.

The assumptions on the nonlinear term f, including boundedness (H1) and global
Lipschitz continuity with A < 1 in (H2), are sufficient conditions that allow the application
of the Banach contraction mapping principle. They are adopted to establish a unified theory
for the four formulations and may be weakened in future investigations. In particular, local
Lipschitz conditions, monotonicity assumptions, or other growth conditions may lead to
broader existence and uniqueness results.

Although the present work focuses on the case 0 < a < 1, the extension to higher-
order fractional differences is an important open problem. For a > 1, the decomposition
D* = D°D™ with & = m + J suggests that multiple initial or final conditions are required,
and a corresponding well-posedness theory needs to be developed. Other possible di-
rections include stability, periodicity, asymptotic behavior, and numerical approximation
theories for variable-bound discrete fractional systems.

4. Examples

Example 1 (Forward initial value problem). Consider the initial value problem for the forward
fractional difference equation of order a € (0, 1],

A*y(n) = L sin(n —1+a«), n€[3,N]|z,
10 (27)

]/(2) = Yo,

where N is a fixed positive integer, yo > 0 is the initial value, and « is the fractional order. By
Lemma 2 (see also [23], Theorem 24), problem (27) is equivalent to the Volterra sum equation

n—1

_ 1 Y= U _
y(n)—yo—l——r(a)i;(n i) 1o Sini n=34,...,N. (28)

Numerical simulations. Using the iterative scheme derived from (28), we compute the
numerical solution on [2,200]z. First, we fix the initial value yo = 0.1 and vary the fractional
order & € {0.6,0.7,0.85,1.0} to examine the effect of the fractional order on the solution.
The numerical results are displayed in Figure 1 and summarized in Table 3. It is observed
that for higher fractional orders, the solution grows rapidly in the early stage but eventually
tends to a steady value; for lower orders, the solution grows more slowly and consistently
stays below the higher-order solutions throughout the entire interval. This is consistent
with the memory effect of fractional calculus: lower-order fractional differences possess
stronger memory, resulting in smoother and slower evolution of the solution.
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Figure 1. Numerical solutions y(n) for different fractional orders « in Example 1 with yp = 0.1.

Table 3. Numerical values of y(n) for different fractional orders a with yy = 0.1.

n x=0.6 «=0.7 « = 0.85 x=1.0
5 0.117260 0.121061 0.126991 0.133026
10 0.139882 0.153509 0.179639 0.213805
20 0.184343 0.229437 0.341985 0.544411
30 0.233859 0.330486 0.627434 1.268744
40 0.291234 0.466286 1.083118 2.221098
50 0.358391 0.645216 1.654605 2.795671
60 0.436969 0.870663 2.156293 3.019729
70 0.528283 1.134517 2.488305 3.099047
80 0.633094 1.413794 2.686287 3.126756
90 0.751246 1.678530 2.805164 3.136419
100 0.881304 1.906856 2.879795 3.139789
120 1.164146 2.237763 2.963345 3.141373
140 1.446382 2.441840 3.006770 3.141566
160 1.695161 2.571926 3.032748 3.141589
180 1.896972 2.659914 3.049937 3.141592
200 2.054701 2.722810 3.062157 3.141593
Second, we fix the fractional order # = 2/3 and vary the initial value yg €

{0.01,0.015,0.02,0.022} to investigate the sensitivity of the solution with respect to pertur-
bations in the initial data. The numerical results are displayed in Figure 2 and summarized
in Table 4. It is clearly observed that the solution depends continuously on the initial value:
small perturbations in yg lead to small, uniformly controlled deviations in the solution.
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Figure 2. Numerical solutions y(n) for different initial values yp in Example 1 with « = 2/3.
Table 4. Numerical values of y (1) for different initial values yo with o = 2/3.
n yo = 0.01 yo = 0.015 Yo = 0.02 yo = 0.022
5 0.011982 0.017973 0.023963 0.026360
10 0.014881 0.022322 0.029762 0.032738
20 0.021309 0.031962 0.042614 0.046874
30 0.029450 0.044170 0.058884 0.064768
40 0.040072 0.060095 0.080103 0.088101
50 0.054068 0.081068 0.108027 0.118797
60 0.072581 0.108784 0.144885 0.159289
70 0.097103 0.145441 0.193526 0.212671
80 0.129591 0.193870 0.257541 0.282797
90 0.172582 0.257643 0.341273 0.374233
100 0.229320 0.341089 0.449579 0.491870
120 0.400749 0.586106 0.756191 0.819538
140 0.680089 0.953242 1.174453 1.249898
160 1.078253 1.396965 1.612418 1.678990
180 1.522246 1.800067 1.963325 2.011124
200 1.896430 2.095378 2.206667 2.238961

Verification of continuous dependence on initial data (Theorem 5). To verify the
Lipschitz continuous dependence of the solution on the initial data as established in
Theorem 5, we fix the reference solution with yp = 0.01 and compute the maximum de-

viation max; (2 200] |¥/(1) — Yref(11)| for each perturbation 6 = |y — 0.01|. The results are

summarized in Table 5. For § = 0.005,0.010,0.012, the ratios m are 63.74,

53.83, and 50.76, respectively. These values remain bounded as 6 — 0, indicating that
the solution depends Lipschitz continuously on the initial data, in agreement with The-
orem 5. Moreover, by Lemma 8, the theoretical Lipschitz constant is explicitly given by
A _ N—a

K = <1 + () Z}{V:_l“ k"‘_1> , which is finite, thereby ensuring the existence of a uni-

I'(a)
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form bound. This confirms that the numerical results are consistent with the theoretical
prediction.

Table 5. Sensitivity analysis: numerical deviations with theoretical Lipschitz bound.

Initial Perturbation ¢ Max Deviation Ratio (Max Deviation/J)
0.005 0.318713 63.74
0.010 0.538308 53.83
0.012 0.609109 50.76

The ratio w remains bounded (between 50 and 64) for all perturbations,
indicating that the solution depends Lipschitz continuously on the initial data as predicted
by Theorem 5.

Verification of the assumptions of Theorem 1. Now consider the specific initial value
problem

A%y(n) = fsin(n — ;), n € [3,11]z, 29

1
=10 siny(n) for n € [3,11]z and y(n) € R. The function f satisfies the

1
Lipschitz condition with constant L = 10’ since

where f[n,y(n)]

1. . , 1
lf(n,y1) — f(n,y2)| = E\smyl —sinys| < E'yl — Y2l

1 1
Moreover, |f(n,y)| < 10’ 5° the boundedness condition holds with K = 10" To verify the

2
condition of Theorem 1, we note that fora =2, & = 3 and all n € [3,11], we have

(=T _
(m—a—-1)! (n—=3)! "~

1
and consequently L = 0 < 1 trivially satisfies the required inequality. Therefore, by

Theorem 1, problem (29) possesses a unique solution on [3, 11]7.

Remark 2 (on numerical simulations for other examples). The other three types of fractional
difference equations, namely the forward final value problem, backward initial value problem, and
backward final value problem, can be treated similarly by using the iterative schemes derived from
their corresponding Volterra-type summation equations (Theorems 2—4). Numerical validations for
the four formulations have already been discussed in [23]. Since the main purpose of the present
work is to establish the qualitative properties, including existence, uniqueness, and continuous
dependence on initial/final data, Example 1 is presented as a representative numerical illustration
of the continuous dependence result (Theorem 5). Similar simulations can be performed for the
remaining cases to verify the corresponding theoretical results.

Example 2. Consider the final value problem of the forward fractional difference equation
3 1y
—A)iy(n) = — , nell, 14|,,
y(15) = 0.1,
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where f[n,y(n)] = 2101—1—y|<;()n)f0r n € [1,14|z and y(n) € R. The function f satisfies the

Lipschitz condition with constant L = %, because the mapping g(y) = y/(1+ |y|) is Lipschitz
with constant 1 (its derivative is bounded by 1). Indeed,

£ 1)~ FO)] < sl — vl

Clearly, |f(n,y)| < %, s0 the boundedness condition holds with M = 21—0 For Theorem 2, with

b=15a = 2, and any n € [1,14], we have

O i ¢ N

G—n—1)  (d—n) =V

which implies that the contraction condition L < 1 is automatically satisfied. Thus, by Theorem 2,
problem (30) admits a unique solution on [1,14]z.

Example 3. Consider the initial value problem of the backward fractional difference equation

1

Vay(n) = %arctany(n), n € [2,10]z, 4

y(1) =0.1,

where f[n,y(n)] = %arctany(n)for n € [2,10]z and y(n) € R. The function f satisfies

S L . 1
the Lipschitz condition with constant L = —, because | arctany; — arctany,| < |y; — ya2| (the
derivative of arctan is bounded by 1). Thus,

£ yn) = FOny2)| < glys = ol

1 1
Moreover, |f(n,y)| < % < 5 s0 the boundedness condition holds with M = 5 For Theorem 3,
1
witha=1,a = > and any n € [2,10], we have

()1 (3"
(n—a—-1)! (n2—2)! =1

1
hence L = — < 1 guarantees the contraction property. Consequently, by Theorem 3, problem (31)

has a unique solution on [2,10]y.

Example 4. Consider the final value problem of the backward fractional difference equation

4 1 y(n_%)

(_v> .‘/(”) = TE , ne [1/9]2/
151+‘y(n_%) (32)
y(10) = 0.1,
_ 1y .
where f[n,y(n)] = BT y(n)] forn € [1,9]z and y(n) € R. As arqued in Example 2, the

function g(y) = y/(1+ |y|) is Lipschitz with constant 1, so
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1
(1) = f(my2)l < 2 ly1 = val,
1 1
i.e., the Lipschitz constant is L = — Clearly |f(n,y)] < , s0 boundedness holds with M = 15

4
For Theorem 4, with b = 10, x = 5 and any n € [1,9], we have

)T ()"
(b—n—-1)! (95—n)! =1

which together with L < 1 satisfies the conditions of Theorem 4. Hence, problem (32) possesses a
unique solution on [1,9]z.

These four examples cover all four types of Liouville-Caputo fractional difference
equations discussed in Section 3 and demonstrate the applicability of the corresponding
existence and uniqueness theorems. In each case, the chosen nonlinearities satisfy the re-
quired Lipschitz and boundedness conditions, and the inequalities involving the fractional

factorials are automatically fulfilled due to the elementary estimate (’XH) <1forallk >0
and « € (0,1].

Example 5 (Economics: fractional inventory adjustment with memory). Consider the initial
value problem of the forward fractional difference equation

sigu <02 —20H) (1-elerl), neoais

1+[Q(n+1)] (33)

Q(0) =10,

where Q(n) denotes the inventory level (in thousand units) at week n. Define f(n,Q) =
0. 21+\Q|( — e 1QN). It is clear that |f(n, Q)| < 0.2 for all Q, so condition (H1) holds with
M = 0.2. Moreover, the function f is Lipschitz with constant A = 0.4 because the derivative of
#\Ql( — ¢~ 1Ql) is bounded by 2. Hence, | f(n, Q1) — f(1n,Q2)| < 0.4|Q1 — Qa|. For Theorem 1

(witha =0, 0 = 2) one verifies that for every n = 1,2, 3, 4 the inequality 0.4 < ((1 ST — holds (the

smallest right-hand side is about 0.667 at n = 2, still larger than 0.4), and A = 0.4 < 1. Thus, all
assumptions of Theorem 1 are satisfied, guaranteeing a unique solution Q(n) forn =0,1,2,3,4.

Example 6 (Economics: inflation deviation with terminal condition). Consider the final value
problem of the forward fractional difference equation of order & = 0.8, describing the evolution of
inflation deviation 7t(n) (in percentage points) over n = 0,1,2,3,4 with terminal condition at
b=5:

(—8)%87(n) = 0.1 - — ) - (A=), e 0,41,

1+ |mt(n (34)

7(5) = 1.5,
where 1t(n) denotes the deviation of inflation from a target value (e.g., 2%). The nonlinear
function f(n, ) = 0.1 1+|n‘ (1 — e~ models a central bank’s bounded adjustment rule. Clearly

|f(n, )| < 0.1 (condition (H1)), and f is Lipschitz with constant A = 0.2 because the derivative
ofr%(l — e~ 1) is bounded by 2. Hence, |f(n, ) — f(n, )| < 02|y — mal.

For Theorem 2, wesetb = 5, &« = 0.8 (« +1 = 1.8). Foreachn = 0,1,2,3,4, one

easily checks that 0.2 < ((lhs)lbi”)' holds (the smallest right-hand side is about 0.261 at
n = 0, still larger than 0.2). Also, A = 0.2 < 1. Therefore, all conditions of Theorem 2
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are satisfied, and the problem possesses a unique solution ni(n) forn = 0,...,5. This
means that given a known future inflation deviation 77(5) = 1.5% (e.g., a policy target),
the past path 77(n) is uniquely determined. Such backward analysis is valuable for policy
evaluation and calibration.

5. Conclusions

In this paper, we have established a unified well-posedness framework for four
Liouville-Caputo fractional difference formulations on finite discrete intervals, including
forward and backward difference operators with variable upper- and lower-limit fractional
sums. By using the equivalence between the considered problems and their associated
Volterra-type summation equations, sufficient conditions for the existence and uniqueness
of solutions have been obtained via the Banach contraction mapping principle. Moreover,
the Lipschitz continuous dependence of solutions on prescribed initial or final data has
been proved through explicit estimates derived from a discrete fractional Gronwall-type
inequality. The numerical experiments further illustrate the theoretical results, particularly
the sensitivity of solutions with respect to the fractional order and boundary data. These
results complement the unified operator framework developed in [23] by providing es-
sential qualitative properties of the corresponding solutions. Future work will focus on
relaxing the assumptions on the nonlinear term, extending the analysis to higher-order
fractional differences with multiple initial or final conditions, and investigating stability
and numerical approximation theories for broader classes of discrete fractional systems.
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