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Abstract

Effective shape representation of building footprints is essential for many geospatial anal-
ysis and applications, such as building retrieval, cartographic generalization, and urban
morphology analysis. Constrained by scarce and coarse annotations of building shapes,
self-supervised learning (SSL) is regarded as a promising paradigm. However, existing
SSL approaches primarily infer invariance from augmented views of the same instance
without explicitly defined similarity, limiting their ability to capture multi-layered relation-
ships—from geometric regularity to structural layout—across building shapes. Providing
reliable and interpretable similarity supervision remains challenging. In this work, we
propose Deformation-Induced Self-Supervised Learning (DI-SSL), a framework that explic-
itly defines similarity through Geometric-Aware Deformations (GAD). GAD constrains
deformations along global topology, geometric variation and structural layout, jointly
characterizing structural comparability between shapes and ensuring geometrically valid,
structurally coherent variants under controlled form deviations. Consequently, similarity is
explicitly defined through these constrained deformation processes, yielding an embedding
space where structurally similar shapes are consistently organized. Experiments demon-
strate that DI-SSL achieves strong performance in retrieval and few-shot generalization.
The learned embedding space is well-structured, exhibiting global separability of structural
prototypes and local continuity consistent with morphologically meaningful similarities.
Ablation studies further highlight the critical role of deformation-induced supervision in
shaping this space.

Keywords: building footprint analysis; urban morphology; shape representation learning;
self-supervised learning; shape similarity measurement

1. Introduction

The shapes of the building footprint are fundamental elements in urban morphol-
ogy analysis, spatial data mining, and large-scale built environment studies [1-3]. With
the increasing availability of urban spatial data, the effective representation of building
shapes has become an important problem in geospatial analysis and computational urban
studies [4-7]. Recent advances in deep learning have enabled data-driven approaches to
shape representation learning, while self-supervised learning (SSL) [8-11] has emerged as
a promising paradigm for learning representations without manual labels.

However, multi-layered similarity among building shapes challenges the assumptions
underlying most existing SSL frameworks. Beyond instance-level variations caused by
resolution or data sources, building shapes exhibit structured relationships ranging from
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shared prototypes (e.g., I-shaped, L-shaped, or C-shaped) [12,13] to fine-grained similar-
ities between distinct instances. Capturing these complex relationships is essential for
addressing various spatial analysis tasks. In contrast, existing SSL frameworks rely on
instance-level invariance, treating augmented views of the same sample as equivalent while
implicitly considering all other samples as equally dissimilar. This binary formulation is
insufficient for capturing the composite similarity structures inherent in building shapes.
This raises a central question: how can representation learning explicitly model structural
similarity beyond instance equivalence?

To address this limitation, we propose Deformation-Induced Self-Supervised Learning
(DI-SSL), a framework that explicitly constructs similarity relationships. Instead of relying
on instance identity or predefined categories, DI-SSL defines similarity as a structured and
controllable relation. Specifically, it employs Geometry-Aware Deformations (GAD) as a
mechanism to generate structure-preserving shape variants, simulating structural similarity
under explicit geometric and topological constraints. These constraints ensure that the
constructed relations reflect meaningful morphological variations rather than arbitrary
perturbations. Within this framework, similarity is explicitly defined through constrained
deformation processes, inducing structured supervision for contrastive learning. As a
result, DI-SSL learns embedding spaces where structural similarities are coherently orga-
nized while dissimilar shapes remain separable, enabling the model to capture both local
structural variations and global relationships among building shapes.

Experiments demonstrate that DI-SSL achieves superior performance in both fine-
grained retrieval and few-shot generalization, indicating coherence across both instance-
level and cross-instance variations. Structural analyses reveal that the embedding space
is not only separable but also locally continuous under structure-preserving variations
observed in real-world data. Rather than approximating predefined geometric metrics (e.g.,
turning function distance), the learned representation reorganizes similarity relationships,
where neighborhood structures align with morphologically meaningful variations instead
of boundary-level resemblance. Ablation studies further show that this behavior arises
from enforcing consistency under geometrically valid deformations, rather than from
instance-level invariance.

These results indicate that DI-SSL learns a representation by explicitly constructing
shape similarity, inducing a structured and transferable embedding space by organiz-
ing building shapes according to geometry-consistent relationships, thereby providing a
consistent basis for retrieval, clustering, and large-scale morphological analysis.

2. Related Work

Early studies on architectural and urban form analysis rely on hand-crafted geometric
descriptors and predefined similarity metrics. Building footprints are encoded using shape
indices [14-16], Fourier descriptors [17], or other compact representations, with similar-
ity quantified through measures such as turning function distances [18], skeleton-based
similarity [19], or graph edit distances [20]. While effective in controlled settings, these
approaches prescribe similarity a priori, limiting their ability to represent the structured
and continuous relationships observed in real-world data.

Recent work has explored neural encoders for polygonal geometry, including
rasterization-based models, graph neural networks [21], sequence-based architectures [22],
spectral representations [23,24], and signed distance field-based models [25]. These meth-
ods focus on encoding geometry, while similarity is implicitly determined by the learning
objective. In many cases, formulations based on classification or proxy tasks assume dis-
crete categories, providing limited control over the similarity relationships encoded in the
embedding space and failing to explicitly capture continuous geometric variation.
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Self-supervised learning enables representation learning without manual annota-
tions. Reconstruction-based approaches [13,26] enforce fidelity to input geometry, while
contrastive approaches [27] enforce consistency across transformed views. However,
the transformations used to generate such views implicitly define which samples are
treated as equivalent, thereby inducing similarity without explicitly modeling its struc-
ture. For building footprints, generic augmentations may not reflect morphologically
meaningful relationships.

Transformations have been used to model shape variation and learn representa-
tions [28,29]. Prior work models deformation itself, whereas DI-SSL uses constrained
deformations to explicitly define similarity. For building footprints, this requires geo-
metric and topological constraints to ensure that induced relationships remain valid and
structurally meaningful.

Taken together, existing approaches either prescribe similarity through predefined
metrics or rely on objectives that implicitly define similarity with limited control. Few
methods explicitly construct similarity relationships as part of representation learning. This
motivates a framework that defines similarity in a structured and controllable manner,
enabling the modeling of fine-grained and continuous relationships between building
shapes beyond instance identity or predefined distances.

3. Method

The complex similarity relationships among building footprints require shape rep-
resentation learning to be guided by well-defined supervisory signals. In this work, the
GAD framework (Section 3.2) provides a mechanism to define similarity explicitly via a
constrained deformation process, enabling the DI-SSL framework (Section 3.3) to learn a
representation space by aligning with that similarity.

3.1. Problem Formulation and Framework Ouverview

Let x € S denote a building footprint represented as a planar polygon. Given a
dataset D = {x;} ,, the goal is to learn an embedding function f : S — R that preserves
meaningful structural relationships between shapes. We define a set of admissible defor-
mations T,gm on S under explicit geometric and topological constraints. Each T € Tyqm
produces a valid instance x’ = T(x), and the set T g, specifies which shape variations are
considered structurally similar. The embedding function fy is trained such that instances
related through 7,4, are mapped to nearby representations, while unrelated shapes remain
separable. In this way, similarity is explicitly constructed through constrained deformations,
rather than implicitly defined by instance identity or predefined metrics.

In practice, this is implemented within a contrastive learning framework (Figure 1),
where deformed instances of the same shape form positive pairs and others serve as nega-
tives. As a result, the learned embedding space is structured such that shapes exhibiting
similar admissible deformation patterns are consistently grouped into coherent clusters,
providing an explicit organization of structural similarity.

3.2. Geometry-Aware Deformations Framework

The admissible deformations set 7,4, is operationalized as a GAD framework that
restricts the deformation space to a set of controlled GAD, whose effects are well-defined
and interpretable.
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Figure 1. Overview of the proposed framework. Building footprints are deformed under a con-
strained deformation process to construct similarity relationships. The encoder fy maps shapes into
an embedding space where these relationships are enforced via contrastive learning, resulting in a
structured similarity organization. In the embedding-space panel, gray dots schematically denote
the overall embedding distribution, while the green cluster highlights a representative region orga-
nized by structured similarity; the red and blue arrows indicate mappings of positive and negative
samples, respectively.

3.2.1. Geometry-Aware Deformations

In this work, we primarily instantiate GAD using straight-skeleton-based polygon
offsetting (SS-Offsetting), defined as

x' = Offsetss(x,0), [6] <a-rin(x), a€(0,1) @

where SS denotes the straight skeleton of polygon x, and ¢ is the signed offset distance.
Positive values of § produce outward expansion, while negative values yield inward
contraction. The offset magnitude is normalized by the inradius i, (x), corresponding
to the maximum admissible interior offset under straight-skeleton propagation, ensuring
scale-adaptive and shape-consistent deformation across polygons with varying sizes and
geometric complexity.

As shown in Figure 2, the straight skeleton defines an intrinsic geometric structure that
governs the evolution of edges and vertices under uniform offsets. Within the admissible
range, SS-Offsetting produces shape variants that maintain geometric and topological
consistency, including valid boundary configurations (no self-intersection), consistent
orientation, and largely preserved combinatorial structure. These properties ensure that
the resulting deformations remain within a structurally coherent regime of the shape space.
5S-Offsetting can, in principle, be extended to polygons with interior holes, where both
exterior and interior boundaries participate in the offsetting process. The presence of
multiple boundary components increases the geometric complexity of the straight-skeleton
computation and may introduce greater numerical sensitivity in degenerate configurations,
such as extremely acute angles or narrow gaps. In the current implementation, numerical
instabilities associated with extremely acute angles are mitigated through a preprocessing
step that regularizes such configurations by local corner flattening. A systematic evaluation
of multiply connected footprints is beyond the scope of this study and is left for future work.
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Figure 2. Straight-Skeleton-Based Polygon Offsetting. (a) An input polygon (gray) with its inscribed
circle and interior (blue)/exterior (red) straight skeletons. (b) Positive offsetting 4 > 0 generated
using the interior straight skeleton, producing an inward-offset polygon. (c) Negative offsetting d < 0
generated using the exterior straight skeleton, producing an outward-offset polygon.

Among several possible GADs, we adopt SS-Offsetting as the main deformation be-
cause it is intrinsically coupled to polygonal structure and can induce controlled, structure-
preserving variation. More importantly, in DI-SSL, the choice of GAD is not merely an
augmentation strategy: it explicitly defines the structural similarity prior through the
positive pairs used for contrastive learning. A suitable GAD should therefore produce
variations that are morphologically interpretable and preserve the structural organization
that the representation is expected to regard as invariant. SS-Offsetting satisfies these
requirements by providing an edge-driven deformation mechanism with an explicit ge-
ometric interpretation and a bounded, scale-adaptive deformation range. Moreover, it
aligns with the architectural notion of uniform wall offsetting, providing a morphologically
interpretable mechanism for generating layout variations while maintaining structural
organization. Offset polygons generated in this manner are therefore treated as geometry-
aware variants of the original footprint and serve as the primary source of positive pairs in
the DI-SSL framework.

3.2.2. Geometrically Invariant Transformations

Beyond GAD, we employ Geometrically Invariant Transformations (GIT) to handle the
inherent variability in vector representations. Specifically, GITs encompass rigid transforma-
tions, reflections, uniform scaling, and re-parameterizations of the contour (e.g., resampling
and vertex reindexing). As depicted in Figure 3, these operations modify explicit coordinate
values while preserving the intrinsic geometry.

T DL o

0
(a) Input Polygon (b) Rotation (c) Reflection (d) Normalization (e) Resampling (f) Vertex Reindexing

Figure 3. Geometrically Invariant Transformations (GIT). (a) An input polygon. (b) Rigid rotation
relative to the origin of the coordinate system (the green point). (c) Reflection transformation with
respect to a symmetry axis (the green dashed line). (d) Uniform scaling and normalization that map
polygons into a canonical coordinate range. (e) Contour resampling, where blue and red vertices
denote the original and resampled vertices, respectively. (f) Vertex reindexing, where the blue and
red markers indicate the original and rolled start points, respectively. The operations in (e f) are
re-parameterizations that alter the vector representation without changing the underlying geometry.

The fundamental distinction between GIT and GAD lies in their role in the shape
space S: GITs define equivalence transformations that preserve geometric identity, whereas
GADs induce controlled deformations that traverse the shape space beyond equivalence
instances. GITs primarily enforce invariance at the instance level, encouraging the encoder
to learn representations that are stable under geometric equivalence transformations such as
rotation and scaling. However, such organization remains confined to enforcing invariance
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within individual shape instances. In contrast, GADs serve as the primary driver of the
framework, as they introduce structured variations that go beyond invariance, enabling the
model to capture geometric regularities and structural layout similarities between shapes.

3.2.3. Validity Constraints for Admissible Deformations

To ensure effective similarity supervision, we employ validity constraints to guarantee
geometric feasibility and control form deviations. This work focuses on validity constraints
associated with SS-Offsetting.

Topology Preservation: The deformation must preserve the topological structure of
the input footprint. In particular, the number of connected components, the number of
interior holes, and their containment relations must remain invariant, i.e., Top(x") = Top(x).
This constraint is enforced by explicit topology checks after offsetting, ensuring that no
spurious self-intersections or invalid polygon configurations are introduced.

Bounded Geometric Deviation: To prevent degenerate or excessively distorted shapes,
the deformation magnitude is bounded. Specifically, the offset parameter ¢ is constrained
by a shape-dependent upper bound « - ri, (x) (Section 3.2.1), which limits the extent of
geometric variation induced by the deformation.

Shape Similarity Constraint: To further ensure that admissible deformations remain
within a geometrically coherent regime, we impose an additional shape similarity constraint
based on the Turning Function (TF) representation. Specifically, the deviation between the
original shape x and its transformed counterpart x’ is required to satisfy drp(x, x") < 7rf,
where drp(-, -) denotes the TF distance and 7y is a predefined threshold. This constraint
acts as a validity filter that excludes extreme or structurally implausible deformations
that may still satisfy topological and parametric constraints but deviate significantly in
global shape characteristics. Importantly, the TF is not used as an optimization objective or
supervision signal, but solely as a criterion for restricting the admissible deformation space.

Structural Consistency: Structural consistency is implicitly guaranteed by the SS-
Offsetting operation, which preserves combinatorial properties such as edge adjacency
and vertex ordering. As a result, admissible deformations maintain the overall structural
organization of the footprint without requiring additional explicit constraints.

Together, topology preservation enforces global structural correctness, bounded defor-
mation controls geometric variation, and structural consistency maintains combinatorial
coherence. These constraints jointly define admissibility at complementary levels, which is
the admissible deformation space underlying the proposed framework.

3.2.4. Transformation Pipeline

We integrate GAD and GIT into a unified transformation pipeline, designed to explic-
itly control the formation of positive pairs in DI-SSL. This pipeline enforces a structured
separation between similarity and invariance, enabling the learned embedding space to
reflect well-defined modes of geometric variation.

Given an input polygon, GAD is applied via SS-Offsetting by randomly sampling a
signed offset distance ¢ within the predefined range. The resulting polygon is evaluated us-
ing the validity constraints in Section 3.2.3. This procedure is repeated for a limited number
of attempts; if no admissible deformation is obtained, the original polygon is retained.

Following GAD, GIT is applied to remove nuisance variations and standardize repre-
sentation. Specifically, rigid transformations and reflections are first applied to eliminate
orientation dependence. The polygon is then uniformly scaled to a unit bounding box to
normalize global size. Subsequently, it is resampled into a fixed-length vertex sequence to
ensure consistent input dimensionality. Finally, vertex reindexing is performed to eliminate
biases induced by vertex ordering.

https://doi.org/10.3390/ijgi15090419
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While many commonly used polygon augmentations (e.g., anisotropic scaling, elastic
deformations or path perturbation) lie on a spectrum between purely GIT and GAD,
we deliberately restrict the transformation set to a single, controlled deformation. This
design isolates a coherent mode of structural variation, allowing the organization of the
embedding space to be directly attributed to structural similarity under well-defined
geometric constraints, rather than to a mixture of heterogeneous transformation effects.

This pipeline induces a clear functional decomposition: GAD defines the positive
relation between instances by introducing admissible geometric variation, while GIT en-
forces invariance within each instance by removing irrelevant degrees of freedom. Their
combination shapes an embedding space in which structural similarity is encoded through
controlled deformation, rather than through heuristic augmentation diversity.

3.3. Deformation-Induced Self-Supervised Learning

Building upon the deformation generation mechanism introduced in Section 3.2,
we now specify how these deformations are translated into a learning signal. Rather
than treating transformations as mere data augmentation, DI-SSL formulates them
as structured relational supervision that explicitly encodes shape similarity under
geometry-preserving deformations.

3.3.1. DI-SSL Paradigm

This section formalizes how deformation-induced geometric relations explicitly define
similarity and how this definition is translated into an optimization objective. Instead
of relying on predefined similarity metrics or semantic labels, the framework uses ad-
missible GAD to construct a set of relations, specifying which variations of a polygon
should be regarded as similar. Contrastive learning is then employed as a mechanism
to enforce these predefined relations during representation learning, rather than to infer
similarity implicitly.

Deformation-Induced Positive Construction: For each polygon x;, a positive counter-
part x; = T(x;) is generated via an admissible GAD T € T,qm, as introduced in Section 3.2.
These deformations preserve structural validity while introducing controlled geometric
variation. As such, the pair (x;, xl’) explicitly defines a notion of similarity grounded in
deformation, where admissible deformations determine which geometric variations should
be treated as similar instances of the same underlying structure.

Negative Sample Construction: Negative samples are formed by pairing x; with other
polygons x; randomly drawn from the dataset (j # 7). No explicit geometric assumptions
are imposed on negative pairs. Instead, dissimilarity is defined implicitly as the comple-
ment of the deformation-induced similarity, allowing the model to separate shapes that are
not connected through admissible deformations without introducing additional bias.

Contrastive Supervision Signal: Given the above construction, contrastive learning
serves to enforce the explicitly defined similarity relations. Embeddings of x; and x] are
encouraged to be close, while embeddings of unrelated polygons are separated. In this
formulation, the contrastive objective does not determine similarity but operationalizes
the deformation-defined similarity into a learnable objective, ensuring that the resulting
embedding space faithfully reflects the predefined geometric relations.

3.3.2. Polygon Representation Encoder

For DI-SSL, the encoder fy maps each polygon x; € D to a fixed-dimensional latent
representation h; € RY to capture its geometric configuration. The encoder is treated
as a modular component rather than a central contribution of this work. It does not en-
code building semantics, perform classification, or reconstruct polygons. Instead, its role
is to provide a generic representation space upon which deformation-induced relations
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can be imposed. In principle, this formulation is compatible with a range of architec-
tures capable of processing polygonal geometry (e.g., sequence-based, spectral-based, or
graph-based encoders).

In this work, we instantiate f, using a sequence-based encoder, ResNet1D, primarily
due to its building maturity and stable empirical behavior, rather than any task-specific
design. This choice serves as a neutral and reliable backbone for evaluating the DI-SSL
framework. Importantly, the independence from a specific encoder arises from the separa-
tion between representation and relational supervision: the deformation strategy defines the
structural similarity to be learned, while the encoder determines how this structure is em-
bedded. Empirical results across alternative encoder choices are provided in Appendix A.1
as supporting evidence.

Consequently, the applicability of DI-SSL does not rely on a particular encoder archi-
tecture, although its effectiveness remains dependent on the encoder’s capacity to preserve
geometric structure.

3.3.3. MLP Projection Head

To facilitate contrastive optimization, we introduce a projection head gy, implemented
as a multi-layer perceptron (MLP), which maps the encoder output h = fy(x) to a latent
vector z = gy (h). The contrastive loss is applied in this projection space rather than directly
on h.

This design decouples the optimization space from the representation space. In
particular, contrastive objectives tend to impose geometric constraints (e.g., uniformity on
the hypersphere) that may distort the intrinsic structure induced by deformation-based
relations. By introducing a projection head, such objective-specific effects are absorbed in z,
allowing the encoder fy to focus on learning deformation-induced representations.

3.3.4. Learning Objective

The learning objective instantiates the deformation-induced relational constraints
defined in Section 3.3 into a contrastive optimization problem.

Each footprint polygon x; is first encoded as h; = fy(x;) and then projected to
z; = g¢(h;). Its deformed counterpart x; = Tj(x;) is mapped to z; = g4(fo(x})). These
deformation-induced pairs (z;, z}) serve as positive samples, while projected representa-
tions of other instances in the dataset act as negatives. To enforce this structure, we adopt
the normalized temperature-scaled cross-entropy (NT-Xent) loss [9]:

exp (sim(z;,z';)/ )

exp(sim(z;,z';)/7) + Ljexp(sim(z;, z;) / T)’ @

L; = —log

where sim(-,-) denotes cosine similarity and 7 is a temperature parameter controlling
the concentration level of the distribution. Although NT-Xent is used here, the DI-SSL
framework is not tied to a specific contrastive formulation.

Optimizing under NT-Xent loss results in an embedding space (i.e., the encoder out-
put h) that is aligned with geometry-preserving deformation relations: shapes connected
through admissible deformations are mapped to nearby regions, while structurally unre-
lated instances are separated. In contrast to conventional contrastive learning setups where
invariance is implicitly induced through generic augmentations, DI-SSL explicitly specifies
this similarity via GAD, with contrastive optimization serving only to encode them in a
fully unsupervised manner.
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4. Experiments

4.1. Training Data and Implementation
4.1.1. Training Dataset: Real-World Building Footprints

We construct a large-scale training dataset of building footprint polygons from Open-
StreetMap (OSM), covering diverse geographic regions worldwide. To mitigate the influ-
ence of degenerate or overly trivial geometric cases that may bias contrastive learning,
we apply a set of lightweight filtering criteria to exclude extreme instances. Specifically,
we remove (1) overly simplified polygons with very few vertices; (2) highly regular, grid-
aligned shapes with limited structural variation; (3) near-circular footprints; (4) extremely
small or large buildings; and (5) objects associated with special semantic categories (e.g.,
transportation infrastructure).

These criteria are designed to reduce the influence of degenerate, overly trivial, or
extreme instances and to maintain a diverse and informative training distribution, rather
than to enforce any task-specific assumptions. Importantly, these filtering criteria are
dataset-specific preprocessing choices and are not required by the DI-SSL framework itself.

We restrict our study to simple polygons without holes to focus on geometric varia-
tions while avoiding additional topological complexity. Shape simplification is applied
with a tolerance of 0.15 m to remove fine-scale geometric noise. After preprocessing,
the dataset contains 12,298,902 building footprints. No manual semantic labels are used
during training.

4.1.2. Implementation Details

We employ a 18-layer ResNet1D as the main polygon encoder fy to map each input
polygon to a latent representation h € R>'2. This representation is further projected to
z € R via a two-layer MLP projection head g for contrastive optimization. Unless
otherwise specified, all evaluations and downstream analyses are conducted using the
encoder output h = fp(x).

The model is trained using the complete preprocessed training corpus within the
DI-SSL framework using the NT-Xent loss. Optimization is performed using AdamW
(B1 = 0.9, B2 = 0.95) with a base learning rate of 0.001 and weight decay of 0.001. The
model is trained for 10 epochs under a linear learning rate schedule with warmup: the
learning rate increases linearly from 0 to the peak value during the first epoch, followed
by a linear decay to 0 over the remaining epochs. Training was performed on a single
NVIDIA RTX A6000 GPU. The observed epoch time varied across runs and training stages
(Appendix Table AS8), with a typical duration of approximately 8-9 min.

For the transformation pipeline, « = 0.5 and 7rg = 0.17 are adopted as the default de-
formation parameters based on the corresponding sensitivity analyses. The contrastive-loss
temperature is set to T = 0.01 based on the temperature sensitivity analysis. These values
are subsequently fixed throughout the main experiments. SS-Offsetting operation, TF-based
validity checking and resampling are performed offline during preprocessing and therefore
do not contribute to the reported per-epoch training time. The computational efficiency
of this preprocessing stage across different & values is further analyzed in Appendix A.5.
For the input representation, each vertex is encoded using a multi-scale local geometric
descriptor. Specifically, distances are computed to neighboring vertices at offsets defined
by powers of two and their complements with respect to the sequence length.

4.2. Empirical Evaluation of Learned Shape Representations
4.2.1. Evaluation Protocol

We evaluate the quality of the learned shape embeddings through shape retrieval and
few-shot classification.

https://doi.org/10.3390/ijgi15090419
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Shape Retrieval performance is evaluated using Nearest Neighbor (NN), First Tier (FT),
Second Tier (ST), and normalized Discounted Cumulative Gain (nDCG). Retrieval scores
are computed across the entire [J GIS-CGAE dataset and averaged over all query instances.
Shape Retrieval metrics characterize the local geometric ordering of the embedding space,
indicating whether shapes undergoing similar structural variations remain proximal.

Few-shot Classification performance is evaluated using an N-way K-shot episodic
protocol. In each episode, K samples are randomly drawn from each of 10 classes to
form the support set, and the remaining samples serve as queries. Each query is assigned
the label of its nearest neighbor in the support set based on Euclidean distance in the
embedding space. This procedure is repeated over 1000 episodes, and the final accuracy is
reported as the average classification accuracy across all queries and episodes. We report
results for K € {1,3,5}, enabling evaluation under varying levels of supervision. Few-
shot classification metrics reflect the emergent global structure, evaluating whether the
embedding space supports the formation of separable and generalizable class structures
from sparse labels.

Both tasks are conducted on the I[JGIS-CGAE dataset [13], which consists of 10 build-
ing footprint classes (ILOHFZYETC), each containing 500 manually curated polygonal
examples. While limited in scale and diversity, its curated and low-noise annotation space
makes it suitable for assessing whether learned representations exhibit alignment with
established building shape semantics. This dataset serves solely as an external evaluation
probe and a standardized reference for comparative evaluation, without participating in
training or affecting representation learning.

Unless otherwise specified, all the learning-based models are trained in accordance
with the training protocol and deformation settings described in Section 4.1.2, but using in-
put representations adapted to the encoder architecture and employing Euclidean distance
in the embedding space for evaluation.

4.2.2. Performance Comparison

We compare representative methods from three paradigms in Table 1. All learning-
based models are averages over 10 runs with different random seeds. Standard deviations
and 95% confidence intervals are given in Table A9 in the Appendix.

Table 1. Quantitative comparison of representative methods from hand-crafted descriptors,
autoencoder-based models, and contrastive learning under a unified evaluation protocol. Bold
entries indicate the best result for each evaluation metric.

Retrieval Few-Shot
Method Paradigm NN FT ST nDCG 1-Shot 3-Shot 5-Shot
FD Hand-crafted descriptor ~ 0.994 0.732 0.880 0.957 0.771 0.882 0.913
TF Hand-crafted descriptor ~ 0.997 0.787 0.928 0.972 0.827 0.918 0.943
GCAE * Autoencoder-based 0.895 0.293 0.412 0.800 0.291 0.422 0.488
NUFT-based AE  Autoencoder-based 0.904 0.220 0.298 0.764 0.210 0.308 0.369
PSRT * Contrastive learning 0.995 0.770 0.902 0.968 0.811 0.917 0.943
DI-SSL (ours) Contrastive learning 0.997 0.804 0.946 0.977 0.851 0.941 0.961

* Input Polygons are resampled to 64 vertices to maintain consistency with the original work’s configuration.
DI-SSL results with 64 vertices are additionally reported in Appendix Table A9, which shows that changing
the input resolution from 64 to 128 vertices does not consistently improve performance and does not alter the

main conclusions.

Among hand-crafted descriptors, Fourier Descriptor (FD) provides a strong baseline
with efficient fixed-length representations, while the Turning Function (TF) consistently
outperforms FD across all metrics, particularly in retrieval quality (e.g., FT: 0.787 vs. 0.732,
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ST: 0.928 vs. 0.880). This indicates that explicitly designed geometric signatures remain
highly effective for capturing fine-grained shape similarity. However, TF relies on pairwise
alignment for distance computation and does not yield a parametric embedding space,
limiting its applicability to downstream tasks such as clustering or continuous structure
analysis. In contrast, FD supports efficient vectorized comparison but exhibits weaker
performance, especially in few-shot settings, suggesting limited capacity to encode higher-
order structural variation.

Autoencoder-based methods, including Graph Convolutional Autoencoder (GCAE) [13]
and Non-Uniform Fourier Transforms based autoencoder (NUFT-based AE) [23], perform
substantially worse across all metrics. This suggests that reconstruction objectives at the
vertex or spectral level do not necessarily induce a semantically meaningful embedding
geometry aligned with similarity, resulting in poor neighborhood structure and weak
transferability to downstream tasks.

Among contrastive learning approaches, Pre-trained Shape Representation Trans-
former (PSRT) [27] achieves strong and balanced performance across both retrieval and
few-shot evaluation, confirming the effectiveness of contrastive objectives for learning
discriminative representations. Its retrieval metrics approach saturation (e.g., NN = 0.995,
nDCG = 0.968), and it maintains high accuracy under limited supervision. However, DI-SSL
consistently outperforms PSRT across all metrics (e.g., FT: 0.804 vs. 0.770, ST: 0.946 vs.
0.902, 1-shot: 0.863 vs. 0.811), with a paired bootstrap analysis over 10,000 random retrieval
queries confirming the significance (p < 0.001 for FT, ST, and nDCG), indicating a more
coherent local neighborhood structure. In contrast, PSRT relies on discretized polygon
encoding and anisotropic normalization, which implicitly impose a non-uniform similarity
prior and may weaken alignment with fine-grained geometric variation.

Overall, the results show that different paradigms induce fundamentally different
notions of shape similarity. Hand-crafted methods capture accurate pairwise distances but
lack a global embedding structure; autoencoder-based approaches optimize reconstruc-
tion rather than structural similarity and therefore may fail to form meaningful similarity
neighborhoods; and contrastive methods achieve strong discriminability but remain sen-
sitive to the representation and augmentation strategies used to define positive pairs. In
contrast, DI-SSL explicitly defines similarity through geometry-aware, structure-preserving
deformations, providing a direct correspondence between the variations treated as similar
during training and the morphological variations of interest. This deformation-induced
similarity prior yields an embedding that supports both reliable retrieval and robust few-
shot generalization. This suggests that the central challenge lies not in separability but in
how similarity is defined and structured.

4.3. Structural Analysis of Shape Space

While the results in Section 4.2.2 demonstrate that DI-SSL is consistently competitive
across both few-shot classification and retrieval metrics, these performance gains provide
only indirect evidence of the underlying representation quality. We proceed to analyze the
structural properties of the learned representations in order to more explicitly examine how
different methods organize the shape space.

4.3.1. Separability of Benchmark Shape Classes

We begin with a label-based separability analysis as a sanity check to verify whether
the learned representation preserves basic class separability on curated benchmarks.

We constructed k-nearest neighbor (kNN) graphs (k = 50) from distance matrices
computed by four representative methods (FD, TF, PSRT, and DI-SSL) and analyzed the
edge confusion matrix (Figure 4a) to quantify inter-class connectivity. Across all four
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representations, the inter-class edge ratio remains consistently low, indicating that the
IJGIS-GCAE dataset itself exhibits a high degree of intrinsic separability, independent of the
specific representation used. Despite this overall consistency, some differences emerge in
the structure of inter-class connections among the different representative methods. DI-SSL
achieves the lowest inter-class edge ratio with the highest geodesic distance cross/intra ratio
(2.47), indicating a stronger separation between inter-class and intra-class neighborhoods
in the induced shape space. Notably, its inter-class edges are concentrated on a smaller
number of class pairs compared to other representations, with the vast majority occurring
between T-shaped and Y-shaped classes, indicating that inter-class confusion is highly
structured rather than uniformly distributed and primarily reflects proximity between
geometrically similar classes.

PSRT

Geodesic Distance:
intra-class : 2.39
inter-class : 5.13
interfintra : 2.14

DI-SSL

Geodesic Distance 10000
intra-class : 2.37
inter-class : 5.85
interfintra : 2.47

Fourier Descriptor

Geodesic Distance:
intra-class : 2.71
inter-class : 5.89
interfintra : 2.18

Turning Function

Geodesic Distance:
intra-class : 2.34
inter-class : 5.32
interfintra : 2.28

inter-class
edge ratio : 2.70 %

inter-cl

inter-class class
edge ratio : 1.86 %

edge ratio : 2.71 %

inter-class
edge ratio : 5.47 %

1000

10

Fourier Descriptor Turning Function

» - %

* \ _

Wy & “y ¥ »
(b)

Figure 4. Label- based separability analysis on the IJGIS-CGAE dataset. (a) Edge confusion matrix of
kNN-graph (k = 50). (b) t-SNE visualization.

eee oceee
cHrmoz<-mN

This observation is corroborated by t-SNE visualizations (Figure 4b), where all meth-
ods produce compact and well-separated clusters with minimal overlap. However, there
is less confusion between different clusters in DI-SSL, with the only consistent ambiguity
arising between T-shaped and Y-shaped forms. Rather than indicating a deficiency, this
localized overlap reflects genuine structural similarity between classes with closely related
branching configurations. The results collectively suggest that DI-SSL not only preserves
the global separability of the dataset but also yields a more structured and semantically
coherent organization of inter-class relationships.

These results confirm that the benchmark classes are highly separable in the learned
embedding space. However, as this dataset is curated with clean class definitions and
limited intra-class variation, such separability does not necessarily reflect the intrinsic,
deformation-driven organization of real-world shape spaces.

4.3.2. Continuity in Real-World Shape Space

We then move to a continuity analysis to probe the intrinsic geometric organization of
the embedding space, examining whether smooth structure-preserving transitions emerge
between shapes.

Specifically, we project the original 512-dimensional embeddings into a 32-dimensional
space using a Principal Component Analysis (PCA) model fitted on the full training dataset

https://doi.org/10.3390/ijgi15090419


https://doi.org/10.3390/ijgi15090419

ISPRS Int. ]. Geo-Inf. 2026, 15, 419

13 of 29

(real-world data sourced from OSM as described in Section 4.1.1). Linear interpolation
is then performed between selected pairs of shapes in the PCA-projected space. Each
interpolated point is mapped to its nearest neighbor in the dataset, forming a discrete
sequence of observed shapes along the interpolation path.

While this procedure does not recover true continuous trajectories in the original
high-dimensional space, the resulting sequences provide insight into the local organization
of the embedding. If the embedding space were fragmented or lacked coherent structure,
such interpolations would typically produce discontinuous or implausible transitions after
projection. Thus, this procedure can serve as an informative test of geometric organization
with minimal structural assumptions.

Figure 5 shows five representative examples across distinct structural pairs (I0, YT, CL,
ZH, EF), which were manually selected as representative examples to cover different types
of morphological similarity observed across the ten shape categories. In these cases, the
retrieved sequences exhibit gradual and consistent geometric variations, without abrupt
structural discontinuities. The transitions are not limited to trivial blending effects, but
instead reflect non-trivial, structure-preserving deformations between the endpoints, with
intermediate shapes remaining plausible and geometrically coherent. This deformation-
consistent organization provides a structural basis for the empirical performance observed
in Section 4.2.2. This behavior is particularly evident for structurally similar class pairs.
For example, along the YT trajectory discussed in Section 4.3.1, the transition between the
two structures occurs progressively, without a clearly defined point at which one class
definitively changes into the other.

° Qom0 [ = V N1dV

Y > Yr Xk ¥ E A P AA T wT
cnnu=22 n Jgu 7 ST AT ot
Z Yo =5 $ b H T HHF N H
E 3 md w % 3 § F F w I F

Figure 5. Continuous deformation paths revealed along PCA directions. For each of five inter-class
pairs (IO, YT, CL, ZH, EF), we linearly interpolate between their positions in the PCA-projected space
and retrieve the nearest neighbors in the original embedding for each interpolated point (duplicates
removed). The resulting sequences exhibit consistent, structure-preserving geometric transitions
between the endpoint shapes. The spacing between consecutive shapes is approximately proportional
to their Euclidean distance in the PCA space.

These observations indicate that the embedding is organized such that its dominant
variation directions correspond to coherent, structure-preserving deformations. Rather
than merely separating instances, the representation reflects deformation-induced simi-
larity relations, providing empirical evidence that the learned space captures meaningful
structural variation in real-world building shapes.
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4.4. Relationship to Conventional Shape Metrics

We further investigate the relationship between the learned embedding space and
a conventional geometric similarity measure by comparing Euclidean distances in the
embedding space (demp) with the TF distance (dtp).

To quantify the overall relationship between the two metrics, we randomly sampled
5000 shapes from the training dataset and computed all pairwise distances, resulting
in 12,497,500 shape pairs. Figure 6 shows the scatter distribution along with a linear
regression fit deyp = adtp + B. The fitted slope is & = 224.47 (95% CI: [224.26, 224.69]) and
the intercept is f = 155.37 (95% CI: [155.18, 155.57]). The slope is statistically different from
zero (t = 2054.39, p < 0.001), whereas the coefficient of determination is R? = 0.2525.

Embedding Distances demp

* ¢ highdr lowdems

Turning ﬁmction Distances dTF
Figure 6. This scatter plot compares pairwise Euclidean distances in the learned embedding space
(demp) with TF distances (dtg) for 5000 randomly sampled shapes from the training dataset, with a
linear regression fit. Boxes mark the three regions analyzed in subsequent sections. Green and yellow
scatters show NN pair distributions induced by dep,, and drF, respectively.

The statistically significant linear association indicates that the learned embedding
distance and the TF distance are related, but the relatively low R? indicates that this rela-
tionship explains only a limited proportion of the observed variance. Thus, the learned
embedding does not simply reproduce the TF metric through a linear or global transfor-
mation. More importantly, the scatter distribution exhibits clear structural patterns with
systematic deviations from the regression line. Specifically, we observe regions where
shapes with large d7r remain close in the embedding space, as well as regions where shapes
with small dtp are mapped far apart. This indicates that the discrepancy between the
two distance measures is not adequately explained by random variation around a global
linear relationship, but reflects a structured reorganization of similarity relationships in the
learned embedding space.

To better characterize this structured relationship, we further perform distance-based
and neighborhood-based comparisons between the two metrics.

In the low dtp, low denp region (Figure 7a), shape pairs are nearly identical in both
geometric detail and structural organization, indicating agreement between the two met-
rics. In contrast, in the low drf high depy, region (Figure 7b), we observe pairs such as
rectangle-semicircle and triangle—arch. Although these pairs appear geometrically similar
under the TF metric, they are regarded as different prototypes in the architectural context.
This structural disparity between shape pairs becomes more pronounced as drp increases,
even when dtg < 0.7.
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Figure 7. Shape pairs in distinct regions, with drp | depp, values denoted below each pair. (a) Low
dtr low dgy region: shape pairs satisfying drg < 0.5,demp < 100. (b) Low drp high dep, region:
shape pairs satisfying d1p < 0.7, dopp > 400. (c) High d1g low depy, region: shape pairs satisfying
drr > 0.7, demp < 100.

Conversely, in the high d1p, low den, region (Figure 7c), we observe shape pairs that
remain close in the embedding despite large contour differences. These pairs typically share
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a similar medial-axis structure (consistent with the GAD definition), while differing in
boundary-level details. This indicates that the learned embedding is relatively insensitive
to contour variations that preserve the underlying structural skeleton. In contrast, a small
number of cases correspond to shapes with weak or ambiguous skeletal structure, where
such consistency is less clearly defined.

In addition, Figure 6 also reveals systematic differences in the nearest-neighbor (NN)
pair distributions induced by the two metrics. Specifically, NN pairs derived from denp
form a more localized and compact distribution in the joint space, whereas NN pairs
derived from drp are more dispersed. This contrast indicates that the two metrics induce
substantially different neighborhood structures. Detailed instance-level comparisons are
provided in Appendix A.4 as supporting evidence.

Overall, the results indicate that DI-SSL does not approximate geometric distance,
but instead reorganizes shape similarity through deformation-induced structural relations.
Although the TF distance is used as a validity constraint when constructing GAD samples,
it is not the target distance or optimization objective of the representation learning process.
Rather, the straight-skeleton offsetting process determines how morphological variations
are generated and, consequently, which structural variations the model is exposed to
during self-supervised learning. Therefore, some agreement between dep,, and drr is
expected, but the observed discrepancies in both global distance distributions and local
neighborhoods indicate that the learned representation is not simply reproducing the
TF metric. This distinction reflects the methodological coupling between the TF-based
deformation constraint and the learned representation.

4.5. Learning Similarities Through Deformation

To investigate how geometric deformations influence the learned representations, we
analyze the impact of different deformation strategies used to construct positive pairs. In
particular, we compare GIT (Section 3.2.2) with GAD (Section 3.2.1), and further examine
the role of TF-based validity constraints in controlling deformation strength. The results
are summarized in Table 2.

Table 2. The effect of different deformation strategies and different threshold of TF-based validity
constraints. Bold entries indicate the best result for each evaluation metric.

Retrieval Few-Shot
TF Threshold Strategies NN FT ST nDCG 1-Shot 3-Shot 5-Shot
0.0 GIT 0.992 0.763 0.901 0.965 0.802 0.900 0.926
0.057 GAD 0.996 0.793 0.924 0.972 0.831 0.924 0.947
0.17t(default) GAD 0.997 0.804 0.946 0.977 0.851 0.941 0.961
0.2 GAD 0.998 0.795 0.928 0.976 0.843 0.949 0.970
1.07t(w/o constraint) GAD 0.996 0.709 0.850 0.956 0.750 0.894 0.932

We first analyze the effect of different deformation strategies. GIT (0.07t) represents a
highly constrained setting, where transformations only modify explicit coordinate values
while preserving the intrinsic geometry. While this preserves strict structural consistency, it
restricts the diversity of positive pairs, resulting in suboptimal representation quality (e.g.,
1-shot: 0.802, 5-shot: 0.926). In contrast, GAD enables controlled geometric perturbations
that introduce meaningful intra-class variability. As observed at the default setting (0.17),
this leads to substantial improvements across both retrieval (FT: 0.804, ST: 0.946) and few-
shot metrics (1-shot: 0.851, 5-shot: 0.961). This indicates that moderate, structure-preserving
deformations are essential for learning consistent yet discriminative embeddings.

To further examine the role of validity constraints, we vary the TF threshold controlling
the maximum allowable deformation. As the threshold increases from 0.07t to 0.177, perfor-
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mance improves consistently, suggesting that increasing deformation diversity enhances
representation robustness, as long as structural validity is preserved. Further increasing
the threshold to 0.271 maintains comparable few-shot performance, but slightly degrades
retrieval consistency (FT: 0.795, ST: 0.928). This reflects a trade-off between representation
diversity for generalization and the preservation of fine-grained local neighborhood struc-
ture. When the constraint is removed, performance degrades significantly across all metrics
(e.g., FI: 0.709, ST: 0.850, 1-shot: 0.750), indicating that excessive deformation introduces
structural inconsistency and corrupts the learning signal.

Figure 8 provides a visual interpretation of the effects observed in the quantitative
results, illustrating how different deformation strategies influence the structural validity
of generated shapes. Figure 8a shows the original footprint. GIT (Figure 8b) introduces
only limited geometric variation, resulting in positive pairs that are nearly identical to the
original footprint. While such transformations preserve strict structural equivalence, they
fail to expose meaningful intra-class variability. In contrast, unconstrained GAD (Figure 8c)
produces highly diverse shapes, but often violates structural plausibility, leading to unreal-
istic or semantically inconsistent geometries. These distortions weaken the correspondence
between positive pairs and introduce noise into the contrastive objective. When validity
constraints are applied (Figure 8d), the generated shapes achieve a balance between di-
versity and structural consistency. The deformations remain within a plausible geometric
regime, preserving the overall shape identity while introducing non-trivial variations. As a
result, positive pairs become both structurally consistent and geometrically informative,
providing stable supervision for contrastive learning.

(a) Original Shape (b) GIT (c) GAD w/o constraints (d) GAD w/ constraints

Figure 8. llustration of different deformation strategies. (a) Original footprint. (b) GITs introduce only
rigid or low-level geometric changes. (¢) GADs without validity constraints can produce unrealistic or
semantically implausible shapes. (d) GADs with validity constraints generate diverse yet structurally
plausible variants, ensuring positive pairs provide reliable supervision for contrastive learning.

Overall, results show that the advantage of GAD lies in aligning deformation with
geometric structure to construct meaningful similarity relations. Validity constraints are
essential to prevent structural collapse, an optimal deformation regime exists around 0.17,
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and the deformation design directly determines the induced similarity structure of the
embedding space.

5. Discussion

Beyond empirical performance, DI-SSL also offers a representation-centric view of
morphological analysis by organizing building shapes through deformation-induced sim-
ilarity rather than predefined metrics. This enables scalable clustering, retrieval, and
large-scale analysis within a unified embedding space. By deriving supervision from GAD,
the approach embeds morphological priors as explicit structural relations, moving beyond
heuristic augmentation toward principled similarity construction. While the curated bench-
mark primarily evaluates the intrinsic quality of the learned morphological representation,
it does not by itself establish its practical utility or generalizability in real-world settings.
To provide an initial assessment in an unseen urban context, we therefore examine a
3.5 x 2.7 km urban region near Shanghai South Station containing 3347 building footprints

(Figure 9).
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Figure 9. (a) Low-dimensional visualization of the embeddings for complex building shapes, together
with representative instances from each cluster, reveals that recurring geometric patterns are consis-
tently grouped in the embedding space. (b) When cluster labels are mapped back to geographic space
for all building footprints, buildings assigned to the same cluster exhibit localized spatial aggregation
in several areas.

The embeddings are first projected to a low-dimensional space using UMAP, where a
dominant cluster corresponding to simple geometric forms (e.g., rectangles and circular
shapes) can be readily identified. After excluding these highly regular structures, the re-
maining embeddings—representing more complex shapes—are further analyzed through
an additional dimensionality reduction and clustering step (k-means, k = 26). As shown
in Figure 9a, the resulting clusters exhibit coherent geometric patterns, with recurring
shape configurations consistently grouped together. To provide spatial context, the clus-
ter assignments are mapped back to geographic space (Figure 9b). Despite no spatial
information being used during training, buildings assigned to the same cluster tend to
exhibit localized spatial aggregation, in some cases forming visually identifiable groups. To
quantitatively assess this spatial organization, we further computed cluster-wise binary

https://doi.org/10.3390/ijgi15090419


https://doi.org/10.3390/ijgi15090419

ISPRS Int. ]. Geo-Inf. 2026, 15, 419

19 of 29

Moran’s I statistics using an 8-nearest-neighbor spatial weight matrix, with significance
assessed by permutation tests and corrected for multiple comparisons using the false
discovery rate. Among the 26 clusters, 22 (84.6%) exhibited significant positive spatial auto-
correlation (g < 0.05), with Moran’s I values ranging from approximately —0.005 to 0.268
(Table A12 in Appendix A.8). This observation suggests that the learned representation
captures certain structural regularities that are not only geometrically meaningful but also
spatially organized in real-world settings. Nevertheless, this case study provides a prelimi-
nary assessment of real-world spatial applicability rather than a task-specific downstream
evaluation, and future work could further validate the utility of DI-SSL embeddings in
applications such as urban functional zone classification or building retrieval using weak,
noisy, or expert-annotated ground truth. The observed patterns may also depend on the
specific urban context and clustering configuration.

Several limitations of the proposed framework should be acknowledged: (1) The
learned representation depends on deformation design, which defines admissible structural
variation; biased designs may yield incomplete or distorted similarity structures. (2) The
framework does not aim to capture a universal notion of shape similarity, but rather a
controlled, deformation-induced one; performance may degrade for highly irregular or
weakly structured shapes (Section 4.4, Appendix A.4). (3) While the framework is designed
to be encoder-agnostic, representation quality remains constrained by the model’s capacity
to capture global geometry. These limitations suggest future directions, including more
adaptive deformation design and extensions to complex representations (e.g., polygons
with holes, multi-part footprints, 3D structures, and building groups), enabling richer yet
structurally grounded similarity modeling.

6. Conclusions

This work introduces DI-SSL, a framework for learning building shape representations
by explicitly constructing similarity relationships. The results show that the learned em-
bedding space is not only discriminative but also structurally organized, where similarity
is defined through geometry-consistent deformations rather than implicit instance equiv-
alence or predefined metrics. The observed structure arises from enforcing consistency
under constrained deformations, and are supported by strong performance in retrieval and
few-shot tasks. More broadly, this work highlights the importance of explicitly defining
similarity in representation learning for shape analysis. By constructing controlled rela-
tionships between shapes, the proposed framework provides a data-driven approach to
organizing building shape space, where similarities reflect morphologically meaningful
variations instead of discrete categories or handcrafted metrics. This structured representa-
tion supports expressive analysis in large-scale geospatial data. Several limitations remain.
The approach depends on a predefined deformation space, which may not capture all
relevant forms of geometric variation, and its extension to more complex shape representa-
tions requires further investigation. Future work may explore adaptive mechanisms for
constructing similarity and broader applications in geospatial analysis.
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Appendix A
Appendix A.1. Encoder-Agnostic Representation Learning

To evaluate the generalization of DI-SSL across different representation forms, we
conduct experiments using a diverse set of polygon encoders spanning multiple types.
The goal of this analysis is not to identify the optimal encoder but to examine whether
deformation-guided contrastive learning remains effective under heterogeneous representa-
tions. Specifically, we consider four distinct representation types: (1) raster-based encoding
(Resnet2D), (2) sequence-based encoders (ResNet1D, LineStringNet), (3) spectral-based
representations (NUFT+MLP, Poly2Vec), and (4) token-based representations (VPT+DNN).
Unless otherwise specified, all experiments follow the training protocol and deformation
settings described in Section 4.1.2, varying only the encoder architecture, for which the
deformation input is converted into a suitable representation accordingly. The results are
summarized in Table Al.

Table Al. Generalization analysis across different polygon encoders spanning multiple types.

Retrieval Few-Shot
Encoder Type NN FT ST nDCG  1-Shot  3-Shot  5-Shot
Resnet2D 2 raster-based 0.992 0.630 0.779 0.929 0.659 0.798 0.846
Resnet1D P (default) sequence-based 0.997 0.804 0.946 0.977 0.851 0.941 0.961
LineStringNet © sequence-based  0.979 0.734 0.894 0.955 0.769 0.853 0.881
NUFT+MLP ¢ spectral-based 0.988 0.719 0.870 0.954 0.755 0.870 0.903
Poly2Vec ¢ spectral-based 0.961 0.617 0.807 0.925 0.643 0.766 0.807
VPT+DNN f token-based 0.980 0.584 0.726 0.914 0.610 0.762 0.816

Architecture details: * ResNet2D (14.4M parameters) uses ResNet18 and takes rasterized inputs of 128 x 128 x 1;
b ResNet1D (4.4M parameters) uses an 18-layer 1D ResNet with DeltaNet features and takes 128 x 2 sequences;
¢ LineStringNet (190K parameters) processes 128 x 2 point sequences; ¢ NUFT+MLP (1.1M parameters) processes
128 x 2 vertex sequences through spectral transformation; ¢ Poly2Vec (815K parameters) takes variable-length
triangulated polygons as input, which are generated via constrained Delaunay triangulation with ‘pYq" switches
to preserve boundaries and enforce quality, consistent with the original configuration. f VPT+DNN (29.3M
parameters) processes 64 x 1 tokenized inputs.

A consistent observation across all encoders is that DI-SSL produces stable and non-
degenerate representations, as evidenced by uniformly high NN scores and consistent
performance across both retrieval and few-shot metrics. All representation types achieve
strong nearest-neighbor retrieval performance and maintain reasonable effectiveness across
multiple evaluation metrics, indicating that the framework can be applied to heterogeneous
feature spaces without requiring encoder-specific design. This supports the claim that
DI-SSL operates by imposing deformation-induced relational structure onto an existing
representation space, rather than relying on a particular encoding mechanism.

Despite this cross-type consistency, notable performance differences emerge, which
can be attributed to the degree of geometric fidelity preserved by each encoder, i.e., how
directly spatial relationships in the original polygon are retained in the intermediate repre-
sentation. Continuous sequence-based encoders achieve the most balanced performance,
as they directly model ordered vertex coordinates and thus preserve both local geometric
continuity and global structural relationships. Raster- and spectral-based encoders show
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comparatively lower performance, suggesting that rasterization and frequency-domain
transformations introduce abstraction that weakens explicit spatial correspondence.

While DI-SSL is designed to be encoder-agnostic, this property implicitly assumes
that the encoder preserves the geometric structure of the input space. For geometry-
faithful encoders (e.g., continuous coordinate-based models), DI-SSL consistently achieves
strong performance. In contrast, for token-based encoders such as VPT, which rely on
discretization and anisotropic normalization, this assumption is violated. As a result, the
learned representation no longer reflects intrinsic shape similarity, leading to significant
performance degradation under isotropic scaling. This observation highlights that DI-SSL
does not impose invariance by itself, but rather leverages the consistency of the underlying
representation space.

These results indicate that DI-SSL is largely encoder-agnostic across geometry-
preserving representations, but not representation-neutral. While the framework can
consistently organize embeddings across diverse representation types, its effectiveness is
ultimately bounded by the encoder’s ability to preserve geometric structure. Performance
variations should therefore be interpreted as a consequence of representational alignment
with polygonal geometry, rather than differences in the learning objective itself.

Appendix A.2. Model Hyperparameter Ablation Study
Table A2. Effect analysis across depth.

Retrieval Few-Shot
Encoder  Layer NN FT ST nDCG 1-Shot 3-Shot 5-Shot
ResnetlD 18 (default)  0.997 0.804 0.946 0.977 0.851 0.941 0.961
ResnetlD 34 0.997 0.808 0.936 0.977 0.852 0.942 0.962
ResnetlD 50 0.996 0.780 0.912 0.971 0.822 0.932 0.957

Table A2 shows that the depth of ResNet1D does not significantly affect performance
metrics; even the 50-layer ResNet1D shows slight degradation. This suggests that over-
parameterization may hinder the preservation of fine-grained geometric structure, possibly
due to excessive smoothing or optimization difficulty in the contrastive setting.

Table A3. Effect analysis across the temperature parameter.

Retrieval Few-Shot
Encoder  Temperature NN FT ST nDCG 1-Shot 3-Shot 5-Shot
ResnetlD  0.10 0.998 0.822 0.940 0.979 0.859 0.952 0.972
ResnetlD  0.05 0.998 0.824 0.952 0.981 0.868 0.951 0.969
ResnetlD  0.02 0.996 0.805 0.949 0.978 0.853 0.941 0.960
ResnetlD  0.01 (default)  0.997 0.804 0.946 0.977 0.851 0.941 0.961
ResnetlD  0.005 0.996 0.798 0.942 0.976 0.844 0.937 0.956

Table A3 shows that the temperature parameter T of the contrastive loss has no
significant impact on performance metrics. Although T = 0.05 yields the best results, our
default setting of T = 0.01 is also reasonable.
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Table A4. Effect analysis across embedding dimensions.

Retrieval Few-Shot
Encoder Dimensions NN FT ST nDCG 1-Shot 3-Shot 5-Shot
ResnetlD 16 0.996 0.695 0.807 0.946 0.721 0.875 0.920
ResnetlD 32 0.996 0.781 0.910 0.971 0.820 0.926 0.952
ResnetlD 128 0.997 0.798 0.932 0.975 0.841 0.934 0.957

ResnetlD 512 (default)  0.997 0.804 0.946 0.977 0.851 0.941 0.961

Table A4 shows that performance improves as a function of embedding dimensionality.
Increasing the dimension from 32 to 512 yields continued yet modest gains, whereas
decreasing it from 32 to 16 leads to a pronounced degradation. This suggests that a
minimum dimensionality of 32 is necessary for sufficient representational capacity.

Appendix A.3. Further Evidence Supporting Well-Structured Embedding Space
Ratio of Inter-Class Edges Largest Connected Component Size Size of Largest Component
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Figure A1. KNN graph statistics.

As shown in Figure Al, the inter-class edge ratio remains consistently low across
all values of k, increasing only from 0.46% at k = 1 to 1.86% at k = 50. Meanwhile, the
graph rapidly becomes connected as k increases, with the largest connected component
covering the entire dataset at k = 14. This indicates that although the global structure is well
connected, local neighborhoods are highly class-consistent, suggesting strong separation
between classes in the embedding space.
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Figure A2. Precision-recall curves of different methods.

As shown in Figure A2, DI-SSL consistently achieves the highest precision across
the full recall range, indicating superior retrieval quality and robustness. Compared to
traditional descriptors, the Turning Function and PSRT exhibit competitive performance at
moderate recall levels but degrade more rapidly as recall approaches 1.0, while the Fourier
Descriptor shows the weakest overall performance with a steady decline. In contrast, DI-
SSL maintains a clear advantage, particularly in the high-recall regime, suggesting a more
effective preservation of fine-grained shape similarity in the learned embedding space.

Appendix A.4. Neighborhood Structure Under Different Metrics

We compare the nearest-neighbor (NN) relationships induced by the two metrics,
examining how each metric organizes local neighborhoods in the shape space.
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Figure A3. Retrieval targets (red) and their Nearest Neighbor (blue) in the randomly sampled sub-
datasets, with dr | demp values donating below each pair: (a) 140 shape pairs with the largest dopyy,
among all NN pairs retrieval by depyp; (b) 140 shape pairs with the largest drr among all NN pairs
retrieval by drg.

We first analyze nearest neighbors defined by the embedding distance dgy,. To probe
the behavior under extreme conditions, we focus on the 140 shape pairs with the largest
embedding distances among all NN pairs (Figure A3a). These pairs predominantly involve
shapes with high geometric complexity and rich local details. Despite their large TF
distances (typically dtg > 1.0), the retrieved neighbors generally preserve coarse structural
similarity to the query shapes. This observation is consistent with the high-dtp, low-
demp region identified in Section 4.4, indicating that the embedding remains sensitive to
structural organization even when geometric discrepancies are substantial.

However, this structural consistency becomes less pronounced under extreme geo-
metric complexity. In such cases, the embedding appears less compressive with respect
to global pairwise distances, and the notion of structural similarity becomes increasingly
ambiguous. Two factors may contribute to this behavior. First, highly complex shapes often
lack clearly defined global organization, making structural correspondence inherently less
stable. Second, data sparsity may limit the availability of sufficiently similar counterparts
within the sampled dataset, further reducing the observable consistency in nearest-neighbor
relationships. As a result, while the embedding preserves structural similarity in many
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cases, its discriminative power degrades in regions characterized by extreme geometric
variation and limited sample support.

We then examine nearest neighbors defined by the TF distance drr, again focusing on
the 140 pairs with the largest TF distances among NN relationships (Figure A3b). In contrast
to the embedding-based neighborhoods, these pairs exhibit substantially greater variability
in structural organization. Although they are identified as nearest neighbors under drg,
the corresponding shapes often differ markedly in their global structure, reflecting the
fact that TF primarily captures boundary-level geometric similarity and is less sensitive
to higher-level structural configuration. Consequently, TF-induced neighborhoods are
less aligned with perceptual or structural similarity when shapes undergo complex or
non-uniform deformations.

Taken together, these observations highlight a fundamental difference in how the two
metrics organize local neighborhoods. Embedding-based nearest neighbors tend to preserve
structural relationships, even in the presence of significant geometric variation, whereas TF-
based neighborhoods are more strongly influenced by boundary-level similarity and may
group structurally dissimilar shapes. These neighborhood-level behaviors are consistent
with the cross-metric distance regions identified earlier, and further support the view that
the learned embedding induces a structurally reorganized notion of shape similarity.

Appendix A.5. Computational Efficiency and Sensitivity of Straight Skeleton Deformation

To further assess the computational implications of the deformation-range pa-
rameter x, we evaluated the preprocessing pipeline under four representative values,
a € {0.1,0.25,0.5,1.0}, while fixing the TF-based validity threshold at Tt = 0.171. For
each setting, the complete input set of 12,298,902 polygons was processed using the same
implementation and computational environment. Following the procedure described in
Section 3.2.4, we performed 400 sampling attempts for each polygon and recorded the
resulting admissible § pairs. These sampling attempts were used to identify admissible
deformation parameters rather than to generate 400 training pairs; after sampling, one ad-
missible § pair was ultimately selected for each input polygon, yielding 12,298,902 polygon
pairs in total. The selected § pairs were then used to perform SS-Offsetting and resampling
to 128 points, producing the 128-point polygon sequence pairs used for training. Parallel
preprocessing was performed using joblib.Parallel with 60 workers. We separately
recorded the wall-clock time for the J-sampling stage and the subsequent SS-Offsetting and
resampling stage. We also recorded the valid pair rate and the proportions of generated
pairs satisfying trr > 0.057 and trp > 0.097r and evaluated the resulting representations
under the same downstream evaluation protocol.

Table A5. Straight Skeleton Deformation Preprocessing time statistic across deformation-range
parameter «, while fixing the TF-based validity threshold at Tt = 0.177.

Deformation-
range parameter

Sampling Stage Subsequent Stage

Valid Pair Rate Trr > 0.057t Rate T1r > 0.097T Rate

Runtime (s) Runtime (s)
(«)
0.1 2387.5 1093.2 99.9% 90.5% 39.8%
0.25 2524.8 1067.0 99.9% 93.1% 46.4%
0.5 (default) 2585.0 1266.8 99.9% 93.4% 47.7%
1.0 2753.0 1064.7 99.9% 93.5% 47.8%

As shown in Table A5, the preprocessing time increased from 2387.5 s at « = 0.1 to
2753.0 s at & = 1.0. Thus, increasing the deformation range from 0.1 to 1.0 resulted in an
approximately 15.3% increase in preprocessing time. The results in Table A6 show that
the learned representations are robust to the tested deformation ranges: NN, FT, ST, and
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nDCG vary within 0.995-0.997, 0.798-0.807, 0.943-0.951, and 0.976-0.977, respectively. The
default & = 0.5 therefore represents a stable intermediate operating point rather than a
highly sensitive parameter choice.

Table A6. Effect analysis across deformation-range parameter a.

Retrieval Few-Shot
Deformation-Range Parameter («) NN FT ST nDCG 1-Shot 3-Shot 5-Shot
0.1 0.996 0.807 0.951 0.977 0.854 0.940 0.959
0.25 0.996 0.798 0.943 0.976 0.847 0.939 0.960
0.5 (default) 0.997 0.804 0.946 0.977 0.851 0.941 0.961
1.0 0.995 0.800 0.943 0.976 0.848 0.940 0.960

Appendix A.6. Training Configuration and Runtime Records

This section provides detailed records of the training configuration and runtime behav-
ior used to train DI-SSL. Table A7 summarizes the complete training configuration, includ-
ing the batch size, data-loading settings, numerical precision, optimizer, and hardware en-
vironment. Table A8 reports the measured epoch-level runtimes across independent runs.

Table A7. Actual training configuration recorded by W&B.

Configuration Value

Training pairs 12,298,902

Effective pairs/epoch 12,298,240

Input 128-point polygon sequences pair
Batch size 1024

drop last TRUE
Batches/epoch 12,010

Epochs 10

Optimization steps/epoch 120,100

Backbone ResNet1D-18
Parameters 439M

Precision BF16 mixed precision
GPU 1 x RTX A6000
Data-loader workers 60

Table A8. The observed epoch time (s) across 10 independent runs.

Seed Epoch 0 Epoch 1 Epoch 2 Epoch 3 Epoch 4 Epoch 5 Epoch 6 Epoch 7 Epoch 8 Epoch 9

40 4944 4749 s 4839s 4843s 4934 s 4909 s 483.1s 502.8 s 479.5s 482.7 s
41 663.9 s 619.8 s 599.0 s 6155s 628.2s 643.4 s 620.8 s 647.0 s 651.0s 6204 s
42 535.7 s 524.7 s 484.1s 501.6s 492.0s 498.5s 508.1s 513.1s 500.1s 5024 s
43 462.2s 4569 s 4534s 451.6s 4539 s 454.7 s 4539s 457.8 s 450.5s 4519s
44 450.6 s 440.0s 440.6s 4403s 4378 s 4428's 4475s 4425s 4412 4469 s
45 452.1s 441.1s 441.1s 426.3s 439.6 s 437.0s 423.6s 4294 s 430.1s 44145
46 490.1s 450.2 s 446.4 s 545.6 s 477.0s 841.0s 1148.4 s 647.7 s 556.3 s 536.4s
47 647.1s 825.6 s 479.2's 483.3s 580.6 s 560.7 s 480.2s 4839 s 567.6 s 739.0s
48 495.6 s 475.0 s 473.7 s 601.0s 578.0 s 483.6 s 466.1s 473.7 s 577.6's 480.5 s
49 490.0s 587.1s 484.8 s 4763 s 472.7s 486.6 s 577.0s 480.7 s 479.5s 576.5s

Figure A4 further visualizes the training loss, GPU utilization, and allocated GPU
memory throughout training. Several runs exhibit irregular GPU memory-allocation
patterns under the WDDM driver mode used on the experimental system, which may
contribute to the observed runtime variability. These records document the actual compu-
tational configuration and runtime behavior of the reported experiments. The expensive
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Training Loss

SS-offsetting, TF-based validity checking, and vertex resampling operations are performed
offline during dataset preprocessing and are not repeated during model training.

Training Loss v.s. Epoch GPU Utilization (%) GPU MemoryAllocated (GB)

100
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— 40
41
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— 43
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Figure A4. Runtime monitoring during training. Different colors denote different random seeds.

Appendix A.7. Statistical Details of Performance Comparison in Section 4.2.2

This subsection provides detailed statistical results to complement the condensed
performance summary in Table 1 of Section 4.2.2.

Table A9 reports the full mean £ std deviation and 95% confidence intervals (CI)
for every method across all benchmark datasets. The CI is computed using Student’s
t-distribution with 9 degrees of freedom (« = 0.05). These results confirm that the perfor-
mance gaps reported in the main text are statistically robust.

Table A9. Comprehensive evaluation results of all learning-based methods on benchmark datasets.

Encoder Resal‘é‘l’led NN FT ST nDCG 1-Shot 3-Shot 5-Shot
0.8952 0.2927 04118 0.8002 0.2907 0.4215 0.4878
CGCAE o +0.0161 +£0.0261 £0.0290 £0.0095 +0.0278 +0.0313 +0.0314
([0.8913, ([0.2865, ([0.4049, ([0.7979, ([0.2841, ([0.4140, ([0.4803,
0.8990]) 0.29901) 0.4188]) 0.8024]) 0.2973]) 0.4289)) 0.4952))
0.9044 0.2204 0.2978 0.7641 0.2102 0.3084 0.3688
+0.0033 £0.0030 +£0.0018 £0.0010 +0.0029 +0.0038 +£0.0040
B 128 ([0.9036, (102197, ([0.2974, ([0.7638, ([0.2095, ([0.3075, ([0.3679,
0.9052]) 0.2211]) 0.2982]) 0.7643]) 0.2109]) 0.3093]) 0.3698])
0.9948 0.7700 0.9021 0.9675 0.8113 0.9172 0.9432
PORT o +0.0008 +£0.0094 +0.0105 +0.0025 +0.0108 +0.0056 +0.0041
([0.9946, ([0.7678, ([0.899, ([0.9669, ([0.8087, ([0.9159, ([0.9423,
0.9950]) 0.7723]) 0.9046]) 0.9680]) 0.8139]) 0.9186]) 0.9442])
0.9966 0.8040 0.9464 0.9771 0.8510 0.9409 0.9608
+£0.0002 £0.0020 +£0.0019 £0.0004 +£0.0019 +0.0010 +0.0008
DI-SSL (default) 128 ([0.9964, ([0.8026, ([0.9451, ([0.9769, ([0.8496, ([0.9402, ([0.9603,
0.9967]) 0.8054]) 0.9478]) 0.9774]) 0.8524]) 0.9416]) 0.9614])
0.9971 0.8058 0.9385 0.9770 0.8509 0.9420 0.9626
DLSSL o +0.0004 +£0.0059 +£0.0044 +£0.0012 +£0.0061 +0.0034 +0.0024
(10.9970, ([0.8044, ([0.9374, ([0.9768, ([0.8495, (09412, ([0.9620,
0.9972)) 0.8072]) 0.9395]) 0.9773]) 0.8524]) 0.9428]) 0.9631])

All values are reported as mean =+ std across 10 independent runs with different random seeds, with 95% confidence
intervals (CI) shown in brackets. For few-shot classification, each run is evaluated over 1000 randomly sampled
episodes.

Beyond run-level aggregation, Table A10 provides a finer-grained analysis of DI-SSL’s
few-shot evaluation. Specifically, for each of the 10 random seeds, we report episode-
level statistics across the 1,000 evaluation episodes used in the standard N-way K-shot
protocol. Table A1l reports the same episode-level statistics for the strongest baseline
(PSRT). Both methods exhibit high stability with small standard deviations. Critically,
DI-SSL consistently outperforms PSRT across all shot settings, demonstrating that its
superiority is not occasional but systematic and robust to episode sampling variability.
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Table A10. Episode-level statistics of DI-SSL’s 1000-episode few-shot evaluation.

Seed 1-Shot 3-Shot 5-Shot
40 0.8538 + 0.0450 ([0.8510, 0.8566]) 0.9421 £ 0.0191 ([0.9409, 0.9433]) 0.9611 + 0.0125 ([0.9604, 0.9619])
41 0.8483 + 0.0454 ([0.8455, 0.8511]) 0.9403 £ 0.0197 ([0.9390, 0.9415]) 0.9608 + 0.0126 ([0.9600, 0.9615])
42 0.8562 + 0.0442 ([0.8535, 0.8590]) 0.9434 + 0.0189 ([0.9423, 0.9446]) 0.9622 + 0.0127 ([0.9614, 0.9630])
43 0.8395 + 0.0456 ([0.8367, 0.8423]) 0.9344 + 0.0200 ([0.9332, 0.9357]) 0.9562 + 0.0132 ([0.9554, 0.9570])
44 0.8572 + 0.0441 ([0.8545, 0.8600]) 0.9436 + 0.0188 ([0.9424, 0.9447]) 0.9627 + 0.0124 ([0.9620, 0.9635])
45 0.8579 + 0.0452 ([0.8551, 0.8607]) 0.9459 + 0.0188 ([0.9447, 0.9470]) 0.9649 + 0.0120 ([0.9641, 0.9656])
46 0.8450 + 0.0457 ([0.8422, 0.8478]) 0.9397 £ 0.0196 ([0.9385, 0.9409]) 0.9608 + 0.0127 ([0.9600, 0.9616])
47 0.8468 + 0.0452 ([0.8440, 0.8496]) 0.9416 £ 0.0198 ([0.9404, 0.9428]) 0.9625 + 0.0128 ([0.9617, 0.9633])
48 0.8497 + 0.0447 ([0.8469, 0.8525]) 0.9394 + 0.0195 ([0.9382, 0.9406]) 0.9599 + 0.0129 ([0.9591, 0.96071)
49 0.8555 + 0.0449 ([0.8528, 0.8583]) 0.9387 + 0.0188 ([0.9376, 0.9399]) 0.9573 + 0.0125 ([0.9565, 0.9580])

For each seed, the mean, standard deviation, and 95% confidence interval are computed across 1000 randomly

sampled episodes.

Table A11. Episode-level statistics of PSRT’s 1000-episode few-shot evaluation.
Seed 1-Shot 3-Shot 5-Shot
40 0.8163 + 0.0485 ([0.8133, 0.8193]) 0.9185 + 0.0195 ([0.9173, 0.9197]) 0.9437 + 0.0125 ([0.9429, 0.9444])
41 0.8155 + 0.0463 ([0.8127, 0.8184]) 0.9201 £ 0.0195 ([0.9189, 0.9213]) 0.9461 + 0.0122 ([0.9453, 0.9468])
42 0.8187 + 0.0484 ([0.8157, 0.8217]) 0.9218 £ 0.0183 ([0.9206, 0.9229]) 0.9469 + 0.0119 ([0.9461, 0.9476])
43 0.8149 + 0.0493 ([0.8119, 0.8180]) 0.9211 £ 0.0187 ([0.9199, 0.9223]) 0.9466 + 0.0116 ([0.9459, 0.9473])
44 0.8044 + 0.0509 ([0.8012, 0.8076]) 0.9109 =+ 0.0209 ([0.9096, 0.9122]) 0.9376 + 0.0131 ([0.9368, 0.9384])
45 0.7866 + 0.0517 ([0.7834, 0.7898]) 0.9057 + 0.0221 ([0.9043, 0.9071]) 0.9355 + 0.0141 ([0.9346, 0.9363])
46 0.8239 + 0.0468 ([0.8210, 0.8268]) 0.9227 + 0.0182 ([0.9215, 0.9238]) 0.9468 + 0.0121 ([0.9461, 0.9476])
47 0.8224 + 0.0485 ([0.8194, 0.8254]) 0.9240 £ 0.0189 ([0.9228, 0.9251]) 0.9477 £+ 0.0119 ([0.9469, 0.9484])
48 0.8006 + 0.0500 ([0.7975, 0.80371) 0.9131 £ 0.0211 ([0.9118, 0.9145]) 0.9407 + 0.0135 ([0.9399, 0.9415])
49 0.8097 + 0.0468 ([0.8068, 0.8126]) 0.9143 + 0.0193 ([0.9131, 0.9155]) 0.9409 + 0.0127 ([0.9401, 0.9417])

For each seed, the mean, standard deviation, and 95% confidence interval are computed across 1,000 randomly
sampled episodes.

Appendix A.8. Quantitative Spatial-Clustering Statistic to Support Section 5’'s Case Study

Table A12. Moran’s I analysis on cluster labels.

Cluster N Moran’s z q

A 58 0.010877 1.359467 0.111913
B 16 —0.004728 —0.592077 0.391083
C 46 0.025434 3.041389 0.005200
D 47 —0.000612 —0.052767 0.486000
E 43 0.266969 32.683994 0.001368
F 37 0.180201 22.500317 0.001368
G 30 0.213485 26.999278 0.001368
H 63 0.267929 33.284257 0.001368
I 36 0.080160 10.020329 0.001368
] 39 0.205108 25.471461 0.001368
K 32 0.062356 7.572149 0.001368
L 35 0.151619 18.122665 0.001368
M 53 0.044808 5.738544 0.001368
N 36 0.060497 7.915120 0.001368
@) 65 0.150074 18.482109 0.001368
P 45 0.098832 11.312732 0.001368
Q 42 0.157325 19.776822 0.001368
R 112 0.132275 16.262358 0.001368
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Table A12. Cont.

Cluster N Moran’s z q
S 62 0.044920 5.359068 0.001368
T 26 0.031498 3.796968 0.008667
U 43 0.019189 2.365414 0.023636
Vv 59 0.110771 13.609504 0.001368
W 24 0.176950 22.980905 0.001368
X 51 0.216981 25.999775 0.001368
Y 34 -0.001589 -0.168139 0.466960
Z 47 0.048481 6.015069 0.001368
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