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Abstract

This paper proposes a novel susceptible—infected—susceptible (SIS) epidemic model incor-
porating a fractional-order term and white-noise perturbations. Several analytical results
concerning its dynamical behavior are established. Firstly, we prove the existence and
uniqueness of model solutions using the Carathéodory approximation. Secondly, the ex-
tinction of disease is rigorously proven based on the properties of the quadratic function.
Meanwhile, the Ulam-Hyers stability of the model is derived by using stochastic Gronwall-
type inequalities and the stochastic analysis techniques. Furthermore, the solution of the
proposed fractional-order stochastic model can be approximated by that of the correspond-
ing averaged model under suitable averaging conditions. Then, numerical simulations
are conducted to illustrate the effects of key parameters on disease extinction, stability,
and long-term dynamical behavior. To improve its adaptability to real-world epidemic
dynamics, this paper embeds dynamical constraints into neural networks and constructs
a stochastic physics-informed identification framework for seasonal infectious diseases.
Empirical results based on monthly influenza data from Xinjiang show that the proposed
framework can capture epidemic trends, seasonal peaks, and fitting uncertainty. These
results provide a theoretically grounded and practically applicable approach for infectious
disease modeling under memory effects and stochastic perturbations.

Keywords: stochastic SIS model; averaging principle; Ulam—Hyers stability; approximation
theorem; SDEPINN

1. Introduction

In epidemiological research and public health practice, dynamical models provide an
indispensable quantitative tool for analyzing infectious disease transmission. Deterministic
models have long served as a fundamental paradigm for understanding the mechanisms
of disease spread [1,2]. However, different infectious diseases often exhibit substantial dif-
ferences in transmission modes, immune mechanisms, and epidemiological characteristics,
which requires the model structure to be carefully matched with the specific features of the
disease under consideration.

For certain infectious diseases, such as seasonal influenza, cytomegalovirus infection,
and tuberculosis, recovered individuals may return to the susceptible state due to the loss
or waning of immunity. In particular, the transmission dynamics of seasonal influenza
depend not only on the current infection status of the population, but are also strongly
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influenced by memory effects such as immune waning and previous infection history.
The SIS model provides a basic framework for describing such reinfection mechanisms [3-5].
To incorporate more complex nonlinear contact mechanisms, the deterministic SIS model
with a general incidence function can be formulated as follows:

{dsm — (A= 65() — BF(S(1), 1(1) + 71(1)d, o
dI(t) = [BF(S(), 1(5)) — (0 +7)1(1))dt,

where S(t) and I(t) represent the number of susceptible and infectious individuals at time
t, respectively. Parameter A is the birth rate, 0 is the natural death rate, § is the effective
contact rate, and v is the recovery rate of the infectious individual. In the model (1),
suppose that the function f(S(t),I(t)) is continuously differentiable. Compared with
deterministic models, stochastic models are generally better able to capture individual
variations, stochastic events, and transmission in small populations [6-10]. There are
considerable works about stochastic perturbations acting on the effective contact rate j3, as
in [11-14], B — B + 01 B(t), where B(t) is standard Brownian motion with B(0) = 0, and oy
is the intensity. Hence, the stochastic version of model (1) is formed by

{ds(f) = [A=05(t) = BF(S(), I(1)) + yI(B)]dt — o1 f(S(£), I())dB(t), ®

dI(t) = [Bf(S(t), 1(t)) = (6 + ) I(1)]dt + o f(S(£), I())dB(t).

Integer-order derivatives are local and mainly describe instantaneous rates of change,
whereas fractional-order operators incorporate memory kernels and nonlocal dependence.
These properties make fractional calculus suitable for epidemic processes in which historical
infection levels, immune waning, and delayed intervention effects influence current trans-
mission dynamics. Accordingly, fractional-order models have been increasingly applied to
complex systems in epidemiology and related fields [15-18].

By incorporating stochastic perturbations, fractional stochastic differential equations
(FSDEs) not only preserve the memory and nonlocal characteristics of fractional-order
operators, but also substantially enhance the ability to describe complex systems subject
to random fluctuations. In recent years, significant progress has been made in the math-
ematical foundations of FSDEs. As a prerequisite for dynamical analysis, the existence
and uniqueness of solutions have received considerable attention. Early studies mainly
investigated local solutions of FDEs based on fixed-point theory or Picard approximation
methods [19-21]. Subsequently, Son et al. [22] overcame the limitation of local solutions
by constructing a new norm and established the uniqueness of global solutions. Related
extensions can be found in [23,24]. Furthermore, the convergence of FSDE solutions to
classical SDE solutions as the fractional order approaches 1 has also been rigorously demon-
strated [25].

Since the averaging principle for stochastic differential equations was introduced
by Khasminskii in 1968 [26], this topic has attracted considerable attention and has been
extensively investigated for stochastic systems driven by different types of random pertur-
bations [27-29]. Most of the existing works have focused on stochastic differential equations
under classical averaging conditions. By employing Jensen’s inequality, Guo et al. [30] re-
laxed the corresponding assumptions and established an averaging principle for stochastic
differential equations. Subsequently, increasing attention has been devoted to extending
these results to fractional stochastic differential equations. However, such an extension is
highly nontrivial due to the memory effects and nonlocal features inherent in fractional-
order operators. To the best of our knowledge, only a limited number of studies have
investigated averaging principles for fractional stochastic differential equations [28,31,32].
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{ds(t) = [A—05(t) = Bf(S(t), 1(t)) + yI(t)ldt — o1 f(S(8), I(£))dB(t) — f(S(¢), I(¢))(dt)",

These works established averaging principles for fractional stochastic differential equations
under different structural assumptions and analytical frameworks.

Stability constitutes an important topic in the dynamical analysis of fractional stochas-
tic differential equations. In particular, Ulam-Hyers stability has attracted considerable
attention in recent years [33-35]. However, most existing studies focus on differential equa-
tions with constant fractional order, whereas some evidence suggests that variable fractional
orders may be more appropriate in certain situations [36]. Motivated by this observation,
Moualkia et al. [37] proposed a model involving variable-order fractional derivatives to
analyze the dynamics of the Omicron variant and established the Ulam-Hyers stability of
the corresponding epidemic model.

In this paper, the fractional term is interpreted within the Jumarie [38] fractional-
calculus framework. Let! : [0,T] — R be a continuous function and let 0 < a < 1.
Consider the formal fractional differential equation

dx(t) = 1(H(dDY,  x(0) = x.

According to the fractional differential relation
d*x(t) =T(1+a)dx(t),
the above equation can be rewritten as
d*x(t) = T(1+a)l(t)(dt)".
Applying the fractional antiderivative operator D™ and using

1

DI = £ /Ot(t — o) (t) dr,

we obtain
x(t) —xo =D YT (1+a)l(t)]

t
:zx/o(t—r) U(t)dr.

Here, D™* represented by the corresponding Riemann-Liouville-type kernel.
Consequently, integration with respect to (dt)* is understood as an antiderivative of
order «, namely,

/Otl(”f)(dr)“ - zx/ot(t o l(r)dr, O<a<l 3)

This convention is adopted throughout the present paper and should not be confused
with the standard Riemann-Liouville fractional integral, which has the normalization factor
1/T ().

Following the multi-time-scale formulation of stochastic fractional differential equa-
tions developed by Pedjeu and Ladde [39], the proposed model combines the classical It6
stochastic calculus with a fractional time-scale integral. More precisely, the Brownian term
is interpreted as an It6 stochastic integral with respect to a standard Brownian motion,
whereas (dt)* denotes a fractional time-scale differential. Inspired by the above studies, we
propose a new fractional stochastic epidemic model with a general incidence function:

(4)

dI(t) = [Bf(S(8), 1(t)) — (6 + V) I(B)]dt + o f(S(8), I(£))dB(t) + f(S(t), 1(£))(dt)*.
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Remark 1. The fractional term represents a power-law memory mechanism in the transmission
process, and the parameter a characterizes the degree of temporal memory and non-Markovian
dependence. It is not a direct biological rate such as the transmission or recovery rate. Instead, it
summarizes the cumulative influence of historical infection levels on current epidemic dynamics.
Epidemiologically, this memory may arise from persistent or gradually waning immune responses,
delayed behavioral adaptation, repeated exposure, and heterogeneity in individual infection and
recovery histories.

With the increasing availability of epidemic surveillance data, physics-informed neural
networks (PINNs) have emerged as an important tool for combining mechanistic epidemic
models with observational data. Unlike purely data-driven neural networks, PINNs
incorporate the residuals of governing differential equations into the loss function, thereby
constraining model predictions by epidemiological mechanisms. They have been applied
to parameter identification, hidden-state reconstruction, epidemic forecasting, and the
estimation of time-varying transmission dynamics [40,41].

Recent developments have extended physics-informed learning to more complex epi-
demic settings involving population mobility, vaccination, asymptomatic infection, latent
states, climate-related effects, complex-network transmission, and nonlinear incidence
mechanisms [42-45]. Stochastic PINNs have also begun to incorporate random dynamical
components into epidemic-model learning, enabling mechanistic constraints and stochastic
effects to be considered jointly [46].

Despite these advances, several gaps remain between fractional epidemic modeling
and physics-informed learning. First, most fractional epidemic studies emphasize analytical
properties or numerical simulation, but do not incorporate observational data into model
identification. Second, most PINN-based epidemic models are derived from integer-order
deterministic systems and therefore do not explicitly represent power-law memory and
nonlocal dependence. Third, in many data-driven epidemic studies, stochastic effects are
treated as observational noise or output variability rather than as intrinsic components of
the underlying transmission dynamics.

Consequently, relatively few studies have combined a fractional-order stochastic
epidemic model, a general nonlinear incidence function, intrinsic white-noise perturbations,
rigorous dynamical analysis, and physics-informed parameter identification within a
unified framework.

Motivated by these gaps, this paper develops an integrated framework for a fractional-
order stochastic SIS epidemic model, combining rigorous dynamical analysis with a season-
ally enhanced stochastic differential equation physics-informed neural network (SDEPINN)
for epidemic-data fitting and parameter identification. The main aims of this paper are
summarized as follows:

1. A fractional-order stochastic SIS epidemic model with a general nonlinear incidence
function and white-noise perturbations is formulated to represent memory, nonlocal
dependence, and environmental randomness in disease transmission.

2. The existence and uniqueness of the solution are established using the Carathéodory
approximation method. Almost-sure disease extinction, Ulam-Hyers stability, and a
mean-square averaging principle are also derived under suitable conditions.

3. A seasonally enhanced SDEPINN framework is developed by integrating frac-
tional stochastic dynamical constraints, seasonal features, and a peak-weighted
loss into neural-network training. Its application to monthly influenza data from
Xinjiang demonstrates its ability to capture epidemic trends, seasonal peaks, and
fitting uncertainty.
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The rest of this article is organized as follows. In Section 2, we review some results
used in the later study. In Section 3, we prove the existence and uniqueness of solutions
to the model (4). The persistence in the mean and Ulam-Hyers stability of the model (4)
is investigated in Section 4. The convergence in the solution of model (4) and the cor-
responding averaged equation is discussed in Section 5. In Section 6, several examples
are provided to demonstrate our theoretical results. In Section 7, a seasonally enhanced
randomized SDEPINN framework is developed and applied to monthly reported influenza
cases in Xinjiang, with model fitting performance and uncertainty characterization further
evaluated. Finally, conclusions and future research directions are presented in Section 8.

2. Preliminaries

In this section, we introduce some basic concepts that will be used in the subsequent
analysis. Let
N(t) = S(t) + I(t)

denote the total population size at time ¢, with
N(0) = S(0) + 1(0).

Adding the two equations of model (4), we observe that the nonlinear incidence terms,
Brownian terms, and fractional terms cancel exactly. Therefore, the total population satisfies

AN(t) = [A — ON(1)] dt.

The corresponding solution is
N(t) =

Hence,

—6t

INORES RS INORER

which shows that N(t) converges exponentially to A /6.
To obtain an exact one-dimensional reduction rather than an asymptotic approxima-
tion, we assume throughout the subsequent analysis that

It then follows that

Consequently,
S(t) = N—1I(¢),

and the nonlinear incidence function can be written as
F(S(6),I(t)) = f(N = I(t),1(t)) £ g(I(t)).

Under this invariant population condition, model (4) is reduced exactly to the follow-
ing one-dimensional equation:

dI(t) = (Bg(I(t)) — (6 + 1) I(t))dt + o1 (I(£))dB(t) + g(I(t))(dt)" ®)
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with the initial value I(0) = Iy € RT. Throughout this paper, let R} = [0, c0) denote the
set of nonnegative real numbers.

Based on the above framework, the Brownian term is integrated in the It6 sense,
while the fractional term is interpreted according to Equation (3). Therefore, model (5) is
equivalently written as

1) = fo+ [ (Bg(1(0) — @+ NI+ [ g(I(0)aB(D) +a [ (¢ =0 gI (o), ©)

Definition 1. The model (5) is said to be Ulam—Hyers stable if there exists a real number M > 0
such that for any & > 0 and any solution X (t) of the following inequality

EIAX (1) + (6 + 7)X (1) — B(X(1))dt — c1g(X(1)dB() — g(X() (@ <&, (7)
there exists a solution I(t) of model (5) satisfying E|X(t) — I(t)|*> < Me forall t € [0, T).

Lemma 1 (Generalized It6 formula [39]). Let X(t) satisfy the multi-time-scale stochastic frac-
tional differential equation

AX(t) = b(t, X(£)) dt + o (t, X () dB(F) + q(t, X () (dt)*, <a<l

N =

For V € CY2([0, T] x R), the differential of V (t, X(t)) is given by

av(t, X(t)) = |Vi(t, X(t)) + Vi (t, X(t))b(t, X(t)) + %Vxx(t,X(t))az(t,X(t)) dt
+ Vie(t, X(#))o(t, X(t)) dB(t)
+ Vi (£, X(8))q(t, X(£))(dt)".

Here, the quadratic-variation correction is generated only by the Brownian component, whereas
the fractional time-scale term contributes through the first-order differential.

Lemma 2 ([47]). If ¢ : [a,b] — R is a positive monotone function and ¢ : [a,b] — R is an
integrable function, then there exists a number x in (a, b] such that
b X b
| v0emat =y [ ot +p) [ g
Next, we introduce the following assumptions to be used later:

Assumption 1 (Growth condition). There exists a function G : Ry — Ry satisfying the
following conditions:

(i) G is continuous, nondecreasing, and concave on R.
(ii) ForeveryY ¢ R,

1B(Y) — (8 + 7)Y "+ glg(V) [+ Ig(V)* < G(IYP).
(iii) For every constant a > O, the deterministic differential equation

do(t)
dt

=aG(v(t)), v(0) =19 >0,

admits a global solution on [0, T|.
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Assumption 2 (Continuity condition). There exists a function R : Ry — R satisfying the
following conditions:

(i) R is continuous, nondecreasing, and concave on R4, with R(0) = 0.
(ii) ForallY1,Y; € Ry, [g(Y1) —g(Y2)]* < R([V1 — Yaf?).
(iii)  If a nonnegative continuous function Z : [0, T| — R satisfies

t
Z(t) < K/ R(Z(s))ds, O0<t<T,
0
for some constant K > 0, then Z(t) = 0 for every t € [0, T].

Remark 2. Assumption 1 prevents the drift and stochastic coefficients from growing unrealistically
fast. From an epidemiological perspective, this condition excludes an explosive increase in the
infection incidence over a finite time interval. From a mathematical perspective, it guarantees the
moment boundedness of the approximate solutions and prevents finite-time explosion of the solution.

Assumption 2 is a generalized continuity condition that is weaker than the global Lipschitz
condition. It ensures that nearby infection states generate sufficiently close incidence rates, while
allowing a broader class of nonlinear incidence functions to be considered.

Many classical incidence functions satisfy the above assumptions on the compact biologically
feasible region

D={(S1)€R%::S+1=N}.

Representative examples include the bilinear incidence function

f(5,1)=SI,
the standard incidence function .
FS1) = 5o
the saturated incidence function
SI

)= ——
f8D) =0 >0
and the Beddington—DeAngelis incidence function

SI
f(S,I):m, a,b>0.

Epidemiologically, f(S,I) represents the number of effective infectious contacts generated
by susceptible and infected individuals, whereas g(I) = f(N — I,1) is its reduced form under
the invariant total population condition. The bilinear incidence function describes homogeneous
mass-action contact, while the standard incidence function accounts for contact rates normal-
ized by population size. The saturated incidence function reflects behavioral inhibition, limited
contact capacity, or preventive responses when the number of infected individuals becomes large.
The Beddington—DeAngelis incidence function further incorporates interference effects arising from
both susceptible and infected individuals.

On the compact interval 1 € [0, N], these functions are nonnegative, continuous, bounded,
and locally Lipschitz continuous. Therefore, suitable nondecreasing concave functions G and R can
be selected so that Assumptions 1 and 2 are satisfied. More precisely, since the reduced incidence
function g is continuously differentiable on the compact interval [0, N], there exist constants
Mg, Ly > 0 such that

8 < Mg, |g(1) —gM)| < Lglvi Y|, Y, Y1, Y2 € [0,N].

https://doi.org/10.3390/ fractalfract10080552


https://doi.org/10.3390/fractalfract10080552

Fractal Fract. 2026, 10, 552

8 of 38

Hence, Assumption 2 is satisfied by choosing

Indeed,
18(M1) —g(¥2)]* < R(|Y1 — Y2%).

Moreover, if

Z(t) < K/OtR(Z(s)) ds = KI2 /Ot Z(s) ds,

then Gronwall’s inequality yields Z(t) = 0.
For the growth condition, we have

Bg(Y) = (6 +7)Y[* + o7 1g (V) > + [g(Y)[?
< (2[52 o2+ 1) M2 +2(6 +7)2Y2.
Therefore, Assumption 1 is satisfied by choosing
G(u) = Cp+ Cru,
where
Co= (262 +F+1)M2,  C1=2(0+7)

The function G is continuous, nondecreasing, and concave. Furthermore, for every a > 0,
the comparison equation
o' (t) = a(Cy+ C1o(t))

admits a unique global solution on every finite interval [0, T|. Thus, all parts of Assumptions 1 and 2
are satisfied.

3. Existence and Uniqueness

Under Assumptions 1 and 2, we establish the existence and uniqueness of solutions for
the model (5) by the Carathéodory approximation method [48,49]. Compared to traditional
iterative methods, we can disregard I (¢), I (t), ..., It_1(t), and directly compute I (t).

For every integer k > 1, extend the approximation process to the negative-time interval
by setting I;.(t) = Iy, —% < t<0.Fort € [0,T], define

I(t) = Io—i—/ot [ﬁg<1k<r— i)) - (9+7)Ik(T— ]1<):|d1'
+/0t(71g<1k<r—11<>)d8(7) (8)
+£K/0t(t - T)“1g<1k(r— ;{))d'r.

First, we demonstrate the uniform boundedness of the sequence of random process
{I(t), k > 1} through the following result.

Lemma 3. If Assumption 1 holds and E|Iy|* < oo, for any t € [0, T) and a € (1/2,1), then the
sequence {I(t),k > 1} is uniformly bounded.
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Proof. Based on the fundamental inequality, |x1 + xp + - - - + x¢ [P < kP71 (|xq|P + |x2|P +
-+ =+ |x|?), we have
2)

/Ou(ﬁg(lk(r - %)) —(0+7)Ik(t— %))d”{

0<u<t 0<u<t

E( sup |Ik(u)|2> < 4I? +4E< sup

u 1 2
u 2

2412+ W+ Wo + W3,

From Holder’s inequality, we have

W1+W3:4E<sup

2
o<u<t

2
+4E| sup
0<u<t (10)

<4TE [ g(Ii(r = 1)) — 0+ )l(r - ) Pdr

[ st = 1) = @+ )il — )T

=gt e

w2p2a—1 t 1 zd
+45—E [ I3t = pPar.

Thus, using Doob’s martingale inequality and Itd’s isometry, we obtain

W, = 4E( sup
0<u<t

Through Assumption 1, it follows that

gttt = p)ab(o

2 t
) < 16E [ |org(il(r - D)Pdr.

’ 5 ZTZtX 1
E( sup [1(w)? ) <4/ +4(40F + T+ — E/ (11 ( r—f 2)dr.

o<u<t

Applying Jensen’s inequality, we have

E( sup |Ik<u>2> <41y +4C [ G(E( sup [1(m)P)ar,

0<u<t o< <t

where C = (402 + T + azzngl— : ). By Assumption 1, we have v(t) = ¢ fo ))dl 4+ vg. Let
¢ =4C. Thus,

o(t) - E( sup |Ik<u>|2> > 0941+ [ (G(0(x)) - G(Ig)dr > 0.

0<u<t
That is, E(sup0§u§t|lk(u)|2) < o(t) < v(T) < co. The proof is complete. [

Lemma 4. Under Assumption 1, for any integer k > 1,0 € (1/2,1),and 0 < 1 < 1 < T,
we have

Ell(n) — Ik(1)]* < Co(1 — 1) + C3(1 — 1) %,

where Cy and Cs only depend on T.
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Proof. According to Equation (8), we derive that

©

() = h(m) = [ (Bg(lu(r— 1) = @+ 1) I(r— )T

T

+ [ orgly(e = B0 + ol [ (r2 = 1) g - e

T

— [Mm =0 g = .

Hence,

1(r2) = L) <31 [ (Bg(hlx = ) = (0+ 1) I(r = )P

31 [ st = BR3¢ [ =0 gt =

+ " @ =0 g = e

é]\/Il-i-]\/fz-l-]\/fg.

By Hoélder’s inequality, [td’s isometry, and Assumption 1, we have

T 1 1 2
EIM -+ E[Ma] = 3E] [ " (Bs(tk(r ~ ) = 6+ Dik(r - e
2

4 3E /:2 r1g(Te(t — %))dB(T)

1

2

<3(m = m)E [ *|pair = 1)~ 0+ itr - ) dr

T 1
+303E [ lg(x(— 1)) Pdr
T

<3(T—7+1) /TZG(E( sup |Te(u)[?))dr.

T T <u<t

By Lemma 3, there exists a constant C; > 0, independent of k, such that

E( sup |Ik(u)|2> < (.

0<u<T

Since G is nondecreasing, it follows that
o

E|M1| +E|M2| < 3(1 +T— T1)G(C1)(T2 — Tl) < Cz(Tz — T]),

sup |L(u)|?

0<u<s

><G(C1), 0<s<T.

Consequently,

where C; = 3(1+4 T)G(Cy).
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For M3, it follows that

EM; — 36| /OTZ(T2 e g (I (T — %))d’[ _ /O1 (11 — )% g (It %))dﬂz

=302 ["((m — 0" g l(r = ) — (1= 0 gl — )

+ M=o s - e

Using the same uniform bound, we obtain

2

L5t ©
EM3 < 3a*G(Cy) /0 [(Tz ) (- T)“il]d’f +/ (1 —7)* tdt| .
T

Therefore,
EM; < G3(p — )™,

where C3 = 3G(Cy). O

By Lemmas 3 and 4, the approximation sequence {Ij }¢>1 is uniformly bounded in
L?(0; C(]0, T];R)) and satisfies the uniform increment estimate

E|L(t) = L(s)]? < Co|t —s| + Ca|t —s[**, 0<s<t<T.

These estimates will be used to establish the Cauchy property of the Carathéodory
approximation sequence.

For clarity, the proof strategy for the existence and uniqueness result is summarized as
follows. First, a Carathéodory approximation sequence { I; };>1 is constructed by introduc-
ing a time delay 1/k into the coefficients. Second, Assumption 1 is used to establish uniform
moment boundedness of the approximation sequence. Third, an increment estimate is
derived to control the temporal regularity of I;.. Based on these estimates and Assumption 2,
the sequence { I} };>1 is shown to be Cauchy in L2(Q; C([0, T];R)). Its limit is then verified
to satisfy the integral form of model (5), which proves existence. Finally, applying the
generalized continuity condition to the difference of two solutions yields uniqueness.

Theorem 1. If Assumptions 1 and 2 hold and E|Iy|?> < oo, then for any o € (1/2,1) the model (5)
has a unique solution.

Proof. The existence of a solution is first proved. Given T > 0 and k — o9,
E(supgcser |1(s) — I:(s)|*) — 0. For p > g > 1, we have

sup “p(T) - Iq(7>|2

0<t<t
T 2
<3 sup | [M[B(sp(u 1)) (gl = ) = O+ (Uplu— )~ ylu— )l
T 2
+3 sup | [ o1z (u ) il — 2))laB(w
T 2

+30% sup | [(e =) (g(Up(u— 1)) = (gl = )

= L1+ Ly + Ls.

Taking expectations and use Holder’s inequality to the above equation. Thus, by
Assumption 2, we have
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(O ) I — :) + Bg(Iy(u — ;>>+ 0+ 7)1y (e — ;> — Bg(Iy(u — j,»

t 2
<6TE [ |Bs(Ipln =) = (0 1)1y (u— ) + 0+ 1)y~ 2) = Ps(ly(u— 1)) d
o [|pstiyu— 1)~ 0+t — 1)+ 0+ 00— 1)~ ety L[ an

o T oy g ™o

ot ot
<o | R(E|Ip(u—;)—Iq(u—;)|z)du+6T/0 ((;—;)Cﬁ(;—;)hcgdu.

For the stochastic integral term, Doob’s martingale inequality and Itd’s isometry yield

T 2
ELy =3 sup | ["long(ly(u — 1))~ cig(ly(u— ) dB(w)

0<t<t|/0

1

<126 ( [/ longlly(r =) —gliy(e = )P )
<127E [ owglip(e = ) —ang(ly(r = )Pde
<127E [ g1y (= 3)) — orglly(r = )P
+12TE /Ot lo1g(I(T ;)) gy (t— ;))|2dr
1 1

't 1 1 too1 1
<12T/REI T—)—L(t—= 2dT—|—12T/R S )G+ (= = 2)*Cy)dT.
; (E[Ip( p) q( q)\) Iz ((q p)z (q P) 3)

For the fractional integral term, Holder’s inequality gives

R s (o=5)) =s(nle=5)

;
< 342 sup (/ (r— u)z"‘Zdu)
0<r<t \’0

2
EL; = 34°E sup
0<r<t

2

< efs((=3)) ~s((v=3)) [
o TIE\Y p S\ q '
Since,

r a2 B r2a—1

‘/0 (r—u) du—2a_1.
Therefore,
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“2t2a71 t 1 1 2
< —_2)) — _z
ELs <3% 7 [ Els(p(r— 1))~ gliy(r — )P
a2l gt 1 1.2
< - — -
<65 ) Els(r= ) = slly(r = ) far
a2t ot 1 1.2
T 1 A E|g(1q(7—;)) _8(Iq(T—§))| dt
a2p2e=1 ot 1 1 1 1
<6 R(Cy(= = 2)+C3(= — 2)™)d
T, RO — D)+ Gl — e
w2201t 1 1.
+62a_1AINHQﬁ—?)—Qu—5M)M.
Hence,
2p20=1 ot 1 1 1 1
E( sup |I(1)—L(D) ) <6(2+T+ 2 /RC7—7+C 22y
<O<Tgt|p<> i )) @+T+ 550 [RGlG - D+ GG - 1)
P L A L= Yy
F6+ T4+ 5 ) [ REN(T =)~ ly(r = D)P)ir

As p,q — o0, using the fact that R(0) = 0, Lemma 3 and Fatou’s lemma, we obtain

2.20—1
Y(t) < 6(2+ T+ ”;;_ . ) /OtR(Y(s))ds, (12)

where limy 4 yo0 E (Supogrgt |Ip(T) — I;(7) |2> = Y(t). By the nonlinear uniqueness con-
dition in Assumption 2, inequality (12) implies that

Y(t) =0, 0<t<T.

Consequently,

lim E< sup |In(t) — Iq(T)2> =0. (13)

A=\ 0<t<T

Therefore, {Ii }y>1 is a Cauchy sequence in L2(€); C([0, T|;R)). Since this space is
complete, there exists an adapted process I(t) such that

=% \o<7<T

lim E( sup |I(1) — Iq(T)2> =0. (14)

We next show that the limit process I(t) satisfies Equation (8).
Forall 0 <t < T, we have

2 2

EMQ—QU—H :Eho—gw+gm—hu—?

q

2
< 2E|1(t) — I,(#)|* + 2E

1AQ—QO—;>

Iy (8) — I(t — ;>

By Lemma 4,

E 2<C2 Cs
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Therefore, together with Equation (14), we obtain E|I(t) — I;(t — %) |> = 0asg — oco.
Then, as ¢ — oo in Equation (8), we have

1) =lo+ [ (B(1(0)) — @+ NI(0)ie
+/Ot r1g(1(7))dB(7) +0c/0t(t — ) le(1(r))dr.

Thatis, I(t) is a solution to Equation (8). Let I(t), I (t) be two solutions for Equation (8).
Thus,

“2 t20¢—1

E(sup |I(s)11(s)|2> <624+ T+ 21 )/OtR(I,E( sup |I(s1—) — Li(s1—)[?))ds

0<s<t 0<s1<s

forall 0 < t < T. By Assumption 2, the above nonlinear integral inequality implies that
E(supgc,<; [1(s) — I1(s)|*) = O for all 0 < t < T. The proof is completed. [J

4. Dynamical Properties

Extinction and stability are the most crucial dynamical properties of interest when
studying epidemic models. In this section, we will provide a detailed analysis of these
properties. Before providing the proof of the theorem, let’s first define the threshold

/
Ry — ps'(0)

"= oty

as follows:

Remark 3. Since g(0) = 0, the derivative

D)
0= "7
measures the marginal increase in the incidence rate generated by one additional infected individ-
ual near the disease-free equilibrium. Therefore, Bg'(0) represents the initial per-capita rate of
new infections when the infected population is small, whereas 6 + <y is the total removal rate of
infected individuals.
Consequently,
/
R, = PO
0+

has the same epidemiological interpretation as the classical basic reproduction number: it compares

the production of new infections with the removal of infected individuals during the initial stage
of an outbreak. Meanwhile, in the stochastic fractional model, the almost-sure extinction result
additionally requires

Wevosh

Therefore, Ry < 1, together with the above boundedness condition, provides a sufficient
condition for almost-sure disease extinction.

For example, if ¢(I) = I(N —I), then §'(0) = N, whereas for the standard incidence
¢(I) = I(N —1)/N, one has g'(0) = 1. Hence, the threshold reduces to the corresponding
classical SIS reproduction number in each case. In the stochastic model, the white-noise perturbation
further decreases the upper growth rate through the correction term
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while Ry < 1 provides a convenient sufficient condition for almost-sure extinction.

Theorem 2. Assume that g(1(t))/1(t) < g'(0) < B/0? and Rg < 1. Then, the disease becomes
extinct almost surely.

Proof. Since V(x) = Inx is singular at zero, define

= inf{t >0:1(t) ¢ <in> }

Applying the generalized It6 formula in Lemma 1 to V(x) = Inx on [0, f A 7,,], and then
letting n — oo, gives

InI(f) —Inlp = /O lﬁg((

+0’1/g

—i—zx/o (t—s)" -18U(s)) ds.

2,2
) w+w?g&gﬂﬁ

Let

Consequently,

Moreover,

t
0< 6/ (t_s)a—lg(l(s)) ds
tJo
<gO)F 0, tooo,

because w € (1/2,1).

The function )
o
F(u) = —71142 +Bu—(0+7)

is nondecreasing on [0, 8/¢%]. Hence, from

gUI®) _ B
1(t) <g'(0) < (712,
we obtain . i
imsup ™10 < g(0) - 0-+9) - F ¢10)°
< Bg'(0) = (6+7)
=(@+7)(Ro—1) <0, a.s.
Therefore,

lim I(t) =0, a.s.

t—c0

The proof is complete. [
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Next, we study the Ulam-Hyers stability for the model (5).
Theorem 3. If Assumptions 1 and 2 hold, then the model (5) is Ulam—Hyers stable on [0, T].

Proof. Let X(t) be an approximate solution satisfying model (7). By Theorem 1, model (5)
admits a unique solution, denoted by I(t). Thus,

EIX() ~ 1P = E|X(1) ~ T~ [ [Bg(X(x)) ~ (6+ 1)X(0)]dx

~ [ og(x(e) aB() [ (¢ - 0 g(x() e
+ [ Bs(x(0) — (0-+ m)X(0)]ar
+/Ot n1g(X (7)) dB(1) +0c/0.t(t— 1) lg(X(7)) dr

- [ TBsta(e)) — 0+ 1o ae
2

~ [ gty ()~ [ (1= 0 g(1(0)) |

0

Using |x + y|*> < 2|x|> + 2|y|?, we have

EIX(H) ~ 1) < 26|X(1) ~ I~ [ [Bg(X(0)) ~ (@ + 1) X(0)]dx

2

- [ og(x(e) aB@) [ (¢ - 0 g(x(0) e

0

28] [ [0+ 7010 - X(0) + Blg(X (1)) - g(1(x)))|ar

+or [ [g(X(0)) - g(1(0)}dB(0)
2

b [ (00 [g(X ()~ gCa(e))ae]

By Definition 1 and the inequality |x; + x2 + x3> < 3(|x1]> + |x2|* + |x3]?), it fol-
lows that

t 2
EIX() ~ 100 < 26+ 6| [ [(6-+ m)(1(7) = X(2)) + Bla(X(2)) ~ g(1(1)) |

2

ooy [ [g(X(2) ~ g(1(0))]aB(x)

2

+ola [ =0 [s(X(0) - g1(0)] e

Applying |x + y|? < 2|x|? + 2|y|? to the deterministic integral term yields
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2

E|X(t) — I(t)]* < 2e+12(0 + v)2E /Ot [I(t) — X(1)]dT

2

+ 1262 [ [g(X(0)) ~ (1))t

+oete| [ [g(x(0) - g(1(x))]dB(x)

2

+ 6a%E /Ot(t — 1)t [g(X(1)) —g(I(T))]dr| .

Let
u(t) = E|X(t) — I(t)|*.

By Holder’s inequality,

E /Ot[I(T)—X(T)]dTZ < t/OtE|I(T)—X(T)|2dT

< T/Otu('()dr.

Since |g(x) — g(y)| < Qlx — y|, where Q := sup, (g v [8'(2)| < o0, we obtain

t 2 t
E| [ ls(x(x) —g(i(e)]ar| <t [ Elg(X(r) = g(1(x)Pdr

< TQ? /Ot u(t)dr.

By Ito’s isometry,

2

; = [ Elg(x(e)) - i) Par

<@? /Ot u(t)dr.

[ is(x(o) — ga(o)] aB(o)

For the fractional integral term, Holder’s inequality gives
t 2
E| [ (= o) g(X(r) ~ g(1() e
t t
< ([ =) [ Elgxie) - gl ar
0 0

272x—1 t
<QT
- 2a—1 Jo

u(t)dr.
Combining the above estimates, we obtain

u(t) <2+ B/Otu(r) dr,

where
6062 QZ TZa—l

B =12(0 + )T + 12>Q?T + 607Q% + T

By Gronwall’s inequality,

u(t) < 2eePt < 2087, telo,T].

https://doi.org/10.3390/ fractalfract10080552


https://doi.org/10.3390/fractalfract10080552

Fractal Fract. 2026, 10, 552

18 of 38

Therefore,
E|X(t) — I(t)|> < Me, M = 2¢PT.

According to Definition 1, model (5) is Ulam-Hyers stable on [0, T]. [

5. Averaging Principle

In this section, we establish a stochastic averaging principle for the fractional stochastic
SIS model with rapidly varying coefficients. For this purpose, the incidence function g(I)
is extended to a time-dependent form g(7 /€, I), where 7/€ denotes a fast time scale. Thus,
g(t/€,I) retains the incidence structure of g(I) while reflecting rapid temporal fluctuations
in disease transmission. We then consider the following stochastic integral equation:

1€ =l + [ (bg(5, 1)) = (0 + M1()d + [ (L, 1°(0)aB(o)

t (15)

+ oc/o (t— T)”‘*lg(g, I¢(7))dT,
where € € (0, €] is a positive parameter with €y > 0. The coefficients of Equation (15) are
similar to those in model (1). Thus, Equation (15) has a unique solution I¢(¢),t € [0, T].
Our objective is to show that the solution I¢(t),t € [0, T] can be approximated in certain
sense by the solution I(t), t € [0, T] of the following averaged equation

1) =l + [ (Bg(1(0)) ~ @ +-)I(e)ar + [ og(I(x))dB(D)

t (16)
+zx/ (t— 1) 1g(I(1))dr.
0
Assumption 3 (Averaging condition). There is a bounded positive function i : (0,00) — (0,00)
with limr_,« (T) = 0, such that for any fixed t > 0,

supl. [ (201(0)) ~ g 1))l < (1)1 + 1))

t>0

Remark 4. In practical epidemic modeling, the rapidly varying incidence function g(t/€,I)
may represent short-term or recurrent fluctuations in transmission caused by seasonal changes,
school terms, population mobility, climatic conditions, or periodic behavioral responses. When these
fluctuations occur on a time scale much faster than the overall evolution of the epidemic, the averaged
incidence function g(I) represents their effective contribution over one or several fluctuation cycles.
Therefore, the averaging principle separates short-term transmission variability from the
slow epidemic evolution. The original system describes both rapid oscillations and the underlying
epidemic dynamics, whereas the averaged system suppresses within-cycle fluctuations and retains
the dominant long-term trend. In this sense, the averaged equation can be used to study long-term
growth, decline, extinction, or persistence without resolving every short-term seasonal oscillation.
For example, if the incidence function is periodically forced,

gt 1) =a(t)h(l),  a(t+P)=alt),

then the corresponding averaged incidence function is

2= [ stna= (g [ ata)a.

Thus, the averaged coefficient represents the mean transmission intensity over one seasonal period.
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Since

2
sup| % [ (g(1(2)) st 12| <sup X [ (g(1(0)) — g(x, 1020 P,
>0 4/t £20 © Jt

Assumption 3 is weaker than the following averaging condition:

sup 1 [ 1201(2)) ~ g(x, 1(0)) P < (1) (14 (O,

t>0

Hence, we need to overcome the difficulties with the weaker condition to obtain
the averaging principle for Equation (15). For any I1(t), () € RT and T > 0, using
Assumptions 2 and 3, we have

1B3(I(£)) — (0 + 7)1 (t) + (6 + 1) L2 (t) — BS(La(1)) 2
T T
<37 [ (Bg(h(0) — B(r h(o)arl +3I7 [ (Bg(1a(1) — p3(r, (1)) )P
4313 [ (B0 (1) ~ (64 1)1(0) ~ 0+ 7)1 (1) + B3(r, o (x)) el
<B3P(T)(2+ L ()] + [L(H)]) +3R(| L (t) — L(1)[?).
As T — +o00, we have
1BZ(I (1)) = (0 + 1) Ia () + (0 + ) 1a(t) — BZ(La(1))|* < BR(E[L(F) — L(1)[*).  (17)

Similarly,

EROF <217 [ (s(2,0) ~ g0t +211. [ g(x, 00 < 29(1) +26(N).

Lemma 5. Suppose that Assumptions 1, 2, and 3 hold and that E|Iy|> < co. Then,

2
lim E

e—0

sup =0.

0<t<T

(pa(re(r)) - pg (5, 14()) )
A .

[2)

O=ay<m<---<ay=T

Proof. For each ¢ € (0,¢g], let

and define the partition

by
a;=ive, 0<i<mn.—1,

and a,, = T. Hence,
0<aiq—a <e

and
T < neve < T+ /e

For each t € [0, T|, define

m=m(te) = min{ {\;EJ,ng - 1}.
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Then,
am <t < apiq.

Using

2 k
i| < kz |x; |
i—1

and m + 1 < n,, we obtain

2

[pg(1e(r)) - pg (., 16(1)) |
0 €

<ne mz: [ [estee — ps(5 1)) Jar 2 (18)
2
+ ne /ﬂ; [/3g—(18<r)) - ﬁg(%/[e(r))}dr .
By Holder’s inequality, we have
/ [B3(1*(v)) - pg (<, (7)) | d 2 o

t - 2
<28t —an) [ 18N P + 3 (510 o
Am €
By Assumption 3, there exists a constant K¢ > 0 such that
FP+ 1860 < Kg(1+1x2), 520, xeR

Hence, by the Cauchy-Schwarz inequality,

2

[ [pstrecen — g (% 10) Jar
< (- | [pere) - pg(L () [ae
< 22K (t — ay) /t (1 n |1€(T)|2)dr.

am

Let

My := sup E| sup |I¥(t)*| < co.
0<e<l [0<t<T

Since 0 < t — a,; < /¢, taking expectations and the supremum over t € [ay,, T|] yields

7

[ st~ ps( Lo

E| sup
4 <t<T
T
< 2521<g\/§15/ (1+11E(0)?) d
am
< 2B%K, (14 Mr)e.

Define
Cr := 2B°Kq (1 + Mr).

Then Cr > 0 depends only on the model parameter j, the growth constant K, and the
uniform second-moment bound M7, and is independent of e. Therefore,
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[ (st - ps(F o) Jae

2
E| sup < Cre.
A, <t<T

For each complete subinterval [a;,4;11],i =0,1,...,1n; — 2, using
21+ x2 4 132 < 3( a2+ |22 + [xs[?),

we obtain )

[ [Batre() — s (S 14() ) Jar

i

2
< 3p?

[ gt ~ gUeaae

i

[ @) - (5,10 e

1

[ (o) ~s(Cro)od

Taking expectations and applying Holder’s inequality to the first and third terms,

2
+ 382

+ 382

we have

2

i1 2
36| [ I3U°() — g1 ()| +3p%E

1

< 6B f/ R(E|E () - (@) ) de.

[ s (Erw) ()

1

For the second term, using the change of variables r = T/¢, we obtain

[ @) — g (5 1) ax

1

2

2

[ 805 — st e

i/e

282

Since
ait1 —ai _

1
e e
Assumption 3 implies that

[ g @) - (5 ) ax

1

< 3p% (\/g) E [1 + | I£(a;) |2} .

2

3B%E

Combining the above estimates, we obtain
2

B[ [pate(o) - (5 14() ) Jar

< 3,82£1p(\1[> E [1 + |1€(ai)|2}
+6ﬁ2\f/ E|I£ )—IS(ai)F)dr.

Hence,
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ne—2 2

Ne
=0

csvma( )

+6B ngfz/ E\Is —Ie(ai)|2)dr.

B[ [pate(n) - (5 1o() ) Jar

i

ne—2

> E[1+ |1(a;) ] (20)

Using the increment estimate
E|I°(T) — I¥(a)) | < Co(T — a3) + C3(T — a;)*,
the monotonicity of R, and 0 < T — 4; < /¢, we obtain

ne—2 2

ne ),

i=0

<o)
+ 68211/ T R(Cav/e + Cae®).

B[ [pate(n) - (5 1o(0) ) Jar

i

Since

ns\/g <T+ \/;3/
both n¢+/¢e and nfs are uniformly bounded. Therefore,

ne—2 2

n'y

i=0

<Cr |:l/J <\}£> + R(Cove+ C3s“)] .

B[ [pate(n) - g (5 14() ) Jar

i

(21)

Taking expectations and the supremum in (18), and using Equations (19) and (21),
we obtain 2]

) +CTR(C2\/+C3£ )

E| sup | [ [patee) — ps (T, 1(0) e

0<t<TIl/0

< CT\[+CT¢<\1[

As ¢ — 0, we have

Ve —0,

=l

Hence, by Assumption 3,
1
— 0.
(32

Cyv/e + Cze™ — 0.

Moreover,

Since R is continuous and R(0) = 0,

R(Cz\/g-i- C3E“) —0
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Consequently,
t . 2
g%ELiltlgT/o [ﬁg‘(le(f))—ﬁg(g,ls(f))}dT ] =0.
O

Theorem 4. Assume that E|IO|2 < oo. Then, under Assumptions 1-3, the following averaging
principle holds

limE< sup |If(t) — T(t)|2> =0.

e=0 -\ tefo,1)

Proof. Subtracting Equation (16) from Equation (15), we obtain

K -1 = [ [ﬁg(jf(r)) B3 (I(1)) — (0 +7)(I(1) T(T))] dt

Ty /Ot(t —)r-1 {g(%, IS(T)) - g(i(r))} dr.

Applying
X1 + 2 +x3)* < 3<\x1|2 + [xo|* + |x3|2),

we obtain

E

sup |I°(t) — f(tﬂ
0<t<T

§3Elsup .

0<t<T

og(T () — Ba(I()) — (0 + IE(T) — I(0)] Ve
/

+ 301215 sup
0<t<T

+3aE | sup

0<t<T

2N+ T+ s

By Holder’s inequality,

Teeo) - g (5 15(0) |
. s

i < 9,3215[ sup

2
0<t<T ]
+9BT [ Elg(*(0)) - g(1() e

+9(6+ 'y)ZT/OT E|I¢() — I(7)[dT.
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The continuity condition for & further yields

h< 9ﬁ2El sup | [*[g(r:(e)) ~ g (£, 14(0) Jae

0<t<T

|
+Cr /OT R(E|[€(1—) _ I_(T)\z)dr
+9(0 + 7)2T/0T E|IF(7) — I(7)2d.

Doob’s martingale inequality and It6’s isometry give

o (T2t 2
J2 < 2403 [ [3(1(x)) — g(1°(x)) e
T 2
+24¢712E/0 () — g (5,1 ) .
It then follows from Equation (17) that
T
€ T 2
I < C/o R(EII(7) ~ I(0)]?)dr
T 2
+2408E [ [g(1°(2) = g (L, 1)) o

For the fractional integral term, Holder’s inequality gives

Js = 30°E L% | (= oyt 2(I(x) — (5 (@) Jax

<2 [ e[ - oL ) o

2]
Using the continuity condition for g, we obtain

Bscr [ R(E@ - TP )dr
+ O [T Efare) — gL ) [far

Combining the estimates for J;, J,, and 3, we obtain

E

sup |I°(t) - f(tﬂ

0<t<T

<Cr /OTR(E|I€(T) — 1))
+9(6+ 'y)zT/OT E|If(t) — I(7)[dt (22)

[ et - g(L )] ae 2]

6“2'1“20(71 T e 2
2 5(T€ _ R £
+(24c71+ I )/O E‘g(l (1)) g(e,l(f))‘ dr.

By Lemma 5,
2
| -0
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Moreover, by Assumption 3,

lim OT E’g‘(le(r)) - g(g,ze(r)) ’zdr =0

e—0

Taking the lim sup as ¢ — 0 on both sides of inequality (22), we obtain

limsup E | sup |IF(t) — I(t)?
=0 0<t<T
T
< CT/ R limsup E| sup |I°(s) — I(s)*| |dt
0 e—0 0<s<t

T
+Cr [ limsupE l sup |I°(s) — I_(S)|2] dr.
0

e—0 0<s<t

The nonlinear Gronwall-Bihari inequality, together with Assumption 2, implies that

limsupEl sup |IF(t) — I_(t)|2] =0.

e—0 0<t<T

Since the quantity inside the upper limit is nonnegative, it follows that

limE[ sup |I5(t) T(t)|2] =0.

e—0 0<t<T

This completes the proof. [

6. Numerical Simulations

In this section, our main objective is to demonstrate the theoretical results. Before pre-
senting the numerical examples, we briefly describe the numerical discretization adopted
in this section. The white-noise term is approximated using the Euler-Maruyama scheme
following [9], whereas the fractional term is discretized based on the fractional integral
representation introduced by Jumarie [38].

Lett, =nh,n=0,1,...,N, be a uniform temporal grid. Then, at f = ¢,

w [ (b =) g (1(s)) s

n=l et
—a Y /t (tn — )" 1g(I(s)) ds.
j=0 7t

Approximating g(I(s)) by g(I;) on [t;, t;;1], we obtain

n—1 (@)
Z wnfjg(ll)’

oc/otn(tn —5)*Lg(I(s)) ds ~ h*
i=0

where
W =~ (k-1)%, k>,

This discretization retains the memory property of the fractional term, since the
approximation at t, depends on all previous states Iy, Iy, ..., I;,_1.

Indeed, the impact of white noise on diseases has been displayed intuitively through
numerous articles. Therefore, it will not be reiterated in this paper. Next, we illustrate the
influence of fractional derivatives on diseases using the following examples.
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Example 1. To illustrate the influence of the fractional memory term on the dynamical behavior of
the SIS epidemic model, let

Ip=05 A=02 o0¢,=006 p=02 6=03 =01 «a=055

In models (1) and (3), we choose the bilinear incidence function

To highlight the role of the fractional memory mechanism, white-noise perturbations are
not considered in this example. We only compare the trajectory differences between the classical
deterministic SIS model and the fractional-order SIS model with memory effects. Figure 1 presents
the trajectories of the susceptible individuals S(t) and infectious individuals 1(t) in the two models.
As shown in Figure 1, after introducing the fractional memory term, both the transient convergence
process and the long-term stable levels of the system change significantly. Specifically, the fractional
memory effect alters the adjustment rates of susceptible and infectious individuals and affects the
long-term evolution level of 1(t). This indicates that historical infection states and nonlocal memory
mechanisms play a non-negligible role in disease transmission, and it also provides a numerical
basis for further analyzing the influence of the fractional order « on epidemic dynamics.

0.85 0.5

o 500 1000 1500 2000 2500 3000 [ 500 1000 1500 2000 2500 3000
(@) (b)

Figure 1. Comparison between the classical deterministic SIS model and the fractional-order SIS
model without white-noise perturbations. (a) Trajectories of susceptible individuals S(t); (b) trajec-
tories of infectious individuals I(#). The parameter values are [y = 0.5, A = 0.2, 5 =0.2,0 = 0.3,
¥ = 0.1, and « = 0.55, with the bilinear incidence function f(S, I) = SI. The white-noise intensity is
set to o7 = 0 in this example.

Example 2. This example further investigates the influence of the fractional order o on the dy-
namical behavior of the model, we take « = 0.5,0.7,0.9, while keeping the other parameters the
same as those in Example 6.1. Since the fractional order « reflects the strength of the memory effect,
different values of « may change the degree to which historical infection states affect the current
disease transmission process. Figure 2 presents the trajectories of the susceptible individuals S(t)
and infectious individuals I(t) in model (4) under different fractional orders.

As shown in Figure 2, the fractional order « has a significant influence on the transient
evolution of the system. As « varies, the convergence rate, adjustment process, and long-term stable
levels of susceptible and infectious individuals also change. In particular, the trajectories of 1(t)
indicate that the memory intensity affects not only the short-term fluctuations and transition process
of disease transmission, but also the pathway through which the infectious population evolves toward
its long-term state. This demonstrates that the fractional memory mechanism is an important factor
in characterizing epidemic dynamics and numerically supports the necessity of incorporating the
fractional-order term into the model.
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o 500 1000 1500 2000 2500 3000 [ 500 1000 1500 2000 2500 3000
@) (b)

Figure 2. Trajectories of model (4) under different fractional orders « = 0.5,0.7,0.9: (a) susceptible
individuals S(t); (b) infectious individuals I(t). The fractional orders are a« = 0.50,0.70,0.90, while
the remaining parameters are fixed at Iy = 0.5, A = 0.2,  =0.2,0 = 0.3, v = 0.1, and 07 = 0.06, with
f(S,I)=SI.

Example 3. To illustrate the influence of the model parameters on the Ulam—Hyers stability
estimate, we consider

6 =03, v =01, « = 0.75, T=01
According to Theorem 3, the perturbation error satisfies
E|X(t) = I(t)]> < Me, M =27,
where
60(2Q2T2a_1
20 — 1

We consider the following three representative parameter regimes:

B =12(0 + )T + 1282Q*T + 607Q% +

Regime ‘ B o) Q ‘ M
Low sensitivity 0.10 0.03 0.30 | 2.0786
Moderate sensitivity | 0.20 0.06 0.50 | 2.1543
High sensitivity | 0.40 0.12 0.70 | 2.2947

The results show that the stability constant M increases as the transmission coefficient B,
the environmental noise intensity o4, and the incidence sensitivity Q increase. Thus, smaller values
of these parameters correspond to a tighter perturbation-error bound.

Epidemiologically, the low-sensitivity regime may represent reduced contact intensity, rel-
atively stable environmental conditions, and a saturated transmission response under effective
intervention measures. In contrast, the high-sensitivity regime may correspond to frequent contact,
stronger environmental fluctuations, and a transmission process that is more sensitive to changes in
the infectious population. In such situations, small observational or numerical errors may have a
larger influence on the predicted epidemic trajectory. Among the above three regimes, we select the
moderate-sensitivity case

B =02, o1 = 0.06, Q=05

for numerical illustration.
To examine the effect of small perturbations on the infectious trajectory, we choose the perturbed
initial values
=1+,
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and denote by I°(t) the solution corresponding to the perturbed initial value. To eliminate the
direct influence of different perturbation magnitudes on the error size, we use the normalized
mean-square error

_EIP(®) — I()P

= 52

to measure the deviation between the perturbed solution and the original solution.

Figure 3 displays the evolution of the normalized mean-square error Ds(t) under different
perturbation levels. It can be seen that the curves remain bounded on [0, T| and gradually decrease
with time. This indicates that small perturbations in the initial value do not cause uncontrolled
deviations of the infectious trajectory. Hence, the numerical result is consistent with the Ulam—Hyers
stability established in Theorem 3.

Dy (t)

1.01 — 6=02
— 6=01
— 6=0.01
0.8
o~
©
~
= 06
o)
I
S
2 0.4
w
0.2
0.0 : . ; : :
0 2 4 6 8 10 12

t

Figure 3. Numerical illustration of Ulam-Hyers stability under the parameter values § = 0.3, v = 0.1,
=020 =006,a =075T=0.1and Q = 0.5. The curves represent the normalized mean-square
error E|I°(t) — I(t)|?/6% under the perturbation levels = 0.2,0.1,0.01.

Example 4. To illustrate the averaging principle using an epidemiologically meaningful incidence
function, we consider the rapidly varying seasonal incidence

I(N-T)

— 1 .
N(i+al)’ 0<p<l1l a>0

gt 1) = (1 + psin? t)
This function is nonnegative for
t>0, O0<I<N,
and combines periodic transmission fluctuations with a saturated incidence mechanism.
Since 1 7 1
— / sin? tdt = -,
T Jo 2
the corresponding averaged incidence function is
I L I)d
7(I) = — £, t
g =~ [ a0

:(HS)M.

The original rapidly varying system is therefore given by
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) =to+ [ [pe(S140)) ~ (04 m)1%() e
toT
+01/0 g(5.15(x))aB(r)
—|—oc/0t(t— T)”‘*lg(g,lg("r))dr,

whereas the corresponding averaged system is

1) = fo+ [ 163(1(e)) — (0 + 1) T(x)ldr

+or [ a(1()aB()
+a /0 (= 1) g(I(7))dr.
In the simulation, we take
Ip=05 N=1, =02 606=03 =01,

7 =006, a=075 p=06 a=05.

The original and averaged systems are simulated using the same Brownian increments. The nu-
merical results show that the rapidly varying solution oscillates around the averaged trajectory
and that their mean-square difference decreases as € becomes smaller, which is consistent with the
averaging principle.

Figure 4 compares the solution trajectory 1€ (t) of the rapidly varying system (15) with the
corresponding solution trajectory I(t) of the averaged system (16). It can be observed that the two
trajectories remain close over the considered time interval, indicating that the averaged system
provides an effective approximation to the dynamical behavior of the original rapidly varying system.
This numerical result is consistent with the averaging principle established above, which states
that, for sufficiently small €, the solution I¢(t) converges to the averaged solution I(t) in the
mean-square sense.

1.2
()
I(t)
1.0 r error |1

0 500 1000 1500 2000 2500 3000
i

Figure 4. Comparison between the rapidly varying fractional stochastic SIS system and its averaged
system for e = 0.10,0.05,0.01. The seasonal incidence function is g(t,I) = (1 + 0.6sin? t) iga;%, and

the averaged incidence is §(I) = 1.3%. The remaining parameters are Iy = 0.5, § = 0.2, 0 = 0.3,

v =0.1, 09 = 0.06, and & = 0.75. The same Brownian increments are used for all comparisons.
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Example 5. To numerically illustrate the almost-sure extinction result in Theorem 2, we consider
the standard incidence function f(S,I) = %

We choose
N=1 [p=05 =02 0=03 =01,
oy = 0.06, a = 0.75.
Then, 0
Ro = ﬁeg+( 7) - 0.30420.1 =05<1.
Moreover,

J0)=1< %

Therefore, the sufficient conditions of Theorem 2 are satisfied.

The simulated sample paths of 1(t) decrease toward zero, and the ensemble mean also converges
to zero as time increases. These results provide a direct numerical illustration of the almost-sure
disease extinction predicted by Theorem 2.

Figure 5 presents the ensemble mean and the 95% empirical interval of the infectious population
obtained from 100 independent simulations. After a short initial fluctuation, the ensemble mean
exhibits a clear downward trend and gradually approaches zero. Meanwhile, the empirical interval
also contracts toward the disease-free state as time increases. This numerical result is consistent
with the almost-sure extinction conclusion of Theorem 2 under the condition Ry < 1.

Ensemble mean and 95% empirical interval

0.6 —— Ensemble mean
95% empirical interval

0.51

0.4+

1(t)

0.34

0.2+

0.1+

0.0

0 10 20 30 40 50 60
t

Figure 5. Numerical illustration of disease extinction under Ry < 1. The standard incidence function
g(I) = 1(1—1) is considered with [y = 0.5, N =1, =10.2,0 = 0.3,y = 0.1, oy = 0.06, and « = 0.75,
for which Ry = 0.5 < 1. The solid curve represents the ensemble mean, and the shaded region
represents the 95% empirical interval obtained from 100 independent simulations. The ensemble
mean and empirical interval gradually approach zero, illustrating convergence toward the disease-
free state.

7. Empirical Analysis Based on SDEPINN

To further examine the applicability of the SIS-type epidemic dynamics framework
proposed in this study to real-world epidemiological data, we conduct an empirical analysis
using monthly reported influenza cases from the Xinjiang Uygur Autonomous Region.
The data are obtained from the statutory infectious disease epidemic bulletins officially
released by the Health Commission of Xinjiang Uygur Autonomous Region. The sample
period spans from January 2020 to February 2026, covering a total of 74 monthly observa-
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tions. This monthly dataset objectively characterizes the temporal evolution of influenza
activity intensity in Xinjiang.

7.1. Relationship Between the Theoretical and Empirical Models

The theoretical model developed in the preceding sections contains a general non-
linear incidence function, a Brownian perturbation, and a fractional memory term. Since
the available observations consist of monthly aggregated case counts, the underlying
continuous-time Brownian increments cannot be separately identified from the data. There-
fore, a reliable pathwise reconstruction of the stochastic forcing is not feasible. For empirical
fitting, we consequently omit the unobserved Brownian integral and consider a reduced
deterministic fractional integral model as a practically identifiable approximation of the
theoretical stochastic model.

For the empirical analysis, the total population is normalized as N = 1, and the
standard bilinear incidence function f(S,I) = SI is adopted. Since S = 1 — [, it follows
that g(I) = f(1—I,I) = I(1 — I). Moreover, we define é = 6 + 1 as the total removal rate
of infectious individuals. After omitting the unobserved Brownian integral, the reduced
empirical model is written as

1) = To+ [[ 166151 = 1) — 6T(5))ds

t (23)

ta /0 (t— ) 1 1(s)(1 — I(s)) ds.

The neural-network framework below uses model (23) as its physical constraint.

The reduced model preserves the nonlinear incidence and fractional memory structures

of the theoretical model, while the Brownian trajectory is not reconstructed pathwise.

This simplification is introduced for practical identifiability under monthly aggregated

observations and does not diminish the role of stochasticity in the theoretical analysis. Thus,

the stochastic model provides the mathematical and mechanistic foundation, whereas the

reduced deterministic fractional model serves as the empirically identifiable constraint for
data fitting.

7.2. Seasonally Enhanced SDEPINN Algorithm

Let y; denote the number of reported influenza cases in Xinjiang in month ¢, and define
the log-transformed case count as g; = log(1 + y¢). To make the empirical state consistent
with the normalized SIS model, the log-transformed case counts are rescaled to the interval
[0,1]:

ItObs _ 4t — dmin , (24)
gmax — dmin
where
in = min g; = max g;.
Hmin 12 Gjs fmax 122 qj

This transformation effectively compresses the scale effect of extreme peaks, enabling
the model to maintain good fitting performance during both low-incidence and high-
incidence periods.

The fitting framework adopts a dual-branch multilayer perceptron architecture. The
first branch predicts the normalized infection state:

Ig(t) = sigmoid(fo(xt)). (25)
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The second branch network, denoted by g, (-), is used to estimate the time-varying
transmission intensity. To ensure the non-negativity of the transmission intensity, the soft-
plus function is applied:

‘Bg (t) = softplus (g¢ (Xt)) .

The total removal rate is constrained to be positive by
d = softplus(7;), (26)

where 7; is a trainable scalar parameter.

Let Ig(t) and Be(t) denote the infection state and the time-varying transmission rate
predicted by the neural network, respectively. Based on model (23), the physics-informed
integral residual is defined as

Re(t) =lo(t) — Iy
t
— [ [Po(9)1o(s) (1~ lo(s)) — ol (s)]ds @7
t
— a/ (t—35)*"g(s)(1 - Ig(s)) ds.
0
This residual measures the difference between the neural-network output and the
right-hand side of the reduced integral model.

The physics-informed loss is defined by minimizing the integral residual at the collo-

cation points:
1 N 2
Lony = 3 Z’R(B(tj)’ . (28)
Nr ]:1

The integral residual provides a mechanistic constraint consistent with the reduced
SIS model, while the relatively small physics-loss weight maintains sufficient flexibility to
fit abrupt variations in the monthly influenza observations.
2

1 n
Laata = - Y wj [Ie(t]‘) - Ifbs} (29)
=

- Y
where wj = 1+ p(mamg,gn m

thereby encouraging the model to pay greater attention to high-incidence months during
training. In this study, we set p = 4.0 and p = 1.5.

p . . . .
) . When y; is large, the corresponding weight w; increases,

The smoothness loss for the time-varying transmission rate is defined as

1 n—1

T L [Belti) - Bo(t)]. (30)

j=1

£ =
smooth n—

The initial-condition loss is defined as
Linie = |10(0) — Io/*. (31)
Therefore, the total loss function is defined as
L= MiLaata + ArLpny + AsLsmooth + Ao Linits (32)

where Ly;;,0011 denotes the smoothness constraint on the transmission intensity B¢, and L;;;
denotes the initial-condition constraint. The weights are set as
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Ay=10, A, =001, As=0.003 Ag=0.05. (33)

This setting indicates that data fitting is the primary objective of the model, while the
dynamical residual and smoothness constraints mainly serve as weak regularization terms.
To evaluate residual (27), define

Fo(s) = Be(s)le(s) (1 —le(s)) — dle(s)

and
Ge(s) = la(s)(1—Ie(s))-

For the ordinary integral, the trapezoidal rule is used:

ty n=1Fo(t:;) + Fg(t;
/O Fo(s)ds~ ¥ G(])+2®(]+1)Atj, (34)

where At; = ;1 —t;. For the fractional memory term, we use the product-integration

approximation
tn n—1
uc/o (ts — )" 1Ge(s) ds ~ Z(;) wi(fj)G@(tj), (35)
j=
where w}i‘j‘j) = (tn —t;)® — (t» — tj11)". This discretization preserves the power-law memory

weights and avoids direct evaluation of the weakly singular kernel at s = t,,.

In terms of network architecture, the main fitting network consists of three hidden
layers, each containing 96 neurons, with the Tanh activation function and a dropout rate of
0.03. The transmission-rate network for Sg consists of two hidden layers, each containing
48 neurons, and applies the softplus function to ensure positive outputs. The model
parameters are initialized using the Xavier initialization method.

For model training, the AdamW optimizer is employed, with the learning rate set
to 8 x 107 and the weight decay coefficient set to 1 x 10~°. The maximum number of
training epochs is 5000, and the early-stopping patience is set to 700. Since the data are
monthly time-series observations with a relatively limited sample size, full-batch training
is adopted.

To reduce the sensitivity of a single neural network to random initialization and local
optima, this study adopts a randomized ensemble training strategy. Specifically, small
random perturbations are added to the standardized case series, and the loss-function
weights are also randomly perturbed. A total of K = 16 sub-models are trained repeatedly.
For the k-th sub-model, let Tt(k) = Ig (t) denote the predicted normalized infection state
at time ¢. It is transformed back to the original case-count scale by

k k
]75 ) = exp [‘Jmin + Tt( )(qmax - Qmin)} -1 (36)

The final model output is obtained by averaging the fitted values of the 16 sub-models:

7= 7. (37)

~|
T

Meanwhile, the 2.5% and 97.5% quantiles of the fitted results from all sub-models
are used to construct the 95% ensemble uncertainty interval. This interval reflects the
uncertainty of the model in fitting the historical case series and should not be interpreted
as a strict Bayesian credible interval or a future prediction interval.
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7.3. Model Evaluation Metrics

To evaluate the fitting performance of the proposed model for the influenza case series
in Xinjiang, this study employs five commonly used evaluation metrics: mean absolute
error (MAE), root mean square error (RMSE), mean absolute percentage error (MAPE),
symmetric mean absolute percentage error (SMAPE), and the coefficient of determination
(R?). These metrics are defined as follows:

1 A 1 -
MAE = =) |yt — i, RMSE = [ = Y (y: — 91)?,
i3 ni=3
0, n _ O 00 n 5
MapE — 100% Y| L | SMAPE = 100% 2y =gil
=l max(ys, 1) = max(|ye| + |9¢], 1)

Here, MAE and RMSE are used to measure the absolute errors on the original case-
count scale, while MAPE and SMAPE are used to measure relative errors. The coefficient
of determination, R?, is used to evaluate the explanatory ability of the model with respect
to fluctuations in the case series.

7.4. Empirical Results Analysis

Figure 6 presents the fitting results of monthly reported influenza cases in Xinjiang
obtained using the seasonally SDEPINN algorithm. The results show that the algorithm
can effectively characterize the main temporal variation features of influenza cases in
Xinjiang. During low-incidence periods, the fitted curve remains at a relatively low level
without producing obvious artificial peaks. During high-incidence periods, the algorithm
can capture the timing and magnitude changes of the major case peaks occurring in early
2023, from autumn and winter 2023 to early 2024, in early 2025, and in autumn and winter
2025. In particular, during periods of rapid increase and rapid decline in case numbers,
the fitted curve remains highly consistent with the observed sequence.

70,000
—e— Observed cases
—— Ensemble fitted mean

60,000
95% ensemble interval

50,000 4 ’
|

40,000 - |

Influenza cases

30,000
20,000
10,000 1 |

N\ O \ { > o N A N\ Q@ N\

Q Q 9 9 N N Q Q Q Q Q

g s & e b o B E g
&S S e

m@?ss m&bg\
Time

Figure 6. Fitting results of monthly reported influenza cases in Xinjiang using the seasonal SDEPINN.

The blue line with markers represents the observed monthly reported influenza cases, the orange line

denotes the ensemble fitted mean produced by the seasonally enhanced SDEPINN, and the light-blue

shaded area indicates the 95% ensemble uncertainty interval constructed from the 2.5% and 97.5%

quantiles of the fitted results from 16 randomized sub-models.

From the perspective of the model mechanism, the favorable fitting performance
mainly arises from three aspects. First, the annual and semiannual sine-cosine periodic
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terms, the cold-season indicator, and the monthly dummy variables jointly enhance the
model’s ability to represent the seasonal rhythm of influenza, enabling it to identify differ-
ences in influenza activity intensity across different months. Second, the transformation
log(1 + y¢) compresses the scale effect of extreme peaks, reduces the impact of large fluc-
tuations in raw case counts on training stability, and enables the model to balance fitting
accuracy between low-incidence and high-incidence periods. Third, the peak-weighted
loss function increases the contribution of high-incidence months during training, thereby
reducing the model’s systematic underestimation of outbreak peaks.

Table 1 presents the in-sample fitting evaluation results of the model. As shown
in Table 1, the model achieves an R? value of 0.9951, indicating that the fitted values
can explain most of the temporal fluctuations in the reported influenza cases in Xinjiang.
The MAE and RMSE are 212.0771 and 545.2049, respectively, suggesting that the average
fitting errors on the original case-count scale are relatively small. The MAPE and SMAPE
are 10.6737% and 9.7341%, respectively, indicating that the model also exhibits good fitting
performance in terms of relative errors.

Table 1. Fitting performance of the proposed model for influenza cases in Xinjiang.

Metric MAE RMSE MAPE (%) SMAPE (%) R?
Value 212.0771 545.2049 10.6737 9.7341 0.9951

8. Conclusions

Considering that historical infection data has impacted the future evolution of the
epidemic, fractional differentiation is introduced into the conventional stochastic epidemic
model in this paper. Firstly, based on the properties of fractional differential equations, a ran-
dom process was constructed, which transforms the proof of the existence and uniqueness
of model solutions into that of the existence and uniqueness of sequence limits. Secondly,
under certain conditions, the extinction of the infected individuals and the Ulam-Hyers
stability of the model are obtained using Holder’s inequality, the Burkholder-Davis—-Gundy
inequality, Gronwall inequality, and It6’s isometry. Finally, we demonstrated that solutions
of the averaged stochastic model can approximate the solutions of the model in the sense
of mean square. In other words, the average principle provided a convenient and feasible
method for studying properties based on the related averaged equations.

In addition, this paper constructs a seasonally enhanced SDEPINN framework. This
framework integrates fractional stochastic dynamical residuals with seasonal features,
and adopts a peak-weighted loss function and an ensemble training strategy. Empirical
results based on influenza data from Xinjiang show that the proposed framework can effec-
tively capture seasonal fluctuations and outbreak peaks of the epidemic, while providing
an ensemble-based empirical uncertainty band.

It is worth noting that model (4) is transformed into model (8) under certain spe-
cific conditions, which results in a limited applicability of the model. On the other hand,
multi-time scale differential remains a niche area of study, with most research focusing on
Riemann-Liouville and Caputo fractional differential. Therefore, it is our further work to ex-
tend these conclusions to multidimensional Caputo fractional stochastic epidemic models.
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