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Abstract: Let Y be a smooth compact n-manifold. We studied smooth embeddings and
immersions B : M — R x Y of compact n-manifolds M such that (M) avoids some priory
chosen closed poset © of tangent patterns to the fibers of the obvious projection 7 : R x Y — Y.
Then, for a fixed Y, we introduced an equivalence relation between such p’s; creating a crossover
between pseudo-isotopies and bordisms. We called this relation quasitopy. In the presented
study of quasitopies, the spaces 775(9 of real univariate polynomials of degree d with real
divisors, whose combinatorial patterns avoid a given closed poset ©, play the classical role of
Grassmanians. We computed the quasitopy classes ngb(Y, c®) of @-constrained embeddings
B in terms of homotopy/homology theory of spaces Y and PS®. We proved also that the
quasitopies of embeddings stabilize, as d — oo.

Keywords: cobordism of singular maps; immersions; embeddings; combinatorial tangency
patterns; spaces of polynomials with constrained real divisors; homotopy groups of spheres

1. Introduction

This paper is the first in a series, inspired by the pioneering works of Arnold [1-3], and
Vassiliev [4]. It is based heavily on computations from [5,6].

The research of Ekholm, Sziics, and Terpai [7-12] deals with bordisms of smooth maps
whose singularity types are controlled locally. Philosophically, our work is closely related to the
investigations in these papers, especially to the work of Lippner [13]. On the one hand, by deal-
ing with immersions of manifolds of a variety of dimensions, the papers [8-13] contain more
general results, while we are concerned here only with immersions of n-dimensional manifolds
into (n + 1)-dimensional targets. On the other hand, this selectivity, forces us to deal with a
more complex combinatorics than the one exhibited by the general Morin-type singularities.

The main difference between the forth mentioned research and our efforts here is that
we deal with bordisms of smooth maps with not locally controlled singularity types, but with
bordisms of maps whose singularity types are controlled semi-locally, i.e., we impose restrictions
on the types of singularities and on their order along the one-dimensional oriented fibers of
smooth maps.

In this paper, the singularity type of a map is represented by a sequence w of natural
numbers. For example, w = (12421). The sets of such sequences w admit a particular partial
order “>", mimicking the behavior of real roots of real polynomials in one variable under
deformations. Section 2 is devoted to describing the nature of this partial order. For example,
(12421) > (1621), the result of merging two adjacent roots of multiplicity 2 and 4.
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In the case of [14], we applied and extended the results of this article to a study of the
traversing, smooth vector flows on manifolds X with boundaries (these flows admit Lyapunov
functions). There is a poset ¢® that controls the combinatorial patterns w of tangency of the flow
trajectories to the boundary 0X, and © stands for the corresponding “forbidden” closed poset.

For example, we may ask whether a given manifold X admits a traversing flow whose
trajectories have an order of tangency to dX that does not exceed a given number k, or, say,
have trajectories that are simply tangent to dX at less than k points.

In particular, applications of this paper to the traversing vector flows on manifolds with
boundaries and their convex envelops (see [14] for the relevant definitions) lead to new char-
acteristic classes of such flows. They represent obstructions to finding a traversing flow on a
given manifold X, whose trajectories avoid a priori given patterns w € ©® of tangency to the
boundary 90X. Bridging between algebraic topology of polynomial spaces and characteristic
classes of traversing flows seems to an interesting endeavor.

Now, let us describe our results informally, in a manner that clarifies their nature, but does
not involve their most general forms (which carry the burden of combinatorial decorations).

We studied immersions and embeddings 5 : M — R x Y of compact smooth n-manifolds
M into products R x Y, where Y is a given compact smooth n-manifold. We denote L as the
oriented one-dimensional foliation on R x Y, formed by the fibers of the obvious projection
m:R xY — Y. We are interested in the ways the hypersurface f(M) may be tangent to the
fibers of L. More precisely, we impose a set of restrictions ©® on the combinatorial patterns w of
such tangencies. As before, each pattern w is an ordered sequence of natural numbers, each
of which represents the tangency order between an oriented 7-fiber £, and the hypersurface
B(M) CRxY.

Ref. [15] contains a similar investigation of immersions (“doodles”) of one-dimensional
manifolds M in the ruled products R x S' and R x [0,1].

Next, we organize immersions {# : M — R x Y} that do not violate restrictions from a par-

7

tially ordered set ® into a set Q(Y, c®) of equivalence classes; we call equivalent B’s “quasitopic”
(see Definition 9). The quasitopies is a hybrid between classical notions of pseudo-isotopies
and bordisms (see Figure 2). In this paper, we deal with various brands of quasitopies, richly
decorated by combinatorial data. However, in this introduction, to simplify the description of
our results by omitting the decorations. In particular, we may insist that the cardinality of the
fiber of 7t o B is less than or equal to a given natural number d. In such a case, we are dealing
with the quasitopies Q,(Y, c®).

Our main observation is that spaces P$® of real degree d monic polynomials in one
variable, whose real divisors do not belong to the forbidden closed poset ®, play a role of
Grassmanians for immersions/embeddings p as above. This is reminiscent to the role played
by the Stiefel manifolds of k-frames in R in the Smale theory of immersions [16].

At least for embeddings, we are able to compute Q;mb (Y, c®) in terms of the homotopy
theory of 73;@ and Y. Our computation is heavily based on the results from [5,6] about
homotopy and homology types of P$© for many specific ©’s. This information allows us to
describe new cohomological invariants of QS™P(Y, ¢®) and Q™™ (Y, ¢®) (characteristic classes
of quasitopies) in purely combinatorial terms, related to ®. Here, the superscript “imm” stands
for immersions. In many special cases, we see subtle connections between ngb (Y, c®) and
homotopy groups of spheres. Implicitly, this connection goes back to [1,2,4].

Let D" denote the standard n-ball. We notice that the sets QS™P(D", ¢®) and Q™™ (D",
¢®) have a group structure (abelian for n > 1). We denote these groups by G§™(1;¢®) and
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GImM (1; ¢®) and prove that GI™™ (n; ¢®) is a split extension of GS™P(n; ¢®). Then, we are able
to validate a group isomorphism GE™P(1; ¢®) ~ 7, (PSO, pt).

With the help of the boundary connected sum operation, the groups Gsmb(n; c®) and
GImM (1; ¢®) act naturally on the sets Q¢™P(Y, c®) and Q™™ (Y, c®), respectively.

For two pairs A D B, C D D of topological spaces, let [(A, B), (C, D)] denote the homotopy
classes of continuous maps f : (A, B) — (C, D), where f(B) C D.

We prove that the classifying map

=™ : QS0 (Y, @) — [(Y,3Y), (PS5O, pt)]
is a bijection, and the classifying map
MM . QMM (Y, @) — [(Y,dY), (P, pt)]

is a surjection. Moreover, these maps are equivariant with respect to the G;mb(n; c®)- or
Giimm (1; ¢®)-actions on the quasitopies (on the sources of the classifying maps ®*mb/imm) and
the corresponding action of the homotopy groups 7, (P;G), pt) on the sets [(Y,dY),

(PS©, pt)] (on the targets of the maps @emp/imm),

We present also a variety of results (for example, see Proposition 14) about the stabilization
of ngb(Y, c®) asd — oo.

See [15] for similar computations of quasitopies of immersions/embeddings of one-
dimensional manifolds M into ruled cylinders R x S1 or ruled strips R x [0, 1], subject to
a very special and much simpler combinatorics ¢®.

We conclude this introduction with a few examples of computations, performed in this
paper. There is nothing exceptional about these examples, they are exhibited here just to
illustrate the intricate flavor of meta-theorems in this article. On a positive note, the next
four propositions are formulated in terms which do not require familiarity with the notations
introduced later. The notion of quasitopies is implicit in these examples.

Consider the space R" with the coordinates u, x1, ..., x,_1 and the projections

T (U, %1, .0, x01) = (X, 0, X01)

where we denote by R”, C R" the half space {x,_; > 0}.
For any subset A C R" whose x1-coordinates belong to an interval (0, 1), we denote by kA
the disjoint union of k copies of A, obtained from A by applying (k — 1) times the parallel shift

{Sh:(u,x1,...,%p-1) = (u,x1+1,...,x,1)}

In the following four proposition examples, we assume that all the submanifolds are in
general position with respect to the projections {7, },, i.e., the restrictions of the projections to
submanifolds locally are Morin maps [17].

Proposition 1. There exists a reqularly embedded closed oriented three-fold M®> C R* such that

e The fibers of the projection my| : M® — R3 have cardinalities < 9;

e Every rtyfiber is tangent to M3 with order of tangency < 3;

o M?is the boundary of an oriented compact smooth 4-manifold N* C R3,;

e Anysuch N* must be tangent to some rts-fiber with the order of tangency > 4, provided that the
fibers of the projection 15| : N* — R* have cardinalities < 9;
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e Moreover, for any natural k, the disjoint union kM® C R* of k copies of M3, has the same
properties as M>.

Proposition 2. There exists a reqularly embedded closed oriented 14-dimensional manifold M'* C R1>
such that

o The fibers of the projection 115 : M* — R have cardinalities < 9;

e Every rtysfiber is tangent to M'* with order of tangency < 3;

o MYisaboundary of a compact smooth 15-manifold N*> C R1S;

e Anysuch N' must be tangent to some rt1g-fiber with the order of tangency > 4, provided that
the fibers of the projection 14 : N*> — R1? have cardinalities < 9;

e Moreover, 84 disjoint copies of M* form the boundary of some 15-dimensional N> C R16,
tangent to all rt16-fibers with the order of tangency < 3, provided that the fibers of the projection
16 : N¥° — RI? have cardinalities < 9; less than 84 copies of M'* do not bound such N*°,

Proposition 3. There exists a regularly embedded closed oriented seven-dimensional manifold M7 C R8
such that

e The fibers of the projection 1tg : M’ — R” have cardinalities < 8;

e Every rg-fiber is tangent to M with order of tangency < 3;

e M isaboundary of a compact orientable smooth eight-manifold N® C R ;

o Anysuch N® must be tangent to some rtg-fiber with the order of tangency > 4, provided that the
fibers of the projection 119 : N® — RS have cardinalities that do not exceed eight;

e Moreover, 12 disjoint copies of M’ form the boundary of some eight-dimensional N® C R,
tangent to all rwo-fibers with the order of tangency < 3, provided that the fibers of the projection
79 : N8 — R8 have cardinalities that do not exceed eight; less than 12 copies of M do not bound
such N8,

Based on Example 4, the number of copies of M in these assertions reflect the computations
of the homotopy groups 71, (S?) for n = 3 and n = 14 in case of the first two propositions, and
of the homotopy group 717(5*) in case of the last one.

Evidently, all three propositions depend very much on the delicate interplay between the
maximal cardinalities d of fibers of the generic smooth maps 7, : M"~! = 9N" — R"~! and
Ty+1 : N" — Rt and the permissible orders k of tangency of these submanilolds to the fibers.
For fixed k’s, as d increases, these assertions may fail.

In contrast, the next proposition, based on Example 8, exhibits a stabilization of the
cardinalities of the (7,11 : N" — R'.) fibers for the fixed boundary M = dN" C R" and
the fixed “forbidden” closed poset ® = ((4), (33)). The poset is generated by two tangency
patterns, (4) and (33) (see Section 2 for the exact definition of the poset ((4), (33))).

Proposition 4. as followed.

o Let M"~! C R" be asmooth closed submanifold such that the fibers of the map v, : M1 C R"~1
avoid the tangency patterns from the poset ((4), (33)) and are of the maximal cardinality < 2n — 6.
If no smooth compact submanifold (N",dN") C (R, R"), subject to the following three
properties:
(1) The boundary 9N = M"~1;
(2) The fibers of 71,41 : N — R} avoid the tangency patterns from the poset ((4), (33));
(3) The maximal cardinality of the of 7, 1-fibers does not exceed 2n — 4;
exists, then no such N", possessing only properties (1) and (2), exists as well.
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e Let(N",ON") C (R™1,R") bea smooth compact submanifold whose 7t,, , 1-fibers avoid tangency
patterns from the poset ((4), (33)). Assume that the fibers of the map 1,1 1| : ON"™ — R" have
the maximal cardinality < 2n — 6.
Then, there exists another smooth compact submanifold manifold (N",0N™) C (R"™,R") such
that
(1) oN"™ = 9N";
(2) The tangency patterns to the fibers 1,41 : N" — R still avoid ((4), (33));
(3) The cardinality of the fibers of the map 7T, 41| : N™ — R is < 2n — 4.

2. Spaces of Real Polynomials with Constrained Real Divisors

For readers’ convenience, in this section, we state a number of results from [5,6] about
the algebraic topology of spaces of real monic univariate polynomials with constrained real
divisors. These results will be crucial for the applications to follow.

Let P; denote the space of real monic univariate polynomials of degree d. Given a
polynomial P(u) = u® + ay_qu?~1 + - - + ag with real coefficients, we consider its real divisor
Dg(P).

Let w; denotes the multiplicity of the i-th real root of P, the roots being ordered by their
magnitude in R. The ordered /-tuple w = (w4, ..., wy) is called the real root multiplicity pattern
of P(x), or the multiplicity pattern for short.

Such sequences w form a universal poset (€2, >). The partial order “>" in Q) is defined in
terms of two types of elementary operations: merges {M; }; and inserts {l;};.

The operation M; merges a pair of adjacent entries wj, wj 1 of w = (wy, ..., w;, wi4q,. .., wq)
into a single component @; = w; + wj1, thus forming a new shorter sequence M;(w) =
(wi,...,@j,...,wq). The operation |; either insert 2 in-between w; and wj 1, thus forming a
new longer sequence l;(w) = (...,wj,2,wj1,...), or, in the case of |y, appends 2 before the
sequence w, or, in the case l;, appends 2 after the sequence w.

So the merge operation M; : Q — Q) sends w = (wy, ..., wy) to the composition

M](CU) = (M](C(J)l, . ‘/Mj(w)é—l)/

M](LU)l = w; ifi< j,
M](w)] = wj+tWwjt1, (1)
M](CU)Z = Wi if i+1 <]§£—1

Similarly, we introduce the insert operation | Q=0 that sends w = (wy, ..., wy) to the
composition l;(w) = (Ij(w)1, ..., Ij(w)e41), where for any j > £+ 1, one gets |;(w) = w, and
for1 <j < /{41, one gets

|]‘(w)i = w;ifi< j,
I](w)] = 2, (2)
|]‘(w)i = Wi if ] < i < {+1.

Definition 1. For w,w’ € Q, we define the order relation w = w' if one can produce w' from w by
applying a sequence of the elementary operations in (1) and (2). &
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For a sequence w = (w1, wy, ... ,wy) € O, we introduce the norm and the reduced norm of
w by the following formulas:

|| =gef Z wi and |w| =gef ) (w; —1). 3)
i i

Note that g, the cardinality of the support of w, is equal to |w| — |w|’.

Let ﬁzdw be of the set of all polynomials with real root multiplicity pattern w, and let R be
its closure in P;.

For a given collection © of multiplicity patterns {w} which share the parity of their norms
{|w|} and is closed under the merge and insert operations, we consider the union 775) of the
subspaces {RY }«, taken over all w € ® such that |w| < d and |w| =d mod 2. We denote by
PSC its complement P, \ PY.

Since P9 is contractible, it makes more sense to consider its one-point compactification
PS (which is the union of the one-point compactifications Ry for w € ® with all the points at
infinity being identified). If the set ﬁd@ is closed in Py, by the Alexander duality on the sphere
75d = Sd, we get

H/(P§®;Z) ~ Hy_j_1(PP; Z).
This implies that the spaces 77;@ and 75‘? carry the same (co)homological information. Let us

describe it in pure combinatorial terms.
For a subposet ® C Q) and natural numbers d, k, we introduce the following notations:

O =def {wW€EOB: [w|=d}, Oy =gef {w€B: |w| <d}, ()
®|~\’:k =def {w€EO: |w| =k}, ®\~|’2k =gef {w €O : |w| >k}

Assuming that ® C ) is a closed sub-poset, let
c® —def QO \ ® and C®(d] =def Q(d] \®(d]

We denote by Z[Q) 4] the free Z-module, generated by the elements of ). Using the
merge operators My and the insert operators Iy on Q) ), we define two homomorphisms of
Z[Q@l]]!

IM(W) =def — Y (—1)*Mi(w) and 3j(w) =gef Z
k=1

where s, =gef |w| — |w|’ is the cardinality of the support of w. The homomorphisms dy; and
d) are anti-commuting differentials.
Next, we introduce the homomorphism

0 =def OM + 0 : Z[Qq)] = Z[Qy]
by the formula

— 5 (DF M (@) + DR (=) i (w), for w| < d,
(W) =def ®)
— e (=DM (w), for |w| = d.

It is easy to see that for a closed poset © 4 C €y, the restrictions of the differentials
9,9, and 9 to the free Z-module Z[® ] are well-defined. Thus, for any closed sub-poset
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Oy C Q(g, we may consider the differential complex 9 : Z[® 5] — Z[© 4], whose (d — j)-
grading is defined by the module Z[® 4} | —;]. We denote by 0* : Z[® 4" — Z[O ]* its dual,
where Z[© 5" := Hom(Z[O 4], Z) and the operator 0" is the dual of the boundary operator 9.

Then, we consider the quotient set @*{ = Q) / O(y). For the closed subposet © 4, the

partial order in 35 induces a partial order in the quotient @’z e

Next, we introduce a new differential complex (Z[@*Z d]]' 0") by including it in the short
exact sequence of differential complexes:

0= (Z[®),9) = (Z[Qy),9) — (Z[OF,],0%) — 0. (6)

We will rely on the following result from [6], which reduces the computation of the
(reduced) cohomology H* (P§® ; Z) to Algebra and Combinatorics.

Theorem 1 ([6]). Let ® C Qg be a closed subposet. Then, for any j € [0,d], there are group
isomorphisms

(PO, Z) R Hy_i(Py, PO Z) ~ Hy_;(* : Z[0%] — Z[6)), @)
& D —j(P. P * * *
Ai(P§%;Z) ~ H"J(Py, Py;Z) =~ Ha—j((9")" : (Z[©"])* — (2[©"])"),
where D denote the Poincaré duality isomorphisms.

Ford >d,d =d mod 2, we consider an embedding €, s : Py — Py, defined by

d/

€q,00(P) (1) =aer (1> +1)"7" - P(u). ®)

It preserves the Q-stratifications of the two spaces by the combinatorial types w of real divisors.

Definition 2. We call a closed poset ® C Q) profinite if, for all integers q > 0, there exist only finitely
many elements w € © such that their reduced norm |w| < q.

Note that any finitely generated (i.e., having a finite set of maximal elements) closed © is
profinite.

For a profinite ©, the embedding €; » makes it possible to talk about stabilization of the
homology/cohomology of spaces 750(? and P§®, asd — oo.

For a closed poset © C (), consider the closed finite poset © 4 = ;) N O. It is generated

by some maximal elements wil), cery wy), ¢ = {(d). We introduce two useful quantities:

_ (i, O
ne(d)  =def ier[rll,e%d)]{(lw* | —2]wi’[') }, )
Po(d) =def %(d+’7®(d)). (10

Note that

1 . i ' i
yo(d) =5 min {(d—|wl|)+ (ol ~ |} <4,

where both summands, the “codimension” (d — |w£i) ") and the “support” (\a),(f)| - |w,(f) "),
are positive and each one does not exceed d. At the same time, #7g(d) may be negative.
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The quantity g (d + 2) is employed on many occasions. It plays a key role in describing
the stabilization in the homology H.(P5®;Z).
Now we can state one of the main stabilization results from [6]:

Theorem 2 (short stabilization: {d = d + 2}). Let © be a closed subposet of (). Let the embedding
€14+ Py C Pyypbeasin (8).

*  Then, forall j+2 > g (d + 2), we get a homological isomorphism
(€qa+2)+ : Hi(PY; Z) ~ Hi5(Pg 5 L);
e Forallj <d+2—¢e(d+2), ahomological isomorphism
(eda+2)s : Hi(PSO; Z) ~ Hi(P§2y; ).

Example 1. Let the closed poset © be generated by two elements: (4) and (33). Then, ne(d) =
—2, po(d) = $(d —2). Applying Theorem 2 to this ©, we get isomorphisms

(€qas2)s : Hi(PSO; Z) ~ Hi(PSO,; Z)

forall j < %d + 2. Moreover, since 75? is of codimension 3 in Py ~ S%, we get 1y (73;(9) = 1forall
d > 6. Therefore, we get the homotopy groups isomorpisms

(€da+2)s : T(PO) ~ mj(P52,)
forall j < %d + 2, where d > 6.

Corollary 1 (long stabilization: {d = oo}). If® C Qis a closed profinite subposet, then for each j,
the homomorphism
(ed,d’)* : HJ(PC®,Z) ~ H](P§/®/ Z)

is an isomorphism for all sufficiently bigd < d’,d = d’ mod 2.
As a result, for such profinite posets ©'s, we may talk about the stable homology H]-(P;? ; 1), the
direct limit limy_, o, H;(P$©; Z).

Let us describe a few special cases of posets © from [6]. Fork > 1,4 € [0,d], and g = d
mod 2, let us consider the closed poset

Q\(i)\/zk =def {w € Qg such that w|' > kand |w| > g}. an

Note that, for © = Q|(2)|/> L 7= Q) >k the space P9 is the entire (d — k)-skeleton of Py.

Let A(d,kq) =ger |x((Z[Q7,],9))

I~ >k

, (12)

the absolute value of the Euler number of the differential complex (Z [Q‘(Z)V >k] ,0).

Proposition 5 ([6]). Fixk € [1,d) and q > 0 such that q = d mod 2, and set © = o

=3
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Then, 77;@ has the homotopy type of a bouquet of (k — 1)-dimensional spheres. The number of
spheres in the bouquet equals A(d, k, q).

Proposition 6 ([5]). Let ©® C Q<d], |~|>2 be a closed poset. For ' > d + 2 such that d =d mod 2,
let ®{d'} be the smallest closed poset in €0 4 containing ©.

Oy (S}
Then, for d' > d + 2, we have an isomorphism 711 (73;, Wy =y (73; " 2) of the fundamental

groups.

3. Immersions and Embeddings with Restricted Tangency Patterns to the
Product 1-Foliations

3.1. On Immersions {B : M" — R x Y"} and Their Self-Intersections Loci

We adopt the following definition of a proper immersion.

Definition 3. Let M be a compact smooth n-manifold and W a compact smooth (n + 1)-manifold. We
call an immersion 5 : M — W proper if

1. B(oM) C oW;
2. Bis transversal to OW (thus the kernel of D(B|ap) is also trivial).

When M is closed, requirements (1) and (2) are vacuous. When Y is closed, then M must
be closed as well.

Remark 1. In this paper, for a given compact smooth n-manifold Y, we are only interested in proper
immersions/embeddings B of compact smooth n-manifolds M into the product R x Y. The existence of
such B puts substantial restrictions on the topological nature of M. For example, the tangent n-bundle
Ty must be a subbundle of the (n + 1)-bundle B*(ty) & R. By the classical Hirsch Theorem [18], the
existence of such an immersion B in the homotopy class of a given map B : M — R x Y is equivalent to
the property of the stable bundle B*(Tr«y) & v to be of geometric dimension < 1. Here, vy is the
stable normal bundle of M. The geometric dimension of a stable bundle 1 is defined to be the minimal
dimension of a bundle 7" in the stable equivalence class of 1.

Definition 4 below requires the introduction of the following notion. Let G, H be two
smooth hypersurfaces in a smooth manifold X. We fix a point a € G N H and consider its
neighborhood U, C X. Let g : U; — R, h : U; — R be two smooth functions such that 0 is a
regular value for both, and G = ¢~1(0), H = h~1(0).

Let g be a natural number. We say that two hypersurfaces G, H are g-jet equivalent at
a € GN H, if there exists smooth functions ¢, x : U, — R such that ¢(a) # 0, x(a) # 0 and
the g-jet jetd(x - g) = jetd(¢ - h). In other words, jet] (x) - jeth(g) = jetd(¢) - jets(h) modulo the
(g + 1)t power of the maximal ideal m in the polynomial ring in dim X variables.

We denote by j{ (H) the g-jet equivalence class of H C X at a, and by J] the set of all such
g-jet equivalence classes of hypersurfaces through a. The space J] depends on finitely many
parameters, the number of which is a function of dim X and g. Since J} is the Grassmanian of
hyperplanes, we view J{ as a generalized Grassmanian. We denote by J9(X) — X the fibration
over X, whose fiber is JI.

Definition 4. We call an immersion p : M — X of a smooth compact n-manifold M into a smooth
compact (n + 1)-manifold X g-separable if
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e Forany point a € B(M), the set B~1(a) is finite;
»  There is a natural number q such that, for any point a € B(M), the q-jet equivalence classes of the
local branches of B(M), labeled by points B~ (a), are all distinct.

For the rest of the section, we fix a compact connected smooth n-manifold Y and consider
proper immersions 3 : M — R x Y of compact smooth n-manifolds M. By a small perturbation,
we may assume that different local branches of f(M) are in general position at their mutual
intersections (see [19], Theorem 4.13). In particular, we may assume that  is 1-separable in the
sense of Definition 4.

Recall the following definition from [20,21], adjusted for our setting.

Definition 5. A smooth proper immersion p : M — R x Y is called k-normal if, for each k-tuple
of distinct points xq,...,xx € M with B(x1) = ... = B(xy), the images of the tangent spaces
Ty M, ..., Ty M under the differential D are, in general, positioned in the tangent space T,(R x Y),
where y = B(x;). Also, for such a k-tuple, the images of the tangent spaces Ty, (OM), ..., Ty, (M)
under the differential D(B|apr) are, in general, positioned in the tangent space T, (R x 9Y).

For a given proper immersion f : (M,0M) — (R x Y, R x 9Y), we consider the k-fold
product map (8)F : (M)F — (R x Y)k. Let & be the preimage of the diagonal A C (R x Y)*
under the map (B)¥. For a k-normal B, X is a smooth manifold of dimension 1 — k + 1 [20].
Following [20], we call X the k self-intersection manifold of B. Note that the same construction
applies to B| : oM — R x 9Y, producing the boundary 0%.

Let p; : (M) — M be the obvious projection on the first factor of the product. Then,
p1 : Xy — Mis an immersion [20]. Its image p1(Xy) is the set of points x; € M such that there
exist distinct xy, ..., x, € M with the property B(x2) = B(x1), ..., B(xx) = B(x1).

If both M and Y are orientable, then so is X4. In such a case, we denote by [Zk]f €
H, ;11(Y,0Y;Z) the image of the relative fundamental class [L;] under the composition
o Bopy, where m: R XY — Y is the obvious projection. Without orientability assumptions,
only the classes [Zk]f € H,_x+1(Y,dY;Zy) are available.

Let Dy : Ho(M,0M) — H"*(M) be the Poincaré duality isomorphism. (Here, depend-
ing on the orientability of M, the coefficients are Z or Z,.) Also, we have the Poincaré duality
isomorphism D,y : Hi(R x Y, R x 9Y) — H!T17*(R x Y), where the subscript c indicates
the cohomology with compact support and the choice of coefficients Z or Z /27 depends on
the orientability of Y.

Let vg := B*(Trxy)/Tm be the 1-bundle over M, normal to f(M), and let Wl (vg) denote
its first Stiefel-Whitney characteristic class. Put ¥ := p;(Xx) C M. Then, applying the main
result of [20] to our setting, for k > 1, we get a pleasing formula

k-1

Dm([Ek]) = £ (B 0 Dry © B« ([Ek]) — W (vp)) (13)

Applying o B o py to Xy, these constructions have the following direct implication.

Lemma 1. For compact oriented n-manifolds M and Y and k € [2,n + 1], a proper k-normal immersion
B : M — R xY generates the homology class [Zk]f € H,_41(Y,9Y;Z) and its Poincaré dual
[Zk]z € H*"\(Y;Z). For non-orientable M or Y, a proper k-normal immersion B produces similar

classes [Zk}f and [Xy] in the homology/cohomology with coefficients in Zs.
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Lemma 2. Let two proper k-normal immersions
‘BO : (M(),aMQ) — (R XY X {0}, R x 9Y x {0})

B1:(M1,0M;) = (Rx Y x {1},RxdY x {1})

be cobordant with the help of a proper k-normal immersion
B:(N,6N) - (RxY x[0,1], RxdY x [0,1]),

where the boundary ON = (Mo U —M1) Uanmyu—am,) ON, Blmy = Bo, Blm, = B1, and B(ON) C
R x dY x [0,1].
Then, the k-intersection manifolds

Boo (po)r : (250, 2%0) =5 (R x Y x {0}, R x @Y x {0}),

Bro(pir: (25,57 5 Rx Y x {1}, Rx Y x {1})

are cobordant with the help of the map
BoP : (28, 58') & (Rx Y x [0,1], R x Y x [0,1]).

Here, (po)1 : 250 — My, (p1)1: Zfl — My, and Py : Zf — N denote the projections on the first
factors of the k-th powers (M), (M1)X, and (N)X, respectively. The maps, (po)1, (p1)1, and Py, are
immersions.

If the manifolds My, M1, N, and Y are orientable, then so are the manifods Zﬁ 0 Zfl, and ZE.

Proof. By the definition of k-normality, the k-th power B¥ of B is transversal to the diagonal
A C (R x Y x [0,1])%, a manifold with corners 9Y x 9[0,1]. Thus, Z8 := (B¥)~"1(A) c (N)*
will be a compact smooth manifold of dimension 7 — k + 2. Its projection P : (N)¥ — N on the
first factor N is an immersion [20]. So the composition of Bo P : & — R x Y x [0,1] delivers a
cobordism between the pair of maps

Boo (po)1: (Zk(Bo), 0%k (Bo)) — (R x Y x {0}, R x 9Y x {0})

Bio(p1)1: (Zk(B1),0%k(B1)) = (R x Y x {1},R x oY x {1}).
By [20], if My, M1, N, and Y are orientable, then so are Zfo, Z,’?l, and EE. O

Corollary 2. Let m : R XY — Y be the obvious projection. Let proper k-normal immersions
Bo: (Mg, 0Mp) - (RxY, Rx9Y)and By : (My,0M;) — (R XY, R x 9Y) be cobordant with the
help of a proper immersion (not necessary k-normal!) B : (N,0N) — (R x Y x [0,1], R x 9Y x [0,1]),
as in Lemma 1. Then, both maps

9 2
7o Boo (po)r: (Z£0,200) — (v,aY) and 7o Byo (pr)r: (2£,20) — (v,aY)
define the same element [(Z]f, 825) — (Y, 9Y)] of the relative bordism group B, 1 _(Y,0Y).

If My, My, N, and Y are orientable, then the two immersions By, B1 define the same element of the
oriented bordism group OB, 11 (Y,9Y).
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Proof. By the Thom Multijet Transversality Theorem [22], we may smoothly perturb the
cobordism map B within the space of immersions, without changing it on N \ 6N = My Ll My,
so that its k-th power BF will become transversal to the diagonal A C (R x Y x [0,1])¥. For
such a perturbation, B becomes k-normal, and & := (B¥)~1(A) C (N)F is a compact manifold
of dimension n — k 4 2. Now the claim follows from Lemma 2. [

3.2. Constrained Patterns of Tangency to the Foliation £ and the Classifying Maps to the Spaces 73;@

Let X be a compact topological space. We denote by C(X) the algebra of real continuous
functions on X. Let
(Pu) = u® +ag_u® ' ... +aju+ap}

be a family of real monic polynomials on X, where the functional coefficients a; € C(X). We fix
a closed subposet @ C Q) and assume that, for each point x € X, the polynomial

Plu,x) = u? +ag_1 (x)u + . +ay(x)u+ ag(x)

has a real zero divisor whose combinatorial pattern w(x) € ¢® := Q \ ©.

Evidently, such polynomial family P(u) gives rise to a continuous map ®p : X — PS©,
defined by the formula x — P(~, x), where the target space 73§® is an open subset of Py ~ R
The preimage of c®-stratification of P‘;@ under ®p produces an interesting stratification S (X, P)
of the space X.

When X is a smooth compact manifold, it is possible to perturb the coefficients of P to
form a new family P so that the perturbed map ®; will be transversal to each pure stratum
{P¥ }weco- If X has a boundary 9X, then we may assume also that @ | ox 18 transversal to each
pure stratum PY C PSC.

For such a polynomial family {P(u, x)},cx, the stratification S(X, P) of X mimics the
geometry of the c®-stratification of the target space 77;@ and gives rise to a variety of topological
invariants of X, generated by the polynomial family.

The polynomial family P = {P(u, x) }cx as above generates loci

9Ep =gef {(u,x)| P(u,x) =0} C R x X,
Ep =der {(#,%)| P(u,x) <0} CRx X, (14)

which are mapped on X by the obvious projection 7t : R x X — X. The fiber over x € X of the
projection % : d€p — X is the support of a real zero divisor D (x) of P(u, x) of a degree < d.
For some x € X, the x-fiber may be empty; then the divisor Dg (x) is equal to zero.

This setting leads to a natural question: “What are the maximal sets {U, C X}, (open,
closed, any ...) which admit a continuous section  : U, — 9&p of the projection 7% : 9p —
X?” In other words, given a particular root u, of P(u, x.), what is the maximal set Uy, », C X
over which a global solution of the equation {P(u, x) = 0}, which extends u,, exists? The
question resembles the question about the maximal domain of an analytic continuation of
a given analytic function f (leading to the Riemannian surface associated with f). Perhaps,
tackling this question deserves a separate study, dealing with the interplay between the
fundamental groups 71 (X) and 71 (PS9)...

Let C*(~) denote the space of k times continuously differentiable functions. When X is
a Ck-differentiable manifold and all the coefficients of polynomials a; € C¥(X), then 9&p is a
Ck-differentiable hypersurface in R x X, since d€p admits the C*-differentiable parametrization
(u,a4_1,...,a1) = (w,a4_1,...,a1,P(u) — P(0)).
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Now, given an appropriate hypersurface 9 C R x X, we aim to reverse the correspondence
P ~+ (Ep,0Ep) by constructing a polynomial family P = P(9€) on X that generates 0&.
For a given d, let us consider the crucial for us (d + 1)-dimensional domain

&1 =def {(u,P) € R xPy| P(u) <0} and its boundary
081 =def {(M,P) GRXP,AP(L{) :0}. (15)

Since 0&; is a graph of the map (u,ay,...,a5 1) — a9 = — Z‘i’l:_ll a;u’, it follows that &; is
diffeomorphic to the half-space R‘iﬂ, and 9&, to the space R?.

We denote by 77; : £; — P, the obvious projection map. For d = 0 mod 2, its fibers are
compact (are finite unions of closed intervals and singletons).

Let Y be a smooth compact manifold, and g : (M,0M) — (R x Y, R x 9Y) an immersion.
We denote by L the one-dimensional oriented foliation, defined by the fibers of the projection
map 7 : R x Y — Y, and by £, the fiber 71 (y).

If Y # @, we add a collar to Y and denote the resulting manifold by Y. Similarly, if
oM # @, we add a collar to M, which results in a new manifold M. We still assume that
B(dM) C R x 9Y and that B(M\ M) C R x (Y Y). Using that § is transversal to R x Y, so
we may assume that f: M — R x Y extends to an immersion 3 : M — R x Y.

Next, for each point b € M, we introduce a natural number yﬁ(b), the multiplicity of
tangency between the b-labeled local branch of B(M) and the leaf of £ through the point
a := B(b). If a local branch M of (M) is given as the zero set of a locally defined smooth
function z : R x ¥ — R which has 0 as its regular value, then the multiplicity/order of tangency
of the rt-fiber £, with M at a point a = (u,y) € M N L, is defined as the natural number
p := pP(b) such that the jetjetf;fl(z\gy) =0, butjetﬁf(zuy) # 0. In particular, if the branch is
transversal to the leaf, then uf (b) = 1.

We fix a natural number d and assume that an immersion  : M — R x Y is such that each
leaf { £y}, cy hits the image B(M) so that

By = Y (L #w)<ad (16)
{acLynpM)} {bep(a)}

Note that this assumption rules out the infinite multiplicity tangencies pf (y).
We ordered the points {a;} of £, N (M) by the values of their projections on R and
introduce the combinatorial pattern wf(y) of y € Y as the ordered sequence of multiplicities

(W) =ar L #®)},
{bep1(a;)}

We denote by DF () the real divisor on £,, whose support is £, N (M) and whose multiplici-
ties are the {wlﬁ(y)}l

In particular, the combinatorial type of D (y) is sensitive to the points y € Y over which
the multiple self-intersections of j reside. Note also that the definition of the divisor D (y)
depends only on the image B(M) C R x Y of M.

A special case of the following theorem may be found in [5], Proposition 3.



Int. J. Topol. 2025, 2,9

14 of 48

Theorem 3. Let M and Y be smooth compact n-manifolds. For any proper (in the sense of Definition 3)
immersion B : (M,0M) — (R x Y, R x 9Y) which satisfies inequality (16) and the parity condition
1P (y) =d mod 2, there exists a smooth map ®F : Y — P, such that the locus

{(1,y) e Rx Y| ®F(y)(u) =0} = B(0X).

If, for a given pair of closed posets © C A C Qy), the immersion B is such that no wP (y) belongs
to @ and, for y € dY, no wP(y) belongs to A, then ®F maps Y to the open subset P§® C Pyand oY
to the open subset PS™ C P, Moreover, any two such maps P ,cI>*f 2 (Y,0Y) — (PO, PSA) are
homotopic as maps of pairs.

Proof. Let us denote by M° the interior of M and by Y° the interior of Y.
We claim that the set 3(M°) may be viewed as the solution set of the equations

-1 '
{u' + Zé)”f(y) W =0},cyer
]:

where {a; : Y° - R} j are some smooth functions.

Let us justify this claim. By Lemma 4.1 from [23] and Morin’s Theorem [17] (both based on
the Malgrange Preparation Lemma), if a particular branch (M®) of B(M°) is tangent to the
leaf £y, at a point a, = (&, ) with the order of tangency j = j(ax, «), then there is a system of
local coordinates (i, %, Z) in the vicinity of 2 € R x Y° such that

(1) B(MP°)y is given by the equation {#/ + Z{;t % " = 0}, where % (y+) = 0 and ii(a) = 0;
(2) Each nearby leaf L, is given by the equations {¥ = const, Z = const'}.

Letting ## = u — « and writing %;’s as smooth functions of y € Y°, the same locus A(M°),
can be given by the following equation:

j—1

{Pux(,y) == (u—a) + ) agi(y) (u —a)* = 0}, (17)
j=0

where a,; : Y° — R are smooth functions, vanishing at y.. Therefore, there exists an open
neighborhood U, of y, in Y° such that, in R x U,,, the locus B(MP°) is given by the following
monic polynomial equation:

{Pu(uy) = I1 (TT Pexlmy)) =0}, (18)

(#,y:) € Ly, NP(M°) k€A

of degree 4P (y,) < d in u. Here, the finite set A, labels the local branches of (M) that contain
the point («,y.) € Ly, N B(M).

d—pP (yx)
2

By multiplying Py, (1,y) with (1> 4+ 1) , we get a polynomial P, (1, y) of degree d.
For each y € U,,, Py, (1, y) shares with P, (1,y) the zero set B(M°) N (R x U,, ), as well as the
divisors DP (y).

For each y € Y°, we consider the space X 3(y) of monic polynomials P(u) of degree d
such that their real divisors coincide with the B-induced divisor DB(y). We view X 3 =def
yeve & 3 (y) as a subspace of Y° x Py. It is equipped with the obvious projection p : X 3= Ye.
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The smooth sections of the map p are exactly the smooth functions P(u,y) that interest us. By
the previous argument, p admits a local smooth section over the vicinity of each y, € Y°.

Evidently, each p-fiber X’ 3 (y) is a convex set. Thus, given finitely many smooth sections
{0i}i of p, we conclude that ) ; ¢; - 0; is again a section of p, provided that the smooth functions
¢i - Y — [0,1] have the property Y_; ¢; = 1. Note that an individual term ¢; - 0; may not belong
to P; due to the failure of the polynomials to be monic.

Since Y is compact, it admits a finite cover by the open sets {U,, C Y°}; as above (see
Formulas (17) and (18)). Let {¢; : Y — [0, 1] }; be a smooth partition of unity, subordinated to
this finite cover. Then, the monic u-polynomial

Dpz - Py, (u,y)

of degree d has the desired properties. In particular, its divisor Df (y) = DF(y) for eachy € Y.
Thus, using P(u,y), any immersion 8 : (M,0M) — (R x Y, R x 9Y), such that

(i) PBistransversal to R x 9Y;

(i) no wP(y) belongs to ©®;

(iii) fory € 9Y, no wP(y) belongs to A,

is realized by a smooth map ®F : (Y,9Y) — (PS®, PSA) for which (M) = {®F(y)(u) = 0}.
If two such maps @F, CDllg : (Y,9Y) — (PS®, PSA) share the same divisor DP (y) for each

y €Y, then the quotients CDg (v)/ CID‘i3 (y) and CDllg (v)/ CDg (y) are strictly positive rational functions

and their numerators and denominators are monic non-vanishing polynomials of degree d.

Such rational functions form a convex set Q (d) that retracts to the point-function 1. Therefore

CDg , @f produce a continuous map @g / be into a contractible space Q4 (d). As a result, by the

linear homotopy {(1 — t)dDg + t‘CIDll3 }eloa)r <I>g , CIDé5 are homotopic maps. [

Definition 6. Let Y be a smooth compact n-manifold and the domain £; C R x Py be as in (15). A

smooth map ® : Y — Py is called (0E;)-regular if the maps R x Y — PR x Piand R x Y — idx?

R x Py are transversal to the hypersurface 0E,.

Thus, for a (3€;)-regular ®, the preimage (id x ®)~1(9&,) is a compact smooth n-manifold
(M,oM) C (RxY, Rx9Y). Of course, if B : (M,0M) — (R x Y, R x 9Y) is an immersion,
but not an embedding, then any associated map ®F : (Y,9Y) — (P5©, PSA) is not 9€;-regular.

Figure 1, which illustrates the construction of the classifying map @, reveals an interesting
duality: if (u4,y.) € R x Y is the point of transversal self-intersection of B(M) = “co”, then
Y« is mapped by ®F to a point where the curve ®F(Y) is tangent to the discriminant variety
D,; in contrast, if (u4,y«) € R X Y is the point of tangency of (M) to L, then y, is mapped by
®F to a point where ®F(Y) is transversal to D,. Since the presence of self-intersection point of
B(M) = “o0” is a stable phenomenon with respect to perturbations of  within immersions, the
tangency of B(M) to D, must be stable, despite the fact that a perturbation of the loop ®#(Y)
can eliminate its tangency to D.
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Figure 1. Animmersion §: M — R x Y (the circle M being immersed as the figure co in the cylinder
R x S1), and the classifying map PPy 77;@ (where Y = S1) that B generates (see Theorem 3). To
obtain a figure realistic in 3D, we have chosen the simplest possible case: d = 2, ® = @. The loop ®#(S)
crosses transversally the discriminant curve (a parabola) at two points and is tangent to it at a single point.
Note that (M) = (id x ®F)~1((R x ®P(Y)) NdE,), where the surface 9, is introduced in (15).

Note that, in Figure 1, we can perturb the map ®f : Y — P; so that it will become
transversal to the discriminant variety. Such a perturbation ®# may be assumed to be (3&;)-
regular. It will resolve the image (M) into a nonsingular manifold N C R x Y. In general, N
may be topologically different from the original M. These observations are generalized in the
next couple lemmas.

Lemma 3. For a compact smooth manifold Y, the (0&;)-reqular maps {® : Y — Py} form an open
and dense set in the space C*° (Y, P,) of all smooth maps.

Proof. A smooth map @ : Y — Py, given by d functions coefficients x;_1(y),...,x1(y), xo(y)
on Y, is (0&;)-regular if and only if, in any local coordinate system i = {y1,...y»} on Y,

the system
ud+xd,1ud*1+...x1u+x0 = 0
du' 4 (d—Dxgqu 2+ ... 4x = 0
axd—l a—1 ax1 axo
——u veox—Uu+=— = 0 19)

of (n 4 2) equations has no solutions in i for all #, and a similar property holds for Y. Indeed,
0&, is given by the equation p(u, ¥) := u? + x;_ju~1 + ... x;u + xo = 0. The pull-back ¥*(p)
of p under the map ¥ = (id, @) : R x Y — R x P; is the function

u +xg 1 () u L xa (y)u+ xo(y)

on R x Y. So the first equation in (19) defines the preimage of d€ under Y. The transversality
of ¥ to 0&; can be expressed as the non-vanishing of the one-jet of ¥*(p) along the locus
{¥*(p) = 0}. In local coordinates on R x Y, the vanishing of jet!(¥*(p)) is exactly the
constraints imposed by (19).
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Note that, for each u € R, the system (19) imposes (n + 2) affine constraints on the
functions {x; : Y — R} ke[1,4) and their first derivatives {g%’]‘ }. Thus for any u, (19) defines

an affine subbundle W (u) of the jet bundle {J!(Y,P;) — Y}. The union W = U,cr W(u) is
a ruled variety, residing in J'(Y, P,). Since codim(W(u)) = n + 2, the codimension of W in
JNY, Py)isn + 1.

Consider the jet map jet!(®) : Y — JI(Y,P;). By the Thom Transversality Theorem
(see [19], Theorem 4.13), the space of ® for which jet! (@) is transversal to the subvariety W is
open and dense (recall that Y is compact). Since Y is n-dimensional, this transversality implies
that (jet! (®))(Y) N W = @ for an open and dense set of maps ®.

Similar arguments apply to the smooth maps ®° : 9Y — P,. Thus we may perturb first
any given ® : Y — P, to insure the (9&,)-regularity of ®° = ®|5y and then perturb @ to insure
its (0&;)-regularity, while keeping the regularity of ®°.

Therefore, the set of (0€;)-regular maps @ is open and dense in C*(Y, P;). O

Corollary 3. Let © C A C Q) be closed subposets. For a compact smooth manifold Y, the (9€;)-
regular maps {® : (Y,0Y) — (PS®, PSA)} form an open and dense set in the space of all smooth maps
C((Y,dY), (PSP, PSh)).

Proof. Since Y is compact and the posets ©, A are closed, the target spaces 73;@ B) P;A are
both open in P;. Therefore the claim follows from Lemma 3. O

Lemma 4. For a compact n-dimensional Y, any o€ -reqular smooth map h : Y — 73;@ is realized by
an embedding B, : (M,0M) — (R x Y, R x 9Y), where the smooth manifold M is n-dimensional
and rk(Dpy,) = n. The manifold M is orientable if Y is orientable.

IfoY = @and d =0 mod 2, then M is a boundary of a compact (orientable, if Y is orientable)
(n+1)-manifold L C R x Y.

Proof. A 0€;-regular smoothmap /1 : Y — PS$® produces the locus M = (id x h)~1(d€,) which
is a smooth manifold by the transversality of id x I to 0&;. If Y is orientable, so is R x Y. Thus,
the pull-back of the normal vector field to d&; in &; helps to orient the tangent bundle of M.

Given an embedding f: M — R x Y, dim M = n, whose tangent patterns belong to c®
and using thatd = 0 mod 2, we conclude that when Y is closed, then f(M) bounds a compact
(n+1)-manifold X C R x Y. Indeed, for each y € Y, we consider the even degree d real monic
polynomial P, (u) whose real divisor is £, N (M), counted with the multiplicities. Then, we
define L N L as the compact set of u € R that satisfies {P,(u) < 0}. The Y-family of such
inequalities determines L. [J

As a result, any closed n-manifold M, which is not (orientably, if Y is orientable) cobordant
to @, does not arise via 0&;-regular maps i : Y — P, for any closed Y and d =0 mod 2.
Consider the tautological function g : R x P; — R whose value at the point (u, P) is P(u).

Definition 7. Let Y be a smooth compact n-manifold. Let k < d + 1.
idx®

We call a smooth map ® :' Y — Py (0&,, k)-regular if the map R x Y — R x Py has the
following properties:

*  The pull-back (id x ®)*(p) of the function @ in the vicinity U, of every point

a=(u,y) € Mo :={(id x )" (p) = 0}
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is locally a product of at most £ < k smooth functions {z; : Us — R};cy ¢ for each of which 0 is a
regular value;
*  There is a natural number q such that the q-jet equivalence classes of the local branches {z; = 0};
of Mg at a are distinct for all points a, (the branches are q-separable in the sense of Definition 4);
e Ify € 9Y, the restrictions {z;|r oy }i have 0 as a reqular value, and the g-jet equivalence classes
of local branches {z;|r«yy = 0}; are distinct as well.

Evidently, (d&;, 1)-regular map is (9€;)-regular.

Informally, we would like to think of (04, k)-regular maps @ as hypersurfaces that divide
the space of (0&;, k — 1)-regular maps into chambers. Presently, this interpretation is just
wishful thinking. What is clear that, if a map ® : Y — P, is (9&;, k)-regular, then there exists
its open neighborhood in the space C*(Y, P;) that does not contain any (0&,, I)-maps, where
I >k

Lemma 5. Ifamap ® : Y — Py is (0€,, k)-reqular, then the locus
Mo =def {(id x @)"(p) =0} CRxY

is a compact n-dimensional set with singularities of the local types {[1t_, z; = 0}, where2 < £ < k <
d + 1, and each z; has 0 as its regular value.

Moreover, Mg is the image of a smooth compact n-manifold M under an immersion  : M —
RxY.

Proof. The validation of the first claim is on the level of definitions.

Recall that we denote by J7(X) — X the fibration over a smooth manifold X, whose fiber
over a point x € X is J7, the space of g-equivalence classes of germs of smooth hypersurfaces
in X at x.

It remains to show that, if a map ® : Y — P, is (0&,, k)-regular and, for some g > 1,
the branches of the locus M¢e C R x Y at their mutual intersections are g-separable, then
Mg is the immersed image of some n-manifold M. In fact, there is an obvious canonical
resolution M C J9(R x Y) of Mg, so that the projection  : M C JI (R xY) - Rx Yis
the desired immersion. We just associate with each point a € {I—[f:1 z; = 0} the (unordered)
set of ¢ < k distinct points {J}({z; = 0} tiep,g C JH(R x Y). In this way, each local branch
Mo, = {zi = 0} of Mg defines a smooth section ¢; : Mg; — JT(R x Y)‘MCD,i' Over the
vicinity of a, thanks to the g-separability, all the sections {c; }; are disjoint. Since 77 o 0; = id, we
conclude that 8 : M — M is an immersion. [

Definition 8. We say that an immersion B : M — R x Y is k-flat, if for all y € Y, the reduced
multiplicity

W= Y (T we-1) <k (20)
facLynpM)} {bep'(a)}

In particular, if B is k-flat and k-normal, then the k-intersection manifold Zf =Q.
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3.3. Quasitopies of Immersions and Embeddings with Constrained Tangencies Against the Background
of 1-Foliations L: The Case of General Combinatorics

We use the abbreviation “imm” for immersions and “emb” for regular embeddings. When
the arguments work equally well for both types, we use the abbreviation “i/e”.

Fix two natural numbers d < d’,d = d’ mod 2 and consider the embedding €; s : P; —
Py, defined by the Formula (8). Recall that it preserves the Q)-stratifications of the two spaces,
P; and Py, by the combinatorial types w of real divisors Dy (P), Dg(€z 4 (P)).

For a closed profinite (see Definition 2) poset ® C (2, the embeddings ¢, ;» make it possible
to talk about the stabilization in the homology of spaces P<®, as d — co. With the help of
{e4}, it also makes sense to introduce the limit spaces PS and PO [6].

For a smooth compact connected n-manifold Y, put Z =g¢s Y % [0,1] and Z° =y¢r 9Y X
[0,1]. We denote by L* the 1-dimensional oriented foliation of R x Z, produced by the fibers of
the obvious projectionI1: R x Z — Z.

In Definition 9 below, central to our investigation, we start with a quite general set of
combinatorial input data: {n,d,d’,®,®’, A}. We will gradually restrict them, as we develop
the theory. Figure 2 may help the reader to follow our unfortunately cumbersome notations.

cO' s

oY

Figure 2. The ingredients of Definition 3.7, which illustrate the notion of quasitopy between immersions
B1: M; - RxYand By : Mp — R x Y. The quasitopy is realized by an immersion-cobordism
B: N — R x Y x [0,1]. The vertical lines are the fibers of the projection p : R x Y x [0,1] — Y x [0,1].
Different combinatorial restrictions are imposed on different parts of B(N): the combinatorial types of
the fibers of the map N B RxYx [0,1] 5y« [0,1] avoid ® C ©, the combinatorial types of the
fibers of the map M; [[ M, ﬂ RxYx ({0}u{1}) ﬂ Y x ({0} U {1}) avoid ®, while the fibers through
B(6(N) C R x dY x [0,1] avoid A D ©.

Definition 9. Let us fix natural numbers d < d’, d = d’ mod 2, and a triple of closed subposets
©' C © C A of the universal poset Q). Let Y be a fixed smooth compact n-manifold and My, My be two
smooth compact n-manifolds.

We say that two proper immersions/embeddings,

Bo: (Mo, dMg) — (R x Y, R x 3Y) and By : (My,dM;) — (R x Y, R x 9Y),
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are (d,d’; c©, cA; c®')-quasitopic, if there exists a compact smooth (n + 1)-manifold N with corners
dMy [ [0M; and the boundary ON = (Mo M;) USN, (SN is the closure of the complementary to
Mo 11 M portion of IN). And a smooth proper immersion/embedding B : N — R x Z such that

e Blm, = Bo, Blm, = B1,and B(6N) C R x 9Y x [0,1] := R x Z;

*  Foreachz € Z, the total multiplicity mg(z) (see (16)) of B(N) with respect to the fiber L3 is such
that: mp(z) < d’, mp(z) = d’ mod 2, and the combinatorial tangency pattern w®(z) of B(N)
with respect to L2 belongs to the poset c©';

e Foreachz € Y x 00, 1], the total multiplicity of B(N) with respect to L is such that: mp(z) < d,
mp(z) =d mod 2, and the combinatorial tangency pattern w®(z) of B(N) with respect to L,
belongs to the poset c®;

e Foreachz € Z°, the multiplicity of B(N) with respect to L2 is such that: mg(z) < d’, mp(z) = d’
mod 2, and the combinatorial tangency pattern w®(z) of B(6N) with respect to L2 belongs to the
poset cA.

We denote by QE;}’,‘“(Y, 9Y; cO, cA; c@') the set of quasitopy classes of such immersions B :
(M, oM) — R x (Y, 9Y).

We use the notation Q;fg,b(}’, 9Y; cO, cA; c@') for the set of quasitopy classes of embeddings
B: (M, 0M) — R x (Y,0Y). Finally, we use the neutral notation Q:i{ 7(Y,0Y;¢@, cA; c@’) for both.

It is possible to build a parallel notion of quasitopies for oriented M’s by insisting that the
cobordism N is oriented as well. We use the notation (’)Q:i{ 5,(1/, 9Y; cO, cA; c®') for these oriented
quasitopy classes.

When Y is a closed manifold, we get Q:i/ de, (Y; c®; c®@’), a simplification of our settings.

Also, when © = ©’, we get another natural simplification: Q:i/ ;,(Y, dY; cO, cA; c®). Both
special cases, d’ = d and d’ = d + 2, have significant applications.

Remark 2. If in Definition 9 we would require that the pair (N, dN) is diffeomorphic to the
pair (My x [0,1], 0My x [0,1]), then a more recognizable definition of pseudo-isotopy would
emerge. So the notion of quasitopy is more flexible than the one of pseudo-isotopy. It is closer to
the notion of bordisms.

Remark 3. The quasitopy Q;{ ;,(N, d ~;cO,cA;cO’) is covarientely functorial under the
regular embeddings f : (Y,0Y) — (Y',0Y’) of equidimentional manifolds Y,Y’. At the same
time, QZ ;, (~,0 ~; O, cA; c®') is contravariantly functorial under submersions ¢ : (Y',0Y’) —
(Y,0Y), provided that the fibers of g are closed manifolds. The contravariance is delivered via
the pull back construction which involves idg x gand B : (M,0M) — (R x Y,R x 9Y).

Consider the group Diff(£) of smooth diffeomorphisms of R x Y that preserve the 1-
foliation £ and its orientation. We denote by Diffy (L) its subgroup, generated by the diffeomor-
phisms that are isotopic to the identity. Similar groups, Diff(L£*) and Diff,(L®) are available
for the foliation £°* on R x Y x [0,1]. Note that the group Diff(Y) is, in the obvious way, a
subgroup of Diff (L), and the group Diff(Y) is a subgroup of Diffy(L).

IfB: (M,0M) — (R xY,R x 9Y) is a proper immersion/embedding as in Definition 9,
then, for any h € Diffy(L), the immersion/embedding h o B is (d,d’; c®, c/A; c®’)-quasitopic
to B. In a similar way, Diffy(L*®) acts on quasitopies of immersion/embedding. Therefore, in
what follows, we may ignore the dependence of our constructions on the isotopies of the base
manifold Y.
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Definition 10. For a given closed poset © ;) C Qy), we denote by 1i1(c® ) the maximum of entries
wjforallw = (w1, ..., wj,...,wp) € Oy

Proposition 7. We adopt the notations of Corollary 2. Any proper immersion B : (M,dM) — (R x
Y, R x 9Y), as in Definition 9, which is k-normal for all k in the interval [2, min{n + 1, (c®y)}],
generates canonically smooth maps

{mopop: (=L5f) » (v,an)},,

where Zf is the k' self-intersection manifold of B. The relative non-oriented bordism classes [Zf | e
B,,_i.1(Y,0Y) of these maps 7t o B o py are invariants of the (d,d’; ¢®, cA; c®')-quasitopy class of B.

If M, Y are oriented, then oriented bordism classes [25] € OB,,_.1(Y,0Y) are invariants of
the oriented (d,d’; c©®, cA; c®")-quasitopy class of B. In particular, if Y is closed, then the Pontryagin
numbers of the manifold Zf are invariants of the quasitopy class of B.

Proof. If B is an immersion as in Definition 9, then its sufficiently small perturbation still has
combinatorial tangency patterns which belong to ¢®, since © is a closed poset in Q. This
claim is based on the behavior of real divisors of real polynomials under their perturbations [24].
Similarly, a sufficiently small perturbation of any cobordism B between such immersions, still
will have combinatorial tangency patterns which belong to ¢®’, since @’ is a closed poset
in Q). Therefore, according to [20], we may assume that B, within its (d,d’; ¢®, cA; c®')-
quasitopy class, is k-normal for all k < n + 1 and B is k-normal for all k < n + 2. Revisiting
Definition 10, we notice that also k < 1f1(c® 4] ) by the very definition of quasitopies. Now the
claim follows directly from Corollary 2. [

We are interested in two special cases of Definition 9 to be referred in what follows as the
A-condition:

(1) d=d=0 mod2 and cA = (?),
(2) d=d=1 mod?2 and cA = (1). (21)

Case (1) forces 6N = ©; so My, M must be closed and dN = My ][ M;. This is evidently
the case when 0Y = @. Case (2) forces B|sy to be transversal to the foliation £°®|p 5y « [0,1]; SO
we get diffeomorphisms B(JN) ~ 9Y x [0,1] and B;(0M;) ~ 9Y.

Given two compact connected n-manifolds with boundaries, let Y;#Y, denote their
connected sum and Y;#,Y, their boundary connected sum. The 1-handle H ~ D"~! x [0,1]
that participates in the connected sum operation is attached to Y; [[Y>. In the special case
dimYj; = dim Y, = 1, the manifolds Y7, Y are closed segments and Y;#;Y> is understood as a
new segment, obtained by attaching one end of Y7 to an end of Y5.

If the boundaries of Y7 and Y, are connected, the smooth topological type of Y1#3Y; does
not depend on how the 1-handle H is attached to Y7 [ [ Y> to form Y1#;Y5. In general, to avoid
ambiguity of the operation #;, we pick some elements x; € 7p(dY7) and x; € 7H(dY>).

Definition 11. Under the A-condition (21), we simplify our notations as follows:
Q:/;,(Y; €®; cO') =gef Q/%(Y,0Y;O, (D);¢@), ford =d=0 mod 2, (22)

d,d

Qii/de,(Y; €®; cO') =gef QZ;,(Y, 9Y;cO, (1);c@), ford =d=1 mod 2, (23)
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Gid/,;',(n; €O; cO') =4ef Q;@,(D”,BD";.:@, (?);c@'), ford =d=0 mod 2, (24)
Gii/s/ (1;¢®; @) =gef Q;/s,(D”,aD";CG), (1);c@), ford =d=1 mod 2, (25)
where D" stands for the standard n-ball.

Assuming the A-condition (21), for any the choice of k1 € 7p(dY7) and «p € 7p(9Y2), let
us introduce an operation

W QY5 (¥1;¢0;¢0') x Qf§ (Y2;¢0;c@) — QS (Yr#yY2; ®; c®). (26)

Let H ~ D"~! x D! be a 1-handle attached to Y; [ Y», to the preferred connected components
k1 and xp of Y7 and dY5. The result is the connected sum Y1#;Y5. From now on, we assume
that the handles are attached so that the corners are smoothened and the resulting manifold
has a smooth boundary. Different attachments of H produce diffeomorphic connected sums,
provided that the disks D" ! x {0} C Hand D"~! x {1} C H are placed in the same connected
components (Y7 )y, and (9Y2)y, of the boundaries 9Y; and 9Y5.

In case (1) from (21), cA = (@), thus forcing the two immersions B; : M; — R x Y;
(i = 1,2) to be immersions of closed manifolds. With (0Y7),, and (9Y2)y, being fixed, the map
B111B2 : Mi1IMz — R x (Yi#,Y>) is a well-defined immersion within its quasitopy class.
Note that by (1) from (21), (81 LI B2) (M7 11 M>) is disjoint from R x 9(Y1#Y>). Thus we put
B1W B2 =def f1 11 P2

In the case (2) from (21), cA = (1), by an action of a diffeomorphism from Diffy(L;), we
insure that B;(dM;) = {0} x 9Y;, where i = 1,2 and {0} € R. The Diffy(L;)-action does not
change the quasitopy classes of {B;}.

As we attach a 1-handle H to Y1 [[Y> to form Yi#3Y,, we simultaneously attach the 1-
handle H = {0} x H to M; [[ M, to form M;#,M, and extend B1 ][ B2 across H to a new map
B : My#yM;y — R x (Y1#;Y2). On the handle H, the map B is a regular embedding H < R x H
and the obvious projection (H) — H is an immersion.

The transversality of B; to R x 9Y;, together with the property (2) from (21), allows us to
smoothen the immersed manifold B(M;#,Mz) = B1(My) U B(H) U B2(Ma) in the neighbor-
hood of H. This smoothing construction is again well-defined within the relative quasitopy
classes of B1, 2. Thus, we put B1 & B2 =4ef B

However, in the case (2) from (21), when dealing with the oriented quasitopies, we face
a problem. If M; and M; are oriented, the handle H must be attached so that the preferred
orientations extend across the handle. In “half” of the cases (when the orientations of 51 (M)
and B,(M,)) is “incoherent”), the obvious projection B(H) — H will fail to have tangency
patterns of finite multiplicity, which violates our basic requirement in (16).

To summarize, the operation & is well-defined for the elements of the sets Q:i/ €(Y,9Y;cO,
(@);c@") and OQ;/e(Y, 9Y; O, (D);c®’), where d =0 mod 2, and for the elements of the set
Qii/e(Y, 9Y;cO, (1);c@’), whered =1 mod 2.

In particular, by fixing a diffeomorphism ¢ : D"#;D" ~ D", we get two interesting special
cases of the operation W:

¥ : G/S(n;¢0,c@') x G/& (11;¢0,c0@) — G4 (n;cO, @), 27)
¥ : 0G/8 (11;¢0,¢0') x 0G/S (1;¢0,c@') — OGS (n; ¢, @),
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provided that, in the last formula, d = 0 mod 2.

Proposition 8. Consider two closed subposets ® C ® C Q, where (D) ¢ © ford =0 mod 2, and
(1) ¢O©ford=1 mod 2.
Ford =d =0 mod 2, the operation & introduces a group structure to the sets
G'd{;(n; cO, c®’) and OG:}I/,;,(n; O, c@’).
Ford=d =1 mod 2, the operation & introduces a group structure to the sets
G;{;, (n;¢cO,cO®’).
For n > 1, all these groups are abelian.

Proof. In this proof, for a given map « : X — X of a topological space X, we denote by & the
productmapid x 2 : R x X = R x X.

In the case of d = d’ = 0 mod 2, the following arguments work equally well for
OG;/, ;‘,(n; c®; c®’) and for Gid/, ;,(n; c®; c@’), the oriented and non-oriented quasitopies over
the n-ball D".

Let B" = D"#;D" be a n-ball, represented as a connected sum of two standard balls D".
Let H ~ D" ! x I be the 1-handle that participates in the construction of the ball B" as a
connected sum: B" = D" U H U D". We fix a diffeomorphism x : D" C B", which identifies
the ball D" with the first ball in the connected sum B", and a diffeomorphism ¢ : B* ~ D".
Consider an isotopy {y: : B" — B"},c[g) that starts with the identity map and terminates
with the diffeomorphism 1; whose image is x (D") C B". With the help of ¢!, we transfer the
isotopy ¢ to an isotopy {77 : D" — D" },¢(o 1]- The isotopy ¢y lifts to the isotopy Pr =id X Py
of R x B", and the isotopy 1 lifts to the isotopy 7; = id x 7 of R x D".

For d = 0 mod 2, the neutral element j, is represented by B, : @ — R x D" (by the
“empty” cylinder). For d = 1 mod 2, the neutral element §, is represented by the obvious
embedding B, : D" — {0} x D" C R x D".

We use 7 to show that, for any immersion § : M — R x D" and d = 0 mod 2, the
immersion ¢ o (B B,) : M#y @D — R x D" is isotopic (and thus quasitopic) to f: M — R x D".
We identify M#,D" with M with the help of a diffeomorphism p. Ford =1 mod 2 and any
immersion B : M — R x D", with the help of 7;, the immersion ¢ o (BWB,)op™t : M —
R x D" is isotopic to . This validates the existence of the neutral element j, for the operation
W within the (d, d; c®, cA; c®)-quasitopy classes. Of course, any (d, d; ¢®, cA; c®)-quasitopy is
automatically a (d,d’; c®, cA; c®’)-quasitopy.

Consider an involution 7 : B” — B" that flips the two copies of D" in B" and has the ball
B"~! in the middle of 1-handle H ~ B"~! x [ as its fixed point set. Then, for any immersion
B: M — R x D", the immersion ¢ o T o § o B plays the role of the inverse ! with respect to .
Indeed, consider the unit half-disk DAZF and the unit half-cylinder Ci“ = Di x B"~1 inscribed
in the cylinder B" x [0, 1 + €], € > 0. We will use the rotations 7(8) of D? x B"~1 5 C"
around the axis B"~! at the angles 6 € [0, 7], so that T(7r) = 7. Let N = M x [0, 7t]. In the case
d =0 mod 2, we form an immersion

A:N—>RxCIHTCcRxB"x[0,1+¢€],

defined by the formula A(m,0) = 7(6) o B(m).
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Let {0} € R denote the origin. In the case d = 1 mod 2, to satisfy Definition 9 for
cA = (1), we need to insure that

AN) O {R x (3(B" x [0,1+¢€]) \ (B x {0})) } = {0} x {a(B" x [0,1+¢])\ (B" x {o})}.

Therefore, we further isotop A radially in each of the multipliers D2 onto the rectangle D! x
[0,1 + €]. The result is an isotopy of A inside the cylinder {0} x B" x [0,1 + €].

Since {7(0)} preserve the combinatorial £-tangency patterns of (M) within to the
ambient foliation £* on R x B" x [0,1 + €], we conclude that the cobordism A : N —
R x B" x [0,1 + €] delivers (d,d; cO, cA; c®)-quasitopy between p & B! and the neutral ele-
ment f,, provided that cA is as in the hypotheses of the proposition.

Next, we need to verify the associativity of the operation &. The argument is similar to the
one that has validated that & B, is (d,d; c®, cA; c®)-quasitopic to . It uses diffeomorphisms
¢21 : D"#;D" — D" and ¢3p : D"#;D"#,;D" — D"#;D", embeddings x1, x2 : D" — D"#,D"
on the first and the second ball, and the embeddings X1, x23 : D"#;D" — D"#;D"#;D" on the
first and the second ball and on the second and third ball in D"#;D"#,D", respectively. We
leave the rest of the argument to the reader.

The validation of the fact that & is commutative for n > 1 is a bit more involved and similar
to the classical proof of the fact that the homotopy groups 7, (~) of spaces are commutative
for n > 1 (see Figure 3). Let us sketch this validation.

Figure 3. Proving the commutativity of the operation & in the group Gid/ ;, (1;¢®; c@’) for n > 2. The three
bold arrows show the effects of isotopies in R x B".

As before, put B" = DY U H U Dj. We start with the case d = 0 mod 2 and two immer-
sions B; : M; — R x B" (i = 1,2) such that the image of B; belongs to the cylinder R x D}
Consider an equatorial hyperplane K"~! C B" (the horizontal punctured line in Figure 3),
transversal to the ball B! C H and such that K"~ is the fixed point set of another involution
A on B"™. So the pair of (1 — 1)-balls K"~! and B"~! divide B" in the four regions (“quadrants”):
B}, BY}, By}, B}y, ordered counterclockwise around the axle K"1n B"~1 Each of these regions
is homeomorphic to a n-ball.
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First, we choose an isotopy 7};; to compress D} = B}, U BY;; in the interior of the region
BY,; and an isotopy 7} to compress D} = B} U BY, in the interior of the region B}. We may
assume that these isotopies are smooth in the interior of the relevant regions. We lift 5};, to an
isotopy 7!, and compose it with f1. We lift 7} to an isotopy 7} and compose it with B,. Let
us denote these compositions by B4y and By j, respectively. Next, we choose an isotopy t;
to compress BJ U BY; in the interior of Bf;, and an isotopy |, to compress B};; U BY, in the
interior of BY,. The composition {!; o B, | places the image of M, over the quadrant B, and
composition {’y, o By 111 places the image M over the quadrant BY,. To complete the cycle that
“switches” B and By, it remains to expand the image {’; o B2, (Mz) C R x BY; into T(M,) and
the image %y, o B1,111(M1) C R x BY, into T(Mj).

In the case d = 1 mod 2, more careful arguments are needed to insure that B; & 3, is
(d,d; O, (1); c®)-quasitopic to (T o ) W (T o B1). They are similar to the ones we used to
prove that BW (T o B) is (d,d; cO®, (1); c®)-quasitopic to the neutral element .. [

Remark 4. We stress that the “1-dimensional” groups G;{ 5(1;¢O; c@') typically are not com-
mutative. There are quite a few examples (see Corollary 13 and Figure 3) where, for @ = ©
and d’ = d, they are free groups with the number of free generators being bounded from above
by some quadratic functions in d. In general, these groups form an interesting class, whose
presentations are well-understood [5] and whose group theoretical properties deserve a study.

For a given group G, we denote by (G)" its r-fold direct product.

Corollary 4. Let @ C © C Q be two closed subposets, where (D) ¢ © ford = 0 mod 2 and
(1) ¢Oford=1 mod 2. Letd =d" mod 2.
For any compact connected smooth n-dimensional manifold Y with boundaries that has r con-

nected components, the group (Gii/ 5(1n;¢0, 0’ ))r acts, with the help of the operation J, on the set

Qi{;,(Y; €O, c@'). Similarly, the group (OGid/;, (n;¢®, c®"))" acts on OQ;/';,(Y; €O, c®'), provided
d=0 mod 2.

Proof. LetG := Gid/, 5(n;¢@; c®). By Proposition 8, G is a group with respect to the & operation.
By the arguments that follow (26), for each choice of a connected component 9, Y of 9Y, the
group G acts via Formula (26) on the set Qid/, 5(Y;¢O;c@). In the case of an even d and
cA = (@), forapair f: M — RxY,and g’ : M’ — R x D", the action is defined by the
formula 1B : MIIM' — R x (Y#; D") = R x Y, where #,_is the boundary connected
sum that employs the connected component d,Y. In the case of an odd d and cA = (1), for
agivenpair f: M - Rx Y and ' : M — R x D", the action is defined by the formula
B#y B - Mty M' — R x (Y#,; D"), where #,1 is a boundary connected sum using the single
component of dM, embedded by B in R x 9,Y, and the single component of dM’, embedded
by B/ in R x 9D".

For different choices of elements x € 719(dY), these G-actions evidently commute. Thus
G" acts on Qii/, 5 (Y;cO; @), where r = #(719(9Y)). Similar arguments work for the oriented
case, providedd =0 mod 2. O

Remark 5. We will see soon that the group’s Gii/’ 2(1;¢®; c®’) may have elements of infinite
order, as well as some torsion, as complex as the torsion of the homotopy groups of spheres. As
a result, the G;{ 5(1;c®; c®')-orbits in Q;{ 7(Y;¢®; c®) may have complex and diverse periods.
We have a limited understanding of the orbit-space of this action; however, for embeddings, this
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problem is reduced to the homotopy theory of the spaces of real polynomials with constrained
real divisors. In some cases (see Proposition 18 and Example 6), we can estimate the “size” of
the orbit-space Q'd/s, (Y; cO; c@’)/G,'i/g, (1; c®; c@).

Definition 12. as followed.

*  Given two pairs of spaces X1 D Ay and Xp D Ay, we denote by [(X1, A1), (Xo, Az)] the set of
homotopy classes of continuous maps g : X1 — Xp such that g(Aq) C As.

*  Given three pairs of spaces X1 D A1, Xo D Ap, and X3 D Az and a fixed continuous map
€: (X, A2) — (X3, A3), we denote by

[(X1,A1), €: (X2, A2) — (X3, A3)]] (28)

the set of homotopy classes [g] of continuous maps g : (X1, A1) — (X, Ay), modulo the following
equivalence relation: [go] ~ [g1], where g9 : (X1,A1) — (X2, A2) and g1 : (X1, A1) —
(X2, Ay), if the compositions € o gy and € o g1 are homotopic as maps from (X1, A1) to (X3, A3).

If all the spaces above are locally compact CW-complexes, then the set in (28) is countable
or finite.

The next two propositions deliver new characteristic homotopy classes of immer-
sions/embeddings against a fixed background of 1-foliations of the product type.

Proposition 9. Let @ C ® C A C Q be closed subposets. Let M, Y be smooth compact n-manifolds.
*  Any proper immersion/embedding B : (M,0M) — (R x Y, R x 9Y), such that

1. mP(y) <d(see(16)) and mP(y) =d mod 2 forally € Y;
2. The combinatorial patterns {wF (y)} ey belong to c®;
3. The combinatorial patterns {wP (y) }yeay, belong to cA,

generates a continuous map CDg :(Y,09Y) — (PS°, P;A), whose homotopy class [®F] depends
on f3 only.
*  Moreover, any such pair

Bo: (Mp,0Mp) - (RxY,Rx9Y) and Bq:(Mj,0M;) = (RxY, R x9Y)
of (d,d’; c®, cA; c®')-quasitopic immersions/embeddings generates homotopic composit maps
g 0 PP (Y,9Y) = (PSO, PSM) and eg g 0 @F1 - (Y,9Y) — (P52, PSM).
Thus we get a well-defined surjective map
Dy (Y,9Y;¢0,cA; @) 1 Q%(Y,9Y;cO,cA; @) —
= [[(0,0Y), eqar: (PS8, PER) = (P, P, (29)

from the (oriented) quasitopies of immersions/embeddings to the homotopy classes of triples of
spaces, as introduced in Definition 12.

Proof. The two claims follow from Theorem 3, being applied first to proper immersions f :
My — R xYand B; : B1: M; — R x Y, and then to the proper immersion B : (N,é6N) — (R x
Y x [0,1], R x 9Y x [0,1]) of a relative cobordism N between My and M; UJN. There is only
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one technical wrinkle in this application: N is a compact manifold with corners oMy ][ 9My; so
Theorem 3 must be adjusted to such a situation. Note that B is transversal to both hypersurfaces,
R x Y x9[0,1] and to R x Y x [0, 1]. This fact allows to add a collar to Y x [0, 1] and to extend
the arguments of Theorem 3 to a new enlarged (1 + 1)-manifold Z whose interior contains
Y x [0,1].

Thus, the map ®? : (Y x [0,1], 8Y x [0,1]) — (P;,Q,,PC,A) delivers a homotopy between
the maps €, 4 0 PP and €, 4 o dP1. Revisiting Definition 12, this implies that (29) is a well-
defined map. In fact, similar map may be defined from the oriented quasitopies.

It will follow from Formula (37) below that the map in (29) is surjective. [

Corollary 5. Under the hypotheses of Proposition 9 and assuming the A-condition (21), we get a
well-defined map

Dy (Y;c0;c@) 1 Q/5(Y;cO;c@) —
= [[(Y,0Y), eq : (PE®,pt) = (P, pt)]], (30)

where the base point pt € PS™ and pt' = e, 4 (pt). Similarly, a map from OQ;/ 5 (Y;cO; @) to the
same target is available.

Proof. If cA = (@) or cA = (1), then the spaces P$* and PS are contractible. So the corollary
follows from Proposition 9. [

Let Y be a connected n-dimensional manifold with boundary. Let us pick a preferred
component 9Y; of dY. Then, the group 71,(PS®, pt)/ker((e44)«) acts naturally on the set
[[(Y,9Y), €44]] by forming the connected sum g#py.f of maps f : (D",dD") — (PS°, pt)
and g : (Y,9Y) — (PS©, pt). As a result, we get an action of (71,(PS®, pt)/ ker((ez)+))" on
[[(Y,9Y), €z4]], where r = #(719(9Y)). Let us denote this action by h#y, fi#,, ... #; fr, where
h e [[(Y,0Y), egal], fi € ma(PSO, pt), and #,, f; stands for forming a boundary connected sum
map h#, f; with h by using the i component of Y.

e Assuming the A-condition (21), in what follows, we use the abbreviation

q)d,d’ (1’1,‘ C@} C@l) —def q)d,d’ (Dn, E)D”; C@, CA,‘ C@l).
Combining Proposition 8 with Proposition 9, leads to the following result.

Proposition 10. Under the A-condition (21),

o The map in (29) generates a group homomorphism

Oy (1;¢0;¢0') 1 GYS(1;¢0;c0) —
— nn(P[j@, pt)/ ker {(eg4)+ : nn(P§®,pt) — nn(Pﬂfp,,pt’)}, (31)

where the group operation in G‘ii/ & (n;¢@; @) is “&". By Corollary 9, ®EMP (n; ¢®; c@') is an
isomorphism, and ®MM (n; ¢®; c@') is an epimorphism.
For d = 0 mod 2, the base points pt € 73;(9 resides in the chamber R;Q)) of positive monic

polynomials, and for d = 1 mod 2, in the chamber Rgll) of momnic polynomials with a single
simple real root. Similar choices of the base point are made for pt’ € 73;/@/.



Int. J. Topol. 2025, 2,9

28 of 48

o Letr=#(mp(dY)). The r'" power of the homomorphism @4 4 (n; c®; c®') from (31) generates a
representation of the group (G:;l/ < (n;¢0;c@))" in the group

(70 (P5®, pt) / er { (eq,r)- = 7a(PS®, pt) = mu(PSY, pt')}) .

With the help of this representation, the map in (29) is equivariant with respect to the
(G!i/ S (n;¢@;c@)) -action on the set in{ 5(Y;cO;c@") and with respect to the
(70 (PSP, pt) [ ker {(€44)« nn(PCG),pt) = ma(PSY, pt')}) -action on the set
[[(Y,0Y), eqar : (PS5O, PS) — (P, Ps)])-

e Similar claims hold for the oriented quasitopies OQ;{ 7 (Y;cO; c®’) and the

(OG:i/;/( ;cO; c@’))r—action on them, providedd = d =0 mod 2.

Proof. By Proposition 9, we get a group representation @, 4 (1;¢®, cA; c®’) from (31). By
Corollary 4, the group (G d, d’( ;cO; c®’ )) acts on Q'd/ 5(Y;¢O; c®). Employing Corollary 5, we
get a well-defined map <I>( ) =def Py (Y,0Y;¢O,cA;cO) from (29).

Ifamap F: (Y,9Y) — (P9, pt), being composed with €, 4, becomes null-homotopic in
(77;@/, pt'), then for any map G : (D",0D") — (P$©, pt) such that €; 4 o G is null-homotopic in
(Pf)/, pt'), the map e, y o (G#,F) is null-homotopic in (73;@/, pt’) as well. Thus, the action of
the group 7, ((P$®, pt))/ ker{ey s} on the set [(Y,dY), €4 : (PSP, P§*) — (PSP PN s
well-defined. Now, thanks to Theorem 3, it is on the level of definitions to verify the equivariant
property of ®(Y), namely, that

P(Y)(BW1 11 W2 72 W ) = P(Y)(B) #5, D(D")(11) ... #, P(D") (7),

where B € Qid/,;,( ;¢0;c@') and 7; € Gdd,( n;¢0;c0@’), or B € OQ;/,;(Y;c@; c®’) and v; €
OG'd/;,( ;€0;c0). O

Definition 13. Let © C © C A C Q be closed subposets.

Consider the obvious map Q:{;,(Y dY;cA, cA; c@') — Q:{;(Y 9Y;cO, cA; c@).

We denote by +Q:1/ 7(Y,0Y;¢@, cA; c@') its image. It is represented by immersions/ embeddings
B:(M,0M) — (R xY,R x YY), whose combinatorial tangency patterns to the foliation L belong to
the open subposet cA C ¢®. We call such elements combinatorially trivial.

Then, we introduce the quotient set by the formula:

QY/5/(Y,9Y; O, cA; c@') =gef (32)
Q‘ii/;, (Y,9Y;¢cO,cA; @)/ T Q‘ii/;, (Y,9Y;cA, cA; c@). (33)

Under the A-condition (21), we get

Q//S(Y,0Y;¢0, ch; @) = (34)
= QL,{;(Y, 9Y; O, cA; c®') =gyef Q:i/,;,(y,. c@; c@'),

since +Q;{ 2 (Y,9Y;cA, cA; c®’) is represented by a single element, an empty embedding or
the embedding id : Y — {0} x Y C R x Y. In particular, if 9Y = @, then we get the bijec-
tion (34). When Y is orientable, similar definitions/constructions of OQ;// 5/ (Y,0Y;cO, cA; c@)
are available for the oriented quasitopies, provided d = 0 mod 2.
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Lemma 6. Let ® C © C A C Q be closed subposets, and let Y be a compact manifold. We pick a pair
of natural numbers d < d’ of the same parity.

o Anysmooth (0y)-regular map h : (Y,0Y) — (PS®, PSA) produces a proper regular embedding
B : (M, 0M) — (R x Y, R x 9dY) of some compact n-manifold M. The combinatorial patterns
of B, relative to the foliation L, belong to ¢® and of its restriction to dM belong to c/A. Moreover,
q)ﬁh = l’l_

o Anypairho,hy: (Y,0Y) = (PSC, PN of (0€,)-regular maps such that €4 0 ho and €4 4 0 hy
are linked by a smooth (0&)-regular homotopy

H: (Y % [0,1],0Y x [0,1]) — (P2, PSM)

gives rise to a (d,d’; c®, cA; c@')-quasitopy By : N — R x Y x [0,1] between By, and By,
Moreover, ®BH = H,
e IfYisorientable, then so are M and N.

Proof. The first claim of the lemma follows from Definition 6, since for a d€;-regular map, the
preimage of the hypersurface d€; C R x P; under id x h is a regularly embedded codimension
1 submanifold M of R x Y, and the preimage of 0&; under the map id x h|yy, where h|yy is
a d&;-regular map, is the boundary oM, regularly embedded in R x 9Y. Recall that the map
id x h pulls back the universal function p(u, x) : R x R? — R to the function (id x 1)*(p) on
R x Y for which 0 is a regular value. Using this function (id x h)*(p), the arguments from
Theorem 3 imply that ®Pr = h.

Let us validate the second claim. Recall that € 4 (P;A) C P;,A, since €, y preserves the
combinatorial types w of real divisors of real polynomials.

By definition of €, 4, we get €] , (pa) = (u? +1)@-4)/2. o, Thus

(id % (egar 0 1)) (par) = (id x 1)*(pa) - Q,

where Q : R x Y — R is a smooth positive function. So the zero loci

{(id x (eq@ ©h))" (par) = 0} and {(id x k)" (pa) = 0}

coincide. Moreover, using that Q > 0, if the 1-jet of (id x h)*(pd) does not vanish along
{(id x h) “(p4) = 0}, then the 1-jet of (id x 1)*(p4) - Q does not vanish along the shared locus.
Therefore, if (id X 11)*(4) has 0 is a regular value, then (id x (€44 o h)) *(pa) has 0 as a regular
value as well.

Now, given two 0€;-regular maps ho, hy : (Y,9Y) — (PS©, PA) such that €44 0 h and
€44 © hy are linked by a smooth d&y-regular homotopy

H: (Y % [0,1],3Y x [0,1]) = (PS®, PS),

we conclude that the preimage of € under id x H is a regularly embedded codimension 1 sub-
manifold N C R x Y x [0,1] with corners oMy [[dM;. Its boundary ON = (dMy[[oM;) UIN,
where SN = H™1(d€y) N (R x 9Y x [0,1]). Moreover, for i = 0,1, the transversality of id x H
to o0&y implies the transversality of

Bi:M; = (ed,d’ ohi)’l(aé'd/) —RxY
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to R x 9Y, and the transversality of B : N = H™1(d€y) — R x Y x [0,1] to R x 9Y x [0, 1].
Using the pull-back (id x H)*(p4), again by the arguments from Theorem 3, we get that
B = H.

Finally, if Y is oriented, then so are R x Y and R x Y x [0, 1]. Then, the pull-backs under
id x horid x H of the normal fields n(9€;, £;) or n(d€y, Ey) help to orient M or N. [

Lemma 7 below is a natural generalization of Lemma 6 from the case k = 1 to the case of a
general k. It is based on Lemma 5. We skip the proof of Lemma 7, since we will not rely on it.
However, its formulation may give a bit wider perspective of our effort.

Lemma?7. Let ® C ® C A C Q be closed sub-posets, and Y a compact manifold. Letk < d, k' < d’,
d<d, k<k,andd =d mod 2.

o Any smooth (9Ey,k)-regular map h : (Y,0Y) — (PS®, PS) produces a proper immersion
B : (M, 0M) — (R x Y, R x dY) of some compact n-manifold M. The combinatorial patterns
of By, relative to the foliation L, belong to ¢® and of its restriction to OM to cA. Moreover,
PP = .

o Any pair ho,hy = (Y,0Y) — (PO, PSN) of (9&4, k)-regular maps such that ez g o ho and
€44 © hy are linked by a smooth (€, k')-regular homotopy

H: (Y x[0,1], 9Y x [0,1]) — (PS, PSM),

where k < k' < d', gives rise to a (d,d’; c®, cA; c®)-quasitopy By : N — R x Y x [0,1]
between the immersions By, and By, . Moreover, ®BH = H.

The next theorem provides homotopy theoretical invariants of the quasitopy classes of
immersions and embeddings into R x Y. For embeddings, they compute the quasitopies.

Theorem 4. Let © C ® C A C Q be closed subposets, and Y be a smooth compact manifold. Assume
thatd >dandd =d mod 2.
o Then, there is a canonicalal bijection

@™ : QSTP(Y,9Y; €O, cA; c@')
=5 [[(V,9Y), eqar : (PO, PEY) — (P52, P (35)

o Assuming the A-condition (21), we get a bijection

Dm0 QTP (Y;¢@;¢@') = [[(Y,Y), equr : (P50, PEY) — (P, PEM]] - (36)
and a surjection

MM QMM (Y;¢@;¢@') — [[(Y,0Y), ega : (P, PY) — (P, PSM]]. (37)

By Proposition 11 below, ®™™ admits a right inverse.
o If Y is orientable, similar claims are valid for oriented quasitopies.

Proof. By Proposition 9, the map ®*™ from (36) is well-defined.

First, we show that the map ®*™P is surjective. Recall that P$A C PS© both are open
subspaces of P; ~ RY, and PS> C 775,@ are open subspaces of Py ~ R?. Thus any continuous
map /1 : (Y,9Y) — (PSP, P$*) may be approximated by a smooth map £ in the relative
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homotopy class of h. Similarly, any continuous map H : (Y x [0,1],9Y x [0,1]) — (775,(9,, PM)
may be approximated by a smooth map H which shares with H its relative homotopy class.

By Corollary 3, i may be approximated further by a (3&;)-regular map h' which is in
the relative homotopy class of i. By Lemma 6, i is realized by a proper embedding of some
compact n-manifold g : (M,0M) C (R x Y, R x 9Y) whose tangency to £ patterns belong to
¢®, while the tangency patterns of §(dM) belong to cA. Since the target set of the map ®*™P is
a quotient of the set [(Y,9Y), (PS5, PSA)] by an equivalence relation, we conclude that ®emb g
surjective.

Now we show that the map @b from (35) is well-defined and injective. Consider
some proper (9€;)-regular embedding By : (M,0M) C (R x Y,R x 9Y) such that the map
0 =def €40 © PE™P(Bp) is homotopic to a map 1 : (Y,dY) — (73;/@/,779’\) whose image is
contained in P$. Again, by Corollary 3, this homotopy H : (Y,9Y) x [0,1] — (P§/®/, 73;/\) can
be approximated by a (& )-regular homotopy H' which coincides with g9 on Y x {0}. Let
N = (id x H")~1(d&y). By Lemma 6, H' is produced by a cobordism

B:(N,5N)C (RxY x[0,1],R x Y x [0,1])

whose other end B1 : (M,0M) C (Rx Y x {1},R x 9Y x {1}) has tangency patters (to the
fibration £°®) that belong cA. In other words, By € t ngg,b (Y,0Y; cA, cA; c®’), which represents
the trivial element of the quotient QZ:;’b (Y,9Y;cO, cA; c®’). Thus, we get the bijection (35).

When cA = (@) or (1), the set *Q;’E,b(Y, dY; cA, cA; c®') consists of a single element.
Hence, we get the bijection in (36).

Finally, by Proposition 9, the map ®™™ in (37) is surjective, since the map ®™P factors
through it.

Assuming that Y is oriented, the preimages of the loci d€; and 0€ under regular maps
are oriented manifolds. This remark validates the last claim. [

Corollary 6. Under the hypotheses of Theorem 4, including the A-condition (21), the quasitopy set
QP (Y, 0Y; ¢®, c®') depends only on the homotopy type of the pair (Y,9Y).
IfY is orientable, then the orientation forgetting map

0Q§HP(Y,Y;¢O,c@') — Q5P (Y,dY; O, cO')

is a surjection. In particular, OG;?;,b(n; cO;cO’) — Ggfg,b(n; cO®; c®’) is a group epimorphism.
Proof. The first claim of the corollary follows instantly from Formula (36) and its analog for
the oriented quasitopies.

The rest of the claims can be derived from the following already familiar observation.
Since any element B € Qg,’g,b(Y; €@, c@’) is represented by a map id x ®F : R x (Y,9Y) —
R x (PS©, pt) which is transversal to 9, the manifold M := (id x ®F)~1(d€,) has a trivial
normal bundle in R x Y. Thus, M is orientable, when Y is present. The same argument applies
to the cobordisms that connect quasitopic B’s. Therefore, when Y is orientable, the orientation
forgetful map from the second claim is onto. [

Remark 6. The first claim of Corollary 6 is a bit surprising, since not any homotopy equivalence
h:(Y,9Y) — (Y’,0Y’) of smooth n-dimensional pairs may be homotoped to a diffeomorphism.
Thus it is not clear how to transfer directly a regular embedding  : (M,0M) — (R x Y, R x 9Y)
to a regular embedding g’ : (M’,dM’) — (R x Y/, R x 9Y’) without using the bijection ®mP.
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Similarly, it is unclear whether Qi{?;," (Y;¢®, c®’) depends only on the homotopy type of the
pair (Y,0Y). Conjecturally, it does.

Corollary 7. Assume thatd' > d,d' =d mod 2, and the A-condition (21) is in place.

Then, the group homomorphism in (31) is a group isomorphism for embeddings and a split
epimorphism for the immersions.

With the help of this group isomorphism (and by Theorem 10), the map in (36) is equivariant, and
so is the map in (37) with the help of the epimorhism of the corresponding groups.

Proof. By Theorem 4, the map in (36) is bijective and the map in (37) is split surjective for
any Y; in particular, this is the case for Y = D". By Theorem 10, all these maps are group
homomorphisms. By Proposition 11 below, the map in (37) is a split epimorphism. [

Letting d’ = d and ® = © in Theorem 4, we obtain the following two corollaries.

Corollary 8. Let ©® C A C Q be a pair of closed subposets, and Y be a compact manifold.
o Then, there is a canonical bijection

oMb infgb(Y, AY; O, cA; c®) = [(Y,dY), (PP, PSh)). (38)
o Assuming the A-condition (21), we get a bijection
PEmE  QEMP(Y;¢@; @) — [(Y,dY), (PSP, pt)] (39)
and a surjection
QMM QUMM (Y; ¢®; @) — [(Y,dY), (PS5O, pt)]. (40)

Corollary 9. Let © C A C Qg be a pair of closed sub-posets. There exists a group isomorphism
(abelian for n > 1)

@m0 : QEMP(D",0D"; ¢@, cA; @) — 11, (PSO, PS). (41)
Assuming the A-condition (21), we get a group epimorphism
PMP : OGET (1, ¢O; @) — GNP (11;¢®; ¢®) — 7, (PS5O, pt). (42)
Proof. The claim follows instantly from Theorem 4 and Proposition 8. [
The next proposition is an attempt “to reverse the direction” of the maps in (29) and (31).

Proposition 11. Let @ C ® C A C Q be closed subposets, and Y be a smooth compact manifold.
Assume thatd' > dand d' =d mod 2.
Then, the obvious map

A: Qggfb(Y, 9Y;cO,cA; c@®) — Qg"t‘;,“(Y, 9Y;cO, cA; c@®) (43)

is injective. That is, if two embeddings B : (My,0M7) — (R x Y, R x 9Y) and By : (Mp, dM;) —
(R x Y, R x dY) are quaitopic via immersions, then they are quaitopic via embeddings.
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Moreover, there exists a surjective “resolution map”
R : Qii'f;l'f‘(Y, 9Y;cO,cA; @) — QSZ;P(Y, 9Y;cO, cA; c@) (44)

that serves as the right inverse of A. In other words, there exists a canonical resolution of any such
immersion into an embedding, well-defined within the relevant quasitopy classes.

Proof. In the proof, to simplify the notations further, put

QMM (Y) =gef QMM (Y,0Y; O, cA; @), QMP(Y) =4er QTP (Y,Y; €O, cA;c@).

Using the map (29), we see that the map ®*™P(Y) is a composition of the map A and
the map

MM (Y) 1 QMM(Y) — [[(Y,0Y), egar : (PO, PSY) — (P, PSM)]].
However, by Formula (36) from Theorem 4, we have a bijective map
@M (Y) 1 QP (Y) & [[(Y,0Y), eqar ¢ (PO, PSY) — (P, PSM)]].

Hence, we define the desired surjective map R by the formula R = ®*Mb(Y)~1o ®mm(Y).
It is on the level of definitions to check that R o A =id. O

Remark 7. Of course, applying the resolution R to an immersion 8 : M — R X Y produces an
embedding ' : M — R x Y, where the topology of M’ is quite different from the topology of
M. However, the sets p'(M’) and B(M) can be assumed to be arbitrary close in the Hausdorff
distancein R x Y.

Corollary 10. Each fiber of the resolution map R consists of the elements that share the same ®'™™-
value in [[(Y,0Y), €44 : (77;@, P;A) — (735/@/, PN
In particular, for Y = D", we get a splittable groups’ extension

1K — QI (1;¢0;¢0') & Q5P (1n;¢0; @) — 1, (45)

whose kernel K C Qlii"y," (1; ¢®; c®') consists of quasitopies of immersions that belong to the kernel of
the map in (30) with Y = D". Via the operation W, the subgroup K acts on the fibers of the map R
from (44).

Proof. We use the notations from the previous proof. By Proposition 11, each fiber of R consists
of the elements that share the same ®™™-value in [[(Y,0Y), ez : (PSC, P$A) — (PSP PN
For Y = D", this implies that the group Q™™ (D") is a semidirect product K 0a Q¢™P(D") of
the groups K and Q¢™P(D"). Again, K is characterized by the property of having trivial ™™
values.

Since, for B; € Q™™ (Y) and B, € Q™™ (D"), we have ®™™ (B W By) = ™M (B) W
®'™M(B,), we conclude that ™™ (B; WK) = &M (B;) W0 = &'™™ (). Therefore K acts on
fibers of the map R. O
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Since g € Qii’j;l’,“(Y, 9Y;cO,cA;cO®) and R(B) € ng}b(Y 9Y; cO, cA; c@') share the same
invariants @™ () = ®MP(R(B)) € [[(Y,dY), esa : (PO, PY) — (PSP, PSP)]], we
should be looking for new invariants that distinguish between g and R(p).

Relying on Proposition 7, we may use the bordism classes [Zlf] € B, 41(Y,9Y) (or
[Zf ] € OB, _;.1(Y,dY) when Y is oriented) of the k-self-intersection manifolds {Zf Y2 of B
to produce the desired distinguishing invariants. In a sense, these quasitopy invariants “ignore”
the foliations £, £°. Evidently, they vanish on the set QS’;‘,"(Y 9Y; O, cA; c@').

Therefore, for dim(Y) = 1, assuming that min{n + 1, 111(c® )} > 2 (see Definition 10),

the correspondence f ~~ {rroBopy : (Zf, 825) — (Y,9Y) }x produces a map

BB: QIMM(Y,0Y;¢®, cA;c@') / Q5P (Y,9Y; cO, cA; @) — (46)

— @ Bn—k-i—l(Y/ dY),
ke[2, min{n+1,11(c® 4)}]

which has a potential to discriminate between jS’j;l’f‘ (Y,9Y;cO, cA; c®) and Q;E,b(Y, aY;
O, cA; c@’ ) Lemma 8 provides the simplest example where it does.

Next, we “mix” the tangency patterns of immersions f to £ with the self-intersections of
B (which also influence the £-tangency patterns). For simplicity, we assume the A-condition
and that Y is oriented.

Let B : (M,0M) — (R xY,R x dY) be an immersion whose quasitopy class be-
longs to Q;%T(Y, dY; c®, c®’ ). Let A be an abelian group. We pick a cohomology class
0 € H"*1(P<O, pt; A) and evaluate its pull-back (®F o 710 B o p;)*() on the relative funda-

mental class [Z]f , 825 |. This construction leads to the following proposition.

Proposition 12. Let ©' C ® C Q be closed posets. We assume the A-condition. Let Y be an oriented
smooth compact manifold. Pick a positive integer k < min{r?z(c@w, n+1}.
For any cohomology class 6 € H"~<+1 (77;@, pt; A), the evaluation

xc(6,B) = (®F o o o py)*(6), [2F,02F]) € A

is an invariant of the quasitopy class [B] € QMM (Y,0Y; c®, c®’).
If B is an embedding, then x (6, ) = 0 for k > 2.

Proof. By Corollary 2, the bordism class of r o fo py : (Zl3 axfy i) — (Y, 9Y) is invariant under
a change of § within its quasitopy class. By Theorem 3, the cocycle (®P)*(0) is an invariant
of the quasitopy class of 5. By the topologmal Stokes’ Theorem, the cocycle (®F)*(8), being

evaluated on the cycle (710 B o py)( Z ,0%;) is an invariant of [B] € Q;i’;‘i’,“ (Y,0Y;¢0,c0). O

Here, is the simplest example of an invariant pg := n}rl [(moBopr) : b w1 Y],
delivered by BB from (46), which does discriminate between the quasitopies of embeddings
and immersions.

Lemma 8. Let dim M = n and let pg be the number of points in Y where exactly n + 1 branches
of B(M) meet transversally in R x Y. If pg = 1 mod 2, then B € Qi{,‘;lr,"(Y, 9Y; O, cA; @) is
nontrivial, provided cA = (D), (1).
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Proof. Let Fg denote the finite set of points, where exactly n + 1 branches of f(M) meet
transversally in R X Y. Assume that § be quasitopic to trivial immersion with the help of a
cobordism B : N — R x Y x [0, 1]. Then, in general, B(N) may have points where exactly n + 2
branches of B(N) meet transversally. Let Eg denote their set and let 77 := #(Ep). The points,
where exactly # + 1 branches of B(N) meet transversally, form a graph I's C R x Y x [0,1].
If cA = (@), (1), then I'p has pg univalent vertices and 7y vertices of valency n + 2. Every
edge of I'y that does not terminate at a valency one vertex from Fg is attached to Eg. Thus
counting the edges of I'y we get 2(1 +2)17p — pg =0 mod 2. Therefore, when pg =1 mod 2,
we get a contradiction with the assumption that 8 is quasitopic to trivial immersion. As a result,
any immersion  with an odd number pg is nontrivial in Qlii';‘i'," (Y,0Y;cO, cA; c®'), provided
cA=(9),(1). O

Example 2. Pickn =1,d" = d = 6. Let c®' = cO consist of w € Qg such that all their entries are
s and 2's and a single 2 is present at most. Put Y = D'. Then, Qg,’gb(l; €®;®) ~ m1 (P, pt). By
[5], Theorem 2.4, the latter group is a free group F¢ in 6 generators (see Figure 4). The group extension
in (45) reduces to

1K= QIM™(1;c0;c0) 5 Fs — 1.

The figure oo, placed “horizontally” in R x D! (D' being the horizontal direction) represents an
immersion B : S' — R x D. We claim that B belongs to the kernel K from (45). Indeed, consider a
flip T : R x D! — R x D! whose fixed point set is the vertical line through the singularity of figure
co. Due to the symmetry of co with respect to T, the path ®™™(D1,0D) C (PO, pt) is relatively
contractible. Thus, oo is indeed in the kernel K. By Lemma 8, B is nontrivial in Qié'%m (1;¢®;c®). By
the same lemma, the quasitopy class of any collection of smooth curves with an odd number of crossings
is nontrivial in Qig,‘gm(l; cO; c@®). At the same time, the immersion oo W oo C R X D! is trivial in
Qig,gm(l;c(a,- ) since it is the boundary of a horseshoe surface N ~ co x [ C R x D' x [0, 1] with
the L®-tangency patterns that belong to ¢®. So the immersion B, such that B(S') = oo, is an element
of order two in the kernel K. Howeuver, if we orient S', then co becomes an element of infinite order in
ker(OQIE™(1;¢O®; c®) — OQETP(1;¢O; cd)).

Figure 4. Six generators (a—f) of the free group ngg‘b(l ;€0;cO), where ©® C Q4 is the closed poset
generated by the elements w with two 2’s or one 3. The vertical lines mark crossing the walls of the
6-dimensional chambers in P¢®.
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In fact, any collection of curves B(M) in R x D' with the tangency patterns in c¢®, with an odd
number of transversal crossings, and which is symmetric under an involution T : R x D! — R x D!
which preserves the oriented foliation L, belongs to K and has order 2 there. Based on a sparse evidence,
we conjecture that K = Zy. If this is true, then Qié'%m (1; ¢®; O) is a semi-direct product Zy > Fe.

The next theorem describes one very general mechanism for generating characteristic
cohomology classes for immersions/embeddings f : M — R x Y with O-restricted tangency
patterns to L.

Theorem 5. For a compact manifold Y, d' = d, and ®' = ©, assuming the A-condition, any
immersion/embedding B : (M,0M) — (R x Y, R x 9Y) as in Proposition 9 induces a characteristic
homomorphism (®F)* from the (co)homology of the differential complex {0 : Z[@‘? d]] — Z[@*gE d}]} in
(6) to the cohomology H*(Y,dY;Z).

Quasitopic immersions/embeddings induce the same characteristic homomorphisms.

Proof. For any closed poset © C €24, by Corollary 2.6 and Theorem 2.2 ([6]), the homology of
the differential complex in (6) is isomorphic to H* (P<®, pt; Z). By Proposition 9, any immersion
B:(M,0M) — (R xY, R x dY) whose tangency patterns belong to ¢© and the ones of |y
to cA = (@) or (1), produces a map ®F : (Y,dY) — (PS®, pt) whose homotopy class is deter-
mined by B. This B induces a natural map p* : H*(P$®, pt; Z) — H*(Y,9Y;Z) in cohomology,
and therefore, a characteristic homomorphism (®f)* : H*(Z[@"], %) — H*(Y,0Y;Z).

By Proposition 9, (d,d; c®, (©); ¢®)-quasitopic immersions/embeddings f induce homo-
topic maps ®F and hence the same characteristic homomorphisms (®f)*. [

Thus various homomorphisms (®#)* may distinguish between different quasitopy classes
of immersions B. We will soon exhibit multiple examples, where they do.

3.4. Quasitopies of Immersions/Embeddings with Special Forbidden Combinatorics © and the
Stabilization by d

In this subsection, we take advantage of a few results from [4,6], as formulated in Section 2,
to advance computations of quasitopies of embeddings with special combinatorial patterns ¢c®
and c@' of tangency to the foliations £ and L*, respectively.

We start with the Arnold—-Vassiliev case of real polynomials with, so called, moderate
singularities [1,4]. Let @pax>k C Q) be the closed poset consisting of w’s with the maximal
entry > k. For k > 3, the cohomology H/ (P ®max>k, pt; Z,) is isomorphic to Z in each dimension
j of the form (k — 2)m, where the integer m < d/k, and vanishes otherwise [1].

Based on Vassiliev’s computation of the cohomology ring H* (P<Cmaxck, pt; 7) (see [4],
Theorem 1 on page 87), consider the graded ring Vass, x, multiplicatively generated over Z by
the elements {ey; },,<4/k of the degrees deg(e;;) = m(k — 2), subject to the relations

(I+m)!

€ em = T

ejm fork =0 mod 2, and the relations (47)

ep-e1 =0, e1-exm = eyt1,

I+ m)!
€ - €y = % ex1om fork=1 mod 2. (48)

Guided by Theorem 5 and employing Theorem 3, we get the following claim.
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Proposition 13. Let k > 3. Consider an immersion p : (M,0M) — (R x Y, R x 0Y') whose tangency
patterns to the foliation L belong to c@max>k C Qq) and the ones of Blay either form an empty set
(@) whend =0 mod 2, or the set (1) when d =1 mod 2.

Then, B generates a characteristic ring homomorphism (®F)* : Vass; — H*(Y,0Y;Z). The
homomorphism (®P)* is an invariant of the quasitopy class of B. In other words, we get a map
@7 - QMM (Y; Omax=k; Omax=k) — Homying (Vassgr, H*(Y,9Y;Z)).

Remark 8. Note that if some generator e, € Vass;y is mapped by (®F)* to zero in
Hk=2)¢ (Y,9Y;Z), then the images of all eg with g > ¢ must be torsion elements. Thus some
cohomology rings H*(Y,dY;Z) may not be able to accommodate nontrivial images of the
Vassiliev ring Vass; . in positive degrees.

In contrast, here is a case when the accommodation seems possible: take Y = CP?,
k = 4,and d = 12. Consider 9-dimensional variety PS“‘“Z", its compliment 73;? max24 “and the
cohomology ring Vassip 4 ~ H* (73;;9 ma=4-7.). Then, the ring homomorphism ®* : Vassipq —
H*(CP3;7Z) ~ Z[a]/{a* = 0} that sends ®*(e;) := 6a, ®*(ey) := 18a%, and ®*(e3) := 364>
embeds Vassyp4 as a subring of Z[a]/{a* = 0}. We speculate that there is an embedding
®:CP? — 771CZ® "= that induces that ®*.

Propositions 12 and 13 lead to the following corollary.

Corollary 11. Let M,Y be compact oriented smooth n-manifolds. For any generator e, € Vass;
of degree ((k — 2) and an immersion B : (M,0M) — (R x Y, R x 9Y) with k-moderate tangency
patterns to L, the integer

Xe(ee, B) = ((®P oo Bopr)*(er), [Zhy_p 9Zhy o))

is an invariant of the quasitopy class [B] € QMM(Y,0Y; Omaxsk, Omaxsk). The invariant
xx(eq, B) = 0 when B is an embedding and k > 1, or when H'*=2)(Y,9Y;Z) = 0.

The next proposition is a stabilization result by the increasing d’ > d for the embeddings
with moderate tangencies to the foliation L on R x Y.

Proposition 14. Let k > 4. IfdimY < (k —2)([d/k]| + 1) — 2, then the classifying map
™ : QS (Y; O marski Opmansk) — [(Y,9Y), (P53, pi)] (49)
is a bijection, and the classifying map
MM QI (Y; Omaxski Omansk) — [(Y,3Y), (P55, pt)] (50)
is a surjection forany d’ > d,d’ =d mod 2.
In particular, for a given Y, Qg,rg,b (Y; €Omax>k; €Omax>k) stabilizes forall d' > d > ﬁ (dimY +

4 — k), a linear function in dim'Y.

Proof. Let g := (k —2)([d/k] +1) — 2. By [4], Theorem 3 on page 88, the €, s-induced ho-

. Q) Q) . . .
momorhpism (e;,4)s : 71;(Py ™) — m;(Py ™*) of homotopy groups is an isomorphism
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for all i < g. Thus the two spaces g-connected. Therefore, if dimY < g, then no element of
[(Y, aY), (77;8"‘“2" , pt)] becomes, under the composition with €, s, nill-homotopic. Hence,

[[(Y,3Y), g : PSOm2k - PEOmk]] = [(Y,9Y), (P50, pi)].

In particular, if dimY < g, then [(Y,0Y), (73;(9“‘“2", pt)] is stable in d, provided d >
ﬁ (dim Y + 4 — k). Therefore, by Theorem 4, all the claims of the proposition are validated. [

Example 3. Let k = 4. By Proposition 14 and Formula (49), for any compact connected surface
Y, we get bijections:

l?l

QZ,Tb(Y} C®max24; C®max24) ﬂz(Y/aY),
QZ’Eb (Y; COmax>4; C®max24) 2 (Y/9Y),

Qg/rgb(Y; C®max24; C@max24) i> nz(Y/aY)/

l?l
3

whose target is the second cohomotopy group 72(Y/dY) = Z, the latter isomorphism being
generated by the degree of maps to S2.

Let Z be a simply connected CW-complex whose cohomology ring, truncated in dimen-
sions > 5, is isomorphic to Z[ey, ep]/ {e% — 2e5}, where dege; = 2,dege; = 4. Then, by
Proposition 14, for any compact smooth manifold Y of dimension < 4, we get bijections:

lergb(y; C®max24z’ C®max24) i> [Y/aY, Z],
QgT(?(Y, C®max24; C®max24) = [Y/BY, Z],
QT (Y Omaxsts Orma=4)  —  [Y/2Y, Z]. &
Corollary 12. Let Omax>k C € y) be the closed poset of w’s with at least one entry > k. Assume that

k<d<2k-1
Then, there is a group epimorphism

OGSIQb (Tl; C®max2k; C®max2k) — nggb (7’1,’ C®max2k; C@)maxzk) ~ Tty (Skiz)-

In other words, the quasitopy group of non-oriented embeddings p : M — R x D" into the cylinder
R x D™ with no vertical tangencies of B(M) to L of the order > k and with the total multiplicities
{mp(y) < d}yepn is isomorphic to the group 71,(S¥2), provided that d € [k, 2k — 1].

As a result, in this range of d’s and for n > 1, all the groups ngb(n; COmax>k; COmax>k) are
finite abelian, except for n = k — 2 and n = 2k — 5, where they are infinite of rank one.

Proof. According to Arnold’s theorem [1], ford € [k, 2k +1], nn(P;(amaxzk) ~ 1, (S¥2). Apply-
ing Corollary 9, the claim follows by examining the tables of homotopy groups of spheres. O

Example 4. For k =4, d € [4,9], and all n, we get a group isomorphism

Gs,r;l]b (1’1,‘ C®max24? C®max24) X Ty (SZ) .
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In particular, for d € [4,9], visiting the table of homotopy groups of spheres, we get:

. . ~ by, . ~
Gslrgb(?’r C®max24/ C®max24) ~ 7, Gem ( rc®max24/ C®max24) ~ Lo,
G;;‘;b(lz}; C®max24; C®max24) ~ Lgy X Z%

It would be very interesting to understand and describe, in the sprit of the Arnold’s “kidneys”
in Figure 3 (see [1]), the shapes of embeddings B : M — R x D" that produce such mysterious
periods... In principle, Theorem 4 contains the instructions for such attempts. Perhaps, at least
for n = 1,2, one has a fighting chance...

Let H, G be two groups, and Hom(H, G) their group of homomorphisms. Then, G acts on
Hom(H, G) by the conjugation: forany ¢ : H — G, h € H, and g € G, we define (Ady¢)(h) by
the formula ¢~ 1¢(h)g. We denote by Hom®(H, G) the quotient Hom(H, G) / Adg.

The next corollary deals with special ®’s for which 7756 is a K(7,1)-space [5].

Corollary 13. Let ¢© consist of all w’s with entries 1 and 2 only and no more than a single entry 2.
Put x(d) := d(d 2) for d=0 mod 2, and x(d) := @for d =1 mod 2. Let Fy(yy be the free
group in x(d) genemtors.

Assume that either Y is a closed manifold, or 0Y # @ and the A-condition is in place.

If oY # @, then there is a bijection

=P QTP (Y; ®; @) —» Hom (71 (Y), Fya)

and a surjection
QMM Q" (Y;¢®; @) — Hom(my(Y), Fyg))-

When Y is closed, then similar claims hold with the targets of ®*™° and ®'™™ being replaced by
the set Hom* (711 (Y), Fy(a))-

In particular, P Qemb( ;C@; @) Fra)/Ad Fe)’ the free group of cyclic words in
k(d) letters (see Figure 3).

Thus, if 7t1(Y') has no nontrivial free images, then the group Qemb( ;€O; ¢O) is trivial.

Proof. By Theorem 2.4, [5], for such a c®, the space P§® is of the homotopy type of
K(Fea), 1) = \/Z(:di SL. Thus, when Y is closed, by the obstruction theory, [Y, \/gg Sl ~
Hom* (711 (Y), Fy(a)) (see [25], Section VI, F). When oY # @, the boundary of Y is mapped
by ®F to the preferred point pt € PS€. This makes it possible to consrder the based loops
in Y, the base point b being chosen in 9Y, and the based loops in V S},, the base point
pt being the apex % of the bouquet. Again, by the standard obstructlon theory, we get
[(Y,3Y), (V) SL,%)] & Hom(my (Y, b), Fe(a)).

Now, by Corollary 9, the claim follows. In particular, if 711 (Y') has no nontrivial free images
(say, rr1(Y) is a finite group), the group Qemb( ;€O; O) is trivial.

See Figure 3 and [5,26] for more illustrations of the cases when 73;@ isa K(7m,1)-space. O

Proposition 15. Let @' = @ =g {w: |w| >k}, andd' > d >k >2,d =d mod 2.
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Then, assuming the A-condition (21), we get a group homomorphism

CD"i/s,( ;€0; cO) : G;i/s,(n €®; c®) — 7, (PS®)/ ker((eg)«) ~
A(d, k) - A(d, k) s (E)e A, F) .

~ (NS ke {ma(\SE) S (VS ] (51)
i=1 i=1 j=1

which is an isomorphism for the embeddings and an epimorphism for immersions. The homomorphism
(Eg )« in (51) is induced by the embedding e p P§® — P;,Q The number A(d, k) := A(d, k,0)
has been introduced in (12).

Forn < k — 1, the group G;;‘i‘,b(n; cO, cA; c@®) is trivial.

Proof. By Formula (31) from Theorem 10, we produce the map &' i, d/( ;€O; ¢®). By Corollary 9,
it is a group epimomorphism for immersions and an isomorphism for the embeddings.

By Proposition 5 and the Alexander duality, the spaces 73;@ and 735,@ have the homology
types of bouquets of (k — 1)-spheres. Recall that a simply connected CW-complex whose
torsion-free Z-homology is concentrated in a single dimension g is homotopy equivalent to
a bouquet of g-spheres (see [27], Theorem 4C.1). Therefore the spaces PS© and PSP have
the homotopy types of bouquets of (k — 1)-spheres, provided k > 2. With the help of these
l(fk)sk 1)_>7TH(V Ad', )Sk l)
is induced by the embedding €, 4 : 73;@ — P;,Q This validates the first claim.

The last claim follows from the cellular approximation of a continuous map in its homotopy

homotopy equivalences, the homomorphism (&4 )« : 70, (\/

class. O

For d' = d, we are able to compute the quasitopy classes of k-flat (see Definition 8)
embeddings into R x Y. They correspond to the case g = 0 in the following proposition.

Proposition 16. For k € [3,d — 1] and q € [0,d], consider the closed subposet ®|(Z)\’>k = {w:
lw|" >k, |w| € [q,d]}. Assume the A-condition (21).

Then, for a compact smooth n-manifold Y with a boundary, the quasitopy set of embeddings is
described by the formula

A(d, k,q)
Qemb(Y,‘CQ(Z)‘,Zk,'C@(q) ) =~ [(Y,0Y), \/ Sk b *)],

\ |~|">k

where * is the apex of the bouquet, and the integer A(d, k, q) is defined by (12).
In particular, the quasitopic classes of embeddings in the cylinder R x D" with the combinatorial
patterns w such that |w|" < k and |w| > q are described by the group isomorphism

A(d, k,q)

Qg (D" ®|(i)|/2k;c®\(i)|/2k) ~ (VST )
i=1

Proof. The arguments are similar to the ones used in the proof of Proposition 15. To simplify

notations, temporarily, put © = ®‘( )|'>k
By Theorem 5, P9 has the integral homology type of a bouquet of A(d, k,q) many (d — k)-
dimensional spheres ([6]). Since the space 75;9 is (d — k)-dimensional CW-complex [5], for

k > 2, the space Pﬂf@ is simply connected. By the Alexander duality, its integral homology
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is concentrated in the dimension k — 1 and is isomorphic to ZAW@ka). By Proposition 4C.1

from [27], 7956 has the homotopy type of the bouquet \/;_ d k) Sffl. Now, by Theorem 4, the
claim follows. [

Theorem 6. Let Y be either a closed smooth n-manifold or a manifold with boundary, in which case, we
assume the A-condition. We denote by (w) the closed subposet of Q g, consisting of elements w' < w.
Then, for all d < 13 and all w such that |w|" > 2, the quasitopy nggb(Y; c(w); c(w)) either is
trivial (consists of single element), or is isomorphic to the cohomotopy set 7% (Y), where k = k(w) €
[lw/"—1,d-1].
For d < 13, the List A1 in Appendix A lists all w and the corresponding k = k(w) for which
P§<w> is non-contractible (in fact, a homology k-sphere).

Proof. The claim follows by combining Theorem 4 with the List Al in Appendix A. [

Example 5. Letd = 8 and w = (4). Then, for any closed Y, using the List A1 in Appendix A,
we get a bijection Qemb(Y, c((4));¢((4))) =~ m*(Y), the 4-cohomotopy set of Y. In particular,
the we get the following group isomorphism:

QSE°(S7;c((4));e((4))) = 77(S*) ~ Z x Zna.
Letd = 12 and w = (11213). Then, for any closed Y, by (A1), we get a bijection
QI (Y5 ¢((11213)); ¢{(11213))) = 7®(Y).
In particular, we get an isomorphism Q%"lbz(s ¢((11213)); ¢((11213))) =~ 719(S®) = Zo4.

3.5. Relation Between Quasitopies and Inner Framed Cobordisms

For a compact smooth Y of dimension n > k — 1, Proposition 16 below points to a peculiar
()
@

connection between the quasitopies of embeddings Q;”‘;b( c®‘( )|/>k' I~ >k

framed cobordisms .7:8751 (Y) of Y (see the definition below).

) and the inner

Definition 14. The cobordisms F B'El (Y) are based on codimension k — 1 smooth closed submanifolds
Z of Y of the form Z = 1]~ d ka) Zy. The normal bundle v(Z,Y') is framed. The disjoint “components”
{Zs}o of Z are marked with dzﬁferent colors o from a pallet & of cardinality A(k,d, q).

Two such submanzfolds Zy,Z1 C Y are said to be inner cobordant if there exist codimension k — 1
submanifold W = 1] AU k’q) We of Y % [0, 1], such that
oW = (Zy x {0})U (Z1 x {1}); moreover, W, = ((Zo)os x {0}) L1 ((Z1)o x {1}) for each color
o € E. The normal bundle v := v(W,Y x [0,1]) is framed, the restrictions v|y, oy ~ v(Zo,Y),
Vlyxq1y = v(Z1,Y), and the framing of v extends the framings of v(Zo,Y) and v(Z1,Y).

As with quasitopies of immersions, for any pair Y7, Y, of compact smooth manifolds with
boundary and any choice of k1 € 7p(dY1), k2 € 719(dY2), an operation

FBEL(v1) x FBE N (Y2) — FBE L (Yi#sYa) (52)
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may be defined in an obvious way as Z1 [ [ Z, C Yi#;Y>. This operation W converts the inner
framed cobordisms FB51(D") into a group. Choosing x € 719(dY), we get a group action

Wr: FBEY(D") x FBEL(Y) — FBE (). (53)

Proposition 17. Let a pallet 2 be of the cardinality A(d,k,q). For a compact smooth manifold Y of
dimension n > k — 1, where k € [3,d — 1], there is a bijection
. k— ~ b(y. .
Th: FBE(Y) ~ Q5P (v;¢0|7), ;07 ,),
delivered by the Thom construction on the trivialized normal bundle v(Z,Y'), where

[Z < Y] € FBEY(Y). The bijection Th respects the operations Wz and \t in framed inner bordisms
and in the quasitopies:

Th(Zy Wx Zy) = Th(Z1) & Th(Zy). (54)

ﬁg,k,q) Z; — Y of a closed smooth Z of codimension

k — 1, the Thom construction on v(Z,Y) produces a continuous map Tz : Y — \/?g’k’q) Sk1to

Proof. Given a framed embedding Z :=[]

the bouquet. Since Z is closed, 0Y is mapped to the base point x of the bouquet. The homotopy
class of Tz depends only on the inner cobordism class of Z C Y in F Blgl (Y).

. . @ AR gk-1
Let us fix a homotopy equivalence 7 : (P pt) ~ (V27" S5, *). By Corollary 8,

the homotopy class of the map Tz := 7! o Tz determines the quasitopy class of some em-
bedding B, : M C R X Y, whose combinatorial tangency patterns to £ belong to the poset

C(H)\(Z)\/Zk and the tangency patterns of Bz, : M — R x 9Y to the poset cA = (@), (1). Thus the
map Th: Z ~ By, is well-defined.
To show that Th is onto, we take any embedding : M C R X Y of a n-manifold M, whose

tangency patterns reside in c@fi)‘,> . and such that the tangency patterns of : IM C R x 9Y

reside in cA as above. We use B to produce a map ®F : (Y,9Y) — (PC@‘@VE", pt). Composing
®P with the homotopy equivalence T, we get a map ®F := 7 o ®F from Y to the bouquet such
that Y is mapped to the base point  of the bouquet. For each sphere Sk~! from the bouquet,
we fix a point b, € S]}’l, different from «, and a (k — 1)-frame at b,. Perturbing $P within its
homotopy class, we may assume that ®F is transversal to each b,. Then, the closed framed
submanifold Zg := (&)Y ([1yez bo) C Y is an element of F B’gl (Y). Moreover, for a given f,
the map 7! o Th(Zg) is in the homotopy class of ®F.

The injectivity of Th has a similar validation, using the (n 4 1)-dimensional cobordism
B:N — R x Y x [0,1] that bounds an embedding f: M — R x Y which is quasitopic to the
trivial embedding. Again, we perturb To ®B : Y x [0,1] — \/?idl’k’q)
to [ I,cz by, thus producing a framed cobordism W in Y x [0, 1] which bounds Zg.

Finally, the validation of the property Th(Z, Wr Z;) = Th(Z1) W Th(Z;) is on the level of
definitions. [J

Sk=1 to make it transversal

For k > 2 and an oriented n-dimensional Y, where 0Y # @, Proposition 17 gives a limited
insight into the actions of the (abelian when n > 2) group Gg/’gb(n; C®\(Z)\’2k; c@fq) ) on the

~|'>k
b(y.co0 ..o
set QS (Y'C®\~\'2k'c®|~\’zk)'

Here, is one useful observation: if f : M < R x Y is represented, via Th~!, by a closed

normally framed submanifold Zg = [[,cz Zg,» C Y, then the fundamental homology classes
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{[Zgs] € Hy—i41(Y;Z) }sez are constant along the G;’gb(n c®|( )|,>k, c@l(q)|,>k) orbit through
Th(Zg). Indeed, using the property Th(Z; Wr Z;) = Th(Z1) & Th(Z3), all the changes of Zg,
produced by the Wr-action, are incapsulated in a ball B" C Y, and thus their fundamental
classes are null-homologous in Y.

For a pallet E of cardinality A(d, k,¢), consider the subset H r[lE_Nkﬁ(Y, Z) of the group

(Hn,kH(Y;Z))A(d’k’q) that is realized by A(d, k,q) disjoint distinctly colored and normally

framed closed submanifolds {Zy }sez of Y, dim Z, = n — k + 1. For 2k — 2 > n, by a general
position argument, H[ kﬂ (Y;Z) is a subgroup of (Hy—x+1(Y; Z))A(d’k'q).

Using Propos1t10n 17 and tracing the correspondence [B] ~» Th™'([f]) ~ {[Zgs]}o,
validates instantly to the following claim.

Proposition 18. Let Y be a compact smooth oriented n-manifold Y, wheren > k —1and k € [3,d — 1].

Assume that oY # @. Then, the orbit-space of the Gemb(n c®‘( )\’>k' \(Z)\’zk)
b (@) (9)

Qg (Y C®| ~|1 >k’ C®\

admits a surjection on the set H };7{{:% (Y;7).

-action on the set
)

Example 6. Takek =3,d = 6,9 = 0, and n = 3. Then, A(6,3,0) = 10 and #2 = 10. Thus, we get

O3

a homotopy equivalence T : Py ~ /1%, S2. For a compact oriented 3-manifold Y, any normally

framed 1-dimensional submanifold Z acquires an orientation. Using the isomorphism
Th: FBE(Y) =~ QEE°(Y; €O >3: €O r>3)

from Proposition 17, any collection of at most ten disjoint framed closed 1-dimensional submanifolds
Z1,...Z10 C Y (that is, any framed link Z C Y, colored with 10 distinct colors at most) produces a
quasitopy class of an embedding B : M® — R x Y, where M is closed. Its tangency patterns w, with
the exception of (@), have only entries from the list {1,2,3} so that no more than one 3 and no more
than two 2’s are present in w, while |w| < 6.
For an orientable Y, the orbit-space of the Gglrgb(B; €O\ |1>3; €O/ >3)-action on

ng‘gb(Y; O >3; €O 1>3) admits a surjection onto the group (Hi(Y;Z))'. For example, for
Y = T3\ int(D3), where T? is the 3-torus, the orbit-space is mapped onto the lattice Z>°.

Corollary 14. We adopt the hypotheses of Proposition 16.
e  FordimY = k — 1 and any choice of x € 11y(dY), the group Gemb(k ~1;c07

| |/>kl

¥ @ )‘, >k) Thus both sets are

o ) acts freely and transitively on the set Q;’Bb (Y; @7 I~

M’Zk I~">
in a 1-to-1 correspondence.

*  For a simply connected Y, dimY = k > 4, the group Gemb(k c@fq)‘,>k, @

[~|">k

) acts freely

and transitively on the set Qemb (Y c@)‘(q)|,>k; c@)‘(N)|,>k). Aguain, both sets are in a 1-to-1 corre-
spondence. -

Proof. By Proposition 18, there exists a bijection
. FRk-1 b () (@)
Th: FBE ' (Y) = QER°(Y;e® ). ;c@ " ).

When dim Y = k — 1, the elements of FBX1(Y) are represented by finite sets Z of framed
oriented singletons, marked with #= colors at most. (We may assume that no two singletons of
the same color have opposite orientations.) Evidently, any such finite set Z can be incapsulated
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into a standard smooth ball D~ C Y such that 9D¥"1 N 9Y = D*~2, a standard (k — 2)-ball.
Therefore Z belongs to the FB5 ! (DF1)-orbit of the empty collection Zg. By (54), Th(Z)
belongs to the ngb(k -1 C®|(i)|’2 ¥ c@‘(i)‘,zk)-orbit of the trivial embedding (the empty one for
d =0 mod 2 and the embedding B, : Y — {0} x Y C R x Y ford =1 mod 2). This validates
the first claim.

For a simply connected Y, dimY = k > 4, again by Proposition 18, any element of
Qf{gb(Y; CG)\(Z)I’zk; C®\(i)|’zk) is represented by a framed collection Z of disjoint loops in Y,
colored with #E colors at most. Using that 711(Y) = 1 and dimY = k > 4, we can bound
each loop Z, by a regularly embedded smooth 2-disk W, C int(Y') so that all W,’s are disjoint.
Therefore, each loop Z, is contained in a standard ball Df§, the regular neighborhood of W,.
By performing 1-surgeries on [ [, DX, we construct a k-ball B¥ that contains all Z,’s. Adding
a 1-handle H C Y\ B¥ that connects 0B* with 9Y, we exhibit a ball B := B* U H which
contains all the loops and such that 9B¥ N dY is a (k — 1)-dimensional ball. Therefore, Z is,
once more, in the orbit of the empty collection Zy of loops. By (54), Th(Z) belongs to the
Gg/’;‘b(k; C®|(Z)|’Zk; c:@‘(i)l,zk)—orbit of the trivial embedding.

In fact, this conclusion is also valid for 3-manifolds Y with a spherical boundary, but its
validation is not as direct as for the case k > 4. If 771 (Y) = 1, by the Perelman’s solution of the
Poincaré Conjecture [28-30], we conclude that Y is the standard ball D3. Thus any Z-colored
and framed link Z C Y is obviously contained in D3.

As usual, the case k = 4 seems to be challenging. [

3.6. More About the Stabilization of QZ,’QP(Y, 9Y; O, cA; c@®') by the Degrees d, d’

We start with the embeddings of 1-manifolds in the product R x D! and the forbidden
poset © that consists of w’s with the reduced norms > 2.

Proposition 19. Letd’ > d +2,d" =d mod 2. For a closed subposet ® C Qg | >, let ®{d/} be
the smallest subposet in Qg that contains ©. Then, we get a stabilization by d':

A N c®
QSTS (DY eOpy 10y O an) ~ 1 (P4, pt).

Proof. The claim follows from Theorem 4 by combining it with Theorem 6 (see also Theorem

[C)
2.15 from [5]), which claims that (€5 )« : 7'(1(77; +£d+2}

induced by the embedding €;., # of the two spaces. See [5] for an explicit description of

Q)
)~ 7'(1(77;/ 1) is an isomorphism,

€}
presentations of such fundamental groups 73 (73; +§d+2} ). O

Theorem 7. Let © be a closed poset such that |w|" > 3 forany w € ©. Letd" > dand d’ = d mod 2.
Assume the A-condition (21).

For any compact smooth Y such that dimY < d 4+ 2 — g (d + 2) (see (9)) we get the classifying
map

®l/e ,(Y;e0;c0) : Q5 ,(Y;c®;c@) = [(Y,dY), (P, pt)], (55)

which is bijective for embeddings and surjective for immersions.
For any profinite (in the sense of Definition 2) poset © and any Y, the set Qgrg,b(Y; cO;
cO) stabilizes for all sufficiently big d.
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Proof. The argument is a bit similar to the one we used in the proof of Proposition 15.

Under the hypotheses, by Theorem 2, the homomorphism (ez )« : Hj(P$®;Z) —
H;(P59,;Z) is an isomorphism for all j < d + 2 — g (d + 2). Since |w|' > 3 for any w € ©, all
the spaces { PSP}~ 4 are simply connected. Hence, €4, induces an isomorphism in the inte-
gral j-homology of P5© and of P§?, for all j < d 4+ 2 — e(d + 2). By the Whitehead Theorem
(the inverse Hurewicz Theorem) (see Theorem (7.13) in [31]), €4 442 induces isomorphisms of
the homotopy groups of 73;@ and of 77;?2 in dimensions < d 4+ 2 — ¢ (d + 2). By standard
application of the obstruction theory, if dimY < d + 2 — 1g(d + 2), no nontrivial element of
[(Y,0Y), (PS®, pt)] becomes, via € 445, null-homotopic in [(Y,dY), (77;'5?2, pt')]. Thus, for such
Y, we get

[[(Y,3Y), €qasa: (P§O,pt) = (P5D5, pt)]] = [(Y,3Y), (PSC, pt)).

By Lemma 4.3 from [6], for any closed profinite ®, limy_,, d’ — o (d’) = +oo. Hence,
repeating the previous arguments, we get a similar conclusion for alld’ > d > dim Y.
Therefore, by Theorem 4, the all the claims of Theorem 7 follow. [

Example 7. Tracing these lines of arguments and using Vassiliev's computation [4] of the cohomology
ring H*(P©Cmac4, pt; 7,), we get the following claim. For all d > 4 and any compact connected
orientable surface Y, the quasitopies Ggf‘;ﬁz(Y,‘ COpmax>4; COmax>1) of embeddings p: M — R x Y,
where M is a surface, are stable and isomorphic to Z.

Example 8. Let © = ((4), (33)). Then, by Theorem 7 and Example 1, we get a bijection
DM, (Y;¢0;¢0) : QSTE,(Y;cO;c®) — [(Y,9Y), (PSP, pt)] (56)

foralld > 2dim(Y) — 4. Thus, QS%&Z(Y; cO; cO) is stable for all d > 2dim(Y) — 4.
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Appendix A. Topology of ’P;<w) for Small d

In conclusion, let us state somewhat surprising results of one computer-assisted compu-
tation from [6] (Figures 6-8). The tables below are produced from these three figures with
the help of the Alexander duality. For a given w € Q, we denote by (w) the minimal closed
poset that contains w. In List A1, for d < 13, we list all compositions w for which the space
(w) i

’P;<w> is homologically nontrivial. In fact, for d < 13, every homologically nontrivial 73; s

) are homotopy

a homology sphere! Moreover, at least for w with |w|" > 2, all such spaces 77;

spheres. Unfortunately, the reason for such phenomena is mysterious to us...
In the list below, we denote by “Sk” the homology k-sphers. We use the notation “SX” for

the homotopy k-spheres. To make the writing of w’s more compact, we adopt the following

notation: for example, we abbreviate w = (1132555) as (12325%).
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List of nontrivial Z-homology types of 73;<w> ford <d<13:

d=4

lw|'=0: w=(1%) = S°
lw|'=1: w=(2) =S°
lw|"=3: w=(4) = S2
d=>5.

lw|'=0: w=(1%) = 8°
lw|'=4: w=(5) =83

d==6.

lw|'=1: w=(2) =80

d=1.

|w|/ =U w= (15)r (13) = SO

lw/'=6: w=(7) = S°

d=38.

Wl =0 w=(19),(14),(1%) = 8°
lw'=1: w=(1,21) =8* w=(2) =8°
|w|/ =2 w=(13),(31) = s*

w|' =3 w=(4) = S

lw|" =7 w=(8) =S

d=09.

| = 0: w = (17),(1%), (1%) =

|w|/ — 1: w = (12,2,1), (1/2/12)/ = S4’
|(,U|/ = w = (12/3)/ (1/311)/ (3’ 12) = 84,
lw|'=8 w=(9) =8

d=10.

wl =0 w=(1%),(19),(1%), (12) =8

(

lw| =1 w=(13,2,1),(1%,2,1%),(1,2,13), = 8%, w=(2) =S

lw| =2 w=(13,3),(1%,3,1),(1,3,12),(3,1%) = S

lw|"=9: w=(10) = S&.

d=11.

w|' =0: w = (1%),(17),(1%),(1%) =S

lw|' =1 w=(1%,2,1),(13,2,12), (1%,2,1%),(1,2,1*) = S¥%

lw|"=2: w=(143),(13,3,1),(12,3,1%),(1,3,13), (3,1%) = S%
w=(1,2,1,21) =S

lw|' =3 w=(1,21,3),(3,1,2,1) = S5

lw|" =4 w=(3,1,3) =S

lw| =10: w=(11) = SJ.

d=12.

jw|' =0: w = (119),(1%),(1%), (1), (12) = S,

lw|"=1: w=(1%2,1),(14,2,1%),(13,2,1%),(12,2,1%),(1,2,1°) = S%
w=(1,21) =S
w=(2) =8Y

lw|"=2: w=(1%3),(14,3,1),(13,3,12),(12,3,1%),(1,3,1%), (3,1%) = S%;

w=(1%,2,1,2,1),(1,2,12,2,1),(1,2,1,2,1?),(1,3),(3,1) = S¢;

(A1)
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w=(1,221) =S¥
lw| =3 w=(1%2,1,3),(1,2,1%,3),(1,2,1,3,1),(1,3,1,2,1),(3,12,2,1),
(3,1,2,1%),(4) = S8,
=(1,2,3),(3,2,1),(1,4,1) = S
lw|' =4 w=(1,31,3),(3,1,3,1) = S&;
=(1,5),(5,1),(3%) = S§;
lw|" =5: w=(6) = S8
lw|" =11: w = (12) = S1°,

d=13
w|' =0: w = (11),(17),(17),(1%),(1%) = s
lw|" = =(15,2,1),(15,2,12), (1%,2,13), (13,2,1%), (12,2,1%), (1,2,1°) = S%
:(2,2 1),(1,2,1%) = S8;

lw|" =2 w=(1°,3),(1%,3,1),(1%4,3,1%),(12,1,3,13),(12,3,1%),(1,3,15), (3,1°) = S

w = ( 12,3),(1,3,1),(3,1%),(13,2,1,2,1),(12,2,1%2,2,1),(12,2,1,2,1%), (1,2,13,2,1),
(1,2,12,2,1%),(1,2,1,2,13) = SS;

w = (12 22,1),(1,22,1?) = S8;
lw|" =3: w=(13,2,1,3),(1%2,2,1%,3),(1%,2,1,3,1),(1%2,3,1,2,1),(1,2,12,3,1),

(1,2,1,3,1%),(1,3,1%,2,1),(1,3,1,2,1?),(3,12,2,1%),(3,1,2,13) = S¢;
w=(12,2,3),(1,2,3,1),(1,3,2,1),(3,2,12), (12,4,1),(1,4,1%) = S§;

lw|" =4 w=(1%2,3,1,3),(1,3,1,3,1),(3,1,3,12), = S¢;
w=(1,3),(3%,1),(1%,5),(1,5,1),(5,1%) = S§;

lw|" =12 w = (13) = SIL.
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