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Abstract

In this work we consider an evolutionary game in which a small population repeatedly
plays the Iterated Prisoner’s Dilemma (IPD) game using the pairwise proportional imitation
(PPI) revision protocol. Since we are dealing with a small population, we can explicitly
formulate a Markov chain (MC) model of the evolutionary game and study its properties.
In particular, we identify the absorbing states and their basins of attraction. In addition, we
briefly study the replicator dynamics of the same game for the case of a large population. We
find that, as the size of the population increases, the Markovian dynamics approximate the
replicator dynamics.

Keywords: Prisoner’s Dilemma; evolutionary games; Markov chains

1. Introduction

In this paper, we investigate the evolutionary dynamics of a finite population engaged in
repeated strategic interactions through the Iterated Prisoner’s Dilemma (IPD). Individuals in
the population are assumed to update their strategies according to the pairwise proportional
imitation (PPI) revision protocol, whereby agents compare their performance with that of
other individuals and adopt alternative strategies with a probability proportional to the ob-
served payoff advantage. This update mechanism captures a simple form of social learning
and adaptation that is commonly employed in evolutionary game-theoretic models.

As the population under consideration is relatively small, stochastic fluctuations aris-
ing from finite-size effects play a significant role in shaping the evolutionary outcomes.
Consequently, a deterministic description based on average strategy frequencies may fail
to accurately capture the system’s behavior. To account for these effects, we formulate
the evolutionary process as a discrete-time Markov chain whose states correspond to the
possible compositions of the population. This framework enables a complete probabilis-
tic characterization of the dynamics and allows us to study the long-term behavior of
the system.

Using the Markov chain representation, we identify all absorbing states of the evolu-
tionary process, namely those population configurations from which no further strategic
changes are possible. We further characterize the corresponding basins of attraction by deter-
mining the sets of initial population states that can lead to each absorbing configuration.
This analysis provides insight into the likelihood of different evolutionary outcomes and
the role of stochasticity in selecting among competing strategic equilibria.

For comparison, we also examine the corresponding replicator dynamics, which de-
scribe the evolution of strategy frequencies in the limit of an infinitely large population.

Games 2026, 17, 34

https://doi.org/10.3390/g17040034


https://crossmark.crossref.org/dialog?doi=10.3390/g17040034&domain=pdf&date_stamp=2026-06-25
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/games
https://www.mdpi.com
https://doi.org/10.3390/g17040034

Games 2026, 17, 34

2 0f 22

Unlike the Markovian formulation, the replicator dynamics constitute a deterministic sys-
tem of ordinary differential equations that captures only the average effect of selection. This
comparison highlights the relationship between finite-population evolutionary processes
and their mean-field approximations while also clarifying the conditions under which
deterministic models provide an accurate description of evolutionary behavior.

The study of evolutionary game theory is intended to provide a mathematical framework
for the analysis of co-evolving populations. In this context, a particularly important
question is how mutual cooperation can evolve and be sustained under conditions which
favor selfish behavior. The classical description of evolutionary games appears in (Hofbauer
& Sigmund, 1998; Sandholm, 2010a, 2010b). We are using a simplified version of the model
presented in (Sandholm, 2010a), which reduces naturally to a MC. This reduction has
been recognized in the literature, but the usual approaches to evolutionary games fall
into two categories: (a) analyze the MC at a very general level (b) or take the mean field
approximation, which holds when the number of players tends to infinity (for more details
see Sections 2 and 4, respectively). We take a different approach: By looking at specific
examples, we formulate a general approach for building the probability transition matrix P
of the MC and use this to study its “low-level” properties.

The most popular model for the mathematical analysis of evolutionary games is the
deterministic replicator dynamics (P. D. Taylor & Jonker, 1978). This is reflected in most
classic treatments of the subject, either in book chapters (Barron, 2013; Peters, 2015) or full
book treatments (Hofbauer & Sigmund, 1998; Maynard-Smith, 1982; Nowak, 2006; Nowak
et al., 2004; Samuelson, 1997; Weibull, 1995).

Evolutionary game theory also employs stochastic population models to describe the
evolution of competing strategies. In finite populations, stochastic processes such as the
Moran and Wright-Fisher models provide a more realistic description than the deterministic
models by accounting for demographic fluctuations at the individual level.

The Moran process is a discrete-state birth—death Markov chain that may be formulated
in either discrete or continuous time, whereas the Wright-Fisher process evolves in discrete
generations through multinomial sampling. For two-type populations, the state space
is one-dimensional, allowing for explicit analysis of fixation probabilities, absorption
times, and stationary distributions. Nowak (2006) is a good introduction to two-type
Moran processes. A more advanced treatment appears in (de Souza et al., 2019); see
also (Fudenberg et al., 2006; C. Taylor et al., 2006) for analyses which incorporate the
effect of mutations. Spatial Moran processes (e.g., on graphs) are studied in (Pattni et
al., 2015; Whigham & Dick, 2006). A good recent review of Moran, Wright-Fisher, and
related two-type processes appears in (Chalub & Souza, 2017). In contrast, multi-type
populations give rise to higher-dimensional Markov chains. These are particularly relevant
for evolutionary games involving several strategies, mutation, or coexistence phenomena,
but their analysis is considerably more challenging due to the rapid growth of the state
space and the resulting complexity of the underlying stochastic dynamics. Examples of
multi-type analysis are presented in (Ferreira & Neves, 2018; Hajihashemi & Samani, 2022);
discrete time multi-type Moran processes on graphs are studied in (Goldberg et al., 2024;
Schwarz, 2022). There are also continuous-time Moran processes, see for example (Braga et
al., 2026).

The classical example used to model the emergence of cooperation is the Prisoner’s
Dilemma (PD) game (Rapoport & Chammah, 1965). In the “classical”, one-shot PD game
the unique Nash equilibrium is mutual defection. However, in the Iterated Prisoner’s
Dilemma (Peters, 2015), which considers repeated interaction of a given pair of players,
cooperation can emerge under certain conditions. This will also depend on the strategies
used in the Iterated Prisoner’s Dilemma; these form a much larger set than that of the PD
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strategies, since now the players can use history-dependent strategies. Most studies focus on
a selected set of strategies, such as always cooperate (All-C), always defect (All-D) and tit-for-tat
(TFT). All-C always cooperates in any iteration, and similarly All-D always defects. TFT
cooperates in the first round and then copies its opponent’s previous move. A particularly
influential method for the analysis of iterated PD (IPD) was initiated by Axelrod (Axelrod,
1980a, 1980b, 1984; Axelrod & Dion, 1988; Axelrod & Hamilton, 1981) who introduced the
use of evolutionary tournaments. An overview of such tournaments up to 2007 appears in
(Kendall et al., 2007), and some book-length treatments are (Axelrod, 1984; Binmore, 2007).

The paper is organized as follows. In Section 2 we present some basic facts about
evolutionary games and Markov chains. In Section 3 we present the evolutionary game
based on the Iterated Prisoner’s Dilemma, model the evolutionary game, under the pairwise
proportional imitation protocol, by a Markov chain and characterize its absorbing states and
basins of attraction. Also, we present some numerical experiments. In Section 4 we
model the large-population approximation of the Markov chain by replicator dynamics and
characterize its rest points. Finally, in Section 5 we summarize our results and propose
some future research directions.

2. Evolutionary Games and Markov Chains
2.1. Evolutionary Games

Classical descriptions of evolutionary games appear in (Hofbauer & Sigmund, 1998;
Sandholm, 2010a, 2010b). Our main starting point is (Sandholm, 2010a), but we use
a simplified version of the model presented therein!. We find that our results closely
approximate those of (Sandholm, 2010a). We start with a two-player symmetric base game
described by an M x M bimatrix (B, BT), i.e., each player uses a pure strategy from the set
Y ={0y,..,0m}, and we have

B,.i = “payoff received by player 1 when he uses 03, against player 2 using o;”.

Assuming that the population consists of N players, we define the following:

1. A population state vector z = (z1, ..., zy ) indicates the strategy used by each player, i.e.,
zy = m means the n-th player is using the m-th strategy (we will often call such a
player an “m-user”); z takes values in the

Population Space:  ZM = {(z1,..,zn) : V1 : 2z, € {1,.., M}}

2. A frequency state vector s = (s1,...,sp1) indicates how many players are using each
strategy, i.e., s, is the number of m-users; s takes values in the

m=1

M
Frequency Space: S]\N/I = {(sl,..., sm) € {0,1,.., N} such that 2 Sm = N}.

In what follows we denote the cardinality of a set A by |A|. We will also use the
following notation: For each x € R we write the positive part of x as

], = x whenx >0
)] 0 whenx<0 '

For given payoff matrix B, number of strategies M and number of players N, the
evolutionary game can be described by the following Evolutionary Game Protocol. The
update of the players’ strategies according to Equations (2)—(4) is the so-called pairwise
proportional imitation (PPI). The rationale of the PPI is the following: In every iteration a
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single player is selected for a possible update of his strategy; if this player already plays the
highest-scoring strategy, then he keeps it in the next iteration; otherwise, he selects the i-th
strategy with probability proportional to the positive part of the payoff difference between
the i-th strategy and his current strategy.

It is worth mentioning that all randomness in our model is generated during strategy-
updating from the random selection of the next strategy-updating player. There is no
randomness due to “erroneous playing”, behavioral deviations, etc. In other words, all
users of the same strategy receive the exact same payoff. This is reflected in Equation (2).?

Evolutionary Game Protocol

1. Initialize the population vector at some z(0) = (z1(0), ..., zn(0)) € Z¥.
Repeat the following iteration for j € {0,1,...,] — 1}.

(a)  Compute the frequency vector s(j) = (51(j), ..., sm(j)) € S as follows:

Vm :sm(j) = |{n: zn(j) = m}|. (1)

(b)  Let the players play all possible matches between each other, i.e., for all
the pairs (nq,ny) with ny, ny € {1,..., N} and ny # np, play one round of
the (B,BT) game.

(c) Hence an m-user (for m € {1, ..., M}) collects a total payoff

M
Qm(]) = <2Si(j)Bmi> — Bum- )

i=1

(d)  Select n equiprobably from {1, ..., N} and let

‘ ) () w1 Q) (7) = maxm Qu()),
zo(j+1) = { m W.p. prop. to {Qm (j) — Qz,l(j) (])] . else; 3)
and
Vk #n:zi(j+1) = z(f)- 4)

It is clear that the sequence (z(}) );0:0 produced by the Evolutionary Game Protocol is a
Markov chain; as we will show a little later, the same is true of the state process (s(j) )]9020. It
is worth emphasizing that, under the Evolutionary Game Protocol, once a strategy becomes
extinct in an evolutionary game, it will never reappear. Hence, the “pure” states (i.e., those
with all players using the same strategy) are absorbing states of the MC (s(j) )}io-

2.2. Markov Chains

The frequency space S} is much smaller than the population space Z}. Clearly,
’Z%} = MN; it is not hard to show that, for every M and N, |SM| = O(NM~1). We
can summarize the relation between population vector and state vectors by a function
G: Z]I{]/I — S%I, where

G(z) =s = (s1,52,...,sSpm) wWith sy, = [{n :z, = m}| forallm € {1, ..., M}.

For example, with M = 3 and N = 5, the population state z = (3,2,2,1,3) corresponds to
the frequency state
s =G(3,2,2,1,3) = (1,2,2).
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We will study the evolutionary game by analyzing (s(j) )}io. For example, suppose
that we want to know which strategies survive in the limit | — oo; then, we want to find
the absorbing states (if such exist). As we will show next, (s(j ));O:O is a Markov chain, so
we can answer questions of this type using the transition probability matrix of s(t), which is
denoted by P and defined by

Vs,s € SI\N/I :Psg =Pr(s(j+1) =s'|s(j)=s).

It turns out that we can compute P relatively easily by exploiting the relationship between
(z(t));o and (s(t)); - We have

Vt:s(t) = G(z(t)).
We note that the inverse G ! is a set-valued function:
Vs: G l(s) = {z:G(z) = s}.
The following Definition 1 and Proposition 1 are from (Kemeny & Snell, 1969).

Definition 1. Suppose we are given (a) a Markov chain (x(t));, with state space R = {1, ..., N'}
and (b) a partition S = {Ry, ..., Rp} of R. We construct a new stochastic process (y(t))5-, with
state space S by setting

Vi:y(t) = Ry iff x(t) € Ry

We say that (x(t));, is lumpable with respect to S iff (y(t));, is a MC with transition
probabilities which do not depend on the initial probability (Pr(x(0) = X)), -
Define the function F : R — S by: F(x) = Ry, iff x € Ryy,.

Proposition 1. Given (x(t));, and (y(t)); as in Definition 1, (x(t));~ is lumpable with
respect to {Ry, ..., Ry } if

Yy, € S,¥xx € F l(y) : Pr(x = §) = Pr(X — ). (C1)
Then it is also true that
Vy,§ € S,¥x € F1(y) : Pr(y — §) = Pr(x = §).
Now, regarding our (z(t));-, and (s(t));, processes, we have the following:
Proposition 2. For every M, N, (z(t));, is lumpable with respect to SM.
Proof. Take any s,8 € S and any z =(z3, ..., zn), Z = (21,22, -, Zn) € G !(s). We have
G(z) = G(Z) = s. This means that z and Z contain the same number of 1s, 2s, ...; in other

words, Z is obtained by a permutation of the elements of z:

(/2\1,22, ...,EN) = (Zil,Zl'z, ceey ZiN)

https://doi.org/10.3390/g17040034
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where (iy, ..., iy) is a permutation of (1,2, ..., N). Now

Pr(z — s) = Pr((z1,22,...2N) — S)

- o Z) o )Pr((ZLZz,---,ZN) — (21,25, 2N))
24,2h,...2) ) EG(s

_ . 3 . ! ! !
= Z Pr((z,l,z,z,...,z,N) — (zil,ziz,...,zm))

(24,252} ) €G(s)

- y Pr((il,fz,...,EN) = (zgl,zgz,...,z;N)) = Pr(z — s).
(z§ V2 eensZ) )EF(S)
1 2 N

So, Condition C1 of Proposition 1 is satisfied, and (z(t));", is lumpable. [

From Proposition 2 we see that (s(t));-, is a Markov chain; the following proposition
shows how to compute its transition probability matrix:

Proposition 3. For every M and N, we can compute the transition matrix (Psg) ¢ oo of (8(t))1—g
in O(N?M~1) time.

Proof. Let us define the function H : S]I{]/I — Z?\]A as follows:

1.1 2.2.. M..M.
AU Sy el

$1 terms,sp terms,...s ) terms

V(s1,82,-,SM) € SZ\N/I s H(s1,82,...,5m) =

Clearly,
Y(s1,82,...,5m) € S: H(s1,82,...,5m) € Fﬁl(sl,sz,...,sM).

Then, from Proposition 1 we have
Vs,§€S:Pr(s > 8) = Pr(Hfl(s) . §) 5)

To obtain the entire P = (Psg) 5. We must compute (5) for |SN|2 = O(NM’l)2 =
O(N?M~2) times. For any pair (s,$) the computation of Pr(G~1(s) — §) takes time O(N),
using (3). This completes the proof. [J

It is easy to compute that, for the case M = 3, the size of the strategy state space S3 is

‘_N2+3N+2

53
‘N 2 ’

i.e, it grows quadratically with N. We have

ine N 3 4 5 10 20 5 100 200
| ry 10 15 21 66 231 1326 5151 20301
N

ine

Hence, computation time is feasible for N up to 200, at least.

From P we can generate the state transition graph (STG).”> Two examples of STGs appear
in the Figure 1; they are obtained from the IPD evolutionary game with the base game IPD,
obtained from the PD with

31
4 2 1

A=
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https://doi.org/10.3390/g17040034

Games 2026, 17, 34

7 of 22

(see Section 3 for details). The left figure is obtained when the number of playersis N = 5
and the right one when N = 10. The plot is generated as follows: First, recall that every
state (s1,5p,53) satisfies s; + s, +s3 = N. Hence, given N and knowing two of sy, s,5s3
uniquely specifies the third one. Then, we can map every state (s1,s,53) to a unique point

W(sq1,s2,53) = (s1,52) in the simplex. A nonzero element P > 0 indicates

31,52,33),(5’1,55,5’3)
a possible transition from (s, sp,53) to (s}, s5,s5), which we indicate by an arrow from

(s1,52) to (s, s5); we omit self-loops. This plotting convention will be used in the sequel.

Markov i Markov

S0 921

4 5 1 8 L33 820 w30

fe—‘wsr 229 938

3 oy *10 15 6 e7 <918 0285837 045

B e TR

2 3 .9 .14 18 4 o5 ?15‘ 0265 835 8435 850 056

94 <915< 925 s34 o4 049 055 00

1 .2 o8 o13 .17 20 2 o3 <ot 02 933‘ Skt b5at 850 w3

92 <913 923 yaz‘ A L T A

0 o1 .7 ®12 16 19 21 0 ®1 ©12 822 31 33 @45 @52 @57 @51 64 ®66

0 1 2 3 4 5 0 2 4 6 8 10

Figure 1. The state transition digraph for N = 5 (left) and N = 10 (right).

We will also use the following naming conventions: Since the states are arranged on
an orthogonal grid, given a state (sq, sp, 53) with W(sq,s2,53) = (s1,52), we can refer to the
state (s, s, s5) such that W(s],s),s5) = (s1,52 + 1) as the “north neighbor” of (sq,s2,53),
to (s{,s4,s4) such that W(s{,s5,s5) = (s1+ 1,5, — 1) as its “southeast neighbor” etc.
These are geometric neighbors; if they are also neighbors in the graph theoretic sense (i.e.,
connected by an edge), then we say they are connected neighbors. For example, in Figure 1,
left, consider the state (2,1,2). It corresponds to (s1,s2) point W(2,1,2) = (2,1) and is
vertex no. 13. Its neighbors are as follows:

State (s1,s2) point Vertex No. Direction Connected
(1,1,3) (1,1) 8 West Yes
(1,2,2) (1,2) 9 Northwest Yes
(2,2,1) (2,2) 14 North Yes
(1,0,4) (1,0) 7 Southwest No
(2,0,3) (2,0) 12 South No

3. Iterated Prisoner’s Dilemma: Markovian Dynamics
3.1. PD and IPD

In this section we will study the evolutionary game obtained from the Iterated Prisoner’s
Dilemma (IPD). This consists of playing T rounds of the Prisoner’s Dilemma (PD) and is
probably the most popular base game used in the literature of evolutionary games. Recall
that PD is the bimatrix game

(A AT): ail a2 ai; a2
’ a1 a2 ’ a1 a

ap < dpx < ap < djq.

where

https://doi.org/10.3390/g17040034
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The IPD consists of playing T rounds of the PD. We will use the following three strategies
(hence, in the rest of this paper, we always take M = 3):

Str. No. Strategy

1 All-C: always cooperate.
2 All-D: always defect.
3 TfT: cooperate in the first round, in every other round

play what the other player played in the previous round.

Then it is easily seen that the B payoff matrix is

tZHT tllzT {IlllT
B = anT a»nT ar| + (122(T — 1) (6)
anT ap+axn(T—1) ann T

3.2. Markovian Dynamics

We will now study the structure of the transition probability matrix P where
Vs,s' € S} : Pog = Pr(s(j+1) = s'|s(j) = s).

In the rest of this paper we will always take M = 3 and omit it from the notation. For
N = 3 the population space and the frequency space are

Z;=1{(1,11),(1,1,2),(1,1,3),(2,1,1),...,(3,3,3) },
S; ={(0,0,3),(0,1,2),(1,0,2),(0,2,1),(0,3,0),(1,0,2),...,(3,0,0) }.

Similarly, for any N we have
Sy ={(0,0,N),(0,1,N—-1),(1,0,N —1),(0,2,N - 2),...,(N,0,0)}

and, in what follows, we will always order (and number) the strategy states as listed above.
It will also be useful to partition Sy into the following components:

{(N,0,0),(0,N,0),(0,0,N)}

(0,1, N—1),(0,2,N—2),..,(0,N —1,1)}

(1 0,N—1),(2,0,N-2),..,(N-1,0,1)}

(1,N —1,0),(2,N —2,0),..,(N—1,1,0)}
(51,52,33) st.sm € {1,2,..,N—1} form € {1,2,3}}

pure states

side states

AZ mZ NZ’“Z@

{
{
{
interior states {

Clearly, Sy = s us( U sﬁ) usP usl. wewillcall S US{ USE USY the set of
boundary states.

Let us now turn to the payoff function. Let f,(s) be the (state-dependent) m-

user payoff:
Vm, Vs : fu(s) : total payoff obtained by user of m-th strategy at state s.
Hence, we have

V(Sl,SZ, 53) withsy #0: f1 <S1,52, 53) = (51 — 1)&11T + spaipT 4+ s3a11 T (7)
V(s1,82,83) with sp £ 0: fo(s1,82,53) = s1a01T + (s — 1)anT +s3(a +axn(T —1)) (8)
V(s1,52,53) with sz #£ 0: f3(s1,52,53) = s1a11 T + sp(a12 +a(T — 1)) + (s3 — D)an T (9)

https://doi.org/10.3390/g17040034
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For any (s1, sp,s3) such that s,, = 0, we let (for m € {1,2,3})

fm(s1,82,83) = —oo.

Letting s3 = N — 51 — s, (7)—(9) yield:

V(s1,82) s.t.s1 £ 0: fi(s1,82) = (51 — Dapr T+ spa12T + (N — 57 —sp)ap T
V(Sl,Sz) s.t.sp £0: f2(51152) =s1an1 T+ (Sz — 1)[122T—|— (N — 851 — 52)(1121 + llzz(T — 1))
V(Sl,SZ) s.t.sy+sy #N: f3(51,82) =sian T+ Sz(alz + tlzz(T — 1)) + (N — 81— 8 — 1)&211T

In what follows we will examine the possible transitions from each (sy, s, s3) state. Ex-
ploiting the representation of states in the s;-sp plane, we will sometimes use the following
self-explanatory terminology:

North transition: (s, s, S3 s1,80+1,83 —1

7

South transition: (s1, sy, S3 s1,80 — 1,53+ 1

7
s1— 1,589,535 +1

Northwest transition: (s1, s, s3 s1—1,sp+1,s3

7

o~ o~ o~ o~
— — ~— —

( ) =
( ) =
West transition: (s1,s2,53) —
( ) =

etc.

Let us look at possible state transitions. The key observation is the following. According to
the PPI, the only possible transitions are the ones satisfying the following:

For (s1,52,53) — (s1+ 1,50 —1,53): f1(s1,52,53) > fa(s1,52,53)
For (s1,82,53) — (s1 — 1,50 +1,53): fa(s1,52,83) > f1(51,52,53)
For (s1,52,53) = (s1 — 1,s2,53 +1): f3(s1,52,53) > f1(51,52,53)
For (sq,82,83) — (51 + 1,802,835 — 1): f1(s1,52,83) > f3(s1,52,83)
For (s1,52,53) — (s1,52 + 1,53 —1): fa(s1,52,53) > f3(51,52,53)
For (sq,82,83) = (51,82 — 1,83 + 1): f3(s1,52,83) > fa(s1,52,83)

We will treat the boundary and interior of the the (s -s;)-simplex separately. For the
boundary we have the following;:

Proposition 4. In the evolutionary game with A as base game, N players and T rounds, if
a1y < axp < ap < 4a,

then the following hold:

1. For the pure states S(b’;) only self-transitions are possible.

2. For the states in S%l,), except for self-transitions, the only possible transitions are

Forspy < N—1: (0,52,53) — (0,52 - 1,S3+1)
Forsy =N—1: (0,s2,53) = (0,52 + 1,53 — 1)

For the states in Sﬁ)

)

For the states in Sy;’, except for self-transitions, the only possible transitions are

, only self-transitions are possible.

Forsy < N: (s1,52,0) = (s1 — 1,5, +1,0).

https://doi.org/10.3390/g17040034
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Proof. We prove each case separately.

1. These are the states: (N, 0,0), (0,N,0), (0,0, N); clearly, only self-transitions are possible.
2. These are the states of the form (0, s,s3) (with s > 0, s3 > 0). Since s; = 0, we have
sy + 53 = N. Furthermore, excluding self-transitions, the only possible transitions are

(0,s2,53) = (0,50 — 1,53+ 1) and (0,s2,53) — (0,50 + 1,53 — 1).
To determine which of these have positive probabilities, we note that
023 = fa(s1,52,83) — f3(s1,82,83) = T(s2 — N + 1) (a1 —ax)
(where we have used s; = 0 and s3 = N — s5). We have

S < N—1=0d3<0
S5 =N—-1=3=0

from which we conclude

Fors, < N —1: we can only have (0,s3,53) — (0,52 — 1,53 + 1) transitions

Fors, = N —1: we can only have (0,s3,53) — (0,52 + 1,53 — 1) transitions

3. These are the states of the form (s1,0,s3) (with s; > 0, s3 > 0). When s, = 0, we have
s1 +s3 = N. Furthermore, excluding self-transitions, the only possible transitions are

(51,0,83) = (s1 —1,0,s3+ 1) and (s1,0,53) — (s1 +1,0,53 — 1).
To determine which of these have positive probabilities, we note that
031 = f3(s1,52,83) — f1(s1,52,83) =0
(where we have used s, = 0 and s3 = N — s7). It follows that both
(51,0,53) = (s1 —1,0,s3+1) and (s1,0,s3) — (s1 +1,0,s3 — 1).

have zero probability, i.e., only self transitions are possible.
4. These are the states of the form (s1,s7,0) (with s; > 0, s, > 0). When s3 = 0, we have
s1 + s = N. Furthermore, excluding self-transitions, the only possible transitions are

(s1,52,0) = (s1 — 1,52 +1,s3) and (s1,52,0) = (s1 + 1,5, — 1,0).
To determine which of these have positive probabilities, we note that
12 = fi(s1,52,83) — fa(s1,52,83) = T(s1(an1 — az1) + s2(a12 — az2) + (a2 — a11)) <0

(since a1y < axp < app < ap1). Hence, excluding self-transitions, the only possible transi-
tions are
(51,52,0) — (51 — 1,50 + 1,0).

This completes the proof. [
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Now let us consider transitions of interior states. First we need to introduce the
following geometrical elements. Consider the straight lines

ho @ (a1 — axn)s1 + (a11 — a12)s2 = (N — 1) (a1 — ax) (10)
bz : (ay1 — axn)s1 + (a11 —axn)sy = (N —1)(a; — axp) (11)

1. The line /1, separates the s;1-sp plane into two half-planes. Also, it intersects the s; axis

atsy = (N—l)% and the s; axis at s, = (N—l)% <N-1

2. The line I3 separates the s1-sp plane into two half-planes. Also, it intersects the s; axis

ats; = (N — 1)% and the sy axisats, = (N —1).

Note that we will always have 5, < 5;. The combination of /1, and I3 separates S (the
set of interior states) into three regions (as seen in Figure 2):

A - (a1 — ax)s1 + (a11 — a12)s2 < (N —1)(ay1 — ax) (i.e., below Iy7)
(a1 — ax)s1 + (a11 — ax2)s2 < (N — 1) (a1 — ax) (i.e., below Ip3)
./42 . (lel — ﬂ22)51 + (LZ11 — alz)s > (N 1)(&11 — ﬂzz) (i.e., above 112)
(1121 — (122)51 + (ﬂ11 — ﬂzz)s < (N 1)(&11 — 022) (i.e., below 123)
.A3 . (a21 — 022)51 + (a11 - 6112)5 > (N 1)(&11 - a22) (i.e., above 112)
(6121 — 022)51 + (a11 — 6122)5 2 (N 1)(&11 — azz) (i.e., above 123)

Note that A, Ay, A3 do not include states which fall exactly on the lines /15, I13. The
separation of the plane can be seen in the following figure.

Replicator Markov
T T

101 1"

"\\O\ ‘21‘

8 .‘9‘\ 20 30

os\\hur\ 420 a3

6 07 ﬂB 028 037 45

.6 017— b27f-3& 044 51

4 05~ twe 026 S35< 0435 850 956

04 01& '25 ‘34’ '4T .4? .55 60

2+ 03 .14 I24 l33 041 048 l54 ‘59‘ 63
92 <913 923 03&?4& A N

0r 1 @12 €22 @31 039 @45 @52 @57 @61 @64 @66

o 2z 4 s 8 10
Figure 2. The (s1, s7)-simplex, the state transitions, and the separating lines /1, and I»3.
Now we can prove the following.
Proposition 5. In the evolutionary game with A as base game, N players and T rounds, if
a1z < ap < ap <daz

and T is sufficiently large, then the allowable state transitions are as follows.

1. For states (s1,52,53) € A1, excepting self-transitions, the only allowable transitions are
(s1+1,50—1,83), (51— 1,852,553 +1), (51,50 — 1,55+ 1).
2. For states (s1,52,53) € Ay, excepting self-transitions, the only allowable transitions are

(s1—1,504+1,s3), (51 — 1,850,853 +1), (s1,52 — 1,53+ 1).

https://doi.org/10.3390/g17040034


https://doi.org/10.3390/g17040034

Games 2026, 17, 34

12 of 22

3. For states (s1,52,53) € Ajs, excepting self-transitions, the only allowable transitions are
(s1—Ls2+1,s3), (51— Lsp,83+1), (s1,82+ 1,53 - 1).
Proof. We have s3 = N —s; — sy and

f1(s1,82,83) = (s1 —1)ap1 T + spa12T 4+ (N —s1 — sp)apn T
f2(s1,82,83) = s1an T + (52 — 1)anT + (N — 51 — s2) (421 +axn(T — 1))
f3(s1,52,83) = s1an T +sa(ajp +axn(T—1)) + (N —s; —sp — 1)ay T

Then we compute the following differences:

012 = fi(s1,52,83) — fa(s1,52,83) = A12(51,52,53)T + B12(s1,52,53)
023 = f2(s1,52,83) — f3(51,52,53) = Ap3(s1,52,53)T + Bz(s1,52,53)

031 = f3(51,52,53) — f1(51,52,53) = Az1(51,52,53)T + B31(51,52,53)

For large enough T, we can ignore the B;; terms. Hence, after some algebra, we get

012 >~ T(—a1q + aipsy + Nayy — soay — s1ap1 + axp — Naxp +51a2) (12)
03 =~ T(s1a01 — Spaxm — Az + Nagy — s1app — Nayy + spaqq + aqq) (13)
031 =~ Tsp(az — arp) (14)

Since ayp > ayy, from (10) follows that we will have transitions (s1,s2,53) — (s1,52 — 1,53 + 1)
but not (s1,s2,53) — (s1,52 + 1,53 — 1). After some algebra, we can rewrite (12) and (13)
as follows:

012 = T((ax — a21)s1 + (a12 — a11)s2 + (N — 1) (a1 — ax))
O3 >~ T((ay1 — axn)s1+ (a11 —axn)sy — (N —1)(a11 —axn))

012 = T((az1 — ax)s1 + (a11 — a2)s2 + (N — 1) (ax — a11))
023 =~ T((a21 — ax)s1 + (a11 — ax)sz + (N — 1) (axn — a11))

Remember the straight lines /15, I>3. The following facts are easily seen:
1. The line I1; separates the s1-s; plane into two half-planes.

(a) Below I, we have transitions (s1,2,53) — (s1+ 1,52 — 1, 83).
(b) Above I, we have transitions (s1,sp,53) — (51 — 1,50 + 1, 53).

2. The line I3 separates the s1-s; plane into two half-planes.

(a) Below I3 we have transitions (s1,5,53) — (51,52 — 1,53+ 1).
(b) Above I, we have transitions (s1,s2,53) — (51,52 + 1,53 — 1).

As remarked, the combination of I1; and I13 separates the interior of the (s1-s;)-simplex
into the regions A;, A, Az and, obviously, the signs of 1, and d,3 are as follows.

o 012 I3 023
In A; below <0 below <0
In A, above >0 below <0
In A; above >0 above >0
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Hence, excepting self-transitions, the allowable transitions in these regions are as follows:

Ap: (s1,52,83) = {(s1+ 1,50 —1,53),(s1 — 1,852,853 +1),(s1,50 — 1,53 +1)}
Ay i (s1,52,83) = {(s1 = 1,52+ 1,s3),(s1 —1,50,53+1),(s1,520 — 1,53+ 1)}
Azt (s1,80,53) = {(s1 —1,s04+1,53),(s1 — 1,50,53 + 1), (51,52 + 1,53 — 1)}

This completes the proof. [

Using Propositions 4 and 5, the following proposition describes fully the absorbing
states of the (s(t));-, and partly their basins of attraction.

Proposition 6. In the evolutionary game with A as base game, N players and T rounds, if
a1y < axp < ap < 4az

and T is sufficiently large, then

1. Each state in the set {(0,N,0)} U Sﬁ) is absorbing.
Ifs(0) = (0,N —1,1), then s(t), with probability one, will eventually be absorbed into
(0,N,0).

3. Ifs(0) € {(0,N—2,2),...,(0,1, N — 1)}, then s(t), with probability one, will eventually
be absorbed into (0,0, N).

4. Ifs(0) € {(1,N—1,0),..,(N —1,1,0)}, then s(t), with probability one, will eventually
be absorbed into (0, N, 0).

5. Ifs(0) € Ay U A; then s(t), with probability one, will eventually be absorbed into one of the
following states:

(0,0,N), (1,0,N —1),..., (n*,0,N —n*),

where

, a —a Y
n* = “greatest integer less than —— 22 (N — 1),

a1 —an

6. Ifs(0) € Aj then s(t), with probability one, will eventually be absorbed into
either (0,N,0) oroneof (0,0,N), (1,0,N—1),...,(n",0,N —n").

Proof. We will prove each part of the proposition separately.

1. The first part follows immediately from Proposition 6.

2. Suppose s(0) = (0,N —1,1). As seen from Proposition 4-2, the only transitions
of positive probability are into (0, N —1,1) and (0, N, 0), so eventually s(t) will be
absorbed into (0, N, 0).

3. Supposes(0) = (0,s2,53) € {(0,N —2,2),...,(0,1, N — 1)}. As seen from Proposition
4-2, the only transitions of positive probability are into (0, s2,s3) and (0,5 — 1,53 + 1),
so eventually s(t) will be absorbed into (0,s, — 1,53 + 1). Now the only transitions
of positive probability are into (0,5, — 1,53+ 1) and (0, s, — 2,53 + 2). Continuing in
this manner, eventually s(t) will be absorbed into (0,0, N).

4. Suppose s(0) = (s1,52,0) € {(1, N—1,0),..,(N —1,1,0)}. Then, from Proposition
4-4, the only transitions of positive probability are into (s1,5,0) and (s — 1,5, +1,0);
so0, by the same reasoning as in the previous case, eventually s(t) will be absorbed
into (0, N, 0).

5. Supposes(0) € A; U.Ay. From every such s(0) we can only have west, south or south
east transitions. Hence s1(1) < s1(0), sp(1) < s,(0), and s(1) € A;. Continuing in
this manner we see that s(2),s(3), ... € A; until we reach some s(t) with (a) either
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s1(t) = 0, in which case the process will eventually be absorbed into (0,0, N) (b) or
sp(t) = 0, in which case s(t) is an absorbing state. In the latter case, for every increase
of 51 by one, we will have a corresponding decrease of sy by one; hence, the maximum
increase of s; cannot be larger than s, (0), which is less than the intersection of I;; with
the s; axis, i.e., § = {1=72 (N — 1). Therefore, at absorption s (t) < 71=72(N —1).

6. Suppose s(0) € As. From every such s(0), we can have west, northwest and north
transitions. Consequently, we will move into some s(1) which will belong to either
Aj or again to Aj,. A sequence of A; transitions will eventually lead to absorption
into one of (0,0,N), (1,0,N — 1), ..., (n*,0, N — n*); meanwhile, an .4, transition will
eventually lead to absorption into (0, N,0).

This completes the proof. [J

3.3. Experiments

We now present several experiments on the evolutionary games obtained from the
IPD base game with finite population N. We use the PD payoff matrix

a 1
4 2

with a € {3.0,3.1,..,3.9} being a game parameter. For the IPD game we have used
T = 1000.

A=

3.3.1. Case N = 3 Players

We compute the transition matrix P in the usual manner, and from this we construct
the state transition graph (STG), which we plot in Figure 3 for the case a = 3.0 (the STG is
the same for all a € {3.0,3.1, ..., 3.9}).

PPI STG

1 2 6 9

0 o1 o5 LT} ®10

0 0.5 1 15 2 25 3

Figure 3. The state transition digraph with a = 3.0 and N = 3.

Looking at the STG we can summarize state absorptions as follows:

absorbing states : (3,0,0),(2,0,1),(1,0,2),(0,0,3),(0,3,0)
(0,0,3) absorbed states : (0,1,2)
(0,3,0) absorbed states : (1,1,1),(0,2,1),(1,2,0),(2,1,0)

It appears that, for the case of N = 3 players, the All-D strategy has an advantage over the
cooperative strategies All-C and TfT, in the sense that a larger number of initial states are
eventually absorbed into the pure All-D state (0,3,0). The STG remains the same for all
used values of 2 € {3.0,3.1,...,3.9}.

The Markovian analysis results are corroborated by simulation. We have simulated
the evolutionary game 100 times; in Figure 4 we plot the evolution of the strategy vector
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across generations for starting state (1,1,1). As can be seen we have very fast absorption to

a pure state, for all starting states. The left panel of Figure 4 shows absorption to TfT and

the right one to All-D. Again, results are essentially the same for other a values.

PPI STG

PPI STG

4 T 4 T
AlC AlC
AlD AlD
35 TitForTat 35 TitForTat
3 3
25 25
2 2 —
15 15
1 ] 1 —
05 05
0 0
0 10 20 30 40 50 0 10 20 30 40 50

Figure 4. Two simulations of the strategy process of the evolutionary game with a = 3.0. Starting
values (1,1,1).

3.3.2. Case N = 5 Players

Now we repeat the analysis of Section 3.3.1 with N = 5 players. In this case the state
space has 21 elements:
5 =1{(0,0,5),(0,1,4),...,(50,0)}.

Again, we compute the transition probability matrix P and the STG. Varying values of a
can yield different STGs, as seen in Figure 5. The top left panel corresponds to a = 3.0, the
top righttoa € {3.1,3.2,3.3}, the bottom left to 2 € {3.4,3.5,3.6,3.7} and the bottom right
toa € {3.8,3.9}. We can see that, as a increases, defection becomes less attractive, and the
attraction basin of the pure All-D state (0,5, 0) shrinks. The Markovian analysis results are
again corroborated by simulation.

In Figure 6 we plot the evolution of the strategy vector across generations, starting
from state (1,2,2). Note that, in the plotted experiments, we have absorption into mixed
states, either (1,0,4) or (2,0, 3).

PPI STG PPI STG

3 .4 ®10 15 3 .4 10 15

1 ®2 < e < e13 < 917 20 1 e2 < e < e13 < e17 20

PPI STG PPI STG

5 6 5 6

4 5 11 4 5 1

3 .4 *10 15 3 .4 10 15

2 o3 9 14 18 2 3 9 °14 18

1 ®2 < g < @13 < e17 20 1 e2 < e < @13 <« 817 20

0 o1 .7 .12 .16 e19 021 0 .1 .7 .12 16 19 *21

0 1 2 3 4 5 0 1 2 3 4 5

Figure 5. The state transition digraph with a € {3.0,3.1,34,3.8} and N = 5.
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PPISTG PPISTG
6 : r - 6 - - - -
5 TitForTat 5
4 4 1
3 4 3
2 1 2 | [
\ I
I
4 s 1
\ \
0t okt
0 20 40 60 80 100 0 20 40 60 80 100
PPI STG PPI STG
6 T T T 6 T T T T
5 TitForTat 5 TitForTat | |
4 4
3 3
2f 207
| ||
|
1 H 1H g
|
\ \
ot oLt
0 20 40 60 80 100 0 20 40 60 80 100

Figure 6. Simulations of the strategy process of the evolutionary game with 2 = 3.4. Starting
value (1,2,2).

3.3.3. Cases N = 10, N = 20, N = 50 Players

We repeat our analysis for the cases of N = 10, N = 20 and N = 50 players and
plot the corresponding STGs in Figures 7-9. The coloring, especially in Figure 9, indicates
clearly the separation into regions of attraction A, Ay, As.

PPI STG PPI STG
10 o 10
Ay
8 8 1
6 6 1
4 4 B
YU A YA YA YA Y
04 <915 925< 834< 842< 849< 55 260
A YA YA YA DA N
2 . ©24< 833 ®41< 948« 854« 859 963 2 q
Y Y 'y
YA YA YA YA YA Y Y OOYA YA YA Y
92 < $13< $23< 932« 840~ 847 853 858< 962 965 92 < $13< $23< 930< 940~ @47~ 853 858< 962 965
0 1 12 ®22 31 @30 €46 @52 ©57 @61 864 @66 0 1 12 22 31 @39 €46 @52 57 @61 64 @66 -
0 2 4 6 8 10 0 2 4 6 8 10
PPI STG PPI STG
T T T T T T T T T T T T
10 on 10 1
A Oy
s10 w21
YA Oy
8 ®9 <420 30 8 30 1
Y OvA h A N
. 19<029 938 °20 38
Y
A Y A N
6 . 28< 937 945 6 . 28< 37 945 b
%A h A O
. 27<®36< 944 951 6 36< 044 @51
Y Y Y
v O A eA Y LR TR
4 . 26+ 935< 843 850 56 4 o5 35 843 850 956
Y v A YA Y Y A h
® 25< 934« 942 849 855 960 o4 49< 955 960
O A RA Y Y OYA Y
2 . 24<933< 941< 945< 854< 959 263 2 *3 48< ®54< 959 63
O YR YR v NN N U YA O
. < 923< 832< 940 947< 853 856< 962 65 92<9 ° ®40< 947 $53< 858< 862 ©65
0 @1 12 ®22 31 @39 45 @52 ®57 @51 64 66 0 @1 12 22 31 @39 45 @52 ®57 @51 64 66
0 2 4 6 8 10 0 2 4 6 8 10

Figure 7. The state transition digraph with a € {3.0,3.3,3.6,3.9} and N = 10.
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PPI STG PPISTG

20

PPI STG PPI STG

20

0 5 10 15 20 0 5 10 15 20

Figure 8. The state transition digraph with a € {3.0,3.3,3.6,3.9} and N = 20.

PPI STG PPI STG

50

40

30

20

PPI STG PPI STG
50
40

30

20

0 10 20 30 40 50 0 10 20 30 40 50

Figure 9. The state transition digraph with a € {3.0,3.3,3.6,3.9} and N = 50.

3.4. Discussion

Looking at the STGs for varying a values and for all N values, we see that, as a
increases, the attraction basin of the pure All-D noncooperative strategy shrinks. This is
reasonable: as a11 = a gets closer to ay; = 4, the temptation to defect decreases, and the
tendency to cooperate increases. In addition, we can clearly see that the basins of attraction,
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as evidenced by the STGs, conform to the division of the simplex by the lines /1, and I3 of
(10) and (11).

4. Iterated Prisoner’s Dilemma: Replicator Dynamics

When the number of players N tends to infinity, the Markovian PPI dynamics can be
approximated by the replicator dynamics, which consists of the ODE system

Cdxpy

Vm.ﬁ

= xp ((Bx)m - xTBx> (15)
with B given by (6). Using (15) we can prove the following.
Proposition 7. In the evolutionary game with A as base game, N players, and T rounds, if

app < dax <ap <dap,

N tends to infinity and T is sufficiently large, then the replicator dynamics have the following
rest points:

1. Every point of the set

5&2) = {(1—x3,0,x3) with x3 € [0,1]}

is a rest point. Furthermore:

§§2) = {(1 —x3,0,x3) with x3 € (M,l} }
ay1 —4ax

is a stable set, and every point of the set ng) \géz) is an unstable rest point.
The rest point (0,1,0) is stable.

3. The rest point —12 102 — 021013 is unstable.
p aj1+axp—ajpp—ax ’ aj1+axn—ap—ax’ 0

Proof. We find the rest points by solving
Vm : xpy ((Bx)m - xTBx) =0.

The solutions are

x1=1-1x3, x2 =0, X3 = X3
XQ:L x1:0, X3:O
_ _ _ Tayy—an—Tap+ay _ —ap+ax
x =0, N 2 = Tﬂll—Tﬂszr+2ﬂ22—ﬂ21—ﬂ12’ Y3 = Ty —Tap+2ap —ay —ar
x| = a1p+ay Xy = ay +ay x3 =0

aj1+axp—ajpp—a’ a1 +axp—ajpp—ay’

The first solution is admissible for all x3 € [0, 1]; the second solution is admissible. Regard-
ing the third solution, for large enough T, we have

—ap +ap o G»—ap

X3 = ~
Tayy — Tagy +2ax —ax —app - T(ap —axn)

€01l]=x=1-x3€(0,1];

hence, the third solution is admissible. Regarding the fourth solution, we have

—aypp +axn ax —aip
a1 —ayn < 0= = >1;

a11 +axp —app —4ax A4 —ap+ap —ax

hence, the fourth solution is inadmissible.
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Therefore, we have one family of admissible rest points and two isolated ones. To
examine the stability of these, let J(x1, x2, x3) be the Jacobian matrix of the system, and let
us evaluate the eigenvalues of J(x1, x2, x3) at each rest point (x1, xp, x3).

1. For the rest point family (1 — x3, 0, x3), the eigenvalues turn out to be
M = —Tay, Ay = —Tapxz + Taxpxs — Tayy + Tay + axxz — axnxs, Az =0.

(a) Clearly, A; < 0.
(b) For large enough T, the sign of A, is determined by the terms linear in T, i.e., by

—T(x3a21 — a3 + a11 — az1)
For this to be negative, we must have
x3(az1 — az) +a11 — azn >0

Since a1 > app, the above holds

a1 —a
for all x5 € <“,1].
az1 — a2

Hence, for x3 ¢ (Zi:;{;, 1} , the rest point is unstable.

() Since A3 = 0, to determine the stability for x5 € (Zi:g; , 1} , we will consider

perturbations from (1 — x3,0, x3). Substituting x; = 1 — xp — x3 we get the

equations
d “
% = Fx(x,x3)
d ~
% = F3(x2,x3)

Now suppose x > 0 and small. Expanding F»(xy, x3) around (0, x3), we get

dx N

7: = Fz(x2, x3) = ((({,‘l22 — a21)x3 — a1 + a21)T — {7122.763)X2 + O(X%)
dX3 =

ar F3(x2,x3)

For large T, the sign of % will be the same as that of

(((ao2 — a21)x3 — a1y +a21)T — a22x3)x2 =~ ((a22 — a21)x3 — a11 +a21)Txz
which is the same as that of (a2 — a21)x3 — a11 + 421. If we have

az1 — a1

(a22 — a1)x3 —any +ax <0 & (az1 — axn)x3 —az +ap > 06 x3 > ty —an

then ’%2 < 0, and x; is decreasing towards zero. Hence, if x5 > %
and the system is perturbed from (1 — x3,0, x3), then it will return to some

(1 —x4,0,x%). Therefore,

S~§2) = {(1 —x3,0,x3) : with x3 > M}
a1 — a2
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is a stable set. On the other hand, clearly no point of §§2) can be a stable rest

point; a perturbation from (1 — x3,0,x3) to some (1 — x},0,x%) will stay at
(1 —x4,0,x%), since this is also a rest point.

In short, §§2) is a stable set.
2. For the rest point (0,1,0), the eigenvalues turn out to be

AM=ap—ap» <0, A=-Tapy <0, Az= T(ﬂlz — azz) < 0.

Hence, the rest point is stable.

: Tayy —ay —Tagy+ay —app+ay :
3.  For the rest point (0, gy —Tigy+ 2igy a1 15 Tins —Tagp+ 207 i1 —1 ), it turns out that the

first eigenvalue is

2 2
 Tayaip — Tayaxp — Tappax + Tag, — anpax + a1y + anaxn —ay,
Tayy — Tagy — ayp — a1 + 2ax

M =

For large enough T, the sign of the denominator is determined by T (a1; — a2;) > 0.
The sign of the numerator is determined by

2
Tayia1p — Tayiaxn — Tapay + Tayy = —T(axn — ar2) (a1 —axn) <0

Hence, A1 > 0, and the rest point is unstable.

This completes the proof. [

The rest points and their stability can be seen in the following Figure 10 for the A

matrices
3 1 A 35 1

4 2

Figure 10 has a remarkable similarity to the STGs of Section 3. Compare, for example, with
the upper left panels of Figures 7-9. The stable state (0,1,0) of Figure 10 corresponds to
the absorbing pure state (0, N, 0) of Figures 7-9. Similarly, the stable set (x1,0,1 — x7) of
Figure 10 corresponds to the set of absorbing states (1,0, N — n) of Figures 7-9. Note, in
particular, that a perturbation from a state (1,0, N — n) will not return to (1,0, N — n) but
to another state (n/,0, N — n’).

Phase Portrait of the IPD Replicator Dynamics Phase Portrait of the IPD Replicator Dynamics

Figure 10. The phase portrait of the replicator dynamics for two different A matrices.

5. Conclusions

Using Markov chain analysis, we have studied evolutionary games with a finite
number of players. We have performed this reduction for the evolutionary game using the

https://doi.org/10.3390/g17040034
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Notes

1

Iterated Prisoner’s Dilemma as base game, concentrating on a finite strategy set consisting
of a purely cooperative strategy (All-C), purely defective one (All-D), and a conditionally
cooperative one (TfT). For this case we have determined the absorbing states and (partly)
the basins of attraction. Our Markovian analysis is in agreement with the large population
analysis by replicator dynamics.

The distinction between stochastic finite-population models and deterministic infinite-
population models (such as replicator dynamics) is fundamental in evolutionary game
theory. Markov chain models, such as the one presented in the current paper, provide a
more realistic description of finite populations and allow direct computation of fixation
and extinction probabilities. In addition, continuous dynamics predicts only the average
deterministic direction of selection and therefore neglects the effects of drift. In short, contin-
uous dynamics describes the average behavior of an idealized infinite population, whereas
discrete Markov chain models describe the full stochastic dynamics of finite populations,
including the possibility of fixation, extinction, and random evolutionary outcomes.

Let us conclude by proposing some future research directions.

1.  Our model has ample scope for incorporating different strategy update mechanisms.
For example, we could use different imitation protocols (Fermi-type protocols, best
response, etc.). It is easy to incorporate these into our model, requiring only a small
alteration in the computation of the state transition probabilities. The same approach
can be used to incorporate the multi-type Moran process. The Wright-Fisher process,
on the other hand, would result in a more complicated transition probability matrix
because at every time step a state s can transit to any other state s'.

2. As already mentioned, randomness is introduced in our model only through the
selection of the strategy-updating player. Another source of randomness considered
in the literature is the “faulty execution” of strategies. For example, an “All-C” player
may, on every turn, defect with a small probability. It is interesting and feasible to
extend our Markovian model to handle such cases.

We intend to pursue these variants in future publications.

Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in this study are included in the
article. Further inquiries can be directed to the corresponding author.

Conflicts of Interest: The author declares no conflicts of interest.

Let us note that, while the term “evolutionary games” is widely used in the literature, they are not games in the game theoretic

sense, since their evolution is not governed by the players’ strategic considerations. Instead, an evolutionary game is a stochastic

dynamical system.
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