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Abstract: Due to some limitations in the data collection process caused either by human-related errors
or by collection electronics, sensors, and network connectivity-related errors, the important values at
some points could be lost. However, a complete dataset is required for the desired performance of
the subsequent applications in various fields like engineering, data science, statistics, etc. An efficient
data imputation technique is desired to fill in the missing data values to achieve completeness within
the dataset. The fuzzy integral is considered one of the most powerful techniques for multi-source
information fusion. It has a wide range of applications in many real-world decision-making problems
that often require decisions to be made with partially observable/available information. To address
this problem, algorithms impute missing data with a representative sample or by predicting the
most likely value given the observed data. In this article, we take a completely different approach
to the information fusion task in the ordered weighted averaging (OWA) context. In particular, we
empirically explore for different distributions how the weights/importance of the missing sources
are distributed across the observed inputs/sources. The experimental results on the synthetic and
real-world datasets demonstrate the applicability of the proposed methods.

Keywords: missing data imputation; quadratic programming; OWA operators; data aggregation;
measurement learning

1. Introduction

Daily, large amounts of data are produced and gathered using specialized electronic de-
vices or sensors. However, several factors cause data inconsistency and incompleteness [1].
These factors may include human error (e.g., data handling errors or a lack of strictly de-
fined protocols for data collection), malfunctioning devices and/or sensors, power system
failures, noise, environmental factors (e.g., rain, snow), inaction in scientific experiments,
issues with data transfer in digital systems, etc. [2,3]. Whenever there are missing data in
a dataset, it can significantly affect the accuracy of data interpretation algorithms. There-
fore, it is crucial to estimate the missing data value as precisely as possible to obtain
better insights from subsequent data analysis tasks mostly based on machine learning
algorithms [4]. In other words, efficient techniques should be developed to analyze the
dataset using machine learning algorithms to deal with the missing values [5,6].

Nowadays, promising scenarios for collecting and storing large amounts of data have
been developed. With the plentiful volume of data points, it is easy to understand the
behavior and/or insights of some underlying phenomena. However, such data should
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be complete and consistent so that their relevance is not questionable and can provide
important information about related phenomena [7]. Different data mining techniques,
such as classification, time series analysis, regression, etc., could produce insight into the
data. The performance of such methods cannot be optimized if some critical data points
are missing. Thus, maintaining the relevance of the collected data is essential.

As stated in [8], the various scenarios involving missing data can be classified into
three distinct forms: missing at random (MAR), missing completely at random (MCAR),
and missing not at random (MNAR). Suppose the missing values are assumed according
to be of type MAR. In that case, these values can be estimated using another technique (i.e.,
the approach in which values of the missing sample are ignored). MCAR-type missing data
indicate that any missing observation is unrelated to the data values of the other variables
or the available data values [9]. When missing data values are considered as MNAR-type,
the values related to a variable are missed due to the nature of the variable itself. Practically,
MCAR-type missing data occur very rarely. Among these three, MAR-type data is a reliable
assumption. In this case, data are considered to be MAR-type as long as the data meet the
requirement of not depending on the value of another variable. To achieve an effective
imputation of missing values, it is crucial to model the mechanism through which these
values are calculated accurately. The assumption of data missing at random (MAR) is
generally acknowledged and commonly used in various approaches, as defined in [10].

The primary emphasis of previous investigations was the efficacy and precision of the
suggested methodologies in restoring randomly absent values for individual values. The
model’s design to impute missing data is considered an essential problem of great practical
importance in many fields, such as machine learning [11]. Missing data imputation and
identification of the active aggregation have recently become a topic of interest in research to
increase knowledge aggregation in practical applications [12]. In the end, despite the many
research studies conducted to solve this task, particularly the imputation of missing data in
practical applications such as collecting information from sensors, it is still challenging due
to many limitations [13]. Many methods have been invented for missing data imputation;
some of these studies are based on a priori-estimated parameters for the model, such as
in [14], and others do not require estimated parameters, such as clustering algorithms and
the Choquet integral (Chl). In addition, Yager [15] offered a method for calculating the
weights of the ordered weighted averaging (OWA) operator using a set of samples that
contain the aggregated data required. The present study aims to investigate the problem of
OWA aggregation of a set of variables interconnected and constrained by a series of linear
inequalities. In his paper, Yager suggests a linear programming (LP) model to solve such a
problem. Meanwhile, another study introduced a linear objective programming strategy to
estimate the OWA weights depending on a specified level of “orness”, as described in [16].

The following line discusses fuzzy aggregation and fuzzy set theory. A group of
operators named the fuzzy induced generalized hybrid averaging (FIGHA) operator, the
fuzzy generalized hybrid averaging (FGHA) operator, and the quasi-FHA operator were
proposed by Merigé and Casanovas in [17]. These operators have the advantage of being
flexible, meaning they can incorporate a wide variety of fuzzy aggregation operators. This
makes them suitable for various applications, including situations with decision-making
challenges. Ref. [18] introduces a new practical operator based on the concept of least
mean square errors. The new OWA operator may obtain the OWA weights utilizing fuzzy
inference and weight judgments from decision-makers (DMs).

Moreover, missing-value imputation approaches can also be categorized based on tech-
niques that are used for approximating those values. Consequently, imputation methods
can be classified into two types [19]. The first type includes approaches in which missing
values can be predicted using statistical or mathematical methods. These approaches are
very simple, as the mean value of the features can replace the missing data values. How-
ever, using such methods can potentially introduce bias into the estimations [20,21]. Some
methods are sophisticated, where more advanced statistical tools are used. The second type
includes famous machine learning techniques that have been heavily used in the literature
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lately. The methods included in this category involve the creation of a model or a fusion of
multiple models that acquire knowledge from a substantial amount of data. A well-trained
model can make accurate predictions, which helps in accurately imputing missing values.
The methods that come under this category could use neural networks [22,23], support
vector machines [24], or nearest-neighbor-based strategies [25]. In addition, the current
state of machine learning approaches has limitations or deficiencies in complexity and
expense, such as the artificial neural network method.

In this work, we propose a new OWA-based missing data imputation method. It is a
simple and effectively trained model that obtains a prediction capacity of absent values
using a quadratic optimization technique. This methodology assumes that the given
data can be represented as an additive input vector that follows a Gaussian distribution.
Specifically, we assume that the mean of this distribution is zero and the covariance matrix
is deterministic. Without losing generality, this assumption is typical in data aggregation
applications. The covariance of the random variables is assumed to be a deterministic
matrix, e.g., an identity matrix. Some values in the data points are randomly chosen as
missing values. This approach proposes an OWA operator to impute the missing values in
the dataset. In particular, a realization dataset was used to evaluate the proposed method.
The rest of the sections of the paper are organized as follows. In Section 2, we clarify the
detailed methodology of the proposed approach, which includes the description of the
modeling of the measurements, the dataset type, and the learning strategy. In Section 3, we
discuss the performance of the proposed approach in various simulation environments.
Concluding remarks are provided in Section 4.

2. OWA Methodology

In this section, we explain the concept of ordered weighted averaging and the learning
algorithm that is the heart of our proposed method for missing value imputation.

2.1. Ordered Weighted Averaging

The OWA operators were originally introduced in [26] to create a function to aggregate
data associated with multiple criteria. Subsequently, this technique has been used as
a popular aggregation operator for many different types of applications [27,28]. The
primary objective of implementing these aggregation operators is to establish a suitable
methodology for assigning importance weights to data from various sources. In particular,
there are different OWA families, such as max, min, and average. Thus, these operators are
extremely flexible for practitioners to utilize in various applications. These operators can
be defined as follows:

Definition: OWA operators are a means to associate a set of n numbers with a single
numerical value or equivalently real-valued functional over a finite set S=sy,...,5,. In
other words, the OWA method is a mapping function (F) from multiple dimensions to one
dimension, R" — R, by using an associated weighting value for each observed value
as follows:

wi
w)
w= | 1)
Wi
where
n
Z wi=1 (2a)

0<w;: <1, (2b)
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n
F(a1,a2,...,an): Zb]W] (3)
j=1

where F is a column vector consisting of n observation elements with associated weighted
after sorting the observation data, and a = (ay,ay,...,4,) represents the unordered ar-
guments’ values, b = (by, b, .. .,bn)T. b can be rewritten in a different way, such as
b = (ay1,a,2,...,84,), by sorting the arguments with by > b, > --- > b, , where v is
considered as a permutation of the arguments on (1,2, ..., n), and w = (w1, wo, ..., WH)T is
the OWA weighting vector.

Now, it can be seen that the essential key of this operator is ordering the argument
values. In addition, this operation is idempotent, commutative, and monotonic. In this
work, we explain the methodology for incorporating importance into OWA aggregation
applications by utilizing a transformation operator. The implementation of various aggre-
gation operators can be achieved by considering the magnitude of the generality of the
weights and determining the appropriate emphasis on the arguments based on the order
of the weight positions in w. By placing high values with the weights, higher aggregation
scores can be generated. On the other hand, lower scores in the aggregation can be achieved
by setting lower values of the weights. The challenge associated with this problem lies in
the extensive range of operators represented by the OWA operator. Specifically, the various
components of the OWA family, such as max, min, and average, employ distinct methods
for including priority; for more detail, please see [29].

2.2. Learning Algorithm

This section provides a description of the learning method and its data-driven learning.
Consider {by,...,b,} to be a set of finite elements, i.e., the observation data. In other
words, b can be sensor measurements, experts, or attributes in decision-making problems.
Let the training dataset O consist of M pairs of both the labels and the observations
dataset such that O = {(b;,y;)},i = 1,2..., M, b; represents the i'" observation, and ;
represents the corresponding label. Furthermore, 0;(by) is the observed value for the
input of the observation data from the instance i" with the input of ki, Considering
w = [w({b1}),w({b2}), ...,w({b,})]T is considered to be the weight value vector; the
discrete OWA on o; with respect to w can be rewritten as follows:

Coj) =bjw (4)
where jth represents the index of the observation vector in the dataset, and b represents

the input column vector. The sum of squared error (SSE) of the proposed approach can be
expressed as

M M
Ej(O,w) = Y (C(0j) —yj)* = Y (bf w —y;)?

j=1 j=1
M T T T 2
= Y (w'bb/w —2y;blw + 7). (5)

where E;(O, w) is the error. The least-squares minimization formulation can be expressed
as follows:

(OP1) Ir}Ai,nfo(w) =w/ Hw+d"w, (6)

Subject to
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n
Z w; =1 (7a)

j=1
0<w;<1, (7b)

where

M T M

j=1 j=1
H € R"™"; standard QP solvers can minimize the problem error. In this case, OP1 is used
as a model for training according to Equation (6) to determine OWA'’s operators when
inputs exist.

3. The Proposed Formulation
3.1. Modeling Missing Inputs

This work’s primary goal is to learn the OWA weighting vector where the missing
data samples exist, i.e., the estimated OWA weighting vector can be modeled related to
the OWA weighting vector with the existing complete data point. In other words. After
generating all data, arrange the data values in descending order to provide a decision
maker based on the newly assigned OWA weighting vector. Upon assuming the values
of the OWA weighting vector such as the softmax OWA weighting vector, the data point
labels are obtained according to Equation (4). Next, assign the percentage of missing data
volume. For example, 10% or 20% of the total observation dataset has missing values
within each data point. These values can be randomly picked for each data point. Since
the data point, including the missing samples and the labels, is available, new weighted
vector values are produced using the data point with the missing data samples. This label
was determined when the complete dataset was available earlier. The estimated weighting
vector rs is now determined, which has the same dimension as in the incomplete dataset.
Since two sets of OWA operators are obtained, one where the complete dataset exists and
another with an incomplete dataset, the new expression is obtained between the estimated
OWA operator and the original OWA weighting vector. This expression can be solved
using the quadratic form with specific constraints, as shown in Equation (5), to determine
the coefficient parameters. Each estimated OWA operation has an expression in terms of
the original values of the OWA weighting vector, and this expression can be used to predict
the missing data sample. The missing values within the data point will be regressed on
other variables based on the relationship between the estimated OWA weighting vector
and the original operators. The missing values will then be replaced by the predictive
values obtained. Similarly, each data point with missing values can replace its missing
values with predicted ones.

Figure 1 shows more details on the proposal approach. Three steps can be seen in this
figure. The first step shows the learning expression to obtain the missing data. Subsequently,
the missing values are derived based on the other variables. Ultimately, the mean squared
error (MSE) is obtained to analyze the performance of the proposed approach.

Next, the synthetic datasets are utilized in this experiment. Synthetic datasets are
generally used because it is thought to be very difficult to identify real-world applica-
tions of many complex scenarios. However, it is much easier to build OWA weighting
vectors in synthetic data with varying complexity. The second reason is that synthetic
datasets allow us to see how the learning approach would work with noise-free datasets.
Moreover, carrying out tests also yields computational complexity. The mean square error
performance is also obtained in various settings by applying the learned OWA weighting
vector and the expected test labels. Table 1 represents the OWA weighting vector with
independent variables.
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Figure 1. OWA approach for incomplete dataset aggregation.
Table 1. OWA'’s value.

Type of Measurement W1 Wy W3 Wy
Soft-Min 0.1 0.2 0.3 0.4
Soft-Max 0.4 0.3 0.2 0.1

Mean 0.25 0.25 0.25 0.25

3.1.1. Synthetic Dataset

In this section, we assume that M is the observed data and that N samples are used
for each observation. We assume that the observations have an independent and identical
distribution value, where each x is a vector of Gaussian distribution numbers, it can be
written as x ~ N (u, 0?), where y is the mean of the distribution while ¢ is the variance
of the distribution. Since the scaling of the OWA weighting vector has directly affected
the aggregation decision, we consider different values of the OWA operators set, such as a
soft-min. In the missing data problem, we consider the absence of the input value, denoted
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by the “-” symbol. Thus, using Gaussian distribution input, the following OWA operator
test of the data aggregation can be expressed as in Equation (4). Moreover, x is a synthetic
dataset with a real zero-mean random value with a unity covariance matrix. Tractable
results are obtained under these typical assumptions; that is, the problem becomes finding
a straightforward way to bring robust learning of OWA operators that can be utilized for
the real dataset to determine missing values. In general, we specified the different groups
of OWA operators, and each group’s sum must be based on the OWA constraints. The main
goal of this paper is to regress the missing value using other available datasets. We assume
that four datasets are observed and one variable is missing; for this case, the estimated
number of OWA values is three-dimensional because one variable is missing. Those new
OWA weighting vectors are learned using a quadratic form using the dataset with missing
values and the original labels. All the inputs are independent and identically distributed
(ii.d) random variables, following a Gaussian distribution with a mean of zero. According
to the modeling formula mentioned in Equation (5), aggregation measurements can be
obtained by

Cloj) = b/ w 8)

where C(0;) is the label corresponding to inputs bj, which is then a column vector, and w
is the estimated OWA weighting vector which is supposed to be calculated in this step.

M M
E;(O,u) = Z{(C((’j) —y)* = Zi(bjTW —y)?
j= j=

Mz

Il
—_

(W'bjbf W — 2y W + y7). ©9)
]

Thus, the least-squares minimization solver can be described as follows:

(OP1) min fo(w) = wIHw + dTw,
W

subject to
n
Y wi=1 (10a)
j=1
0<w; <1, (10b)
where

M M
H=) bb/,andd=-2) yb;
j=1 j=1

OWA measurement is determined at the location of missing data points. After obtaining
a new OWA weighting vector, the model can be determined based on the relationship
between the original values of the OWA operators and the new OWA operators.

In this case, we consider four variables with one missing input to model the relation-
ship between the predicted values of the OWA weighting vector and the original OWA
weighting vector. The coefficient of this model is estimated using the quadratic optimization
technique. The model can be shown as follows:
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w1 = wyayy + woarp +waagz +waay +0 + 0+ 0+ 0 +.
O+0+0+0
=0+04+ 0+ 0 +wyay +woaxp +wsaps +waaps + ...
0O+0+0+0
Ww3=0+0+04+0+0+0+0+ 0 +wia3 +waap+...
W3a33 + Waazg (11)

It can be seen that the total number of variables depends on the number of samples and the
number of variables for each sample. From Equation (11), it can be seen that the number of
samples is three due to a missing input, where each sample has four variables. Then, the
total number of variables can be obtained by multiplying the number of samples by the
number of variables for each sample. For the above example, since the number of samples
is three and each sample has four different variables, the total number of variables is twelve.
This equation is considered a linear system and can be rewritten as the following equation:

Wi = z; ]a (12)
where z1; = [wy,wp;w3;ws 00000000]7, 25, = [000 0w ;wpjwsjwy;0000]7,
23;=1[000000 00wy, jwy ;w3 wy T, and p is again considered as the number of different
types of measurements and w is the predicted values of new measurements when missing
input exists, w is the original values of the OWA weighting vector, and a is the column
vector coefficient in this linear system that is obtained by using the quadratic programming,
as shown in Equation (5). In Equation (13), the final form of optimization can be determined
with the corresponding constraints.

™~
Mw

E1(0,a) = (22— w;))?

1

.
Il
Il
—_

3

3 P P 3
Z(zl]z ) fZZZ(wi,szj)a+X;X;wﬁj. (13)
= i

j=1i=1

||
u [\’_]m

where w1 j, wyj, w3, and wy,; are the "true” weights for the jth OWA and wij, wy, w3
are the learned weights for the j# OWA when one input is missing. The least-squares
minimization problem can be obtained by formulating QP as

(OP1) min fo(w) = a"Ha+d"a, (14)
a
Subject to:

ay +apn+--+ap =1
app+apn+---+ap =1
a3 +ap+---+ap =1
Mg t+axp -+ tap =1 (15)

Considering that we have N variables, the above constraints can be generalized as follows:
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P
For first variable Z ajp =1
j=1
P
For second variable Z ap =1
j=1
P
For N variable Z ajy =1 (16)

where

P 2 P 2

T .

H= Z 2 (zi,]-zl-’j), andd = -2 Z Z (wi,]-zi,]-) .
j=1li=1 j=1i=1

standard QP solvers are capable of minimizing this problem. In this paper, OP1 is used as

a training framework, as shown in Equation (14), to estimate the coefficients of the linear

system. As a result, the following is how the optimization’s solution appears:

W =w1+wp/2
Wy = (wa +w3)/2
W3 = wy +wsz/2 (17)

We apply the final aggregation formula based on the weighting data vector that shows
regular behavior to find the final expression of the estimated OWA vectors. Since the
number of data samples is either even or odd, we have studied several experiments in
which the sample values are an even number and an odd number to show a more reliable
and precise algorithm. For example, in the cases where the number of inputs is even and
the missing number is one value, which means the rest of the data sample is five, then the
final model of the measurement is obtained as shown in Equation (18).

Wpmsp = WMsD + Wnsp41/2

Witidate = (WN/2 + WNy241)/2
Wrsp = Wrsp +Wrsp—1/2 (18)

According to Equation (12 ), the generic form for the measurements when the number of
the input samples is an odd number (five digits) can be obtained as shown in Equation (19).

Wrsp = w1 +wa/2
W Middle = WN/2]
Wrsp = WN +Wn-1/2 (19)

For a more reliable OWA algorithm to predict the missing data, we go further to assume
that the observation data sample is four variables with two missing data samples. Again,
we assume that the distribution of the set of inputs is normal with existing independent
features among the variables. We perform the final aggregation process as shown in
Equation (21) concerning the original weighting vector to learn the new OWA vector where
there are missing data. In this case, Equation (20) shows the generic expression for the
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learned OWA vector in terms of the original OWA values where two missing data are
available in four data samples.

Wpmsp = WMsD + Wahsp+1/4
Wrsp = Wisp +Wrsp—1/4 (20)

Moreover, five data samples are assumed to be an odd number with two missing data
samples. For this case, Equation (21) is obtained according to Equation (21) to be the final
expression of this case.

Wpmsp = W1 +wa/4
WMiddle = W[N/2]/2
Wrsp = WN +wn_1/4 (21)

Now, obtaining the new OWA operators in terms of the original OWA values. As shown
above, this vector is obtained where the missing samples are available in the data points.
The missing data can now be modeled in terms of the other available data samples. In
this case, the learned OWA vector can be utilized to model the missing data samples. In
case one, we assume that there are four data samples with one missing, and according to
Equation (17), the observation dataset becomes

y] = Z(J1X1 + 71]23(2 + ZfJ3X3
= (w1 +w2/2)x1 + (Wa +w3)/2x + (Wg +w3/2)x3 (22)

From Equation (22), it can be seen that the new inputs of each observation have missing
input. The modeled missing samples can be determined using Equation (23).

s

X1 = X1,

Xo = x1/2+x2/2;

X3 =2x2/2+ x3/2;

Xy = x3/2; (23)

Finally, we can obtain each input’s relation with other data samples; this relation can be
utilized to determine the missing data sample that most probably occurs in data aggregation.
Next, we shall show experimental tasks to assess the missing sample in the data points, and
then, obtain the evaluation metric to find the error for our proposed method. The sum of
squared error (SSE) [30-32] represents the error between the predicted labels after abating
the missing data sample and the original labels.

3.2. Experimental Results and Discussion

The main purpose of conducting this experiment is to show the effectiveness of the
proposed approach when utilizing real data and comparing this approach with other
essential methods for treating missing data. In Section 3.1.1, OWA weighting vectors were
learned where the missing inputs are available in synthetic datasets. Next, we performed
a real experiment using the OWA weighting vectors learned in Section 3.1.1. We assume
that real datasets have more than one missing input. We utilized the modeling of the
OWA weighting vector based on previous learning to replace the missing inputs in the real
datasets. Abalone datasets [33] are used in this experiment. The UCI machine learning
repository provides this benchmark. For more information about the real datasets that
were used for the experiment, Table 2 is set up to summarize the characteristics of the
dataset. It shows that each observation has nine attributes that describe the age of the
abalone, categorizing it as an infant, a male, or a female. The age of the abalone is obtained
by clipping the shell from the cone and staining it, then counting the number of rings
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using a microscope. This process is considered a time-consuming task, especially with
missing features.

Table 2. Abalone dataset.

Attribute Information

Measurement

Name Data Type Unit Description
Sex Attribute Nominal value —— M, F, and I (infant)
Length Attribute Continuous value mm Longest shell measurement
Diameter Attribute Continuous value mm Perpendicular to length
Height Attribute Continuous value mm With meat in shell
Whole Weight .
Attribute Continuous value grams Whole abalone
Shucked Weight . .
Attribute Continuous value grams Weight of meat
Viscera Weight . . .
Attribute Continuous value grams Gut weight, after bleeding
Rings Attribute Integer —— +1.5 gives the age in years

Furthermore, we demonstrate the results with simulated data and illustrate the con-
vergence of our proposed method among different parameter settings. Within the sim-
ulation experiment, the constraint of the measurements has been defined as shown in
Equation (7a,b). First, we clarify the effect of missing input in data aggregation, where the
number of missing data points is in different positions for each observation. As mentioned,
the data distribution is assumed to be Gaussian with an ii.d. correlation feature. For
these assumptions, we show the performance of our approach for estimation of the OWA
weighting vector from which the model of missing data is obtained. Also, we show its
performance when there are a varied number of missing inputs. It can be seen that a
Gaussian distribution is utilized to make the approach more precise in data aggregation.
As mentioned earlier, this approach considered the number of the observation datasets M
to be 500, the number of simulations is 20, while the number of variables (N) is four. At
first, a Gaussian distribution is used to model the missing input within the observation
dataset. Subsequently, another dataset is generated randomly to produce the missing values
within the datasets based on the percentage number of the disappeared inputs, as shown
in Table 3. The percentage of disappeared numbers is assumed to be [10%, 20%, ..., 50%)|
and randomly chosen within the observation. The efficiency of the missing data imputation
approach is determined by calculating the mean standard error.

_Thxi— %)

MSE
S N

(24)
where the number of measurement values for OWA is assumed to be N, and i is assumed
to be the index of each element in the measurement vector. The following figure illustrates
the performance of the proposed approach, showing the error of missed prediction in terms
of missing percentages where the number of missing data points is assumed to be one. The
result shows that the error increases slightly as the percentage of missing data increases. It
also shows that the error will increase as the number of missing inputs increases, meaning
that the learned OWA weighting vector will be affected by a large number of missing inputs.
In addition, three different real measurements are used in the proposed approach where
missing variables are available. Thus, the rate of missing data in the observation also has a
significant effect on the error. These results illustrate that the error is directly proportional
to the percentage of missing data. This relation can be clearly seen in Figure 2.
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Table 3. Example of missing inputs within the dataset.
Length Diameter Height Whole Weight Rings
0.455 0.365 0.095 - 15

0.35 - 0.09 -

0.53 0.42 0.135 0.677

0.44 - 0.125 0.516 10

0.33 0.255 0.08 0.205
0.425 0.3 0.095 -

0.53 - 0.15 - 20
0.545 0.425 0.125 0.768 16
0.475 - 0.125 0.5095 9

0.55 0.44 0.15 0.8945 19
0.525 0.38 - 0.6065 14

0.43 0.35 0.11 0.406 10

0.49 - 0.135 0.5415 11

- 0.405 - 0.6845 10
0.47 0.355 0.1 0.4755 10
0.5 0.4 0.13 0.6645 12
0.355 0.28 0.085 0.2905 7

0.44 0.34 0.1 - 10
0.365 0.295 0.08 0.2555 7

0.45 - 0.1 0.381 9
0.355 0.28 0.095 0.2455 11

0.38 0.275 0.1 0.2255 10
0.565 - 0.155 - 12

0.55 0.415 - 0.7635 9
0.615 0.48 0.165 1.1615 10

0.56 0.44 - 0.9285 11

- 0.45 0.185 - 11
0.18 1]
—¥— Soft-Mean
016 | —8—Soft-Min i

—&— Soft-Max

0% £z

Figure 2. The approach’s performance for synthetic dataset.
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In the next scenario, all variables are assumed to be exactly the same as mentioned
earlier, except that the number of missing samples is assumed to be one or two. The results
can be seen in Figure 3. This clarifies the performance of the proposed method based on
error versus the data missing rate; it also shows that the proposed approach outperforms
the other methods even in the case of two missing inputs.

0.25 T T T

—&— Scalar-valued appraoch for imputing value
—#%— Distribution-to-scalar appraoch for imputing value
—¥— Proposed appraoch for Imputing Value

MSE

< I I L

0
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Missing Data Rate

Figure 3. OWA approach for incomplete dataset aggregation.

Furthermore, we also show the performance of the proposed approach when the
observation is a real-world dataset having nine attributes. In this case, the number of rings
represents the label of these observations. Four different features are used to represent the
observations in which we assumed that there is missing data. Missing data are randomly
chosen where the number of observations is the same as in the first scenario. Different
missing numbers are also applied to verify the reliability of our approach. Figure 4
shows the error versus the percentage of missing data. As in the first scenario, a different
number of missing inputs is assumed to aggregate the data. From these experiments, it
can generally be observed that even when there are significant effects of missing input for
most cases, the proposed approach maintains a better performance against missing input
in data aggregation, i.e., the proposed method has enough potential as a robust approach
to aggregate missing inputs in datasets.

251 —&— Scalar-valued appraoch for imputing value
i —— Distribution-to-scalar appraoch for imputing value
—¥— Proposed appraoch for Imputing Value

0 .
0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Missing Data Rate

Figure 4. Performance analysis for the realization dataset.
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4. Conclusions

Determining an aggregation strategy with missing variables is intrinsically difficult
since it is subjective to the nature of the data. In this paper, we propose a robust approach
based on an OWA algorithm to estimate the measurement when the observations contain
missing inputs. Different numbers of missing variables for various types of datasets are
investigated and evaluated as an alternative validity metric. As shown in the results,
learning with the OWA approach has significantly good performance in data aggregation
where the missing data point has a different value in the observation. Therefore, this
approach can be utilized as an efficient alternative method for data aggregation based on
the learning of OWA operators. In general, we draw two major concluding factors in this
paper. Initially, we have demonstrated the procedure for building data models in situations
where there are missing inputs in the observed data. It has been argued for certain learning
techniques to be applied to large databases because the cost is directly proportional to the
number of variables. Then, it can also be seen that the aggregation operators are an efficient
method to substitute missing sources in a real environment by learning OWA's operators .
For future work, one could investigate optimization methods to identify the most effective
parameters for the OWA operator when aggregating missing data. This could include
analyzing multiple optimization algorithms, such as particle swarm optimization and the
water cycle algorithm, to determine the settings that improve the imputation error.
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OWA = Ordered weighted averaging
Min = Minimum value
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FM = PFuzzy measurements
Qr = Quadratic programming
MSE = Mean square error
SSE = Sum square error
iid. = Independent and identically distributed
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0% = Permutation of the arguments
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0 = Mean of the variables
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Omsp = Most significant digit
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