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Abstract

Though a convergence space is connected if and only if its topological modification is
connected, connected subsets of a convergence space differ from those of its topological
modification. We explore which subsets exhibit connectedness for the convergence or
for the topological modification. In particular, we show that connectedness of a subset
is equivalent for a convergence or for its reciprocal modification and that the largest set
enclosing a given connected subset of a convergence space is the adherence of the connected
set for the reciprocal modification of the convergence.

Keywords: convergence space; connected subset; pretopology; topological modification;
reciprocal convergence space; graph

1. Preliminaries on Convergence Spaces

Let X be a set. Then, PX denotes its powerset, FX denotes the set of (set-theoretic)
filters on X, UX denotes the set of ultrafilters on X, and FyX denotes the set of principal
filters on X. Given A C PX, let A" = {BC X:3A € A,AC B}and A* = {H C X:
VA € A,ANH # @}. For afilter F on X, BF = {U € UX : F C U} denotes the set of
finer ultrafilters; we also write BA for B{A}.

Convergence spaces form a useful generalization of topological spaces. Namely, a
convergence ¢ on a set X is a relation between points of X and (set-theoretic) filters on X,
denoted by x € limg F if (x,F) € & (and x is interpreted as a limit point for F in ¢),
satisfying

x € limg{x}' 1)
for every x € X and
F<L<G§g= limgj: C limg g, (2)
for all pairs of filters F and G on X. The pair (X, §) is then called a convergence space.

A map f: X — Y between two convergence spaces (X, &) and (Y, T) is continuous (in
symbols f € €(¢, 7)) if f(x) € lim; f[F] whenever x € limg F, where f[F] = {f(F) : F €
F}T is the image filter. Let Conv denote the category of convergence spaces and continuous
maps. If , 0 are two convergences on X, we say that ¢ is finer than o or that ¢ is coarser
than ¢ (in symbols ¢ > o) if the identity map idx € ¢(¢, o), that is, if limg F C limg F
for every filter 7 on X. The set of convergences on a given set is a complete lattice for
this order. Moreover, Conv is a topological category (see [1] for details), that is, it has all
initial (and final) structures. Indeed, if f : X — (Y, 7), there is the coarsest convergence
f~7 on X making f continuous (to (Y, 7)), namely x € lim;-. F if f(x) € limr f[F], and
it is initial. If f; : X — (Y}, 7;) for i € I, the supremum V¢ f; 7; provides an initial lift
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for the source. As a result, Conv has products and subspaces. In particular, if (X, ¢) is
a convergence space and A C X, the induced convergence or subspace convergence |4 on
A is the initial convergence i~ ¢ for the inclusion map i : A — X, thatis, a € limg‘ . Fif
a € limg F1x.

If a convergence additionally satisfies

limg (FNG) = lim,: FN hn’lg g 3)

for every F,G € FX, we say that ¢ has finite depth (many authors include the condition (3)
in the axioms of a convergence space; here, we follow [2]).
A convergence satisfying the stronger condition that

lims( () P) = () lim D (4)
Deb DeD

for every D C FX is called a pretopology, and (X, {) is a pretopological space.
A subset A of a convergence space (X, ) is ¢-open if

lim FNA#® = Ac F,

and ¢-closed if it is closed for limits, that is,
A€ F = limg F C A.

Let Of denote the set of open subsets of (X,¢) and let Og(x) = {U € Of : x € U}.
Similarly, let C; denote the set of closed subsets of (X, ¢). It turns out that O is a topology
on X. Moreover, a topology T on a set X determines a convergence ¢, on X by

x €limg, F <= F > Nz(x),

where N (x) denotes the neighborhood filter of x for 7. In turn, ¢ completely determines
T because T = O¢_, so that we do not distinguish between 7 and ¢ and identify topologies
with special convergences. Moreover, a convergence ¢ on X determines the topology O¢
on X, which turns out to be the finest among the topologies on X that are coarser than ¢.
We call it the fopological modification of ¢ and denote it as T ¢. The map T turns out to be a
concrete reflector. Hence, the category Top of topological spaces and continuous maps is a
concretely reflective subcategory of Conv. Let clz denote the closure operator in T g.

Just like in the topological case, we will say that a convergence space is Tj if every
singleton is closed, and Hausdorff if the limit sets have at most one element.

Consider the principal adherence operator adhg : PX — PX given by

adhg A = U limég: U 1im¢g= U limg U.
Acg? Aeg UeBA

In general,
adhg A C Clg A

but not conversely. In contrast to clg, the principal adherence is in general non-idempotent
because adhz A need not be closed.

In view of (4), a convergence ¢ is a pretopology if and only if the vicinity filter Vg (x) =
Nxelim; 7 /- converges to x for every x € X, equivalently, if it is determined by its principal
adherence via limg ' = (4 7+ adhg A. The full subcategory PrTop of Conv formed by
pretopological spaces and continuous maps is concretely reflective, with the reflector Sy
given on objects by

limso,':f = ﬂ adhg A.
AcF#
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On the other hand, the reflector T is given by

limpe F = [ cleA4,
AcF#

so that T < Sy; that is, every topology is a pretopology. In fact, a pretopology is a topology
if and only if the principal adherence operator is idempotent, in which case adh; = cl¢.

We refer the reader to [2,3] for a systematic study of convergence spaces and their ap-
plications to topological problems. Convergence spaces turn out to form a very convenient
setting not only to study purely topological problems but also for Functional Analysis, as
shown convincingly in [4-6]. The variant category of uniform convergence spaces has its
own advantages in this context, as argued in [7]. An initial promising exploration of the
potential of convergence space theory in algebraic topology [8] and complex geometry [9]
was proposed by Armando Machado in the late 1960s and 1970s, but this has not been
explored much further until recently, e.g., [10-12]. Despite this extensive body of work
developing the theory of convergence spaces as an extension of classical topology, the
central topological concept of connectedness has received very limited attention in the
context of convergences spaces, in part because it appears at first glance to be completely
reduced to the topological notion, as we shall now see.

2. Connectedness

By definition, a convergence space (X, ) is connected if its only subsets that are both
closed and open (clopen) are @ and X, equivalently if every continuous map f : X — {0,1}
(where {0, 1} carries the discrete topology) is constant.

As aresult, it is plain that ¢ is connected if and only if its topological modification T is
connected so that the theory of connectedness for convergence spaces is mostly equivalent
to the classical one for topological spaces. However, some care is needed for subspaces, as
well as for products. We say that a subset A of a convergence space (X, ¢) is connected if
it is as a subspace, that is, if (A, ¢ | 4) is connected. For the reason already outlined, this is
equivalent to (A, T(g4)) being connected, but the subtlety lies in the fact that while

T(§a) = (TS)|a, (5)

the reverse inequality does not need to hold, e.g., Example V.4.35 in [2].

Note also that if { and T are convergences on X with ¢ > 7, then every ¢-connected
subset of X is also T-connected. In particular, every ¢-connected subset is also T {-connected,
but the converse is not true, e.g., Example XII.1.30 in [2].

Remark 1. Similarly, T does not commute with products, so some care is needed in extending
results on the connectedness of products from topological to convergence spaces, but the fact that
a product space is connected if and only if each factor is connected remains valid for convergence
spaces. Indeed, though Theorem XI1.1.31 in [2] is formulated for topological spaces, its proof can
easily be adapted to extend the result to arbitrary convergence spaces. See, e.g., Theorem 6.2.3 in [13]
for a complete proof.

Proposition 1. A subset A of a convergence space (X,¢) is &-connected if and only if it is
So ¢-connected.

Proof. Since ¢ > Sy ¢, every {-connected subset is also Sy ¢-connected. Conversely, if A is
So ¢-connected, that is, (Sp )| 4 is connected, then so is So(G|4) because So(Gj4) = (S0 ¢)|a
by Corollary XIV.3.9 in [2]. If A is connected for So(¢|4) > T(|4), itis T({4)-connected,
equivalently, ¢ ‘ a-connected, that is, {-connected. [
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In other words, in studying connected subsets of a convergence space, we can restrict
ourselves to pretopologies.

The extension to convergence spaces of the topological fact that if A C X is connected
and A C B C cl A, then B is also connected is:

Proposition 2 ([2] Prop. XI1.1.25). If A is a {-connected subset of a convergence space (X, ¢) and
A C B C adhg A, then B is also {-connected.

The book [2] is, however, silent on whether this result would extend if adhg Ais
replaced by clz A, even if ¢ is not topological. The first observation is that

Proposition 3. If S is a G-connected subset of a convergence space (X, &), then clg S is connected.

Proof. If S is {-connected, it is also T {-connected, and thus, so is cls S by the usual topo-
logical result. By Proposition V.4.36 in [2] or by Lemma 2 below, for A = clz S, we have
T(¢|as) = (T¢)|as- Hence, clz S is T(¢) g 5)-connected, equivalently, {-connected. [

Hence, if A is connected and

ACBCCI@A,

we can conclude that B is connected when B is closed (because B = clz A) or when
B C adhg A, but is it always true? We show that the answer is “no” in the general case, and
explore when it is “yes”.

We will use the fact that the classical result whereby the union of a family of connected
subspaces with a non-empty intersection is again connected extends from topological to
convergence spaces:

Proposition 4 ([2] Corollary XX.1.22). If {A; : t € T} is a collection of connected subspaces of a
convergence space (X, &), and et At # @, then User At is also a connected subspace.

We can refine Proposition 3. To this end, recall that we can define iterations of the
adherence of a set by transfinite induction by adhg A = Aandif adhg A has been defined
for all B < a, then

— B
adh? A = adhg ( U adh; A).
B<a
Of course, adhz A C cl; A for every ordinal &, and there is equality for sufficiently large a.
The smallest ordinal « such that adhg A= clg A for every subset A of (X, ¢) is called the
topological defect of ¢. Hence, pretopologies of topological defect 1 are topologies.

Proposition 5. If A is a connected subspace of a convergence space (X, ¢), then adhg A is con-
nected for every ordinal «.

Proof. This is clear for A = @, so assume that A # ©@. We proceed with transfinite
induction. The case of « = 0 is clear because A is connected. Suppose that aclhé3 Ais

connected for all § < a. In view of Proposition 4, |J B<a adhg A is connected, and thus,

adhz A = adhz(Ug< adhé,3 A) is connected by Proposition 2. [

In view of Proposition 1, we have:

Proposition 6. If (X, ) is a convergence space with topological defect 1, equivalently, S ¢ = T¢,
then ¢-connected subsets and T ¢-connected subsets coincide.
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To illustrate this proposition, recall from [14] that a topological space (X, 1) is
of accessibility, or is an accessibility space if for each x9 € X and every H C X with
xo € cle(H\ {x0}), there is a closed subset F of X with xg € cl(F\ {x¢}) and
xo € cle(F\ H\ {x0}).

Following [15], we say that a pretopology T is topologically maximal within the class of
pretopologies if

c=Sc>7tand Toc=Tr=o0c=T1.

It is proved in [15,16] that a topology is of accessibility if and only if it is topologically
maximal within the class of pretopologies. Hence, if ¢ is a convergence for which T ¢ is an
accessibility space, then So ¢ = T ¢ by maximality, so that Proposition 6 applies to the effect
that ¢-connected and T ¢-connected subsets coincide.

To give examples of accessibility spaces, recall that a topological space X is Fréchet—
Urysohn if whenever x € cl A for x € X and A C X, there is a sequence {x,}5 ; on A
converging to x. Fréchet-Urysohn spaces in which sequences have unique limits are of
accessibility, e.g., [14]. Hence,

Corollary 1. If (X,{) is a convergence space for which T ¢ is a Hausdorff Fréchet—Urysohn
topology, then ¢-connected and T ¢-connected subsets coincide.

In this paper, we explore when ¢-connected and T ¢-connected subsets do or do
not coincide.

3. Convergences on Finite Sets and Directed Graphs

Note that finitely deep convergences and pretopologies coincide on finite sets. More-
over, they are entirely determined by the convergence of principal ultrafilters. Denoting
with an arrow x — y if y € lim{x}", a pretopology on a finite set induces a directed graph
(digraph) on X, with a loop at each point, because of (1).

In this paper, we will use graphs to represent certain examples of convergences on
finite sets. We will omit the loops at each point in order not to overburden pictures, because
they are implicit. Thus, for example, the usual Sierpinski topological space would be
denoted by

0——1

and not

0——1
@)

Note also that the basic example

St=<=—099

—C

corresponds to the pretopology ¢ given by Vi:(a) = {a}!, Ve(b) = {a,b}" and
Ve(c) = {b,c} and is not topological: an open set O around ¢ must also contain b be-
cause im{b}' NO # @; hence, O € {b}!. By the same token, it must also contain a, so
that O = {a,b,c}. In particular, ¢ € limgs{a}' but ¢ ¢ limg{a}". In fact, T is given by

the graph
a
b——

c
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and more generally, if § is a pretopology on a finite set, the digraph for T ¢ is the transitive
closure of the digraph for ¢.

In a directed graph, we say a finite sequence {x, }"=k of vertices is a path from a to b
ifxy =a,xx =0b,and x, — x,,41 forevery n € {1,...k — 1}, that is, in the convergence
space interpretation, x,, 11 € lim{x,}' for every n € {1,...k — 1}. We say that a path from
atobisin Aif x, € Aforalln € {1,...k}. Ina (non-directed) graph, we may say “a path
between a and b” instead. A graph is connected if there is a path between any two vertices.
Recall that a directed graph is weakly connected if its underlying (non-directed) graph is
connected, and connected if there is a directed path between every pair of vertices.

Proposition 7. A finite convergence space is connected if and only if its underlying digraph is
weakly connected.

Proof. Suppose the underlying digraph is not weakly connected, that is, there are a and b
with no path from a to b in the underlying (non-directed) graph. Then, the graph-connected
component of 4 is closed and open in the convergence and does not contain b, so that the
convergence is not connected. Suppose conversely that the convergence is not connected,
so that there are two non-empty disjoint clopen subsets. Pick a and b in these two disjoint
sets. There is no path between a4 and b in the underlying undirected graph, and thus, the
underlying digraph is not weakly connected. [

Note that this means that connectedness only depends on the underlying non-directed
graph. Hence, a finite convergence space (X, ) is connected if and only if its reciprocal
modification r¢, given by

t € limg{x}' <= t€lims{x}" orx € limg{t}", (6)
which has the same underlying (non-directed) graph, is connected.

4. Reciprocal Modification and Connectedness

The observation made on finite spaces that connectedness only depends on the recip-
rocal modification can be extended to general spaces. First, let us extend the definition of 7,
as a finite convergence of finite depth only needs to be defined on principal ultrafilters, but
r¢ needs to be defined for general filters on an infinite X. Given a convergence ¢ on X, its
reciprocal modification ¢ is defined by

tElimé}' F ¢ FoXNUX

7
t € limg{x}Torx € lime{t}T F = {x}" @

t €lim: F < {

Proposition 8. The reciprocal modification r is a concrete reflector, which commutes with subspaces
and for every convergence space (X, §), &-clopen and r&-clopen subsets of X coincide.

Proof. The modification r is order-preserving (¢ < T = r¢ < rT), contractive (1 < ¢),
and idempotent (r(r¢) = r{); hence, it is a projector in the sense of [2]. Moreover, if
f €% 1)and t € limg F, then t € lim; F C lim,; F if F is not a principal ultrafilter.
If it is, say F = {x}T, then t € limz{x}T or x € limg{t}T. Hence, f(t) € lim{f(x)}"
or f(x) € lim{f(t)}7, so that f(t) € lim,-{f(x)}!. Hence, r is also a functor, and thus
a reflector. In particular, if A C X, then r(j4) > (r¢)|4, and we only need to verify
the reverse inequality. Suppose a € lim,: F, where A € F. If F is not principal, then
a € limg‘A]-' C lim,(gm)}". Otherwise, 7 = {b}, where b € A and a € limg{b}" or
b € limg{a}", so thata € lim g ) F.
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As¢ >, TE > T(r¢), so that every ré-clopen subset is also ¢-clopen. Let U be a non-
empty ¢-clopen subset of X. To see that U is r¢-open, let lim,s F NU # @. If F ¢ FoXNUX,
lim; F N U # @, and thus, U € F because U is ¢-open. Otherwise, 7 = {x}' and there
is t € UNlim,z{x}T, thatis, either t € limz{x}" and U € {x}' = F, or x € limg{t}" and
x € adhg U C U, thatis, U € {x}T = F. Hence, U is ré-open. To see that U is r¢-closed, let
Ue Fandt € lim: F. If F ¢ FoX NUX, t € limg F C cle U = U. Otherwise, F = {x}T
for some x € U and either t € limg{x}' C cl:U = U or x € lims{t}T and U € {t}"
because U is ¢-open, so that t € U. Hence, U is r§-closed. [

Corollary 2. A subset A of a convergence space (X,¢) is ¢-connected if and only if it is
ré-connected.

Proof. As ¢ > r(, A is r¢-connected whenever it is {-connected. Conversely, assume that A
is not ¢-connected, that is, there is a non-empty proper ¢ 4-clopen subset C of A. In view of
Proposition 8, C is also 7(§| 4 )-clopen and (¢} o) = (r¢)|4; hence, A is not r¢-connected. [

Consider the dual Alexandroff pretopologies {* and ¢*® associated with a convergence
¢ on X and defined by

adhs A= {t € X : lim:{t}T N A # @},

and
adhz A= | J limg{a}",
acA
respectively. Note that B Nadhze A # @ if and only if A Nadhg B # @, and thus, a subset
of X is {*-open if and only if it is *-closed. Of course, if ¢ is T7, then both ¢* and ¢*® are
discrete.

Proposition 9. If (X, §) is a convergence space and A C X, then

adh,z A = adhz A Uadhg« A,
and more generally,

adhjs A = adh; AUadhg. A,
for every ordinal . In particular,

clig A =clz AUclg A.
Proof. As¢ > r¢,adhz A C adh,¢ A, and if x € adhg« A, then thereis t € limg{x}T NA,so
that x € lim,z{t}" C adh,z A. Hence, adhz+ A C adh,; A.
Conversely, if t € lim,z A, there is a filter 7 with A € F and t € lim,F. If

F ¢ FoXNUX, t € limg F C adhg A. Otherwise, there is x € A with F = {x}! and
t € lim,z{x}", so that either ¢ € lims{x}' C adhs A or x € lim;{t}" and t € adh; A.
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Assume that adhf; A= adhgr AUadhf, A for every B < a. Then,

adhf; A = adhy (J adnf; 4)
B<«
= adhy (| adhf AUadR. 4)

B<a

= adh, (( U adh? A) U (| adhf. A))

B<wa B<a
= adh,s( | adhg A)Uadh( | adhg* A)
B<wa B<wa

= adh} AUadhf. A.
O

5. Enclosing Sets

Let us say that a subset S of a convergence space (X, ¢) encloses a connected subspace
A if B is connected whenever A C B C S.

Proposition 2 states that the adherence of a connected set encloses that set. In view of
Corollary 2 and Proposition 9, so does its r¢-adherence, which is the union of its {-adherence
and its ¢*-adherence. It turns out to be the largest possible enclosing set.

Lemma 1. Let A be a non-empty connected subset of a convergence space (X,¢). Then, S C X
encloses A if and only if AU {p} is connected whenever p € S.

Proof. = is obvious, using the enclosing property with A C AU {p} C S.

<=: Let A C C C S. Consider the family {A U {c} : ¢ € C} of connected subsets
of X. As (AU{c})NA # @ for every ¢ € C, we conclude from Proposition 4 that
Ucec AU {c} = Cis also connected. [I

As a result of Lemma 1, given a non-empty connected set A, the enclosure of A de-
fined by
e(A) = {x € X: AU {x} is connected }

is the largest (for inclusion) subset of X that encloses A, so that
Sencloses A <= S Ce(A). (8)

Theorem 1. If A is a non-empty connected subset of a convergence space (X, ¢), then

e(A) = adhg A Uadhg A = adh,¢ A.

Proof. By Proposition 2 and Corollary 2, adh,s A C e(A).
Suppose t ¢ adhz A and t ¢ adhg A. Then A U {t} is not connected. Indeed, A is
closed in &) 4,(} and is also open for limg , ., {t}TNA =@. Hence, t £ e(A). O

Remark 2. As a principal adherence operator, adh,¢ is additive (commutes with finite unions), but
it may fail to be idempotent. This is easily seen in the Ty case, where adh,z = adhg. For instance,
we can pick a standard non-topological Hausdorff pretopology like the Féron-cross pretopology of Ex-
ample V.6.1 in [2]. This pretopology on R? is given by the vicinity filters V(x,y) = {Ba((x,y),7) :
r > 0}, where By((x,y),7) = {x} x (y —r,y +r)U (x —r,x +7) x {y}.
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In that example, the set B = {(x,y) € R* : 0 < x < y < 1} is connected;
e(B) = adhB = {(x,y) € R? : 0 < x < y < 1}\{(0,0),(0,1),(1,1)}, and
e(e(B)) = adh?B = {(x,y) € R?: 0 < x < y < 1} is closed.

Corollary 3. If (X, {) is a Ty convergence space and A is a non-empty connected subset, then
e(A) = adhg A. In particular, clg A encloses A if and only if adhg A = clz A.

Let us say that a convergence space (X, ) has the sandwich property if clz A encloses A
for every connected subset A of X. Note that for a convergence space (X, &), the functorial
condition that Sy ¢ = T ¢ is equivalent to the fact that adhz A = clz A for all subsets A of X,
so that, in view of Corollary 3, every convergence ¢ satisfying this condition also has the
sandwich property, but this condition is not necessary for the sandwich property.

Example 1 (A T; convergence with the sandwich property for which Sy ¢ > T¢). The
usual bisequence pretopology (see, e.g., Example V.4.6 in [2]) is non-topological, and hence
satisfies { = So ¢ > T ¢, and it is Ty (in fact, Hausdorff). Its only non-empty connected sub-
sets are the singletons, which are closed, so that it has the sandwich property. Let us describe
this example more explicitly for future use: on X = {x,, :nk € w}U{x, :n € w}U{xe},
consider the pretopology & in which each x, is isolated, that is, V(x,x) = {x,x}!, and
V(xg) = {{xux:k>ptU{xn}:pewl! forevery n € w, and V(xe) = {{xn : n >
prU{xe}:p € w}l

On the other hand, Tj is necessary in Corollary 3:

Example 2 (A convergence space with the sandwich property and a connected subset
with non-closed adherence). Let us consider a triangular directed graph, interpreted as a pre-
topology. Namely, consider X = {a, b, c} with the pretopology determined by lim{a}" = {a, b},
lim{b}" = {b,c} and lim{c}' = {c,a}.

AN

It can easily be seen that every subset is connected (observe that r¢ is the antidiscrete topology!);

c

hence, this space has the sandwich property. However, adh{a} = {a, b} while cl{a} = {a, b, c}.

6. T-Subspaces

Let us call a subset A of a convergence space (X, ¢) a T-subspace if (T¢)|4 = T(Gj4)- In
view of (5), this is equivalent to

T(51a) < (T8)a, ©)
that is, every ¢ 4-closed set is (T¢)|4-closed. In other words, A is a T-subspace if and
only if

adhs BNA=B==c;BNA=B, (10)

for every subset B of A.
In view of the discussion following Proposition 6, the following is clear.

Proposition 10. If (X, &) is a convergence space and A C X is a T-subspace, then A is {-connected
if and only if it is T ¢-connected.

Here are two prototypic examples of a subset that fails to be a T-subspace:
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Example 3 (A non-T-subspace (finite example)). Let X = {a, b, c} with the "line” pretopology
given by lim{a}" = {a,b}, im{b}" = {b,c} and lim{c}' = {c}, that is, V(a) = {a}T,
V(b) = {a,b}1,and V(c) = {b,c}.

a

l

b——=c

Consider the subset A = {a, c}. Its subset {a} is § s-closed but c € Cl(Tg)‘A{ﬂ}/ as the only
G-open set containing c is X, so that {a} is not (T ()| s-closed. Hence, A is not a T-subspace.

Example 4 (a non-T-subspace (infinite Hausdorff example)). Consider the standard bisequence
pretopology of Example 1 and its subset A = {x,; : n,k € w} U {xe}. Note that its subset
{xnx k€ w}is § g-closed but not (T )| s-closed for xeo € CI(T€)|A {xpx : 1,k € w}, so that
A is not a T-subspace.

These two basic examples illustrate the following clear fact.

Proposition 11. If (X, §) is a convergence space, S C X and x € clg S \ adhg S, then SU {x} is
not a T-subspace.

Proof. Indeed, if A = SU{x}, then S is {s-closed but not (T¢) 4-closed as
X € Cl(Tﬁ)‘A S. O

Corollary 4. If (X, §) is a convergence space, the following are equivalent:
(1) So&=T¢

(2) ¢ has topological defect 1;

(3)  Ewvery subset of X is a T-subspace.

Proof. By definition, (1) <= (2), and we have seen that (1) implies (3) because
So(¢ja) = (So¢)|a by Corollary XIV.3.9 in [2]. Finally, (3) = (1) by Proposition 11 as
clg S = adhg S for every S C X if all subsets are T-subspaces. [

Singletons are always T-subspaces because there is only one convergence on a singleton.

Remark 3. Note that a union of two T-subspaces may fail to be a T-subspace. For instance,
the two singletons {a} and {c} in Example 3 are T-subspaces but {a} U {c} is not. Similarly,
the complement of a T-subspace may fail to be a T-subspace. For instance, The singleton {b} in
Example 3 is a T-subspace, but its complement {a, c} is not. Moreover, the intersection of two
T-subspaces may fail to be a T-subspace, as the example below illustrates.

Example 5 (The intersection of two T-subspaces may fail to be a T-subspace). Consider the
pretopology on X = {a,b,c,d} given by lim{a}" = {a,b,d}, lim{b}" = {b,c}, lim{c}" = {c}
and lim{d}" = {d, c}:

a b

d c

The subsets A = {a,b,c} and B = {a, c,d} are T-subspaces as T(G|4) = (T §|4) is given by

|

—_

—_—

a

/|
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and similarly for B; however, AN B = {a,c} is not a T-subspace as T(|anp) = G|anp is the
discrete topology, while (T §)|anp is an homeomorphic copy of the Sierpinski topology

a—->c
Lemma 2. A subset of a convergence space that is either closed or open is a T-subspace.

Proof. Let A C X, where (X, ¢) is a convergence space. To show that A is a T-subspace,
we show (9).

Suppose A is closed and C C A is §|4-closed, and let ' € FX with C € F and
x € limg F. As Ais closed, x € A; hence, x € limg‘ . F,and thus, x € C. Therefore, C is a
¢-closed subset of A.

Suppose A is openand U C Ais ¢ ,-open, thatis, if 7' € FA and lims F N U # O,
then U € F. Now, if G € FX and limg GNU # O, thenlims GN A # @ and A € G because
Ais open; hence, U € G, and U is {-open. O

Remark 4. Note that we can modify the pretopology of Example 5 to ensure that the sets A and
B are still T-subspaces with a non-T intersection, but that they are neither open nor closed (nor
singletons), by taking the reciprocal modification:

B S

[U=<=—>
A>T

-~

Hence, there are non-singleton T-subspaces that are neither closed nor open, even when

So& # Té.

In the finite case, T-subspaces find a somewhat more concrete characterization
than (10).

Proposition 12. Let (X, ) be a finite convergence space. Then A C X is a T-subspace if and only
if for every a,b € A, if there is a path from a to b, there is also a path from a to b in A.

Proof. Suppose A is not a T-subspace, that is, T(§|4) % (T§)4- In other words, there is
B C A that is {|-closed but not (T )| 4-closed, so that there is b € B with a € clz{b} N
(A\ B). In other words, there is a path from b to a. Because B is §| 4-closed, there is no such
path in A. Conversely, suppose that A is a T-subspace and that there is a path from a to
bwherea,b € A. Hence, b € clz{a} and T({|4) = (T{) |4, so thatb € clg , {a}. Therefore,
thereis a path fromatobin A. O

7. Sandwiched Sets

In a convergence space without the sandwich property, it makes sense to study the
connectedness of sandwiched subsets, where B is referred to as sandwiched if there is a
connected subspace A with A C B C clz A. We may then say that B is sandwiched by
A. Note that if B is sandwiched by A, then clz B = clz A is connected by Proposition 3.
Moreover, since A is ¢-connected, it is also T ¢-connected; hence, every set between A and
its closure, in particular B, is T {-connected by the standard topological result. In other
words, every sandwiched set is T {-connected but may fail to be ¢-connected (as there are
spaces without the sandwich property). Since a convergence space is connected if and only
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if its topological modification is connected, a T {-connected T-subspace of a convergence
space (X, ¢) is also ¢-connected. In fact, we have

¢-connected — ¢-sandwiched — T ¢-connected
T 4 {
ré-connected — r¢-sandwiched — T(r&)-connected

Though ¢-connected subsets and r¢-connected subsets coincide, there are r¢-sandwiched
sets that are not ¢-sandwiched and T(r&)-connected sets that are not T -connected, as we
shall see in Example 6 below, so that the one-directional vertical arrows cannot be reversed.

On the other hand, all three notions in the first row coincide among T-subspaces (and
in the second row for T-subspaces for r¢), but no horizontal arrow can be reversed in
general. Indeed, we have seen that there are sandwiched sets that are not ¢-connected.
Moreover, we may have a T ¢-connected set that is not sandwiched.

Example 6 (A T(-connected set that is not sandwiched). Consider the pretopology on
X = {ab,c,d} given by lim{a}T = {a,b}, lim{b}' = {b}, lim{c}" = {c,b}, and
lim{d}" = {c,d}:

a——D>

/

c<——d

Then A = {a,b,d} is T {-connected, as T { is given by

but it is not sandwiched, as the only &-connected subsets of A are {d} and {a, b}, which is &-closed.

Note also that T(r¢) is the antidiscrete topology, so every subset is T (r&)-connected and every
non-empty subset is r&-sandwiched because the r&-closure of a singleton is X. However, {a,c} is
not T -connected, and A is not ¢-sandwiched.

We can summarize by the following proposition.

Proposition 13. Let (X, {) be a convergence space.

(1)  Every ¢-connected set is sandwiched.

(2)  Every sandwiched set is T {-connected.

(3) AT ¢-connected (in particular, sandwiched) T-subspace is ¢-connected.

(4) There are sandwiched sets that are not {-connected and T {-connected subsets that are
not sandwiched.

(5)  If Up<a adhf;é A C B C adhy: A for some ordinal a and {-connected set A, then B is
G-connected.

In particular, every iterated adherence of a connected set is a connected sandwiched set.

8. Conclusions

Though the concept of connectedness has been somewhat ignored in the context of
convergence spaces because it appears at first glance to be equivalent to the classical topo-
logical notion, it turns out that new interesting phenomena appear when connectedness of
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subspaces is considered. Interestingly, they can be illustrated even with finite convergence
spaces, that is, on graphs.
Key new results include

e The fact that connectedness of a subset is equivalent for a convergence or for its
reciprocal modification (Corollary 2), and the description of the adherence and closure
in this modification (Proposition 9);

e The fact that the adherence in the reciprocal modification is the largest enclosing set of
a connected subset of a convergence space (Theorem 1);

e The introduction of the notion of T-subspace (Section 6), useful in the context of
connectedness but also more broadly, and that there are non-singleton T-subspaces
that are neither closed nor open;

®  The illustration that {-connected, ¢-sandwiched, and T ¢-connected are truly different
notions and how they relate (Proposition 13).
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