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Abstract: The scale-dependent transport of Saharan dust aerosols by African easterly waves (AEWs)
is examined analytically and numerically. The analytical analysis shows that the meridional and
vertical wave transports of dust are modulated by the Doppler-shifted frequency, w,, and the wave
growth rate, w;, both of which are functions of the zonal wave scale. The analytical analysis predicts
that the AEW dust transports, which are driven by the Reynolds stresses acting on the mean dust
gradients, are largest for the twin limits: w; — 0, which corresponds to flow near a critical surface,
a local effect; and w; — 0, which corresponds to the slowest growing waves, a global effect. The
numerical analysis is carried out with the Weather Research and Forecasting (WRF) model, which
is radiatively coupled to the dust field. The model simulations are based on an AEW spectrum
consistent with observations. The simulations agree with the theoretical predictions: the slowest
growing waves have the strongest transports, which are as much as ~40% larger than the transports
of the fastest growing wave. Although the transports are highly scale-dependent, largely due to the
scale dependence of wj, the location of the critical surface and thus the location of the maximum dust
transports are not.

Keywords: African easterly waves; Saharan dust transport; dust-dynamics interactions

1. Introduction

Saharan dust storms are among the most striking natural events on Earth. Born of
land-atmosphere interaction, the storms emerge from complex processes that involve dust
emission by an array of wind systems, which range from small-scale turbulent diffusion
to synoptic-scale circulations [1,2]. Among the wind systems are African easterly waves
(AEWSs), which are the signature synoptic-scale circulation over North Africa during boreal
summer [3-5].

The AEWs are manifestations of the barotropic-baroclinic instability of the African
easterly jet, which sits in midtroposphere and is positioned along ~15° N [4,6]. The AEWs
emerge every 2-6 days and propagate westward along two tracks; one north and the
other south of the AE]. The north track AEWs extend into the Sahara Desert where they
contribute to the episodic emission of dust, which can coalesce into synoptic-scale plumes
that feedback onto the AEWs to enhance their strength [7-15]. The AEWs, in turn, transport
the dust to regions far from their desert origin.

The study of Saharan dust transport spans more than a half century [15-17]. Carlson
and Prospero [16] is among the earliest studies to document the connection between
Saharan dust and AEWs. Based on data collected during the 1969 BOMEX field experiment,
Carlson and Prospero [16] showed that the dust plumes and the AEWs were coupled,
evidenced by their common frequency, zonal spatial scale, and westward speed. Subsequent
observational and modeling studies have further corroborated the connection between
AEWs and the emission and transport of Saharan dust [15,17-19].
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Nathan et al. [20] combined a theoretical framework with numerical simulations in
order to expose the physical and dynamical processes that control the zonal-mean transports
of Saharan dust during the initial growth phase of AEWSs. The theoretical framework was
built on a linear conservation equation for the eddy dust field, which yielded analytical
expressions for the meridional and vertical dust transports. The expressions showed
explicitly the dependence of the transports on the background distribution of zonal-mean
wind and dust. The framework predicted that the dust transports would be largest in
regions where background dust gradients are large near a critical surface (a critical surface
is defined by the locus of points where the background zonal wind matches the phase speed
of the wave). The theoretical prediction agreed with the numerical simulations, which were
carried out with a mechanistic version of the WRF model coupled to an interactive dust
model. The simulations showed, based on climatologically representative distributions of
background wind and dust, that the meridional and vertical transports of dust are largest
at ~18° N and ~800 hPa, a region within the Sahel where the background dust gradients
are large near a critical surface.

Grogan and Nathan [21] extended Nathan et al. [20] by examining two cases: active
transports, in which the dust is radiatively coupled to the circulation; and passive transports,
in which the dust is radiatively decoupled from the circulation. Employing an analytical
analysis to assist in the interpretation of the WRF-dust model simulations, Grogan and
Nathan [21] showed that whether the dust transports are largest for the radiatively passive
or radiatively active case depends on the growth rate of the AEWs, and that the meridional
dust transports dominate in the passive case, while the vertical dust transports dominate
in the active case.

Nathan et al. [20] and Grogan and Nathan [21] both focused on the dust transports
associated with the fastest growing AEW. Focusing on this wave was motivated by the
principle that in an initial wave spectrum, it is the fastest growing wave that will first
emerge and thus will be the most physically relevant. This linear selection principle is at
the heart of linear instability theory [22].

Intuitively, one would expect that the fastest growing AEWs would also be the most
effective transporters of Saharan dust. But as will show both analytically and numerically,
the linear selection principle does not apply to dust transports; that is, the fastest growing
AEWs are actually the least effective transporters of dust, while the slowest growing AEWs
are the most effective.

The analytical and numerical analyses presented in the following two sections pivot
on two questions. What is the relative importance of critical surfaces and wave growth to
the dust transports? For what zonal wave scales are the eddy transports maximized?

2. Analytical Analysis

This section exposes the physics that controls the scale-dependent transports of Sa-
haran dust, which will aid in the interpretation of the numerical simulations shown in
Section 3.

The dust transport vector can be written as [20]:

M = 077 + p7 K, 1

where pv’7’ and pw'y’ represent, respectively, the dust transports (dust fluxes) in the
meridional and vertical directions. The overbar denotes a zonal average and the primes
denote perturbations (waves), where o, w',and o/ represent the perturbation meridional
wind, vertical wind, and dust mass mixing ratio.

As shown by Nathan et al. [20], the linear conservation equation for the perturbation
dust field can be written as:
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This equation states that local time changes in the dust concentration are due to
advection of the eddy dust by the zonal-mean background current; meridional and vertical
advection of zonal-mean dust by the eddy wind field; and sources and sinks of dust, S’. For
the analytical analysis, we only consider sinks of eddy dust, which include, for example,
dry deposition and gravitational settling. For the analysis, we choose the simple form,
S’ = —D+y/, where D > 0 is a constant dust depletion rate.

To understand how the critical surface and wave growth rate combine to affect the
eddy dust transports, it is instructive to first examine how they combine to affect the dust
concentration. To do so, we assume that the eddy fields, which represent the AEWSs, have
normal mode solutions of the form:

(', o', w') = (4,0, ®) exp w;t expi(kyx — wyt) + *. (3)

where the amplitude moduli (eigenfunctions), 9, ©@, and §, which are functions of latitude
(v) and height (z), depend on the (complex) eigenfrequency, w = wy + iw;; wy = kyc;, is the
frequency and w; = k;c¢; is the growth rate, where c = ¢, + ic; is the complex phase speed
and k; is the real (dimensional) zonal wavenumber, which is inversely proportional to
wavelength (wave scale). The asterisk denotes the complex conjugate of the preceding term.
Insertion of Equation (3) into Equation (2) yields:
v _

7 . /— _/7_ —_—
(1wd+wl+D)'y—( vay waz) 4)

Dust Modulator
Advective Transport

where
wy = kg — wr &)

is the Doppler-shifted frequency.

Equation (4) states that the eddy dust concentration, v/, is controlled by the product
between a modulator and the advective transport of zonal-mean dust by the wave field.
The modulator is a function of the Doppler shifted frequency, w;, wave growth rate, w;,
and the depletion rate, D. Because wj is a function of the zonal-mean background wind,
which varies with latitude and height, its effect on 7 is local. In contrast, the effect of w; on
7' is global, i.e., w; is independent of latitude and height, so that changes in w; will affect
the dust concentration throughout the domain. The local versus global effects of w,; and w;
will manifest in the dust transports.

If wy, w;, and D are small, say, O(e), where ¢ < 1, a parameter setting that corresponds
to weakly damped, slowly growing waves near a critical surface, then the eddy dust
concentration must be large, i.e., O(s’l), in order to balance the advective transport of
the mean dust field by the wave. If ¢ — 0, it follows that 4/ — o0, a singular limit that
yields unrealistically large dust concentrations. The singularity is removed, however, if
D = O(1), or if additional physics, such as nonlinearity, are included in the problem. Even if
additional physics are included, 7" will still be locally large in the twin limit (wy, w;) — 0,
a fact that is reflected in the dust transports shown next and in the numerical simulations
shown in Section 3.2.

Expressions for the meridional and vertical dust transports are obtained by multiplying
Equation (4) by pv’ (ow'), rearranging terms, and then zonally averaging; the result is:

—iwyg + (w; + D) ( —5dY a’)/>
vy = —pv' — —pv'w' — |, 6
ey ( w? + (w; + D)? Py P e ©
—iwg + (w;+ D) ( ——0JY 287)
Wy — — W =L — pw'? 2L ), 7
e ( w? + (w; + D)? Py TP o 7
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As discussed in Grogan and Nathan [21], the dust transports are driven by the
Reynolds stresses that act on the zonal-mean dust gradients in both directions. Consis-
tent with the analysis of the dust concentration presented above, the modulation of the
transports is largest for the twin limits: w; — 0, which corresponds to flow near a critical
surface, a local effect; and w; — 0, which corresponds to the slowest growing waves, a
global effect. Equations (6) and (7) also show that for a given w; and wj, the transports will
be largest where the background dust gradients are largest.

3. Numerical Analysis
3.1. Model

This section describes the WRF-dust model, the spatial distributions for the zonal-
mean background wind and dust fields, the wave spectrum to be examined, and the
solution procedure for the numerical simulations.

3.1.1. Weather Research and Forecasting Dust Model (WRF-Dust)

The scale-dependent transports of Saharan mineral dust aerosols are examined through
a series of numerical experiments conducted with a mechanistic version of the WRF-dust
model. The model is described in detail in Grogan et al. [12] and thus is only summarized
here. The model couples the Weather Research and Forecasting (WRF) model (version 3.7) to
an online dust model developed by Chen et al. [23]. The dust model, which is built around
12 dust particle sizes whose radii range from 0.15 pm to 5.00 um, accounts for the advection
and sedimentation of dust. Each particle size is governed by its own conservation equation.
The dust field is radiatively coupled to the dynamics by incorporating their aerosol optical
properties—extinction, single scattering albedo and asymmetric parameter—into the NASA
Goddard Space Flight Center (GSFC) radiative transfer mode. The GSFC radiation model
accounts for the dust absorption and scattering of solar and terrestrial radiation, as well
as the dust absorption of radiation emitted by other constituents [24,25]. To isolate the
direct radiative effects of the dust, boundary layer microphysics, cumulus parameterization,
planetary boundary layer, and land surface processes are deactivated.

The model domain is a global channel that projects onto a cylindrical-equidistant grid.
The horizontal resolution is 0.5° and the boundary conditions are zonally periodic and
symmetric at the channel sidewalls (40° N and 10° S). There are 50 levels in the vertical,
which extend from the surface up to 100 hPa; no-slip conditions are applied at the top and
bottom (horizontal) boundaries. A 30-min hyper diffusion is imposed on the horizontal
wind fields. To eliminate any spurious reflections that might occur at the upper boundary,
a Rayleigh damping layer is imposed at the top boundary for the wind and temperature
fields. The additional damping has no consequential effect on the growth rates or structures
of the waves.

3.1.2. Background Wind and Dust Fields

The background wind and dust distributions to be used in the numerical simulations
are chosen consistent with observations and are shown in Figure 1. The zonal-mean
background easterly jet is the same used by Grogan et al. [12]: the initial basic state wind is
symmetric in latitude, asymmetric in height, and centered at 15° N and 650 hPa, with a
maximum wind speed of 15 ms~!. As shown by Grogan et al. [12], this background jet is
barotropically and baroclinically unstable to synoptic-scale disturbances (AEWs).

The background dust distribution is a meridionally symmetric Gaussian distribution
with a half width at half maximum of ~2.5°. The dust plume is centered at 20° N, which po-
sitions the bulk of the plume in the latitude belt that contains the largest dust emissions [26].
The dust mixing ratios are then scaled so that the maximum aerosol optical depth (AOD)
equals 1.0 at the center of the plume. This maximum AOD corresponds to a maximum dust
concentration of 841 pg kg ™!, given the plume height and the log-normally distributed
particle size distribution. This amount of dust loading is comparable to observed AODs,
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but is conservative considering that during intense dust emissions the AOD can reach
values as large as 4.0 [27].
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Figure 1. Basic state zonal wind (solid; contour interval: 2 ms~!) and basic state dust mass mixing
ratio for the sum of the 12 dust particle sizes (color; interval: 100 pg kgfl).

3.1.3. AEW Spectrum

AEWs span a wide range of zonal scales [28-31]. Gu et al. [30], for example, used a
five-year daily rainfall dataset from the Tropical Rainfall Measuring Mission (TRMM) to
calculate the spectral power of AEWs. They found that the largest power approximately
resides in the zonal wavenumber range, k = 8 to k = 14, where k, the nondimensional
zonal wavenumber, is related to the dimensional zonal wavenumber, k;, by k = (Lz/A)ky;
Lg = 27tr, cos 0, where . is the radius of Earth and 6 is latitude, and A; is the dimensional
wavelength. Hsieh and Cook [31] used a realistic regional climate model to calculate the
spectral power of AEWs and also found that the power is largest in the same approximate
wavenumber range as Gu et al. [30]. Based on these studies, the transports to be shown in
Section 3.2 will be calculated for 8 < k < 14.

3.1.4. Solution Procedure

The transports associated with each zonal wavenumber in the range k = 8 to k = 14
are calculated following the three-step procedure described in Grogan et al. [12]. Step 1:
A wave perturbation of fixed wavenumber is superimposed onto the background wind
field shown in Figure 1. The initial amplitude of the perturbation is chosen sufficiently
small (~10~* m s~!) such that during the initial growth phase the wave is controlled by
the linear dynamics of the system, i.e., the zonally averaged wave fluxes do not produce
any appreciable changes in the zonally averaged background flow. Step 2: The model is
integrated forward in time until the domain-averaged wave energy achieves exponential
growth to an accuracy of 102 for at least 12 h. The wave energy is computed using the
meteorological fields from the WRF-dust model, which are output every 4 h for three-
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dimensional wind, temperature, pressure, geopotential height, dust mixing ratios, and
heating rates. Step 3: Once exponential growth is attained, a Fast-Fourier transform
algorithm is used to obtain the spatial structures for the eddy wind, temperature and dust
fields, which are then scaled to produce a peak meridional wind of 5 m s~!. The growth
rate, frequency and transports are then calculated based on the wave structures.

3.2. Results

The analytical analysis shown in Section 2 underscores the importance of the Doppler-
shifted frequency, wy, and the growth rate, w;, in modulating the dust transports.
Figure 2 shows the scale dependence of these two terms. The growth rate peaks at k = 12
(w; = 042 d_l), though the difference between the k = 12 growth rate and that of its
immediate neighbors, k = 10 and k = 13, is small, only ~0.02%. However, the difference
between the k = 12 growth rate and that of the slowest growing k = 8 wave is large, ~65.2%.
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Figure 2. The variation of growth rate, w; (solid line), and Doppler-shifted frequency, w, (dashed
line), as a function of nondimensional zonal wavenumber, k, where w; has been calculated at 18° N,
780 hPa, which corresponds to the location of the fastest growing (k = 12) wave critical surface.

To examine the variation of the Doppler-shifted frequency, wy, as a function of zonal
wavenumber, k, we choose % = 8.41 m/s, such that w; = 0 for the k = 12 wave. This value
of u fixes the location of the k = 12 critical surface. Therefore, the extent to which w; for
a particular k departs from zero is a measure of how sensitive the location of the critical
surface is to changes in k. Figure 2 shows that the maximum departure of w; from the
k =12 wave is ~0.05 d~! for waves k = 9, 10 and 14. This means that the location of the
critical surface and thus the location of maximum dust transports are relatively insensitive
to changes in zonal wave scale. In comparison, w; ranges from 0.27 d 1 (k=8)to0.42d!
(k = 12), a range of 0.15 d !, which is about a factor 3 larger than the range of variation
of wy.

To aid in the interpretation of the dust transports, we begin with an analysis of the
vertical structures of v’ and ' for k = 8, 10, 12 and 14. The structures are shown in Figure 3 at
18° N, which is the latitude along which 9%/ dy is largest. Each k shares three commonalities.
First, the maximum in v’ is located at ~800 hPa. Second, the structure of the v’ field tilts
eastward with height, a configuration that is consistent with an amplifying AEW [5]. For
geostrophic flow v’ o i¢Y, so that the dust transports will be largest 90° west of the trough,
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consistent with the analysis of dust-coupled waves by Grogan and Thorncroft [15]. Third,
for each k, v’ and +/ are ~180° out of phase at ~800 hPa, so that pv’’ < 0 where 97 /dy > 0.
Thus the transports are down the background dust gradient. As shown in the analytical
analysis by Nathan et al. [20], and later in this study, near (18° N, 800 hPa) the maximum in
97 /9y coincides with the critical surface, w; = 0. It is in this region where the analytical
analysis presented in Section 2 predicts a local maximum in the dust transports, which can
be inferred from the phasing and magnitudes of the vertical structures shown in Figure 3,
i.e., the strongest meridional winds coincide with the highest dust concentrations.
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Figure 3. Vertical structures of 9/ (colors; ug kg™!) and ¢’ (solid/dashed contours correspond to
positive/negative values; ms~ 1) at 18° N for (a) k = 8, (b) k = 10, (c) k = 12, and (d) k = 14. On the
horizontal axis, the zonal phase angle is relative to the AEW scale; 360° of zonal phase corresponds
to one AEW wavelength. For example, for the k = 8 wave, 8° of zonal phase is 1° of longitude. Each
plot shows 50° of longitude.

The differences between the vertical structures for the different AEW zonal scales are
most evident in the magnitude of /, which decreases as k increases (cf. Figure 3a—d). The
eddy dust field is largest for the slowest largest growing k = 8 wave, which was predicted
by Equation (4), i.e., for the twin limits w; — 0 and w; — 0, 7/ must become large in order
to balance the advective transport of the background dust by the wave.

The vertical structures of w’ and 7/ as a function of k, which have similar properties as
the structures shown in Figure 3, are shown in Figure 4. For each k, w’ and +' are in phase
at ~800 hPa, so that pw’y’ > 0 where 97 /9z > 0. Thus the strongest vertical wind coincides
with the maximum dust concentration, so that the vertical dust transports are down the
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background dust gradient, irrespective of wave scale. The maximum vertical wind speed
(~0.008 ms~1) is about the same for each k, but the maximum dust concentration decreases
as k increases, as in Figure 5.
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Figure 4. Vertical structures of 7/ (colors; ug kg_l) and w’ (solid/dashed contours correspond to
positive/negative values; ms~ 1) at 18° N for (a) k = 8, (b) k = 10, (c) k = 12, and (d) k = 14. On the
horizontal axis, the scale for the zonal phase angle is the same as in Figure 3.

Figure 5 shows pv’y as a function of k. For each k, the meridional dust transports
are directed southward south of the background dust maximum, which is located at 20°
N (see Figure 1), and northward north of the maximum. For all waves, the maximum
southward transports are near (18° N, 800 hPa), i.e., in the region where the maximum in
the background meridional dust gradient (dashed vertical line) coincides with the critical
surface (bold contour). The slowest growing k = 8 wave has the largest transports while the
fastest growing k = 12 wave has the smallest transports, in agreement with the analytical
prediction given in Section 2. Both north and south of the dust maximum, the vertical
extent of the transports uniformly decreases as k increases. For example, for k = 8, the

transports extend to the surface, whereas for k = 14, the transports only become significant
above ~950 hPa.
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Figure 5. Meridional dust transports (x10~° kg m—2s71) for (a) k = 8, (b) k = 10, (c) k = 12, and
(d) k = 14. Overlaid are the critical surface (bold contour) and the maximum meridional background
dust gradient (dashed vertical line).

Figure 6 shows pw’9/ as a function of k, which has similar properties as the meridional
dust transports shown in Figure 5. For each k, the vertical dust transports are directed
upward both north and south of the background dust maximum. Like the meridional dust
transports, irrespective of wave scale, the vertical transports are largest where the maximum
in the meridional dust gradient coincides with the critical surface. The slowest growing k
= 8 wave has the largest transports and the fastest growing k = 12 wave the smallest. In
addition, the vertical extent of the transports decreases as the zonal wavenumber increases
(compare, for example, Figures 6a and 6d).

Figure 7 shows the variations of the maximum in the meridional and vertical dust
transports as a function of k. In agreement with the analytical analysis presented in Section 2,
the transport curves are an approximate mirror image of the growth rate curve shown in
Figure 2. The transports are largest for the slowest growing k = 8 and k = 14 waves and
smallest for the fastest growing k = 11 and k = 12 waves. For example, v/ (w'v’) is ~30%
(40%) larger for k = 8 than for k = 12.
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Figure 6. As for Figure 5, but for the vertical dust transports (x 10~° kg m~2s71). (a) k=8, (b) k=10,
(c) k=12, and (d) k = 14.
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Figure 7. Southward transports (solid; left axis) and upward transports (dashed; right axis) at the
intersection of the critical surface and maximum meridional basic-state dust gradient, as a function of
nondimensional zonal wavenumber, k.
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4. Conclusions and Discussion

We have examined the scale-dependent transport of Saharan mineral dust aerosols
during the initial growth phase of AEWs using analytical and numerical analyses. The
analytical analysis, which was based on a conservation equation for the perturbation dust
field, yielded explicit expressions for the zonal-mean dust transports in the meridional and
vertical directions, the same expressions derived in Grogan and Nathan [21]. Their study,
however, focused on the difference between radiatively active and radiatively passive dust
transports by AEWs, not on the scale dependence of the transports.

Our analysis shows that the meridional and vertical wave transports of dust are
modulated by the Doppler-shifted frequency, w;, and the wave growth rate, w;, both
of which are functions of the zonal wave scale. The analytical analysis shows that the
AEW dust transports, which are driven by the Reynolds stresses acting on the mean dust
gradients, are largest for the twin limits: wy; — 0, which corresponds to flow near a critical
surface, a local effect; and w; — 0, which corresponds to the slowest growing waves, a
global effect.

This unexpected and non-intuitive result, i.e., the slowest growing waves, not the
fastest growing waves, are the most effective transporters of dust, agrees with the numerical
simulations carried out with a mechanistic version of the WRF model, which was coupled to
an interactive dust model. The linear simulations, which modeled the initial growth phase
of the dust-modified AEWs, were based on a climatologically representative background
state, one that was comprised of a zonal-mean jet and a zonal-mean dust distribution. The
AEW spectrum whose transports were examined were chosen consistent with observations,
which show that the most power resides in zonal wavenumbers 8 < k < 14 [28-30]. The
simulations show that the maximum meridional (vertical) dust transport associated with
the slowest growing k = 8 wave is ~30% (~40%) larger than the fastest growing k = 12 wave.
In addition, the numerical simulations show that as k increases, the vertical extent of the
transports decreases. Although the transports and their spatial structures are highly scale
dependent, largely due to the scale dependence of w; (see Figure 2), the location of the
critical surface and thus the location of the maximum dust transports are not.

The above results were obtained for an unstable, zonally uniform background jet. The
individual waves that develop on such a jet do not interact with each other during their
initial growth phase. Moreover, in a zonally uniform jet, the wave scale remains constant
as the wave moves downstream. In contrast, in a zonally nonuniform jet, the disturbance
is comprised of a wave packet whose amplitude and zonal scale will be modulated as it
moves through the jet [5,10,32].

For example, Bercos-Hickey et al. [10] used a comprehensive version of the WRF
model, which was radiatively coupled to an interactive dust model, to examine the dust-
modified dynamics of the AEJ-AEW system for a single summer (July—September 2006).
They showed that in the dust-free simulations, as the AEWs moved through the jet, the
zonal wavelengths expanded from ~2800 km to ~3200 km, an increase of ~15%. In the case
of dust-coupled AEWs, the zonal wavelengths expanded from ~2800 km to ~3400 km, an
increase of ~20%. To the extent that our results can be applied locally to a zonally varying
jet, we would expect changes in the downstream transports of dust due to changes in the
zonal scale of the dust-modulated AEWSs. To address precisely how zonal variations in the
background fields would affect the scale-dependent transports of dust would require an
extension of the theory presented here and more realistic numerical simulations.

In addition to considering the effects of zonal variations on the transports, another
important extension would be to examine the scale-dependent transports over the life
cycles of the AEWs, which have been shown to evolve over four stages: initial growth;
nonlinear stabilization; peak amplitude, and long-time equilibration [13,33]. As shown by
Grogan et al. [13] in a zonally-averaged framework, as the dust-modified waves emerge
from the initial growth phase and enter into the nonlinear stabilization phase, several
dynamical processes will combine to affect the waves. For example, the dust-modified
heat and momentum fluxes will stabilize the jet, altering both its structure and location.
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The stabilization of the jet will slow the wave growth, thus reducing its effective growth
rate. Given our analytical analysis and linear WRF-dust model simulations, a reduction in
the effective growth rate alone would be expected to further enhance the dust transports
globally. As the wave continues to grow, albeit more slowly, it will continue to alter the
jet. The alteration of the jet will affect the Doppler-shifted frequency and thus the location
of the critical surface, which, as we have shown, is a key determinant in the location of
maximum dust transports.

As the wave grows to finite amplitude, the nonlinear stabilization phase will eventually
transition to the peak amplitude phase. This is when the wave reaches its largest amplitude,
which, as shown by Grogan et al. [13], is enhanced by the eddy dust-heating effects. A
larger wave amplitude might be expected to strengthen the dust transports, since the
transports depend on the momentum fluxes, which are proportional to the square of the
wave amplitude. But as Equations (6) and (7) make clear, the transports depend on the
product between the momentum fluxes and the background dust gradients. As shown
by Nathan et al. [20] and in this study, during the growing phase of the waves, the dust
transports erode the background dust gradients. Thus the net dust transports will depend
on the competition between the tendency of larger wave amplitudes (larger momentum
fluxes) to strengthen the transports and the tendency of the waves to reduce the background
dust gradients and thus weaken the transports.

In the context of this study, the central question is how might the zonal wave scale
affect the dust transports beyond the initial growth phase. We have shown that during the
initial growth phase it is the slowest growing waves that are the most effective transporters
of Saharan dust by AEWs. But will this hold as the waves grow to finite amplitude?
One might surmise that for an initial wave packet it will be the fastest growing wave
that will achieve the largest amplitude and thus will eventually become the most effective
transporter of the dust. This may not be the case, however. Studies have shown that through
wave-wave interactions, the slowest growing waves can achieve a larger amplitude than
the fastest growing waves [34-37]. It is conceivable, then, that the slowest growing waves,
which we have shown dominate the transports during the initial growth phase, may
continue to dominate the transports as they grow to finite amplitude. This, of course, will
require further study.
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