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Abstract

This article proposes a unified concept of topological types of convergence for nets of
multifunctions between topological spaces. Any kind of convergence is representable by
a (2n + 2)-tuple, n =0, 1, ..., of two special functions u and /, such that their compositions
ul and lu create the Choquet supremum and infimum operations, respectively, on the
filters considered in terms of the upper Vietoris topology on the range hyperspace of the
considered multifunctions. Convergence operators are defined by establishing the order
of composition of the functions from such (2n + 2) tuples. An allocation of places for the
two distinguished functions in a convergence operator reflects the structure of the used
(2n + 2)-tuple. A monoid of special three-parameter functions called products describes the
set of all possible structures. The monoid of products is the domain space of the convergence
operators. The family of all convergence operators forms a finite monoid whose neutral
element determines the pointwise convergence and possesses the structure determined by
the neutral element of the monoid of products. We demonstrate the construction process
of every convergence operator and show that the notions of the presented concept can
characterize many well-known classical types of convergence. Of particular importance are
the types of convergence derived from the concept of continuous convergence. We establish
some general theorems about the necessary and sufficient conditions for the continuity
of the limit multifunctions without any assumptions about the type of continuity of the
members of the nets.

Keywords: multifunctions; general continuity; topological convergences; continuous
convergences; nets; filters

1. Introduction

We denote the closure (resp. interior) of a subset A of a topological space (X, T) by
CI(A) (resp. Int(A)). To simplify the lecture, throughout the paper, we will assume that
(X,7)is Ty.

For any nonempty set A, let P(A) denote the family of all nonempty subsets of A.
Generally, we will use the notation P"*1(A) = P(P"(A)) where n € Nand P°(A) = A.
The hyperspace topologies which we are about to use were introduced by L. Vietoris in [1,2]
(see also [3,4]). We recall that for a topological space (X, 7), the upper (resp. lower) Vietoris
topology T (resp. T/) on P(X) is generated by the basis {{A C X: A C U} : U € T} (resp.
subbasis {{A C X: ANU # @} : U € 1}). The upper Vietoris topology plays a crucial
role in our investigation. The closure of a subset A C P(X) with respect to 7" will be
denoted by A.

The following specific property of the upper Vietoris topology will be used later,
without explicitly referring to it.
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Remark 1. For any family A C P?(X) and U € T the following properties are equivalent:

* PU)NNker K #2;
e PUNK #Qforall K € A.

By a multifunction F : (X, T) — (Y, ) from one topological space (X, T) to another
(Y, o) we mean a point-to-set correspondence and we always assume that F(x) # @ for
all x € X. Given a multifunction F, we denote its upper and lower inverse images of a
subset B of Y by F(B) and F~(B), respectively, i.e.,, FT(B) = {x € X : F(x) C B} and
F~(B) = {x € X:F(x)NB # @} [5]. Of course, a single-valued function f : X — Y
is naturally associated with the multifunction F given by F(x) = {f(x)} for all x € X.
Obviously, in this case, F*(B) = F~(B) = f~!(B) and F(A) = f(A) forall A C X and
B C Y. The inverse images of a multifunction F we formulate in the topological terms by
using the following two functions from X to P?(Y):

x — {F(x)} and x — P(F(x)) forall x € X.
The usefulness of these functions results from the following properties:

Remark 2. For any multifunction F : (X,7) — (Y,0), x € X and W € o, the following
equivalences hold:

e xeF*(W)ifandonlyif P(W)N{F(x)} # ;

e x&F (W)ifandonlyif P(W)NP(F(x)) # @.

It follows from the following obvious equivalences for any B C Y and W € o

e BCWifandonlyif P(W)N{B} # @;
e BNW #Qifand only if P(W) N'P(B) # @.

In this paper, we will use the notion of filter as a tool for studying multifunctions. For
the sake of fixing notation, we recall some classical notions that can be found, e.g., in [6,7].
A filter base B on a set Y is a nonempty collection of nonempty subsets of Y such that the
intersection of any two members of B contains a member of B. A filter 7 onaset Yisa
nonempty collection of nonempty subsets of Y such that:

e IfA e Fand ACB, thenB € F;
e JIfAc FandBe F,then ANBe Fforall A,BCY.

For a family A of subsets of Y, let [ A] denote the family that consists of all supersets
of each A € A. Every filter base B on Y generates a unique smallest filter containing B as
a subset, which consists of the subsets of Y containing a member of B, i.e., it is equal to
[B]. Obviously, if B C A C [B], then [A] = [B]. A family of type [{B}], where B C Y, is
called the principal filter generated by B. In the case when B = {y} for some y € Y, the
term principal filter generated by y is used.

G. Choquet [7] has used the concept of supremum (Sup) and the infimum (Inf) of
filters on P(Y) as follows.

If (Y, 0) is a topological space and A is a filter on P(Y'), then

*  The supremum of A is the set of all points ¥ € Y such that for every open set W
containing y and for each K € A there exists K € K such that WN K # @;

*  Theinfimum of A is the set of all points y € Y such that for every open set W containing
y, there exists K € A such that for each Ke ', WNK # @.

In this paper, we will use Choquet’s concept of limits in the case of filters ¢ C P3(Y)
on P2(Y), considered in terms of the upper Vietoris topology ¢* on P(Y). To simplify
the notation, we denote the infimum and supremum operations by Z and S, respectively.
The following characterizations of the infimum and supremum operations will serve as
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useful tools in our investigations. They follow immediately from the definition and the
equivalences from Remark 1.

Remark 3. Let (Y, o) be a topological space and & C P3(Y) be a filter on P?(Y). Then,

e I(5) = Uree Nicer K;
e S = Miee Uker K.

2. The Monoid of Cluster Operators

In this section, we introduce the concepts of cluster functions and cluster operators,
which are broad generalizations of the concept of cluster sets for multifunctions, as dis-
cussed in [8], and earlier concepts related to single-valued functions studied in [9].

For that purpose, we will use the supremum and infimum operations represented
by the pair (I, u) of functions u, I:P3(Y) — P?(Y) defined in terms of the upper Vietoris
topology ¢* on P(Y) as follows:

o u(d)=Nger K
e I(A) =Uger K forany A € P3(Y).

The functions u and ! are highly related to each other, as we will show in the lemma
below. First, let us consider the relation = on P?(Y) defined by the formula:

. A%B,ifACﬂ{P(W) :P(W)HB#@,WGJ},

where A, B € P2(Y).
It is easy to see that the relation = is symmetric. Indeed, if A = B,B € B, P(V)NA #
@ and P(W) N B # @, where V,W € 0, then using the assumption that A C P(W) we
obtain P(W) NP (V) # @ which proves that B C P (V) and consequently, that B = A.
For any set X, the relation 2 induces a relation on P?(Y)¥, also denoted by =2, which
consists of all pairs (a, 8) € P2(Y)X x P?(Y)X that satisfy the following condition:

e a(x)=pB(x)forallx € X.

The following property will be used later to prove one of the two main results of this
work about the continuity of limits of nets of multifunctions.

Lemma 1. Let (Y, 0) be a topological space and let X be a nonempty set. If w and B are functions
from X into P?(Y) such that a =2 B, then (x(A)) = u(B(A)) forany A C X.

Proof. Assuming that « = B, we will show that Uyca a(x) = Nyea B(x). We, there-
fore, take two arbitrary sets W,V € ¢ such that P(W) N(Nyca B(x) # @ and P(V) N
Uxea &(x) # @. Then, there exists x € A such that P(W)NB(x) # Dand P(V)Na(x) # @.

Using the assumption, we obtain a(x) C P(W) and consequently, P(V)NP(W) # @
which implies that J,c 4 #(x) C P(W) and ends the proof. [

The following characterizations of the infimum and supremum operations will serve
as useful tools in our investigations. They follow immediately from the definitions and
Remark 3.

Lemma 2. Let (Y, o) be a topological space and let & C P3(Y) be a filter on P?(Y). Then,

(i) Z(Z) = Urec Nicea K = Lou(g);
(1) S(&) = NaegUkea K =uol(g).

2.1. Limits of Filters in Terms of the Upper Vietoris Topology

The following elementary property will be used in the proof of Theorem 1, which will
be stated later.
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Lemma 3. Let (Y, o) be a topological space, A € P%(Y), and let & C P3(Y) be a filter on P?(Y)
such that A € N & then, (&) ¢ A C S(2).

Proof. Since A € {K : K € A} for every A € ¢, we have ey K C A C Uge, K for any
A € ¢ and consequently, Uy Nicer KcAcn rez Uken K which, according to the above
lemma, finishes the proof. O

Any filter base B¢ that generates a filter & on P2(Y) can be used to characterize the
value of the operations 7 and S by the combinations / o # and u o I, respectively. Namely,
lou(¢) =lou(B% and uol(&) = uol(B°).

This property immediately follows from the following one.

Lemma 4. Let (Y, o) be a topological space and B* C P3(Y) a filter base on P%(Y). Then, the
following equalities hold for any family B such that B* C B C [B*]:

(i) wuol(B*)=uol(B);
(i) lou(B*)=1ou(B).

Proof. Since B C [B*], for every A € B there exists A* € B* such that A* C A, which
gives Uxerr K C Uxer K and Nicerr K D Nicea K, ice., [(A*) C 1(A) and u(A*) D u(A).
So, in summary, we now know that, for every I(A) € I(B) (resp. u(A) € u(B)), there
exists [(A*) € I(B*) (resp. u(A)* € u(B*)) such that [(A*) C I(A) (resp. u(A*) D u(A)).
Consequently,
Masess [(A*) € Mael(A) and Upsepe #(A*) D Upepu(A), ie.,
uol(B*) Cuol(B)and!lou(B*) Dlou(B). (*)

Let us now note that the inclusion B* C B implies the inclusions

{I(A*) A e B*} C {I(A): A € B and {u(A*) : A* € B*} C {u(A) : A € B}.

Hence, Np+eps L(A*) D Naepl(A) and Upsep u(A*) C Uregu(A), ie.,

uol(B*) Duol(B)andlou(B*) Clou(B).
Thus, according to (), the proof is completed. [J

Remark 4. Let us note that the following hold for any topological space (Y, o) and a filter ¢ on
P2(Y):
1ol(§) =P(Y)anduou(¢) = {Y}.

However, it is easy to check that in the case of a filter base & on P>(Y), the above equalities do
not have to be true.

Indeed, if B € P(Y) and B € P(W), where W € o, then we can take A = P?(Y) that,
of course, belongs to & and P(B) € A. So, certainly, P(W) NP (B) # @, which proves that
B € Upez Urcen K and consequently, P(Y) C 1o 1(Z).

Now, suppose that B ¢ {Y'}, then B € P(W), where W =Y \ {y} € o for somey ¢ B. If
we take A = P*(Y) € Eand K = {{y}} € A, then POW)NK = @. So, B & Mrez Nicer K,
i.e.,, B¢ uou(g). Therefore, we have proved that u o u(&) = {Y}. On the other hand, it is clear
that Y € K for every K € P*(Y), 50 Y € Mreg Nicer K, which means that {Y} C u o u(g), and
finishes the proof of the equalities.

Now, let us consider a function ¥ from X to P?(Y), where X is a topological space with a
topology T. Then, for any xo € X, the family T(xo) = {U € T : xg € U}, is afilter base on X. So,
the family By, = ¥ (t(x0)) = {{¥(x) : x € U} : U € t(x0)} is a filter base on P>(Y) and then,
as we will show, the following equalities are true:

lo Z(on) = UxeX\P(x) and u o u(on) = ﬂxexT(x)-
Indeed, by definition, we have
lo Z(BXO) = UUGT(xO) Uxeu‘f(x) and u o M(on) = nUGT(XO) mer‘P(x)'
Since X € t(xg), we conclude that
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Lol(Byy) D Uyex Y (x) and u o u(By,) C Nyex ¥(x).
The opposite inclusions are evident because U C X for all U € T(xp).

Remark 5. It is easy to see that the formulas for the functions u and I permit the use of K instead
of K for each KC € A. So, the following equalities are true for any filter base B which generates a

filter &: o

I() = I(C) = Z(B%) and S(§) = S(§) = S(BY),
where { = {{K : K € A} : A € {} for T € P3(Y).

We will follow the tradition by denoting the principal filter on P?(Y) generated by
A* C P?(Y), as [A*] instead of [{A*}], and denoting the principal filter on P?(Y) generated
by A € P%(Y), as [A] instead of [{{A}}].

Let us note some facts concerning the filters of type [P?(A)], where A C Y, that will
prove useful for the investigation of functions in terms of filters. Namely, using the lemma
stated below and Remark 2, one can note the following fact:

Remark 6. For a multifunction F : (X,t) — (Y,0), x € Xand W € o, the following equiva-
lences are true:

o PW)NnIlou([P?(F(x))]) # @ ifand only if x € FT(W);
o PW)Nuol([P*(F(x))]) # @ ifand only if x € F~(W).

Lemma 5. For any topological space (Y,0), A C Y and A C P(Y), the following hold:

(i) Lou([P*(A)]) = {A} and uoI([P*(A)]) = P(A);
(i) lou(JA]) =uol(JA]) = A

Proof. (i). According to Remark 4, we have

o Lou([{P*(A)}]) = Nkepr(a) K;
*  uol({P*(A)}]) = Ukepra) K.

So, if B € lou([P?(A)]) and B € P(W), where W € o, then for K = { A} we obtain
PW)NK # @,ie, A € P(W) which proves that B € {A}. Conversely, if B € {A},
K € P?(A) and B € P(W), where W € ¢, then P(A) C P(W) and, since K C P(A), we
have P(W) N K # @ which proves that B € Ncp2(4) K.

Now, suppose that B € u o [([P?(A)]) and BE P(W), where W € o, then there exists
K C P(A) such that P(W) N K # @. Consequently, for some K € K, K € P(A) N P(W),
so P(W)NP(A) # @, which proves that Bc P(A). Conversely, let B € P(A) and
B € P(W), where W € o, then there exist K C Y such that K € P(W) NP(A); hence, we
have IC = {K} € P?(A) such that P(W) N K # @ which proves that B € Uepz(a) K-

Part (ii) follows immediately from Remark 5. [

Since each filter on a set Y belongs to the set P2(Y), it is convenient to denote by P(%(Y)

the set of all such filters. If a set Y is itself a filter, we will use the following notation:
PE(Y) = PA(PL Y (Y)) forn=1,2, .,
where Pgo(Y) =Y and 73; (Y) = 772( ).

It is clear that, according to Lemma 2 and Remark 4, the operations Z = [ o u and
S = uol, as well as the compositions u o u and I o [, might be thought to be the functions
from P2(P2(Y)) to P2(Y).

Following Schwarz [10], for each function f:X —Y, we will also denote by f the induced
function that assigns to each nonempty subset A of X its image f(A)e P(Y). In general, for
a C P"(X)and n € N, wehave f(x) = {f(B) € P*(Y) : B € a}. So, we will consider the
following compositions:
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7’2”(7’2(Y))—> P o o (PZ(Y)) PZ(PZ(Y)) PA(Y), ie,
fi: Pj,&ﬁi V(P2 — Pw’if I (P2Y)),
wherei=1,2,..,n,and f; € {lou,uol,uou,lol}.
Equivalently,
han 0 Moy 0 ..oy 0y : PRI (P2(Y)) — PA(Y),
where hy; 0 hp;_1 P;Sif L0 (p2(y))—s 7>2<” VP2Y)), i = 1,2,...,n and (hy;, hyi_1) €
{0, u), (1), (), (1,1}
Bearing in mind the case described in Remark 4 and according to Lemma 4, one
can use in the above compositions instead of filters, their filter bases, when (hy;, fip; 1)

e {(Lu),(ul)}.

2.2. Cluster Operators

Given a topological space (X, 7), we will use the notation 7 also for the function
T: X — P?(X) defined by the formula
T(x)={Uet:xeU}forall x € X.
We denote by 72 the function 72 : X — P*(X) defined as
%(x) = 1(1(x)) forall x € X, i.e.,
2 (x) = {{r(u):u € U} : U € t(x)} forall x € X.
In general, for any n € N, we consider the function t" : X — P?"(X) defined by
the pattern
" (x) = t(t" }(x)) for all x € X,
where ! = 7, and 7° denotes the identity function on X.
It is easy to show inductively that " (t¥(x)) = 7*(7"(x)) for all n,k € N and x € X.
Of course, because of the assumption that (X, 7) is a Ty space, the function 7 is injective.
Indeed, if a,b € X and a # b, then the subset U = X \ {a} belongs to Tand b € U, so
Uet(b),butl ¢ t(a).

Remark 7. From now on, we will use the following three alternative formulas for T (xg), where
X0 € Xandn=1,2,....
Directly from deﬁnition:
{{xn t T (xy) € T (Up—y) } o T (Uy—i) € Ti+1(xn_(i+1>)} :i=0,..,n— 1}
or, on the short form:

(|5 ])
{...{xn : B(l. L1) mgdZ € B, mEsz } : 1,...,2n}, where

B(()"’i) =T (x,_;) fori € {0,..,n} and,

Bgn’i) =t(U,_;) fori € {0,...,n—1}.

So, any 2n-tuple of index sets of T"(xg) is of the form
(B(n,()) B(()n,l)/ Bgn,l), B(()n,2), B§n,2)/m/ Bin,n—l), B(()n,n)) c
PLX) x PYX) X ... x P21(X) x P2(X),

ie., B,E mEdjz) € Pk( ), wherek € {1,2,...,2n}.

The justification of the third formula comes from the lemma below.

(iii) {{{xn vz €Uy} U, € T(xn—(i+1))} 1i=0,.,n— 1}.

For the same reasons we have the followz’ng two equivalences:

(iv) (1) B € B if and only if BY'™™ ™) € B g,

2) B\") ¢ B‘O’”+ Y if and only if B{" ™™ € Bg" mit1-m)
forie{0,..,.n—1}and m € {0,...,i}.

Lemma 6. Let (X, T) be a topological space, x € X and i = 1,2, ... Then, the following statements
are equivalent for any W € T:
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(i) xeW;
(i1) Tli(x) € Ti(W);
(iii) TH(W) € T+ (x).

Proof. Let us first show that for any n € N, the function 7" is injective. If T2(a) = 72(b)
for some a,b € X, which means that {t(U): U € t(a)} = {t(V):V € 1(b)}, then for
every U € 7(a) there exists V € 7(b) such that T(U) = (V) which implies that U =V,
because the function 7 is injective. Consequently, T7(a) C 7(b). Analogously, one can show
that 7(b) C 7(a). Since 7 is injective, the equality T(a) = 7(b) implies that 2 = b and
proves that the function 72 is injective. Now, assume that the function t* is injective for
k € N, and let T*1(a) = t**1(b) for a,b € X. Then, we have T (7(a)) = *(7(b)), so
{Tk(U) U € T(a)} = {Tk(V) Ve T(b)} and, using the assumption on 7*, analogously
as in the case of T2, we obtain that a = b.

The implication (i) = (ii) is obvious, so assume that /(x) € t/(W). Then, there exists
aw € W such that /(x) = 7/(w) and, because of the injectivity property of T/ we have
x =w. So, W € 7(x) and thus /(W) € T7+1(x), i.e,, (iii). The assumption (iii) means that
(W) € T'(t'(W)) = {t/(U) : U € t(x)}. Therefore, (W) = 7'(U) for some U € 7(z)
and consequently W = U, so x € W which finishes the proof. [

It is evident that, for a given pair ((X, T), (Y, 0)) of topological spaces, for any function
¥Y:X — P2(Y)and x € X, theset Yo 7(x) = {{¥(x1) : x1 € Uy} : Uy € T(x)} is a filter
base on P2(Y),so [¥ o T(x)] € P?,(PZ(Y)). For the same reason, in the case of a function
F: X — Pé(PZ(Y)) we have [F o 1(x)] € sz(Pz(Y)).

In general, given a function ¥ : X — P?(Y) and n € {1,2,3,...}, we define the function

[Fot": X — 77(%’2(732(3()) by
[¥ot"](x)=[[¥ot" 1(t(x))] forall x € X,
where [¥ o t!](x) = [Y o T(x)].
We also consider such a function corresponding to the number n = 0, defined by
[¥ o 7% (x) = [¥(x)] forall x € X.

Of course, sets of the form [¥ o 7"](x), x € X, n € {1,2,...}, are arguments of the
compositions hypy, 0 hp, 1 0...0hy o hy, where h; € {u,1} fori=1,2,...,, 2n, so we can consider
the following functions:

hoy 0 hyy_10..hpohyo[¥om: X — P3(Y).

Because the number of the functions i; € {u,l} fori=1, 2,..,, 2n, that is used in
this expression is determined by 7", we will use the following short notation to describe
those compositions:

(C.F) (hon, Mop—1, e i, 11, F) = X — P2(Y).

The function [¥ o 7¥] plays a special role since, according to Lemma 5(ii), we have
louo[¥ot)(x) =uolo[¥ot’)(x) = ¥(x) for all x € X. So, denoting the function
louo [‘I’OTO] =uolo [‘Yono] by?,i.e.,

¥(x) =¥ (x)forallx € X,
and bearing in mind Remark 5, we obtain the following equality:
hoyohyy 10..hpohyo[¥Yot"] =hy,0hy, q0..ipohyo[¥ ot
foralln € {1,2,..}, where h; € {u,l} fori=1,2,..,2n.
Therefore, in the special case when n = 0, we mean that ¥(x) is the value of the

function denoted in accordance with the above convention (CL.F), by (¥), i.e.,
(Y) =Y.
So, according to the above findings, we have the following equality:
(hon, han—1, . h2, 11, YY) = (han, hon—1, ... 2, Iy, (F))
forall ¥ € P2(Y)X.
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Given A € P?(Y), we denote by (A) the constant function taking the value A4, i.e.,
(A)(x) = Aforall x € X.
For any composition hpy, 0 fip—1 © ... 0 hy o hy, where I; € {u,1} fori=1,2,...,2n, we
will use the symbol (hy,,, hp,—1, ..., 2, h1) to denote the function
(C.O) (hon, hon 1, o i, hy) = P2Y)X — P2(Y)X
defined by
(han, han—1, ., h2, h1) (YY) = (han, hon—1, -, 2, 11, YY)
for all ¥:X— P2(Y).
For the case where n = 0, (¥) is understood to be the value of the function of type
(C.0O) denoted by (...), for the argument ¥, i.e.,
(.)(¥) = (¥) forall ¥ € P2(Y)X.
For a convenient terminology, we establish the following definition.

Definition 1. Let (X, T) and (Y,0) be topological spaces and let ¥ be a function from X
to P2(Y)X.
(i)  Any function of the form
<h2n, h2n71/ ceey hz, hl,“P> X = PZ(Y)
defined in (C.F) will be called a cluster function.
(ii) By a cluster operator, we mean any function of the form
<h2n, thfl/ v ho, h1> : PZ(Y)X — PZ(Y)X
defined in (C.O).

The following simple properties will be used later, where C.O(X,Y) denotes the
collection of all cluster operators for a given pair ((X, 7), (Y,0)) of topological spaces.

Lemma 7. For any functions ¥, ¥* € P%(Y)X and A € P?(Y), the following conditions hold:

(i) (han hon—1, - h2, 11, ($2ms S2m—1, -+, 82,81, ¥ ) )=

<l’l2n, h2n—1r veey hz, h11g2m1g2m—l/ veey gz,gl,T> fOT’ all

<h2n, h2n—1r ey hz, h1>, (me,me—lf ey gz,g1> S CO(X, Y)
(ii) Forany (hay, hop—1,....ha, 1) € C.O(X,Y) we have:

(Ll) <l,l,h2n,h2n,1,...,hz,]/ll,‘{/> = <l, l,‘Y>,‘
(b) <M,M,h2n,h2n,1,...,hz,hl,“Ij> = (u, M,‘Y),‘
(€) (Lu,(A)) = (ul,(A)) = (A).

(iii) Forany a € {l, u} we have:

(a) (u,lu,a)=(uun);
(b) (Lula)y=/(,ua);
(¢) {a,u,l,u)="(a, u);
(d) (a,l,u,l)y=(al).

(iv) If¥(x) C ¥*(x) forall x € X, then
<h2n,h2n,1,...,hz,hl,‘P>(x) C <h2n,h2n,1,...,hz,hl,‘Y*>(x)f07’ all
<h2n, hzn,l,..., hz,h1> € CO(X, Y) and x € X.

Proof. To show (i), let us observe that
§2m © §am-10..0g20g10 [T o 1" =
(Som© a1 002081 0 [¥ o7 0 ] =
[{g2m, Som—1, - 82,81, F) o T"], thus
(hon, hon—1, .. h2, 11, S2ms 2m—1, - 82,81, ¥) =
hopohyy—10..0hpohy0gyuogou-10..0820810[¥Yort
hoy © hop—10 ... 0 hp 0 hy © [(Qom, Sam—1, -+, 82,81, F) 0 T"] =

m+n] —
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(hon, hon—1, .. h2, 11, (S2ms §2m—1, - 82,81, ).

The properties (a) and (b) described in part (ii) follow immediately from Remark 4
after using (i). To check property (c), one needs only note that [{A) o 7t!](z) = [A] for any
z € Z, and then to use Lemma 5(ii) and Remark 5.

For the proof of (iii), we consider the two cases, & = u or « = I, and then, using (ii),
part (c) (resp. part (b)), we obtain (u,l,u, u) = (u, u) (vesp. (u,u,l,u) = (u, u)) or, using (ii),
part (c) (resp. part (a)), we obtain (I, u,1,1) = (1) (resp. (I,1,u,l) = (I,1)). So, it remains to
show that (u,1,u,1) = (u,1) and (I, u,l,u) = (I, u).

For this purpose, let us take a function ¥ : X — P?(Y), x € X, U; € 7(x) and let us
apply Lemma 3. It is clear that, for all x; € U, we have
I(¥(Uy)) € {I(¥(Up)) : Uy € T(x1)} and u(¥(U7)) € {u(¥(Uy)) : Uy € T(x1)}, hence

Nier(a) (T (U2)) C I(Y(Ur)) and u(¥(Ui)) C Unyen(n) (¥ (Uz)).

Consequently,

Unyet, Nier(xy) H(¥ (U2)) C I(¥(Ur)) and

u(¥(U1)) C Ny, ety Uther(xy) #(F(Uz)) for all Uy € T(x) which implies that

mlhe'r(x) leeul muzer(m) Z(T(UZ)) - ﬂlller(x) Z(T(ul)) and

Uther (¥ (Uh)) € Uuyer(x) Niyet; Utyer(x;) #(¥(U2)), and proves the follow-
ing inclusions:

o (u,lLul,¥)(x) C (ul,'¥)(x)and (L,u,¥)(x) C (I,u,l,u,¥)(x), respectively, for all

Y:X— P?(Y)and x € X.

To prove the inverse inclusions, let us note that (u,l,%¥)(x) € (u,1,¥)(U;) and
(Lu,¥)(x) € (L,u,¥)(U) forall Uy € t(x).

So, (u,1,¥)(x) € Nuyer(x) (1,1, ¥)(Ur) C N[(u, 1Y) o T(x)] and

(Lu,¥)(x) € Nyyer(x) (L u, ¥)(Ur) € N[(Lu,¥) o 7(x)] which implies, according to
Lemma 3, that

(u,,Y)(x) Cuolo[(u,,¥yot(x)] = (ul,(u,l,¥))(x) = (u,l,ul¥)(x)and

(Lu,Lu¥)(x) = (Lu,(,u,¥))(x) =louo[(l,u,¥)ot(x)] C (I,u,¥)(x) So, the
following inclusions hold true:

oo  (u,l,¥)(x) C (u,l,ul,¥)(x)and (l,u,l,u,¥)(x) C (I,u,'¥)(x), respectively.

Finally, using  and ee, we obtain (u,[,u,1) = (u,1) and (I, u,1, u) = (I, u) which finishes
the proof of part (iii). The statement (iv) follows immediately from the definitions of
functionsu and . O

Of course, the set P%(Y) is partially ordered by the inclusion relation. Thus, there is
a naturally induced partial order < on P2?(Y)* in which one function dominates another
if this is true pointwise, i.e., for ¥1, ¥ € P?(Y)X, ¥; < ¥, means that ¥1(x) C ¥, (x) for
allx € X.
Analogously, the partial order < on P?(Y)X induces a partial order on C.O(X,Y),
which we will also denote by =<, i.e.,
if (hoy, hop—1, ..., ho, h1) and (gom, $2m—1, -, §2,81) belong to C.O(X,Y), then
(han, hon—1, ... h2, h1) = (Q2m,§2m—1,--»§2,g1) just when
(hon, hopn—1, ... ho, 11, Y) =2 (Q2m, §2m—1/ -+ 82,81, F)
forall ¥ € P2(Y)X, ie.,
for every ¥ € P?(Y)¥X and x € X, the following inclusion holds:
<h2n, hzn,l, .y hl,‘F> (JC) C <g2m/ &om—1,82/ g1/1Y> (x)
Now, let us recall some definitions. By a monoid, we mean a semigroup with a neutral
element. A partially ordered monoid [11] is an ordered quadruple (S, ®, ¢, <) such that

(i) (S,®,e)isamonoid,
(ii) (S, =) is a partially ordered set and
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(iii) the order < is compatible with ®, in the sense that for all a,b,c € S, a < b implies
aGc=bGcandc®a=<xcO®bh.

Lemma 8. For any topological spaces (X, T) and (Y, ), the set C.O(X,Y) has the structure of a
partially ordered monoid (C.O(X,Y), ®, (...), %) under the binary operation © defined by

(hon, hon—1, ., h2, 1) © (Q2m, §om—1, -+, §2,81) (¥)=

(hon, hon—1, ., ho, 11, (§am, §am—1, - 82,81, ¥))
for any (hop, hoy 1, - 12, 1), (S2m, §2m—1, -+ §2,81) € C.O(X,Y) and a function ¥ : X — P(Y).

Proof. According to Lemma 7 (i), for any
(hon, hon—1, - h1), (S2m, Som—1, 1), (P2ks P2k—1, - P2) € C.O(X,Y) we have
(Chan hon—1, . h2, 11) © (S2m, 82m—1, -+, 82,81)) @ (Paks P2k—1, s P2, P1) =
(han, hon—1, -, h2, 11, §oms §2am—1s s 82, 81/ Paks P2k—1, -+ P2, P1) =

(hon, hon—1, . h2, h1) © ((§2ms 2m—1, 82, 81) © (P2ks P2k—1, - P2, P1))- SO, the opera-
tion © fulfills the associative law.

The function (...) : P?(Y)X — P2(Y)X defined by (...)(¥) = (¥) forall ¥ € P?(Y)¥,
is the neutral element for the operation ©.

Indeed, applying Lemma 7 (i), we get

(han, hon—1, - b2, h1) © () (¥) = (hon, hon—1, .-, h2, 1, (F)) =

(hon, hoy—1, - 12, 1) (F)

forall ¥ € P2(Y)X and (hoy, hoy_1, .., ha, 1) € C.O(X,Y).

In the reverse order, we have

<> © <l’l2n, Now_1, e h1>(11j) =

<<h2n,l’l2n,1,...,I’lz,hl,‘l’r» = <h2nrh2n71/ ey l’lz, hl,“Ij> =

(hon, hop—1, ..., ha, 11, YY) = (hop, hoy—1, ..., ho, h1) (¥) because, according to Lemma 2,

the values of cluster functions are closed in the space (P(Y), o").

We will now show that the relation < is compatible with ©. For this purpose, let us
take two arbitrary cluster operators (hyy,, hoy—1, ..., ha, h1) and ($2m, 2m—1, -, §2,81) such
that (hoy,, hop—1, ..., h2, 1) = (Som, §2m—1, - §2,§1)- S0, according to the definition,

(hon, hon—1, .. ho, 1) (F) = (Q2m, S2m—1, -, §2,81)(¥) ie.,
(hon, hon—1, s b2, 11, YY) = (Q2ms S2m—1, -+, 82,81, ) (%)
for every ¥ € P?(Y)X.

Of course, it holds for every function ¥ such that ¥ = (sy, o1, ..., 52,51, ¥*), where
Y* € P2(Y)X and (s, Sok—_1, -, 82,51) € C.O(X,Y). Thus, for every ¥ € P?(Y)X and
(Soks Sok—1, - 52,51) € C.O(X,Y) we have

hou, hon—1, . h2, B, (Soks Sok—1, -+, 52,51, F)

=
me/me—lzn-/gZ/gl/ <52k152k—1/ 152,81, w

(

( ) which means that
(ham, ham—1, - h2, 11, Sk, S2k—1, s 52,81) (F) =

(2ms §2m—1, - 82,81, S2ks S2k—1, - 52, 51) (¥ ) or equivalently,
(

(

(

)
)
)
)
hom, hom—1, - h2, 1) © (Sok, S2k—1, -+, 52,81) (F) =
s1)(¥). So,
) =2
)-

'-G'-G

82ms §2m—1/ 82, 81) © (S2k,S2k—1, -+, 2,51

howm, hom—1, .. h2, 1) © (S, Spk—1, -+, 82,51

(82m/ §2m—1, 82, 81) © (S2ks S2k—1, -1 52,51 ()

Now, let us note that the assumption (*) means that (hy,, h,—1,...,h2, 11, ¥) (x) C

(92m, Som—1, 82,81, ¥) (x) for all x € X. Consequently, according to Lemma 7 (iv), for
every ¥ € P2(Y)X and x € X we have

(S2ksS2k—1/ -+ 52,81, (h2n, hon—1, ., I, 11, ¥)) (x) C

(S2ks S2k—1/ - 52,51, (§2ms §2m -1, - 82,81, ¥) ) (x). So,

(S2ks S2k—1/ /52,51, (han, hon—1, -, B2, 1, ¥)) =

<52k/ Sok—1s-+s52,51, <g27}1/g2m71/ -+ 82,81, >> forall¥ € Pz(Y)X, ie.,

(Saks S2k—1, s 52,81) © (han, han—1, ..., h1) =
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(Soks S2k—1/ -+ 52,51) © (S2m, S2m—1, --»§2,81) which, according to (xx),
completes the proof of compatibility between < and ©. O

Theorem 1. For any topological spaces (X, T) and (Y, ), the monoid C.O(X,Y) has at most nine
elements related to each other, as shown in the diagram below, where the arrows are compatible with
the relation <.

(Z,5)

(u,u) ~(T) ~(Z,S,1) (S, Z,S) ~(S) ~(1,1)

Proof. When it comes to the diagram, let us first prove that
* (D)= (IZSI)

e (I,S,I) 2 (S,I)and (Z,5,7) = (Z,S);

e (857I)=(S1S8)and (Z,S) = (S, Z,S);

e (S8,1,8) = (S), ie,

forall ¥ € P?(Y)X and x € X, the following hold:

(@ (Z,¥)(x) C(Z,S5,Z,¥)(x) C (S, Z,¥Y)(x) N (Z,S,¥) (x);
b) (S,Z,¥)(x)U(Z,S,¥)(x) C (S,Z,5,¥)(x) C (S,¥)(x).

For that purpose, let us note that
- (L)) (YU e (Z,7)(t(x));

(S () € (S,F)(U) € (S,¥)(x(x))
forany x € X and U € 7(x).

Therefore, using Lemma 3, we obtain

(Z,Y¥)(x) C (S,Z,¥)(x) and (Z,S,¥)(x) C (S,¥)(x) for all x € X, respectively.
Hence, since according to Lemma 7 (iii) and (iv), we have (Z,Z) = (Z) and (S, S) = (S) and
therefore (Z,¥)(x) C (Z,S,Z,¥)(x) and (S,Z,S,¥)(x) C (S,¥)(x) forall x € X, i.e., the
first inclusion in (a) and the second inclusion in (b) are true.

Now, let us observe that, by Lemma 3, we have (Z,¥)(x) C ¥(x) C (S,¥)(x) or
equivalently, (Z,¥)(x) C (¥)(x) C (S,¥)(x) forall x € X since ¥(x) € ¥(U) € ¥(7(x))
forall x € X and U € 7(x). So, according to Lemma 7 (iv) and (i), we have
- (S$,Z,¥)(x) C (S,¥)(x) and (Z,¥)(x) C (Z,S,¥)(x)

forall x € X.

Consequently, again from Lemma 7 (iv), we obtain
- (Z,5,Z,¥)(x) C (Z,5,¥)(x) and (S,Z,¥)(x) C (S,Z,S,¥)(x)
forall x € X.

We will finish the proof of (a) and (b) by showing, in an entirely analogous way, that
- (Z,5,7,%¥)(x) C (S,Z,¥)(x) and (Z,S,¥)(x) C (S,Z,S,¥)(x) forall x € X.

Indeed, since it is clear that

- (§,Z,¥)(x) € (§,Z,¥)(U) € (S,Z,¥)(t(x));



Int. J. Topol. 2025, 2, 15

12 of 61

- {L,5,¥)(x) € (Z,5,¥)(U) € (Z,5,F)(t(x)).
forall x € X and U € 7(x), applying Lemma 2.3 we obtain
- (Z,5,7Z,%)(x) C (S,Z,¥)(x);
- (Z,5,¥)(x) C (S,7,S5,¥)(x), respectively,
forall x € X.
We now show that the set {(Z), (S, ), (S,T),(Z,S),(S,Z,S),(Z,S,Z)} is closed under

the operation © as presents the following table, where the factor that labels the row
comes first.

O (Z) (Z,8,1) (S,Z) (Z,S) ($,1,8) (S)
(T) () (1,5, 1) (1,51) (Z,S) (Z,S) (Z,S)
(1,5,7) (1,5,I) (I1,8,1,) (I,S,I) (I,S) (Z,8) (Z,8)
(S,T) (S, T) (S, T) S,y (SIS (SIS (SI,S)
(1,8) (1,S,I) (I,.SI) (I,SI) (I,S) (Z,8) (Z,8)
(S,T,S) (ST (S, T) S, ) (SIS (SIS (SIS
(S) (S,1) (S,I) (S,Z) (S, L,5) (SI,S) (S)

It is enough to verify the following two pairs of equalities:
(C) <h2n, veey hl,I,I,me, ...,g1>= <I/l2n, vy hl,I, &omy ...,g1> and
<h2n, very hl, S, S,me, ...,g1>= <h2n, veey h1, S,gzm, ...,g1>
for any <h2n, How_1, e I’l1>, <82m1g2m—11 ...,g1> S CO(X, Y) and,
(d)(Z,8,7,8) =(Z,8) and (S,Z,5,I) = (S,T).
For the proof of (c), let us note that by applying Lemma 7 (iii), we have (S, S) = (S)
and (Z,7) = (Z) and, according to part (i) of this lemma we get
(han, han—1, .11, L, T, gom, §2m—1, -, §1)(¥) =
(han, hon-1, ... 11, (L, L, g2m, §om—1, - 81, ¥)) =
(han, hon—1, ... 11, (L, L, (§2m, §2m—-1, - &1, ¥))) =
(hon, hon—1, .., 11, (Z, (§2m, §2m—-1, - 81, ¥))) =
(hon, hon—1, - 11, Z, (2m, §om—1, -, §1, X)) =
(han, han—1, - 11, T, §2m, §2m—1, -+, §1) () for any ¥ € P2(Y)X.
In the same way, one can check the second part of (c).
Now;, since condition (b) implies that (Z, S, ¥)(x) C (S, ¥)(x), by Lemma 7 (iv) we
have (S,Z,S,¥)(x) C (S,S,¥)(x) = (S,¥)(x) and consequently,

- (I,5,7,5,¥)(x) C (Z,5,¥)(x) forall ¥ € P?>(Y)X and x € X.

On the other hand, for the same reason as the above, we obtain (Z,S,¥)(x) C
(§,7,5,¥)(x) and consequently,

- (T,8Y)(x) C (Z,5,7,5,¥)(x) forall ¥ € P?>(Y)X and x € X.

This ends the proof of the first equality in (d).

The checking of the second equality proceeds analogously by using condition (a)
instead of (b).

To finish the proof, it suffices to note that for all (hy,, hy,—1,..,h1) € C.O(X,Y),
¥ € P?(Y)X and x € X, the following two properties hold:

o (u,u,¥)(x) C (hap, hop—1,... 1, ¥)(x) C (I,1,'¥)(x) and

o If (hy;, hpi—1) € {(u,u),(l,1)} for somei € {1,2,..n}, then
(h2n, hon—1, .., 11, ¥) (x) = (u,u, ¥)(x) or
(hon, hon—1, ., 1, ¥) (x) = (LL¥)(x).
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The first property is an obvious consequence of Remark 4 and Lemma 2. When it
comes to the second property, according to Remark 4, applying Lemma 7 (i) and then (ii)
parts (a) and (c), we obtain

(hon, hon—1, s hoip1, 0, hoi 2, .., 1, Y) =
(hon, hon—1, - hoig1, (u, u, hoi—a, ..., 11, ¥)) =
(h2n, hon—1, - hoia, (u,u, %)) = (u,u, ¥).

The proof for the case (hy;, hyi—1) = (I,1) follows exactly in the same manner. So, the

proof of Theorem 1 is finished. [

2.3. Generalized Continuity in Terms of the Cluster Operators

The concept of cluster functions of the form (hoy, hon—1, ..., ho, 11, F) is closely related
to the classical notion of cluster sets of a single-valued function f : (X,7) = (Y,0) ata
point x € X [9,12] defined by

Cr(x) =N{CI(f(U)) CY:U€eT(x)}
In [8], this concept has naturally been extended to multifunctions F : (X, 7) — (Y,0) as
Cr(x) =N{CI(F(U)) CY:U€ t(x)}.
It is easy to check that
Cr(x) = {y €Y :x € Nweoly) CZ(F*(W)}.
According to Remark 2, we use the functions defined as
x — {F(x)} and x — P(F(x)) forall x € X.
Using Lemma 5, we can see that these functions may be presented in the form of
patterns through the operations 7 and S as
{F(x)} = Z([P?(F(x))]) and P(F(x)) = S([P?*(F(x))]) forall x € X.
We will use the shorter notation, namely ZF and SF, respectively, i.e.,
ZF(x) = {F(x)} and SF(x) = P(F(x)) forall x € X.

Of course, IF,SF € P?(Y)X so, one can consider the cluster functions of types
<h2n, hzn,l, veey h2, hl,IF> and <h2n, h2n71/ ceny l’lz, hl/ 8F>

Using the concept of cluster functions, we can characterize cluster sets as follows:

Remark 8. For any multifunction F : (X,t) — (Y,0) and x € X, the following properties
are equivalent:

(i) yeCp(x);
(i) {y} € (S,SF)(x).

Indeed, it is enough to use, according to the characterization of S given in Lemma 2, the
equality (S, SF)(x) = Ny er(x) Ux, e, P(F(x1)). Next, according to Remark 1, the property (i)

means that for every open sets W and Uy with {y} € P(W) and x € Uy, there exists x; € Uj
such that P(W) NP (F(x1)) # @, i.e., x1 € F~(W).

The analogous characterizations we have in the case of the other types of cluster sets
listed below that are investigated in [13] as an extension of the concept studied in [14,15].
Those types of cluster sets describe many kinds of generalized continuity of multifunc-
tions [13], and for many types of convergence of nets of multifunctions, there are strict
relations between the cluster set of the limit multifunction and the appropriate cluster sets
of the members of the nets of multifunctions [16].

e uaCp(x) = {y €Y :x € Nweo(y) nt(CI(Int(F +(W))))},
e laCp(x) = {y €Y :x € Nweo(y) Int(CI(Int(F (W))))}
e ug.Cp(x) = {y €Y :x € Nweo(y) Cl(Int(FH(W )},
 1q.Ce(x) = {y € Y x € Nwe(y) CLINLE~(W)) };
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o wp.Cr(x { €Y:x € Nweoly) 1nt(Cl(P+(W)))};
o LpCr(x { €Y:x € Nweoly) Int(Cl(F*(W)))};
o+ wpCr(x) = {y € Y x € Nweory) CHINK(CIF-(W))) };

. l-ﬁCP()—{yGY:XE(WwGa(y)Cl(Mt(Cl( “W)))}-

In the case of single-valued functions f : (X,7) — (Y, 0) that are interpreted as
multifunctions F defined by F(x) = {f(x)} for all x € X, we have the following suitable
definitions of cluster sets:

* a.Cp(x) =LaCp(x) = LaCp(x);
*  q.Cs(x) =1.9.Cr(x) = u.q.Cp(x);
e pCs(x) =1p.Cr(x) = u.p.Cr(x);
e B.Cr(x) =1BCr(x) = u.pCr(x).

The concept of cluster sets of type 4.C¢(x) was introduced in [14] and used later
in [15,17]. Another type of cluster set [18], of multifunctions F : (X, ) — (Y, o) has been
defined as follows:

If B is a non-empty family of non-empty subsets of X, then a point y € Y is called
a B-cluster point of F at x € X, i.e., y € Br(x), if for any open sets U, V with x € U and
y € V, there exists B € Bsuch that BC Uand B C F~(W).

This concept is used in further investigations, e.g., [18-25], and it describes two of
those listed above types. Namely, it is easy to show that, in the case when B is the family of
all nonempty open subsets B C X, then Br(x) = [.q.Cr(x) and the equality is also true if B
is the family of all nonempty a-open [26] (resp. semi-open [27]) subsets A C X defined by
the condition A C Int(Cl(Int(A))) (resp. A C Cl(Int(A)). Analogously, in the case when
B is the family of all nonempty pre-open (locally dense) subsets A C X [28,29] defined by
the condition A C Int(CI(A))), we have Bp(x) = I..Cr(x) and the equality is also true
if B is the family of all nonempty B-open [30] subsets A C X defined by the condition
A C Cl(Int(CI(A))).

Cluster sets may be also considered as the values of multifunctions from (X, 7), to
(Y, o). Such multifunctions have been used in [19,20,31].

Analogously to Remark 8, the following simple observation shows the connection
between the concepts of cluster functions of the forms
(hoy, hon—1, .., ha, 11, ZF) and (ho,, hoy—1, ..., ha, 11, SF), and cluster sets.

Remark 9. For any multifunction F : (X,7) — (Y,0), x € Xand y € Y, the following
equivalences hold:

(i) ye€laCp(x)ifandonlyif {y} € (Z,S,Z,SF)(x)

(resp. y € u.a.Cp(x)) if and only if and {y} € (Z,S,Z,ZF)(x));
(ii) y € 1.q.Cp(x) ifand only if {y} € (S,Z,SF)(x)

(resp. y € u.q.Cp(x)) ifand only if and {y} € (S,Z,IF)(x));
(iii) y € Lp.Cp(x) ifand only if {y} € (Z,S,SF)(x)

(resp. y € u.p.Cp(x)) ifand only ifand {y} € (Z,S,ZF)(x));
(iv) y € L.B.Cp(x) ifand only if {y} € (S,Z,S,SF)(x)

(resp. y € u.p.Cp(x)) ifand only if and {y} € (S,Z,S,ZF)(x)).

Proof. Let us note that, according to the characterizations of Z and S given in Lemma 2,
we have the following equalities:
(“l) <I/ S/I/ SF> (X)=

Uuler(x) mxleul ﬂuzer(xl) szellz UU3€T(X2) ﬂX3€U3 P<F(x3))/
(‘XM) <I/ S/ I/ IP> (x):
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Uiy er(x) Niyetrs Nier(xy) Urpet, Uter(xy) Nugeus 1F(X3) )
(q1) (S,Z,SF)(x)= Nuyer(x) Ur ety Utper(xy) Niset, P(F(x2)),
qu) (S, Z,ZF)(x)= ﬂule-r(x Ux ey Uuze-r (x1) ﬂxzeuz {F(x2)},
(P (Z, S, SF) (x)=Uu, ex(x) Ny ety Niye() Unpetr, P(F(x2)),

(Pu) <I, S,IF)( )— Ulllel' (x) mxlelll ﬂUZET (x1) UXZEUZ{F(XZ)}I
(B1) (S,Z,S,SF)(x)=

muler(x) Ux]ELh Uuzer(xl) mxzellz mU3€T(x2) UX3€U3 P(F(x3>>/
(B1) (S,Z,5,1F)(x)=

mU1€T(x) Ux1€u1 UUzeT(xl) anEUQ nU3€T(x2) UX3€U3{F('X3)}’
Now, it is enough to use Remark 1 and then, we immediately obtain the following

equivalences for each W € ¢

e PW)N(Z,S,I,SF)(x)#Qifandonlyif x € Int(Cl(Int(F~(W)));
W)N(Z,S,I,IF)(x) # @ if and only if x € Int(CI(Int(Ft(W)));
(S§,Z,SF)(x) # @if and only if x € CI(Int(F~(W));
(8,7,7F)(x) # @ if and only if x € CI(Int(F*(W));
(Z,S,SF)(x) # @if and only if x € Int(CI(F~(W))
( ( )
(
(

~—

7

(
)
)
)
)

RN NI N N

Z,S8,7F)(x) # @if and only if x € Int(CI(F*(W
S,7,8,8F)(x) # @if and only if x € CI(Int(CI(F~(W)));
S,Z,8,7F)(x) # @ if and only if x € CI(Int(CI(F*(W))).

P(W)N
P(W)N
P(W)N
P(W)N
P(W)N ;
P(W)N

P(W)N

—_

O

The cluster functions of the form (f,, hoy 1, ..., ho, 1, ¥) : X — P?(Y) are convenient
tools to characterize the properties related to the continuity of multifunctions. By way of
illustration, let us recall the classical types of continuity for multifunctions.

The continuity of a multifunction is defined by its upper and lower continuity [32]. A
multifunction F : (X, T) — (Y, 0) is said to be upper semi continuous (briefly u.s.c.) (resp.
lower semi continuous (briefly I.s.c.)) at a point x € X if whenever W is an open subset of
Y such that x € F™ (W) (resp. x € F~(W)), then x € Int(F"(W)) (resp. x € Int(F~(W))).
The set of all such points will be denoted by C, (F) (resp. C;(F)). A multifunction F is called
u.s.c. (resp. l.s.c.) if C,(F) = X (resp. C;(F) = X).

It is easy to see that a multifunction F : (X,7) — (Y,0) is u.s.c. (resp. l.s.c.) if and
only if it is continuous when it is considered to be a single-valued function F : (X, T) —
(P(Y),0") (resp. F : (X,7) — (P(Y),c")) [3,33].

By using the concept of cluster functions of the forms (hy,, ho,—1, ..., ha, 1, ZF) and
(hoy, hon—1, ..., ha, h1, SF), both these types of continuity can be characterized in terms of
the upper Vietoris topology as follows:

Lemma 9. A multifunction F : (X,7) — (Y,0) is upper semi continuous (resp. lower semi
continuous) at a point x € X if and only if

(IF)(x) C (Z,ZF)(x) (resp. (SF)(x) C (Z,SF)(x)).

Proof. Since, according to Lemma 2, we have

(cu) <I/IF> (x)zuuler(x) mxlelll {F(xl)} and

(c1) (Z, SF) (x)=Ur ex(x) Nxyetr; P(F(x1))-

So, the following pairs of statements are equivalent for each W € 0 and x € X:
e PW)N(Z,IF)(x)# Dandx € Int(FT(W));
e PW)N(Z,SF)(x) # @and x € Int(F~(W)).
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Of course, P(W) N (ZF)(x) # @ (resp. P(W) N (SF)(x) # @) means that x € F*(W)
(resp. x € F~(W)). Hence, the characterization is true. [

Remark 10. One can also consider the other two possible relations, namely
(IF)(x) C (Z,SF)(x) and
(SF)(x) C (Z,ZF)(x) forx € X.

We denote those types of continuity as u.l.s.c. and l.u.s.c., respectively. The set of all such
points will be denoted by C,,;(F) and Cy,,(F)), respectively. Of course, the first of these properties is
equivalent to x € Int(F~(W)) for any open subset W such that x € F* (W), which defines the
type of continuity introduced in [34].

The second property means that x € Int(F*(W)) for any open subset W such that x €
F~ (W) or equivalently, F is u.s.c. at x and F(x) is a singleton.

Analogous characterizations one can formulate for many types of generalized continu-
ity. Let us first quote the definitions of some classical types of them.

Definition 2. A multifunction F : (X, T) — (Y, 0) is called

* u.a.c. (resp. La.c.)[35] at a point x € X, i.e.,
x € a.Cy(F) (resp. x € a.C(F)), if x € F*(W) (resp. x € F~(W))
implies x € Int(Cl(Int(F*(W)))) (resp. x € Int(Cl(Int(F~(W)))))
forall W € o;

* u.g.c.(resp. l.g.c.)[36] at a point x € X, i.e.,
x € q.Cy(F) (resp. x € q.C/(F)), if x € F* (W) (resp. x € F~ (W))
implies x € Cl(Int(F*(W))) (resp. x € Cl(Int(F~(W))))
forall W € o;

* u.p.c. (resp. l.p.c)[37]at apoint x € X, i.e.,
x € p.Cy(F) (resp. x € p.C;(F)), if x € F (W) (resp. x € F~(W))
implies x € Int(CI(F*(W))) (resp. x € Int(CI(F~(W))))
forall W € o;

* u.p.c. (resp. 1.B.c.) [38]) at apoint x € X, i.e.,
x € B.Cy(F) (resp. x € B.C/(F)), if x € F* (W) (resp. x € F~(W))
implies x € CI(Int(CI(FT(W)))) (resp. x € Cl(Int(CI(F~(W)))))
forall W € 0.

In [39] the property I.B.c. is called the lower demicontinuity (I.d.c.).

Analogously to the case of u.s.c and I.s.c., a multifunction F is u.x.c. (or. l.a.c.) (resp.
u.g.c. (or L.g.c.), u.p.c. (or Lp.c.), u.p.c. (or 1.p.c.)) if and only if it is a-continuous (resp.
semi-continuous, pre-continuous, S-continuous) when it is considered to be a function
F: (X, 1) = (P(Y),0") (or F: (X,T) — (P(Y),d").

The requirements stated in the above forms of generalized continuity apply to upper
inverse image F* (W) - in the type u (resp. lower inverse image F~ (W) - in the type [) of
open subsets W of Y. The use of mixed types of the inverse images leads to the following
kinds of continuity.

Definition 3. A multifunction F : (X, T) — (Y, 0) is said to be

e ulac. (resp. lu.a.c.) [40] at a point x € X, i.e.,
x € a.Cy(F) (resp. x € a.Cy,(F)), if x € FT (W) (resp. x € F~ (W)
implies x € Int(Cl(Int(F~(W)))) (resp. x € Int(CI(Int(F*(W)))))
forall W € o;

e ulg.c. [40] (or lu.g.c., [39]), at apoint x € X, i.e.,
x € q.C(F) (resp. x € q.Cy,,(F)), if x € FT (W) (resp. x € F~(W))
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implies x € CI(Int(F~(W))) (resp. x € CI(Int(F™(W))))
forall W € o;

. u.l.p.c. (or Lu.p.c.,) [40], at a point x € X, i.e.,
x € p.Cy(F) (resp. x € p.Cy,(F)), if x € F* (W) (resp. x € F~(W))
implies x € Int(CI(F~(W))) (resp. x € Int(CI(F(W))))
forall W € o;

* ul.B.c. (resp. lu.B.c.) [40] at a point x € X, i.e.,
x € B.Cy(F) (resp. x € B.Cy,(F)), if x € FT (W) (resp. x € F~(W))
implies x € CI(Int(CI(F~(W)))) (resp. x € CI(Int(CI(FT(W)))))
forall W € 0.

In [41,42], the l.u.qg.c. property was used under the name of minimality of u.s.c.o.
(u.s.c. with compact values) multifunction. But in [39,43,44], this property has been used
independently of the condition u.s.c.o.

Of course, if a single-valued function f : (X, ) — (Y, 0) is treated as a multifunction
F given by F(x) = {f(x)} for all x € X, then we have the following equalities:

o  Cu(F) =C(F) = Cy(F) = Cu(F) =C(f);

e «.Cy(F)=wa.C/(F)=uaCy(F)=uaC,(F) =aC(f);
*  9.Cu(F) =q.C/(F) = 9.Cy(F) = q.C, (F) = q.C(f);

e p.Cu(F) =p.C(F) = p.Cu(F) = p.Clu(F) = p.C(f);
*  B.Cu(F) =B.C(F) = p.Cu(F) = B.Cru(F) = B.C(f).

where C(f) (resp. «.C(f), .C(f), p-C(f), B.C(f)) denotes the set of all continuity (resp.
a-continuity [45], semi-continuity [27,46], pre-continuity [28], f-continuity [30]) points of f.
The following characterizations are analogous to those in Lemma 9.

Lemma 10. For any multifunction F : (X, T) — (Y, 0) and x € X, the following equivalences hold:

(o) ox € w.Cy(F)ifand only if (ZF)(x) C (Z,S,Z,TF)(x);
o x € «.C/(F) ifand only if (SF)(x) C (Z,S,Z,SF)(x);
o x € w.Cy(F) ifand only if (IF)(x) C (Z,S,Z,SF)(x);
o x € w.Cy, (F) ifand only if (SF)(x) C (Z,S,Z,TF)(x);
(q) ex € q.Cy(F)ifand only if (ZF)(x) C (S,Z,TF)(x);
o x € q.C;(F) ifand only if (SF)(x) C (S,Z,SF)(x);
o x € q.Cy(F) if and only if (ZF)(x) C (S,Z,SF)(x);
o x € q.Cp, (F) if and only if (SF)(x) C (S,Z,ZF)(x);
(p) ex € p.Cy(F)ifand onlyif (ZF)(x) C (Z,S,ZF)(x);
o x € p.C/(F) ifand only if (SF)(x) C (Z,S,SF)(x);
o x € p.Cy(F) if and only if (ZF)(x) C )

( )(¥) © (T, S, SF)(x);

o x € p.Cy,(F) ifand only if (SF)(x) C (Z,S,ZF)(x);

(B) ex € B.Cy(F)ifand onlyif (ZF)(x) C (S,Z,S,ZF)(
o x € B.C/(F) ifand only if (SF)(x) C (S,Z,S,SF)(x
e x € B.Cy(F) ifand only if (ZF)(x) C (S,Z, S, SF)
e x € B.Cy,(F) ifand only if (SF)(x) C (S,Z,S,TF)

x);
)i
(x);
(x).

Proof. It is enough to use the equivalences resulting from the characterizations («;),
(@), q1), (qu), (p1), (pu), (B1), and (B,) listed in Remark 9, and the equivalences listed
in its proof. [

The following quite different types of generalized continuity can also be characterized
using cluster operators.

Definition 4. A multifunction F : (X, T) — (Y, 0) is said to be
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*  w—continuous [47,48] at a point x € X, i.e., x € A.C(F), if
x € Int(Cl(Int(F*(Wy) N F~(W,)))) holds for all Wy, W, € o
such that x € F (W) N F~(Wy);

*  Quasicontinuous [49] at a point x € X, i.e., x € Q.C(F), if
x € Cl(Int(F*(Wy) N F~(W,))) holds for all Wy, W, € o
such that x € F*(Wy) N F~(W;);

*  Pre-continuous [47,48] at a point x € X, i.e., x € P.C(F), if
x € Int(CI(Ft(Wy) N F~(W,))) holds for all Wy, W, € o
such that x € F*(Wy) N F~(W,);

*  B—continuous [48] at a point x € X, i.e., x € B.C(F), if
x € Cl(Int(CI(F* (W) N F~(Wy)))) holds for all W, W, € o
such that x € F*(Wy) N F~(W,).

With any multifunction F : (X, T) — (Y, o) we consider the function
IFXSF: X — P(P(Y) x P(Y)) defined by
ZFxSF(x) = {F(x)} x P(F(x)) forall x € X,
where P(Y) x P(Y) is equipped with the product topology derived from the upper Vietoris

topology ¢* on P(Y). So, it is clear that

(P(W1) x P(W)) NZFxSF(x) # @ if and only if x € F*(Wy) N F~ (W) for all
Wi, W € 0,and x € X.

We will use the following functions:

(A) (Z,8,I,TF x SF)(x)=

UU1€T(X) mX1€U1 muzer(xl) UXZGUZ UU3€T(X2) HX3€U3 {F(x3)} X P(F(x3>)/
Q) <S/I/IF X ‘SF> (x): mllleT(x) Ux1ell] UUzET(xl) ﬂxzeuz {F(XZ)} X P<F(x2))/
(P) (Z,8,IF x SF)(x)=Uuer(x) Nxyet; Nier(xy) Unetp {F(x2) } X P(F(x2)),
(B) (S,I,S,ZF x SF)(x)=
ﬂule”[(.’() Ux1€U1 UUZET(Xl) ﬂXZGUZ HU3ET(JC2) UX3GU3{F(x3)} X P<F('x3)>
Thus, the following pairs of statements are equivalent for all Wy, W, € cand x € X:
e (P(W1) xP(Wy))N(Z,S,Z,IF x SF)(x) # @ and
x € Int(Cl(Int(F* (W) NF~(W;))));
d (P(Wl) XP(WQ))Q<S,I,IF><SF>(X) # @ and
x € Cl(Int(Ft(Wy) NF~(Wa)));
o  (P(Wy)x P(Wp))N(Z,S,IF x SF)(x) # @ and
x € Int(CI(FT(Wy) NF~(Wa)));
e (P(W1) x P(W,)) N (S,Z,S,IF x SF)(x) # @ and x € CI(Int(CI(F"(W1) N
F~(W2)))).

Hence, we have the following characterizations:

Lemma 11. For any multifunction F : (X, t) — (Y, o) and x € X, the following equivalences hold:

—
e x € AC(F)ifand only if IF x SF(x) C (Z,S,Z,1IF x SF)(x);
e x € Q.C(F)ifandonly if IF x SF(x) C (S,Z,ZF x SF)(x);
e x €& P.C(F)ifand only if TF x SF(x) C (Z,S,IF x SF)(x);

e x € B.C(F)ifand only if TF x SF(x) C (S,Z,S,IF x SF)(x).

At the end of this chapter, we will characterize some types of continuity, originating in
some generalized continuity of functions with the values in metric spaces.

A function f from a topological space (X, T) to a metric space (Y, d) is said to be
cliquish at a point x € X [50,51], if for any € > 0 and any open subset U C X containing x
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there exists an open nonempty subset G C U such thatd(f(x1), f(x2)) < eforall x1,x; € G.
Or equivalently,
x € CL(U{Int(f"1(V)): V € Vu}) forany € > 0,
where V, = {B(y,€) : y € Y} and B(y, €) denotes the ball with center y and radius €.
The appropriate topological form of this condition called T; —cliquishness [52] (equiv-
alently x!—cliquish [53], (Proposition 2.3 (iii)), applies to functions f from a topological
space (X, T) to a topological space (Y, o) and is given by the property

o xeClHU{Int(f1(V)):VeV})

for any open covering V of (Y, 0).
It is a simple generalization of the notion of T; —continuity [53] defined by
xeU{Int(f1(v)): VveV}
for any open covering V of (Y, 0).
The other types of topological forms of cliquishness [54] called pre x'—cliquishness
(resp. x! — s—cliquishness, pre x! — s—cliquishness, x! — a—cliquishness, pre x' —
a—cliquishness) at a point x € X, are defined by the following conditions:

o x e CIU{Int(CI(f1(V))): V € V}); (resp.
o xeU{Cl(Int(f (V) : VeV

o xeU{Cl(Int(CI(f1(V)))):V eV}

o xeU{Int(Cl(Int(f~1(V)))): Ve V};

e xeU{IntCI(F (V) : V e V).

for any open covering V of (Y, 0).
The extensions of those definitions to multifunctions have the following forms.

Definition 5. A multifunction F : (X, T) — (Y, 0) is said to be

*  u-t-a-cliquish (resp. I-t-a-cliquish) [13] at a point x € X, i.e.,
x € aKy (F) (resp. x € aK;(F)), if x € U{Int(Cl(Int(F+(V)))): V € V}
(resp. x € U{Int(Cl(Int(F~(V)))) : V € V}) for any open cover V of Y;
*  u-t-g-cliquish (resp. I-t-g-cliquish) [13] at a point x € X, i.e.,
x € K, (F) (resp. x € qK;(F)), if x € U{CI(Int(FT(V))): V € V}
(resp. x € U{CI(Int(F~(V))) : V € V}) for any open cover V of Y;
o u-t-p-cliquish (resp. I-t-p-cliquish) [13] at a point x € X, i.e.,
x € pK,(F) (resp. x € pK;(F)), if x € U{Int(CI(FT(V))): V € V}
(resp. x € U{Int(CI(F~(V))) : V € V}) for any open cover V of Y;
o u-t-B-cliquish (resp. I-t-B-cliquish) [13] at a point x € X, i.e.,
x € BKy(F) (resp. x € BK;(F)), if x € U{CI(Int(CI(F™(V)))) : V € V}
(resp. x € U{CI(Int(CI(F~(V)))) : V € V}) for any open cover V of Y;
»  u-t-cliquish (resp. I-t-cliquish) [31] at a point x € X, i.e.,
x € Ky(F) (resp. x € K;(F)), if x € CL(U{Int(F"(V)): V € V})
(resp. x € CI(U{Int(F~(V)) : V € V}) for any open cover V of Y;
*  Pre- u-t-cliquish (resp. pre I-t-cliquish) at a point x € X, i.e.,
x € PK,(F) (resp. x € PK;(F)), if x € CI(U{Int(CI(FT(V))) : V € V})
(resp. x € CI(U{Int(CI(F~(V))) : V € V})) for any open cover V of Y.

We have the following characterizations of those types of generalized continuity in
terms of the cluster operators.

Lemma 12. For any multifunction F : (X,7) — (Y,0) and x € X, the following equiva-
lences hold:

(i) x € a.Ky(F) (resp. x € a.K|(F)) if and only if the family



Int. J. Topol. 2025, 2, 15 20 of 61

(Z,S,Z,IF)(x) (resp. (Z,S,I,SF)(x)) contains a singleton;

(ii) x € q.Ky(F) (resp. x € q.K;(F)) if and only is the family
(S,I,ZF)(x) (resp. (S,Z,SF)(x)) contains a singleton;

(iii) x € p.Ky(F) (resp. x € p.K;(F)) if and only if the family
(Z,S,ZF)(x) (resp. (Z,S,SF)(x)) contains a singleton;

(iv) x € B.Ky(F) (resp. x € B.K;(F)) if and only if the family
(S§,I,S,ZF)(x) (resp. (S,Z,S,SF)(x)) contains a singleton;

(v) x € Ky(F) (resp. x € K;(F)) if and only if for any U € 7(x),
1((Z,ZF)(U)) (resp. I({Z,SF)(U))) contains a singleton;

(vi) x € PKy(F) (resp. x € PK|(F)) if and only if for any U € 7t(x),
the family 1((Z,S,ZF)(U)) (resp. I({(Z,S,SF)(U))) contains
a singleton.

Proof. If V is an open covering of (Y,c) and {y} € (Z,S,Z,ZF)(x)
(resp. {y} € (S,Z,ZF)(x), {y} € (Z,S,ZF)(x), {y} € (S,Z,S,ZF)(x)) forsome y € Y,
then {y} € P(V) for some V € V and according to the equivalences listed in the proof of
Remark 9, we obtain
x € Int(Cl(Int(F*(V))) (resp. x € CI(Int(F*(V)),x € Int(CI(F+(V))),
x € Cl(Int(CI(F*(V))). So, x € a.Ky(F) (resp. x € q.K,(F), x € p.Ky(F), x € B.K,(F)).

Now assume that x € a.K,(F) (resp. x € q.Ky(F), x € p.Ky(F), x € B.Ky(F))
and {y} ¢ (Z,5,Z,IF)(x) (resp. {y} ¢ (S,Z,ZF)(x), {y} ¢ (Z,S,ZF)(x), {y} ¢
(S,7,8,7F)(x)) for all points y € Y. Then, since the values of cluster functions are
closed with respect to the upper Vietoris topology, for every y € Y there exists an open
Vy C Y such that
{y} € P(Vy) and P(Vy) N (Z,S,Z,IF)(x) =D
(resp. P(Vy) N (S,Z,IF)(x) =D, P(Vy)N(Z,S,IF)(x) =Q,
P(Vy)N(S,Z,8,IF)(x) = @). So, the family V = {V, : y € Y} forms an open covering
of Y such that x ¢ U{Int(CI(Int(F*(V)))): V € V}
(resp. x ¢ U{CI(Int(F*(V))) : V € V},x ¢ U{Int(CI(FT(V))): V € V},
x & U{CI(Int(CI(F*(V)))) : V € V}) which gives a contradiction and finishes the proof
of (i) — (iv), the case "u”. The proof of the second case is analogous.

To prove (v) and (vi), let assume first that x € K,,(F)
(resp. x € PKy(F)) and there exists U € 7(x) such that {y} ¢ I((Z,ZF)(U)) (resp.
{y} ¢ I({Z,S,ZF)(U))) for every y € Y. Then, for every y € Y there exists an open V;, C Y
such that P(V,) NU{(Z,ZF)(x) : x € U} = @
(resp. P(Vy) NU{(Z,S,IF)(x) : x € U} = @) which is equivalent to
Unint(Ft(Vy)) = @ (resp. U N Int(CI(F*(V,)) = @. As a result, we obtain an open
covering V = {V; : y € Y} of Y such that
x ¢ Cl{U{Int(FT(V)): V € V}) (resp. x ¢ CI(U{Int(CI(F*(V))) : V € V})) which gives
a contradiction.

Now, let us take an open covering V of (Y, ) and assume that for every U € 7(x)
there exists y € Y such that {y} € I((Z,ZF)(U))
(resp. {y} € I({Z,S,ZF)(U))). Then, there exists V € V such thaty € V and P(V) N
U{(Z,ZF)(x) :x e U} # D
(resp. P(V)NU{(Z,S,ZF)(x) : x € U} # @) which means that
P(V)N(Z,ZF)(x) # @ (resp. P(V)N(Z,S,ZF)(x) # @) for some x € U.
So, we have U N Int(F™(V)) # @ (resp. UN Int(CI(F*(V)) # @.
This shows that UNU{Int(FT(V)): V €V} #D
(resp. UNU{Int(CI(FT(V))):V € V} # @) for any open set U containing X, i.e., that
x € Cl(U{Int(Ft(V)): V € V})
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(resp. x € CI(U{Int(CI(F*(V))) : V € V})) and finishes the proof of (v) and (vi), the case
“u”. The proof of the second case is analogous. [

3. Convergence in Terms of Topologically Determined Operators

Given any net H : ¥ — P(Y)X of multifunctions Hy : (X,7) — (Y,0), shortly
(Ha)aex, where H(x) = H,, & € X and (X, <) is a directed set, we will apply the function
H:X x X — P(Y) defined by

H(a,x) = Hy(x) forall (a,x) €  x X,
i.e., H is the value E(H) of the exponential map:
E:P(Y)2X — (P(Y)X)*
given by the formula:
E(F)(@)(x) = f(w, %),
where f € P(Y)®*X, x € Zand x € X,
It defines one-to-one correspondence between P(Y)**X and (P (Y)¥)*.
Analogously to the case of multifunctions F : (X, 7) — (Y, ), we will use the follow-

ing two functions ZH,SH : & x X — P?(Y) defined by

TH(a,x) = {Hy(x)} and SH(a, x) = P(H,(x)) for all (¢, x) € £ x X.

Of course, the following equivalences are true:

* H,(x) C Wifand only if P(W)NZH (&, x) # ©;
*  Hy(x)NW # @if and only if P(W) N SH(a, x) # @
for any open subset W C Y and (a,x) € X x X.

In the chapter below, we introduce a class of functions called products, which play an
analogous role to the functions of type 7" (x) used in the definition of cluster operators. For
this purpose, we shall need a special type of functions from P"(X) to P?'*2(X x X). Here,
we introduce the general form of such functions.

Namely, for a Cartesian product Z x X and a point z € Z, using the same symbol
to denote the function z : X — Z x X defined by z(x) = (z,x) for all x € X, for any
subset A C Z and for any non-negative integer k, we define the function A®) : Pk(X) —
PH1(Z x X), by

AR (B) = {a(B) : a € A} forall B € P¥(X).
The Cartesian product reference is visible in the following equality:
UA®(B)=AxBforall AC Zand B C X.

For each non-decreasing n-tuple (kq, ko, ..., kn), n >2, of non-negative integers, and for

each A € P*(Z), we define the function
Arka,dn) Pl (XY — Phatn(7 % X), by
Akkaedn) () = {a<kvkz/~--'kn—1>(/s) ‘a€ A} forall B € Pk (X).

3.1. The Monoid of Products

Let us consider a Cartesian product X x X, of a directed set (£, <) and a topolog-
ical space (X, T). Fx denotes the filter base of sections of (X, <), more precisely, Fy =
{Ky :v € 2}, where K, = {a € X : v < a}. To simplify, we will write « € K € F instead of
a € Ky € Fy, where 7 € ¥. Of course, F € P?(X) and hence we can contemplate the use
of the functions

Fpa) . Pi(X) — PIt2(Z x X), where p < g.
Since T"(x) € P?*(X) forany x € X, one can then consider the following compositions
FPa) o X — PPH2(T x X)
whenever p < g < 2n.
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Definition 6. Let (X, =) be a directed set and let (X, T) be a topological space. Then, the functions
of the form F(P1) o T where n, p, q are non-negative integers such that p < q < 2n, will be called
the products of the pair (X, =), (X, T)) (or simply of (¥, X)).

By PR(Z, X), we will denote the set of all products of (X, X).

Adequately to the formulas given in Remark 7, any product F(*9) o 7" of (X, X) is
uniquely determined by the structure of the 2(n + 1)-tuple of the sets of indices as the
lemma below shows, where, according to Remark 7 (ii), we will use the notations:

B(()n’i) =1 (x,_;) fori € {0,1,..,n};
B = ¢i(U,_;) fori € {0,1,..,n —1}.
We will, in the lemma below, introduce a uniform denotation for these two types of
index sets as follows:
D) = B, deJZ) fori=0,1,.
Lemma 13. Let n, s, q be non-negative integers such that s < g < 2n and xg € X. Then, any
2(n+1)-tuple of index sets of F(9) o T (xg) is of the form
(DY), .., D) K, .., D), F, . D02y ¢
PLX) X .. x P5(X) x PYZ) X ... x PU(X) x P?(Z) X ... x P?(X), ie.,

any product F4) o (xq) is of the form
(e xy) : DD e DAY =1, s} s € K}

D=1 e D} j=s+1,..,q} : Ke F}:
k=1 ¢ DR} .k =g 41,...,2n}.

n[3])

g mod 2 belongs to the domain of F(*4) and thus,

Proof. According to Remark 7, B
Fe(r (xo)) =

fogFen @iy gD gD gy,

q mod 2 (q+i) mod 2 (q+i+1) mod 2
1
By the definition, we have F (54 )(B;nmLO sz ) = {K® B, mgéJz)) : K € F} and in this

exposition of F(4) (7" (x)), we have used the followmg sequence of sets of indices:

(}',ng 23 U U L“J)

+1) mod 2’ ™ (q+2) mod 2’ """ *"2n mod 2
P2(Z) x PIH(X) x PIT2(X) x ... x P2 (X). (%)
|4
Analogously, (S)(B; ;;L;Jz)) =
s (Yl, s ) ) ( s+i+1 )
{{K( )(Bs mEéJZ ) : B(s—&-Lz mJnd 2 € B(S+Lz+1) mJod 2} =01, L 1}
and, by definition, K(° )(BS( mE sz = {a(B, mE dJ2) :w € K}. So, we have used the following

sequence of sets of indices

(n[25]) gl =32]) (3]
(K B(s+1) mod 2’ B(s+2) mod 27" Bq mod2 | €

PLZ) x PFHX) x P5H2(X) x .. x P1(X). ()
Finally, oc(BsL?nJodZ) =
{...{a(B(H'L%J)) : B mlz)) € B( 15D :1=20,1,..,5s — 1} and, we have used the

0 mod 2 i mod 2 (i+1) mod 2
following sequence of sets of indices

B mLosz /Byr/ntoijz)""' Bé%ki?) € PH(X) x P*(X) x .. x P*(X). (o %)
So, (%), (%) and (* * *) taken together show that any 2(n + 1)-tuple of index sets of
F4) o 1 (x) is of the form
(D), ..., D) K, .., D), F,Dmat1) D)y ¢
PLX) X .. x P5(X) x PLHZ) x ... x P1(X) x P3(Z) x PITH(X) x ... x P?*(X) which fin-
ishes the proof. O
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Remark 11. With the above lemma, we can see that the equivalences established in Remark 7 (iv)
take the following form:

D(n,i) c D(n,i+1) ifand only ifD(nfm,z?Zm) e D(nfm,i+172m)/
wherei =0,1,...,2n —land m = 0,1, ..., HJ

Theorem 2. Let (X, T) be a topological space, and (X, <) a directed set. Then, the set PR (%, X)
of all products of ((¥£, =), (X, 7)) forms an Abelian monoid under the operation @ defined by
(]:(s,q) o T") ® (}-(s*,q*) ° Tn*) _ ]:(s+s*,q+q*) o Tl’l+7’l*,
with the neutral element e = F(00) o 70,
The monoid (PR (X, X), @, e) is generated by the subset BPR(X,X) C PR(Z, X) of all
six products of the form F51) o Tl

Proof. The axioms for commutative monoids are clearly fulfilled. We will show that
(PR(%Z, X), ®,e) is generated by the family
BPR(Z,X) = {Al) :i,j € Nand i < j < 2}, where A() = Flid) o 71,
Let us consider the functions 7% : £ x X — P?"(X x X) defined by
T4 (a,x) = a(7"(x)) forall (¢, x) € Zx Xand n € N.
Firstly, we will show that
8 o Fa) oo (x) = Flo+2ka+2k) o ik ) (%)
forallx e Xand k=0,1, ...
Indeed, basing on the description (x), (**) and (* * %) given in the proof of Lemma 3,
we have
wh o FO) 0 7(x)) =
{...{{Tg(K(S>(D(M))) ‘K€ ]—"} : i) ¢ D<m+i+1)} i=0,1,..2n—q— 1},

Té( KG)(D))) =
{...{{rg(a(p(nr5>)) Ta € K} : plus+i) ¢ D("r5+i+1>} (i=0,1,.,9—5— 1} and
Tg(ﬂé(p("’s))) = {---{Té(lx(xn)) . D) ¢ D(”'iﬂ)} 1i=0,1,...,5 — 1}, where, according

to the notation of Remark 7 and Lemma 3, we have D(%/) ¢ Pi (X) forj=1, 2,... and
Dm0) — xy. S0, any 2(n + 1)-tuple of index sets of such description of Tg o Fa) o (x)
belongs to
PLX) X ... x P5(X) x PYZ) x ... x PU(X) x P?(Z) x ... x P?(X).

It follows by definition, that & (a(x4)) = & (&, x) = a(TF(xn)) =
a({ o {onp: B € B} B € BT i =0,k = 1}), where

Bén’i) =T (X 5_i), Bym =7/ (U,x_;), i€ {0,...,k—1} and x,0 = x». So, any 2k-tuple of
index sets of T& («(x,)) belongs to
PLX) x P2(X) x ... x PZ*-1(X) x P(X) and consequently, the structure of 7& (F () o
7"(x)) is determined by
PLHX) x ... x PH(X) x PIH(X) x ... x PH(X) x PL(Z) x PFHHL(X) x ... x PIT2(X) x
P2(R) x PIHEHL(X) x ... x P2+2K(X) which corresponds to F(5+2k4+2K) o 714k (x) Thus,
we have proved the equality ().

We now show that every product F () o 7", where n > 1, can be presented in the
following form:

FGa) o =7k o Fl&b) o 70 ™, (%)

where k,m,y € {0,1,2,...} and, F (@p) o 7 belongs to the set BOPA(Z, X) of all products
of type

F0B) o P~ %J , Or

_|8
FLE) o T'B M, where p =1,2,...
For this purpose, let us first note that
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Fon o= 7lt) o Fo-213]a-213]) o - 13],
which follows directly from (). Next, we note that F (203197203 s of the form F(O)
or F(LP), where g = q — 2[§].
Now, it is enough to decompose (i L%J as follows:
o1 = 18] o Lalpr 8],
So, we obtain
Fa) o 1(x)= TG%%J o F=2[3]8) o Tﬁ_LgJ ot [3]-p+ %J ,

s _|B
where F2[2]8) o £F {ZJ € BYPA(Z, X), which ends the proof of ().

We will now show that BPR(Z, X) is generated by BPR(Z, X).
_|8
Let us take F(OB) o T’s {ZJ, where B = 1,2, ... and suppose that p = 2i + 1, where

_|E
i=0,1,.. Then, we have F(h) o P LZJ =
FO241) o i+l — 7(01) o 71 gy F(020) o 7i — FO) 671 0 jF02) o 7l e,

FOB o P[5 — 401 g 1402, (s %)
If we assume that § = 2i, wherei=1,2, ... Then,
FOL) o Tﬂ_ﬁ = F020) o ¢i — j4(02) (o % k)

g

Let us now check the products F(#) o o {ZJ , where B = 1,2, ... and first suppose

_|B
that 8 =2i + 1, wherei=0, 1, ... Then, FL) o = {ZJ =
f(in—H) ° Ti+1 _ f‘(l,l) o1l D J’_‘(O,Zi) o1l = ]:(1,1) o1l @ l'J’_'(O,Z) ol ie.,
B
FLB) o Tﬁ7bJ = ALY gA02), (% % % % )

_|B
If = 2i, wherei=1,2,... Then, F1P) o o M =
F20) o4 — F(12) 5 11 o F02i-2) o i1 — 7(1,2) 5 1 o (1 _ 1)f(0,2) ol ie.,

FLA) o ”Lﬁi{éj = A12) g (i— 1)A(0’2). (s s s s kox)

S0, (s s ), (s % k), (s % % ) and (% * * * xx) together prove that the part Flap) oy
of the presentation (**) can be built from the members of the set BPA(X, X).

Finally, let us note that for every product F(*#) o t7(x), hold

Fp) o7 orm = Flab) o7 @ mA00) and, according to (x),

Tg o Fwh) o7 = Fh) o r7 g kAR22),

Indeed, F*B) o 77 o T = F@h) o p7tm — Flap) o 7 @ F00) o 7 —

F@h) o7 pmFO00) o 11 = Flah) o 7 @ mA00),

Similarly, we have

Té o Flap) o v = Flat2kp+2k) o rv+k — F(ap) o 77 P F(2k2k) o ok —

F@h) o7 pkF22) o1l = F@b) o 7 @ kAR2),

Therefore, the presentation (%) has the form kAR2) @ F@B) o 77 & mA0O) e, one
of the following forms:
() kAR2 @ A0 ¢iA02) gmA00) j=0,1,..,
(i) kARD @iA02 @mA00) j=1,2, .,
(iii) kA2 @ ALY 3iA02) gy A0 j=0,1, .., or
(iv) kAR2 @ A12) g (i —1)A0D @ mA0) i=1,2,..

This finishes the proof. [

3.2. Convergence Operators

Let © be a function from (X x X) to P2(Y) and let let us take a product F(4) o 7 :
X — P2H2(2 x X) (Z, X). Itis evident that @ o F(4) o 7" (x) belongs to P2 +4(Y) for all
x € X, so these sets belong to the domain of every composition of 2n + 2 functions taken
from the set {u,1}. One can therefore consider the following functions:
hg_n_;,_;)_ o h2n+1 o..ohpoho®o ]:(s,q) ot": X — PZ(Y),
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where h; € {u,l} fori=1,2,..,2n+2.

Of course, the number of the functions h;, i = 1,2, ...,2n + 2, in the above composition
is determined by the function F (s4) o 7", s0 one can use the following shorter notation for
such compositions:

(hant2, hopt1, ..y ho, hy, ©).

As shown above, in Lemma 3, the structure of any product (54) o 1 is unequivocally
represented by a sequence of index sets

(D), pn2)  pns) g, pnstl)  pna) F phatl)  pln)y e
(PYX),..., P*(X), PL(R), P (X), ..., P1(X), P?(Z), P1T1(X), ..., P (X)).

So, in accordance with the structure of F(*9) o T we will use the following more
precise notation for the above compositions:

R ~ (hons oo hgi1, hi2, g, ooy g1, T B, 1, ©),
where /1, and h correspond to P?(X) and P! (X), respectively.

In fact, one might consider two kinds of functions:

(Conv.F) (hoy, s hgi1, ho, g, ooy o1, T, B, o 11, ©) £ X — P2(Y),
(Conv.0) (hoy, .o, hgi1, 2, g, ooy Bsit, T, B, oo ) = PRY)EX — P2(Y)X
which assigns to every function @ : & x X — P?(Y), the function

(o, s g1, 2, gy ooy i1, T B, oy ) (©) =

(hon, o hgy1, 02, g, o B i1, 1, B, o 1y, ©).

Definition 7. Let (X, T) and (Y, o) be two topological spaces, (¥, <) be a directed set, and let
@ € P2(Y)2*X,

(i)  Any function of the form
<h27’l/ eeey hq-‘,—l/ l/ hQI eeey hs—i—lr 1’/[/ hS/ eeey hl/ ®>/
will be called a convergence function.
(i)  Any function of the form
<h2}’l/ ces thrl/ l/ hq/ cees h5+ll l/'[/ hS/ ces h1>r
will be called a convergence operator.

Let us denote by CON.O(Z,X,Y) the set of all convergence operators for given (%, <),
(X, 1), and (Y, ).

The function obtained from a convergence function (A, ®) (resp. operator A) by
exchanging u and I will be denoted by (A, ®) ! (resp. A™!), where ® € {ZTH,SH}.

In connection with the characterization of { H,(x)} and P(H,(x)) by the operations Z
and S as ZH and SH, respectively, where («,x) € ¥ x X, according to Lemma 5, we have
the following equalities:

A~YSH) = (A"',SH) = (A,TH) ! and
A~YZH) = (A"',TH) = (A, SH)~ ..

Of course,

(ZF)~!(x) = (SF)(x) = SF(x) and
(SF)~Y(x) = (ZF)(x) = ZF(x), x € X.

We will use the notion of convergence operator to define many types of convergence
of nets of multifunctions. A type of convergence of a net (Hy),ex to a multifunction F at a
point x € X is determined by

e A convergence function (hyy, ..., th,lA, hg,....hsi1, 1, b, ..., 11, ©),
where © € {ZH,SH};

* Afunction¥ € {(ZF), (SF)};

*  Some relationship between (hyy, ..., h,ﬁl,lA, hg,...,hsy1, 1, b, ..., h1, ©) (x)
and Y.
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So, by a type of convergence determined by a convergence operator A, we mean a pair
of the form (¥, (A, ®)), where ¥ € {(ZF), (SF)} and © € {ZH,SH}.

Definition 8. We say that a net of multifunctions Hy : (X, 7) — (Y,0), a € £,is (¥, (A, ©O))-
convergent to a multifunction F : (X, T) — (Y, 0) at apoint x € X, if ¥(x) C (A, ®)(x), where
A is a convergence operator, ® € {ZTH,SH} and ¥ € {(ZF), (SF)}.

3.3. Classical Types of Convergence in Terms of the Convergence Operators

We will show that the convergence operators characterize the classical types of conver-
gence of nets of multifunctions. In this connection, we need to recall some definitions.

Foranet, {A; : « € 2} of subsets A, of a topological space X, a point x € X is called a
limit point (resp. cluster point) of { A : & € X} shortly, x € Li A, (resp. x € Ls Ay) [32,55],
if for every open subset U C X such that x € U, there is v € X such that U meets A, for
each & > vy (resp. for every y € X there is &« > < such that U meets A, ).

We say that a net { A, : « € X} topologically converges to a subset A, denoted by Lt
Ay =Aif A=1Li Ay = Ls A,.

By lim inf A, and lim sup Ay we denote the upper and lower limits in the sense
of the set-theory, i.e., the set U{{Ax:a > v} :y € X} and {U{Ax: a0 > v} :y € X},
respectively.

The concepts of convergence of nets of subsets and convergence of nets of multi-
functions are closely related. Generally, one could consider the following properties for
a given multifunction F : (X, T) — (Y, 0), a net (Hy)qex of multifunctions Hy, : (X, T) —
(Y,o) and a point x € X:

(PC1)  F(x) = Lt Hy(x);

(PC2)  F(x) )

(PC3)  F(x) )

(PC4)  F(x) C Li Ha(x);

(PC5)  F(x) )

(PC6)  F(x) )
(PC7)  F(x) D Ls Ha(x).

For the graphs of multifunctions, one can formulate conditions analogous to the above.
(GC1)  Gr(F) = Lt Gr(Hy);
(GC2)  Gr(F) = Ls Gr(Hy);
(GC3)  Gr(F) = Li Gr(Hy);
(GC4) Gr(F)C Lz Gr(Hy);
(GC5)  Gr(F) (Ha);
(GC6)  Gr(F) C Ls Gr(H,);
(GC7)  Gr(F) D Ls Gr(Hy).

The theorem below shows that the types of convergences listed above can be charac-
terized in terms of convergence operators.

Let us first recall some definitions. A subset B of a topological space is a-paracompact [56],
if every open cover of B has a locally finite open covering refinement.

We will use the following two properties of a-paracompact subsets:

e  For every a —paracompact subset B of a regular topological space and for every open
subset W with B C W there exists an open subset V such that BC V C CI(V) C W;

e  For every a—paracompact subset B of a T, topological space and for every point x ¢ B
there exist disjoint open subsets V and W such that x € V.and B C W.

Theorem 3. The following conditions hold for an arbitrary net (Hy )yex, of multifunctions Hy
(X,t) = (Y,0), a multifunction F : (X, T) — (Y,0) and a point xg € X :
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i) F(xp) C Li Hy(xq) if and only if (SF)(xo) C (I,4,SH)(xp);
ii) Gr(F) C Li Gr(Hy) ifand only if (SF) < (u,l,4,1,SH);

( (I,
( ( ) < (u,],
(iii) F(xo) C Ls Hy(xg) if and only if (SF)(xo) C <l i, TH)~ ( 0);
(
(

(x
iv) Gr(F) C Ls Gr(Hy) if and only if (SF) < (1,1, i, u, TH) !
v) if (Y,0) is T, and the values of F are a-paracompact, then
(a) F(xo) D Li Hy(x0) whenever (ZF)(xy) C (T i, SH) " 1(xp);
(b) Gr(F) D Li Gr(Hy) whenever (ZF) < (u,1,@,1, SH)™';
(¢) F(xo) D Ls Hy(xo) whenever (IF)(xq) C (1,1, TH)(xo);
(d) Gr(F) D Ls Gr(H,) whenever (ZF) < (1,1, u, TH)

Proof. (i): According to the definition,

(1,1, SH) (x0) =

louoSHo F00) o 0(xg) =

louoSH({{(a,x0):a €K}:Ke F}) =

lou({{P(Hu(xp)) ;0 € K} : K€ F}) =

Uker Neex P (Ha(x0)).- o (1)

The assumption (SF)(xo) C (I, 1, SH)(xp), implies that, for every
y € F(xg), we have {y} € (I,1, SH)(xo) because P(F(xy)) C (SF)(xp). Consequently,
according to (I), for every open set W containing y, there exists K € F such that for every
a € K, P(W)NP(Ha(xg)) # D, i.e., WN Hy(xg) # @, which proves that F(xg) C Li
Ha(xO)' R

Now, conversely, assume that F(xg) C Li Hy(xo). Since (I,1, SH)(xo) is a closed
subset in the space (P(Y),c"), it is enough to show that for every W € o, the property
P(W) N (SF)(x0) # @ implies that P(W) N ([, 2, SH)(xg) # @. So, let us take W € ¢
such that P(W) N (SF)(xg) # @,i.e., WNF(xg) # ©@; then, WN Li Hy(xg) # @ and conse-
quently, there exists K € F such that for every « € K, W N Hy(xg)) # @ or equivalently,
P(W) NP(Hx(xp)) # @. Thus, using Remark 1, we get P(W) N Nyex P(Ha(x0)) # @ for
some K € F and, according to (1) we have P(W) N ([, 2, SH)(xq) # @.

Proof of (ii). It is clear that

(u,1,@,1,SH)(x) =

uolouoloSHo FIY o1l(x) =

uolouolo({{{{P(Hu(x1)) :xyels}:a€K}:KeF}:Uj€1(x)}) =

muleT(x) UKG]—' mthK Ux1€U1 /P(Ha(xlz)' (2)

The assumption that (SF)(x) C (u,l,u,1,SH)(x) for all x € X, (a,b) € Gr(F) and
(a,b) € U x W forsome U € Tand W € ¢, implies WN F(a) # @,ie, P(W)NP(F(a)) #
@ and consequently we obtain P(W) N (u,1,1,1, SH) (a) # @. According to (2), we get

P(W) NUker Naek U eu P(Ha(x1)) # Die,
there exists K € F such that for every « € K
we have P(W) NP (Hy(x1)) # @ for some x1 € U. (3)

The condition P(W) NP (Hyx(x1)) # @ is equivalent to W N Hy (x1) # @, i.e., (x1,y) €
Gr(Hy) for some y € W, so (U x W) N Gr(Hy) # @ and, according to (3), this ends the
proof that (a,b) € Li Gr(Hy).

For the converse implication, suppose that P(W) N (SF)(x) # @, i.e, WNF(x) # @,
where W € ¢ and x € X. Then, for every U; € T(x) we have (x,y) € (U; x W) N Gr(F)
for some y € WN F(x) and according to the assumption, (x,y) € (U; x W) N Li Gr(Hy).
So, there exists K € F such that for every « € K we have (U; x W) N Gr(Hy) # @.

The condition (U; x W) N Gr(Hy) # @ is equivalent to the existence of (x1,y1) € Uj
W such thaty; € Hy(x1),s0 W N Hy(x1) # @ or equivalently, P(W) NP (Hu(x1)) # @ and
consequently, P(W) N Uy, ey, P(Hu(x1)) # @ for all & € K. Finally, in accordance with
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Remark 1, we obtain P(W) N Uxer Nuek Ux,eu, P(Ha(x1)) # @ for all Uy € m(x) and

again Remark 1 yields P(W) N Ny er(x) Uker Naek Ux e, P(Ha(x1)) # @ which means,
according to (2), that P(W) N (u,1, 1,1, SH)(x) # @ and finishes the proof.

Proof of (iii): In an entirely analogous way to the above, we have

(1, TH) " (x0) = (7,1, SH) (x0) = Nker Uner P (Ha(x0)). 4)

If (SF)(x0) C (I,2, TH) *(x0), y € F(xg) and y € W, where W € ¢, then P(W) N
(SF)(xp) # @ and consequently, according to (4), for every K € F there exists a € K such
that P(W) NP (Hu(x0)) # @, i.e., WN Hy(x0) # D. So, y € Ls Hy(xp).

Now, assume that F(xg) C Ls Hy(x) and let P(W) N (SF)(xg) # @, where W € o. It
is enough to show that P(W) N (I, 12, TH) ' (xq) # @. It is clear that W N F(x) # @ and
therefore by the assumption, for every K € F, there exists & € K such that W N Hy(xg) # @,
i.e.,, P(W) N P(Hy(xp)). So, P(W) N Upek P(Ha(x0)) # @ for all K € F and using
Remark 1 we get P(W) N Nker Unex P(Ha(x)) # @ which, according to (4), finishes
the proof.

Proof of (iv). Similarly to the previous cases, we note that

(I,1,4,u, TH) ' (x) = (u,,1,1, SH)(x) =

ﬂule'r(x) Nker Unek Ux1€U1 P(Hﬂé(xl))' (5)

If (SF)(x) C (I,1,i,u, TH) (x) forall x € X, and (a,b) € U x W for some U € T,
W € o and (a,b) € Gr(F), then WN F(a) # @, equivalently, P(W) N (SF)(a) # @ and
therefore, according to (5), we have P(W) N Ny, er(a) NkeF Unek Ux, ety P(Ha(x1)) # @
Consequently, P(W) N Nker Uxek Ux,eu P(Ha(x1)) # @ice., for every K € F there exist
a € Kand x; € U such that P(W) N'P(Hy(x1)) # @,1i.e., WN Hy(x1) # @. Thus, for some
y € WN Hy(x1) we have (x1,y) € (U x W) N Gr(Hy) thus (U x W) N Gr(Hy) # @ and
the proof that (a,b) € Ls Gr(H,) is finished.

Conversely, assume now that Gr(F) C Ls Gr(H,), x € X and P(W) N (SF)(x) # @.
It is enough to prove that P(W) N (l,T, u,u, Iﬁfl(x) # @, i.e.,, considering (V), that
P(W) N Ny er(x) Nier Unek Ureuy, P(Ha(x1)) # @. It is clear that WN F(x) # @, so
(x,y) € Gr(F) for some y € W and therefore, according to that assumption, for every
U; € 7(x), we have (U x W) N Ls Gr(Hy,) # @. Hence, for every K € F there exists
a € K such that (U x W) N Gr(Hy) # @, i.e, there exist x; € Uy and y; € W such that
y1 € WN Hy(x1). So, WN Hy(x1) # @ or equivalently, P(W) NP (Ha(x1)) # @ and, we
have shown that P(W) NUyex Uy, ety P(Ha(x1)) # @ forall K € F. Now, using Remark 1,
we get P(W) N Nker Uvek Ux,eu; P(Ha(x1)) # @ forall Uy € 7(x), and reusing Remark 1
finished the proof.

Proof of (a) of (v). Suppose on the contrary that F(xg) A Li Hy(xo), i.e., yo & F(xo)
for some yg € Li Hy(xp). Because of the T, property of (Y, T) and a—paracompactness
of F(xp) there exist two disjoint open subsets W and V of Y such that F(xg) C W and
yo € V. Consequently, since P(W) N (ZF)(xq) # @, we have P(W) N (I, @, SH) " (xg) #
@, and since V N Li Hy(xg) # @, there exists K € F such that VN Hy(xy) # @, i.e.,
P(V)NP(Hx(xp)) # @ holds for every « € K. This, according to Remark 1, means
that P(V) NUke r Nuek P(Ha(x0)) # @, ie., by (1), P(V) N (1,ii, SH)(xp) # @. Since,
according to Lemma 1, (I, i, SH) (xo) = (I, @, SH) " (xg), we obtain WNV # @ which
gives a contradiction.

Proof of (b). Let us assume on the contrary that Gr(F) 7 Li Gr(H,), i.e., that there
exists (xo,y0) € Li Gr(Hy) such that yo ¢ F(xp). Then, the T, property of the space (Y, T)
and the a— paracompactness of F(x() imply the existence of two disjoint open subsets
W and V of Y such that F(xg) C W and yo € V. Therefore, since P(W) N (ZF) # @, we
have P(W) N (u,1,@,1,SH) 1 (xy) # @. But, analogously to (2), (u,1,i,1, SH) " (xg) =
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(L,1,u, TH)(xo) = Uuyer(xg) Nker Urek Ny ety {Ha(x1)}. So, the following holds for
some U; € 7(xp):

for every K € F there exists « € K such that

Hy(xq) C Wiorallxy € Uj. (6)

Of course, (xo,y0) € (Uy x V)N Li Gr(Hy) # @, hence there exists K € F such that
forall « € Kwe have (Uy x V)N Gr(Hy) # @, i.e., VN Hy(x1) # @ for some x; € Uy,
which contradicts (6) because VNW = Q.

The proof of (c) goes analogously to (a). The assumption that F(xg) A Ls Ha(x)
implies the existence of two disjoint open subsets W and V of Y that satisfy the follow-
ing conditions: P(W) N (I, @, TH)(x) # @ and P(V) N Nger Unex P (He(x0)) # @. So,
P(V) N (@,1,SH)(xo) # @ or equivalently, P(V) N (I, &, TH) " (xg) # @ which implies
WNV # @ and gives a contradiction.

The proof of (d). Analogously to the proof of (b), let us assume that there exist
(x0,y0) € Ls Gr(Hy) such that yo ¢ F(xp), and disjoint open subsets W and V of Y such
that F(xo) € W and yy € V. Consequently, we have P(W) N (L 1,ii,u, TH)(xg) # @
or equivalently, P(W) N Uy, er(x,) UkeF Naek Nxyety, 1Ha(x1)} # @ which means that, for
some U; € 7(xp), the following holds:

there exists K € F such that for every « € K we have
Ha(xl) C Wforall x; € Uj. (7)
Since (x9,y0) € (U3 x V)N Ls Gr(Hy) # @, for every K € F there exists « € K
such that (Uy x V) N Gr(Hy) # @, i.e,, VN Hy(x1) # @ for some x; € Uj. This gives, in
accordance with (VII), VNW # @, i.e., we have a contradiction. [J

Let us quote some direct conclusions of the above theorem.

Corollary 1. Let (Hy)yex be a net of multifunctions from a topological space (X, T) to a T,
topological space (Y, o), F : (X,7T) — (Y, 0) a multifunction whose values are a-paracompact and
let xo € X. Then, the following statements hold:

(i) If(SF)(x0) C (I, @, SH)(xo) and (SF)(xo) C (I,i, SH) " (xo),

(
(i) 1 (ZF)(xo) € (1,0, TH) (x0) and (ZF)"(x0) C (1,8, ZH) " (x0)
then F(xg) = Ls Hy(xg);
)
(
)

o) € (L&, SH) (xo) and (ZF)(xo) C (1,i, ZH)(xp),

[
o
~
=

(iii) If

(iv) If (SF) < (u,1,i,1,SH) and (SF)~' < (u,1,i,1,SH) ",
then Gr(F) = Li

LU
then Gr(F) = Ls Gr(H,);

(vi) If (SF) < (u,1,,1,SH) and (ZF) < (I,1,@,u, TH),
then Gr(F) = Lt Gr(Hy).

The property F(xo) = Lt Hy(xp) is called topologically convergence in point [57],
topologically convergence [58], or pointwise topologically convergence [59].

The property Gr(F) = Lt Gr(Hy) is called topological convergence in graphs [57],
graph convergence [58], topological convergence [60,61], Hausdorff topological conver-
gence of graphs [62], or topologically graph convergence [59].

The set Ls Gr(H,) (resp. Ls Hy(x)) is called the topological upper Kuratowski limit of
(Hy) (resp. the pointwise upper Kuratowski limit of (H,) at x) in [23,24,63].

It is easy to check [64], (Lemmas 1.4 and 1.5), that the property F(x) C Li Hy(x) is
equivalent to the lower pointwise convergence defined in [65] as follows:
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Definition 9. A net (Hy)qex of multifunctions Hy : (X, T) — (Y, 0) is said to be lower (resp.
upper) pointwise convergent to F : (X, t) — (Y, 0) at x € X if for each open subset W C Y such
that F(x) "W # @) (resp. F(x) C W), there exists v € X such that Hy(x) "W # @ (resp.
Hy(x) C W) for all « > vy. Equivalently,

x € lim inf Hy (W) (resp. x € lim inf H (W)) for every open subset W C Y such that
x € F~ (W) (resp. x € FT(W)).

Remark 12. As we can see (Theorem 3 (i), the lower pointwise convergence can be characterized
by the following three equivalent sentences:

(i) xo € F~(W) implies xy € lim inf Hy (W) for every open W C Y;
(i) F(xg) C Li Hy(xp);
(iii) (SF)(xo) C (I,1, SH)(x0).

In the case of the upper pointwise convergence, analogously as in the proof of Theorem 3 (i),
one can prove that this property is characterized by the following two equivalent sentences:

(iv) xo € FT(W) implies xo € lim inf Hy (W) for every open W C Y;
() (ZF)(xo) C (I,4, TH)(xp).

Remark 13. The reasoning analogous to the above remark leads to the following two types of
equivalent sentences:
Type lower:

(i)  xo € F~ (W) implies xy € lim sup H, (W) for every open W C Y;
(i1) F(XO) C Ls H, (XO),‘
(iii) (SF)(xo) C (I,n,ZH) 1 (xo).

Type upper:
(iv) xo € FT(W) implies xq € lim sup Hy (W) for every open W C Y;
(v) (IF)(xp) C (I, 2, SH) (x).

Those types of convergence are called the lower pointwise sub convergence and upper
pointwise sub convergence [66], respectively.

Analogously to Remark 12, below we present the characterizations of the global
version of the point types of graph convergences defined as follows:

Definition 10. A net (Hy) ey, of multifunctions Hy : (X, T) — (Y, 0) is said to be lower (resp.
upper) graph-convergent to F : (X, t) — (Y,0) at x € X [65], if x € Li Hy (W) (resp. x € Li
H," (W)) for every open subset W C Y such that x € F~ (W) (resp. x € F(W)).

Remark 14. The following two lists of sentences present equivalent characterizations, respectively,
for the lower and upper graph-convergence at all points x € X :
Type lower:

(i) x € F~ (W) implies x € Li Hy (W) for every open subset W C Y
and all x € X;

(i) Gr(F) C Li Gr(Hy);

(iii) (SF) < (u,l,0,1,SH).
Type upper:

(iv) x € F*(W) implies x €Li H; (W) for every open subset W C Y
and all x € X;

(v) (ZF) =< (ul,a,1,TH).



Int. J. Topol. 2025, 2, 15

31of61

The equivalence of (ii) and (iii) is proved in Theorem 3 (ii). We will show that (i) and (ii) are
equivalent, as well as the sentences (iv) and (v).

Proof. If Gr(F) C Li GrHy, x € X and W is an open subset of Y such that x € F~ (W),
ie, F(x) NW # @, then there exists y € F(x) N W such that for every open subset U
of X containing x we have (x,y) € (Ux W)NGr(F) C (U x W) N Li GrH,. Conse-
quently, there exists v € X such that (U x W) N Gr(H,) # @ for all &« > -y. The property
(U x W) N Gr(Hy) # @ means that, for some (a,b) € U x W wehave b € H,(a) and hence
U N Hy (W) # @ which ends the proof that x € Li Hy (W).

Conversely, if (x,y) € Gr(F) and (x,y) € U x W for some open subsets U C X and
W C Y, theny € WNF(x) and therefore, x € UNF~(W). According to (i), we have
x € UNLi Hy (W) and consequently, there exists ¢y € X such that U N H, (W) # @ for all
a > 1. The property U N H, (W) # @ means that Hy(p) N W # @ for some p € U which
implies the existence of z € H,(p) N W such that (p,z) € (U x W) N Gr(Hy) # @. This
proves that (x,y) € Li GrH,.

To prove the equivalence of (iv) and (v) let us assume that (ZF) < (u,[, 4,1, ZH)
and let x € FY(W), ie, F(x) C W, for some open subset W C Y, which means
that P(W) N (ZF)(x) # @. Therefore, P(W) N (u,1,4,I,TH)(x) # @, i.e, P(W)N
Nuer(x) Uker Nuek Uxeu{Ha(x1)} # @. Consequently, for every open set U contain-
ing x there exists K € F such that, for all &« € K, P(W) N Uy, cul{Hua(x1)} # 9, ie,
Hy(x1) C W for some x; € U or equivalently, U N H, (W) # @. So, x € Li Hff (W).

Conversely, assume that (iv) holds and let P(W) N (ZF)(x) # @, where x € X. Then,
F(x) C W, ie., x € F*(W) and, according to the assumption, x €Li H;” (W). So, for every
open set U containing x there exists K € F such that foralla € K, UNH} (W) # @, i.e.,
P(W)N{Hu(x1)} # @ for some x; € U. It means that P(W) N Uy, cu{Ha(x1)} # @ for
all « € K which, according to Remark 1, gives P(W) N Nyekx Uy, cuiHa(¥1)} # @. In the

same way, one can show that P(W) N Nyer(x) Uke F Naek Ux,cu{Ha(x1)} # @ which is
equivalent to P(W) N (u, [, 1,1, TH)(x) # @ and finishes the proof. [

The replacement of the Li operation by the Ls in Definition 10 gives the type of conver-
gence called the lower (resp. upper) graph-subconvergence at the points [66]. Analogously
to the remark above, we obtain the following characterizations.

Remark 15. The following two lists of sentences give equivalent characterizations, respectively, for
the lower and upper graph-subconvergence at all points x € X :
Type lower:

(i) x € F~ (W) implies x € Ls Hy (W) for every open subset W C Y
and all x € X;

(i) Gr(F) C Ls Gr(Hy);

(iii) (SF) = (L1, a,u, TH) 1.

Type upper:

(iv) x € F* (W) implies x €Ls Hy (W) for every open subset W C Y
and all x € X;

(v) (ZF) =< (L I,a,u,SH).

The equivalence of (ii) and (iii) is proved in Theorem 3 (iv). The proof that (i) and (ii)
are equivalent is quite analogous to that in Remark 14. We will show the equivalence of (iv)
and (v).

u,SH) 'ie, (ZF) < (u,0,[,1,ZH) and x € F* (W), then P(W) N
P(W) N Nuer(x) Nker Uvek Ux,eu{Ha(x1)} # @. So, for every

Proof. If (ZF) < (11,14,
(w,0,1,1, TH) # @, i.e.,



Int. J. Topol. 2025, 2, 15

32 of 61

open set U containing x and K € F there exist « € K and x; € U such that Hy(x1) C W,
ie, UNH; (W) # @ which proves that x €Ls Hi (W).

Conversely, assume that (iv) holds and let P(W) N (ZF)(x) # @, where x € X. Then,
x € F(W) and, according to the assumption, x €Ls H; (W). So, for every open set U
containing x and K € F there exists « € K such that U N H;f (W) # @, i.e., Hy(x1) C W for
some x1 € U, or equivalently, P(W) NUyex Us,cu{Ha(x1)} # @ for every U € 7(x) and
K € F. Hence, in accordance with Remark 1.1 we get
P(W) N ﬂUGT(x) ﬂKeF cheK leell{HtX(xl)} 7é @, ie., P(W) N <1/l, i, lAf l, Iﬁ> 7é @ or
equivalently, P(W) N (L,[,0,u, SH)~! # @, which finishes the proof. [

In the present work, we are particularly interested in the concept of convergence
defined by O. Frink in [67]:

Definition 11. A net (hy) ey of functions hy : (X, T) — (Y, 0) is said to be:

(i) Continuously convergent to f : (X, ) — (Y,0)at x € X if, for each open subset W C Y such
that f(x) € W there exists an open subset U containing x and v € X such that hy(u) € W
foralla > yand u € U;

(ii)  Quasi-continuously convergent to f : (X, ) — (Y,0) at x € X if, for each open subset
W C Y such that f(x) € W there exists an open subset U containing x such that for every
u € U there exists vy € X such that hy(u) € W forall « > 7.

The basic result concerning those types of convergence is the following:

Theorem 4 ([67]). Let (hy)qex be a net of functions from a Ty topological space X to a Ty reqular
topological space Y convergent pointwise to a function f : X — Y. Then, f is continuous if and
only if the convergence is quasi-continuous.

This leads to the following conclusion:

Corollary 2 ([67]). The limit f of a continuously convergent net (hy)qex of functions from a Ty
topological space X to a Ty reqular topological space Y is continuous.

The continuous convergence was extended to the case of multifunctions in [57]
as follows.

Definition 12. A net (Hy)qex of multifunctions Hy : (X, T) — (Y, o) is said to be lower (resp.
upper) continuously convergent to F at x, if for each open subset W C Y such that F(x) "W # @
(resp. F(x) C W), there exists an open subset U containing x and v € X such that Hy(u) "W # @
(resp. Hy(u) C W) forall a > yand u € U.

Remark 16. It follows directly from the definition that a net (Hy)qex of multifunctions Hy :
(X, t) — (Y,0) is lower (resp. upper) continuously convergent to F at x if and only if for every
open subset W C Y,

o x&F (W)impliesx € Uyex Int Ny>, Hy (W)
(resp. x € FY(W) implies x € U, ey, Int Ny, Hy (W)).

These types of convergence have the following characterization in terms of conver-
gence operators.

Lemma 14. A net (Hy)yex of multifunctions Hy : (X, t) — (Y,0) is lower (resp. upper)
continuously convergent to F : (X,t) — (Y,0) at a point xg € X if and only if (SF)(xo) C
(11,1,u, SH)(xq) (resp. (ZF)(xo) C (11,1, u, TH)(xp)).
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Proof. According to the definition,

(1,1,%,u, SH)(xo) =

lolououoSHo FD o1l (xg) =

lolououo ({{{{P(Ha(x1)):x1 €Uz} :a €K} :Ke F}:U; €t(xg)}) =
Uuler(xo) UKG]—' mﬂCEK mxlelll P(Hﬂt (xl))' AnalogouSIY/

(LLa,u,TH) (x0) = Uiy er(xg) Uker Naek Nxyety 1Ha(x1)}-

So, P(W) N (L 1,i,u, SH)(xo) # @ (resp. P(W) N (L, 1,1, u, TH)(xo) # D) is equiva-
lent to the existence of an open subset U C X containing x¢ and 7y € X such that for all
a>yand u € U, Hy(u) NW # @ (resp. Hy(1) C W). Moreover, of course, the condition
P(W)N(SF)(xp) (resp. P(W) N (ZF)(xp)) means that F(xyg) "W # @ (resp. F(xg) C W)
and the proof is finished. O

Remark 17. A simple analysis of the above proof shows that
(LT, a,u) = (I,1,u,i).

Using Theorem 3 (v), (d), we immediately get the following fact:

Corollary 3 ([56], Theorem 3.2 (2)). If (Y, o) is a T, topological space and the values of F :
(X,t) — (Y, 0) are a-paracompact, then the upper continuous convergence of (Hy ey, to F at
any point x € X implies that Gr(F) D LsGr(Hy).

Proceeding analogously as in the case of continuous convergence, one can define
quasi-continuous convergence for multifunctions as a generalization of Frink’s notion of
quasi-continuous convergence for single-valued functions as follows.

Definition 13. A net (Hy)qex of multifunctions Hy : (X, T) — (Y, 0) is said to be lower (resp.
upper) quasi-continuously convergent to F : (X, T) — (Y,0) at xg € X if, for each open subset
W C Y such that F(xg) "W # @ (resp. F(xg) C W), there exists an open subset U containing
xo such that for every u € U there exists y € L such that Hy(u) "W # @ (resp. Hy (1) C W)
foralla > 7.

Remark 18. Analogously to Remark 16, we can say that a net (Hy)qex of multifunctions Hy :
(X, 1) = (Y,0) is lower (resp. upper) quasi-continuously convergent to F at x if and only if for
every open subset W C Y,

e x € F (W)implies x € IntUyex Nazy He (W)
(resp. x € F*(W) implies x € IntU,ex Nz Hi (W)).

The characterization of these types of convergence in terms of the convergence op-
erators may be proven in an entirely analogous manner to such characterization for the
continuous convergence given in the previous lemma.

Lemma 15. A net (Hy)gex of multifunctions Hy : (X, t) — (Y, 0) is lower (resp. upper)
quasi-continuously convergent to F : (X, T) — (Y, 0) at a point xo € X if and only if (SF)(xg) C
(Lu,1,1, SH)(xq) (resp. (ZF)(x0) C (L, u, 1,1, TH)(x0)).

Proof. It is enough to observe that, by definition, for any point xg € X, we have
(Lu,1,@,SH) (xo) =

louolouoSH o F00) oTl(x) =

louolouo ({{{{P(Hua(x1)):a € K}:Ke F}:xyely}:U €1(x0)}) =

Uuler(xo) mx1€U1 Uker Naek P(Ha (xl)) and analogOUS1yr
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<l/ M,i\,ﬁ,Iﬁ> (xo) = UuleT(X()) mX1€U1 UKE]‘— mﬂeK {Ha(xl)} O

A direct generalization and extension of Frink’s result take the form of the following
pair of theorems. We omit the proof because those theorems immediately follow from a
general theorem about the continuity of the limit multifunctions, which we will state in the
next chapter.

Theorem 5. If (Hy ) ey, is a net of multifunctions from (X, T) to a regular topological space (Y, o),
then for every multifunction F : (X, T) — (Y, o) the following hold:

(i) Under the assumption that (SF)~' < (I,ii, SH) !
the lower quasi-continuous convergence at xq implies that xy € C;(F).
(ii) If F(xo) is a-paracompact, then under the assumption that
(ZF)~Y < (I, @, TH) Y, the upper quasi-continuous convergence at xg
implies that xg € C,(F).

Theorem 6. If (Hy ), ey, is a net of multifunctions from (X, T) to (Y, ), then for every multifunc-
tion F : (X, T) — (Y, 0) the following hold:

(i)  Under the assumption that (SF) =< (1,1, SH),

xg € C;(F) implies the lower quasi-continuous convergence at x.
(ii) Under the assumption that (TF) < (I, @, TH),

xg € Cy,(F) implies the upper quasi-continuous convergence at x.

Remark 19. In the case of single-valued functions, the assumption (SF) < (1,1, SH) means the
pointwise convergence, so Theorem 5 is an extension of Frink's result to multifunctions. What is
more, in the case of single-valued functions, the assumption (SF)~1 < (I, @, SH) ™ is weaker than
the pointwise convergence. Thus, Theorem 5 improves Frink’s result in the part concerning the
sufficient condition for the continuity of the limit functions.

Indeed, if the single-valued functions f,h, : (X, 7) — (Y,0), a € X are interpreted
as multifunctions F and H, given by F(x) = {f(x)} and Hu(x) = {ha(x)}, respectively,
for all (x,x) € X x X, then we have (ZF)(x) = (SF)(x) = {{f(x)}}, or equivalently,
(SF)"'(x) = (SF)(x) = (ZF)'(x) = (ZF)(x) = {{f(x)}} and of course, C;(F) =
Cu(F) = Cu(F) = Cu(F) = C(f).

Analogously, ZH(«,x) = SH(a,x) = {{h(x)}} and, because we are using the
function © given by ©(a, x) = {{ha(x)}} for (#, x) € X x X, the following four conditions
are equivalent for any open subset W C Y and (&, x) € X x X:

e PW)NO(a x) #Q;
e P(W)NZH(a,x) # Q;
. P(W)ﬂSH(oc xX) #Q;
*  Ia(x) €

Of course, for the same reasons, for any open subset W C Y and x € X, the following
three conditions are equivalent:

e PW)N(ZF)(x) #2;
e PW)N(SF)(x) #Q;
e f(x)eW.

So, the pointwise convergence of a net (/14 ) ey to a function f can be phrased in one
of the following two equivalent ways:

o (IF) = (Lu,0);
e (SF) =< (1,ii,0).
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Analogously, according to Lemmas 14 and 15, the continuous convergence (resp.
quasi-continuous convergence) at a point xg in the sense of Frink means that

o (IF)(xo) C (L1,i,u,0)(xq) (resp. (ZF)(xo) C (L, u,1,ii,®)(xo)) or equivalently,
o (SF)(x) C (L1 it,u,®)(xo) (resp. (SF)(x0) C (I, u, 1,1, ©)(xp)).

Finalle, let us note that the condition (SF)~! < (1,1, SH) ! considered in the case of
single-valued functions, means

e (IF)=(4,1,0)or equivalently,
o (SF) < (i,1,0).

And, this condition turns out to be weaker than the pointwise convergence because it
means that f =1 (W) C lim sup hy ' (W) for all open subset W C Y, whereas the pointwise
convergence means that f~1(W) C lim inf h; ' (W) for all open subset W C Y.

3.4. Types of Convergence Guaranteeing the Continuity of the Limit

We are interested in finding all types of convergence of nets of multifunctions that
guarantee the required types of continuity or some generalized form of continuity of the
limit multifunction. We will present general theorems that constitute a complete concept
of the relationship between the type of convergence of the nets of multifunctions and
the type of continuity of the limit multifunction without any assumptions on the type of
continuity of the members of the nets. The following result refers to Theorem 5. The results
of Theorem 5 are obtained by taking (A, ®) = (I,ii, SH) (resp. (A, ©) = (I, i, TH)) in part
(i) (resp. part (ii)) of the below theorem.

Theorem 7. Let (Hy)qeyx be a net of multifunctions from a topological space (X, T) to a regular
topological space (Y,0), ©® € {ZH,SH} and let A be a convergence operator. Then, for any
xo € X and every multifunction F : (X, ) — (Y, 0) satisfying the condition (SF)~1 < (A, @)1
(resp. (ZF)~1 < (A, @) 1), the following hold:

(i) (SF)(x0) C (L u,A,0©)(xo) implies that xy € C;(F)
(resp. xo € Cp, (F)).

(ii) If additionally, F(xg) is a-paracompact, then
(ZF)(x0) C (I, u,A,©)(xo) implies that xy € Cy;(F)
(resp. xg € Cy(F)).

Proof. (i). Let (SF)(xg) C (I, u,A,©®)(xp) and let us assume to the contrary that xo ¢ C;(F)
(resp. x, ¢ Cj,(F)). Then, according to Lemma 9 (resp. Remark 10), (SF)(x,) ¢
(1,u,SF)(xo) (resp. (SF)(x,) ¢ (1,u,ZF)(x,)). Thus, there exists an open subset W C Y

such that P(W) N P(F(x,)) # @ and P(W) N Uy er(x,) Nxyer, P(F(x1)) = @ (resp.

P(W)N Ulller(xo) nxleul {F(xl)} =), ie,

for every U; € 7(x,) there exists x; € Uj such that

P(W)NP(F(x1)) =@ (resp. P(W) N {F(x1)} = D) so,

F(x1) C Y\ W (resp. F(x1) N (Y \ W) # @) or equivalently,

P(Y\W)N{F(x1)} # D (resp. P(Y\W)NP(F(x1)) # D). (*)

The regularity of (Y, 7) implies the existence of an open subset V C Y such that
P(V)NP(F(x,)) #@and CI(V) C W, so

P(Y\CI(V))N{F(x1)} # D (resp. P(Y\ CI(V))N'P(F(x1)) # @) and therefore by
(x) and Remark 1, we obtain

P(Y\CH(V)) NNy er(zy) Unyern {F(x1)} # D

(resp. P(Y\ CI(V)) N N cx(ay) Unpews, PEC)) # O), e,
P(Y\ CI(V)) N (1,1, TF) (xo) £ @
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(resp. P(Y \ CI(V)) N (u,1, SF)(x,) # D). (%)

By the assumption, ZF(x) C (A, ®)~!(x)

(resp. SF(x) C (A,©,) !(x)) for all x € X. So, according to Lemma 7 (iv), we have
(u,1,ZF)(xo) C {(u,1,(A,0) 1) (x,)

(resp. (u,1,SF)(xo) C {(u,1,{A,®)~1)(x,)) and consequently,

PY\CI(V)) N {1, (A,O) 1) (x,) # D or equivalently,

PY\CI(V) N ({Lu,AO) H(x,) #D (s 5 %).

Since (SF)(xg) C (L,u,A,0)(x0), and P(V)NP(F(xo)) # D, we get P(V)N
(Lu,A,©)(xg) # @, and since, by Lemma 2, (I,u,A,©) ~ (l,u,A, o)1, according to
(x % %), we obtain P(V) N P(Y \ CI(V)) # @, which gives a contradiction and finishes the
proof of (i).

(ii). Let (ZF)(xg) C (L,u,A,®)(xg) and let xg ¢ Cy;(F) (resp. xo ¢ Cu(F)); then,
using Remark 10 (resp. Lemma 9), we have (ZF)(x,) ¢ (1,u, SF)(xo) (resp. (ZF)(x,) ¢
(1,u,IF)(xp)). So, there exists an open subset W C Y such that F(xg) C W and the
condition (x) is fulfilled. Since F(x() is a-paracompact, there exists an open subset V C Y
such that F(xg) C V, and CI(V) C W and hence, analogously as above, we have P (Y \
Cl(V)) N {(u,l,ZF)(xg) # @ (resp. P(Y\ CI(V)) N (u,l,SF)(x9) # D), i.e., the property
(x%). Now following the same procedure as above, we get a contradiction that finishes the
proof of (ii). O

Remark 20. The relation between types of convergence and types of continuity of the limits proved
in the above theorem illustrates the following simplified table.

(SH'=x(s0)" (IF) ' =(a0)"
<SF>(X0) C (l,u,A,@)(xo) = Xp € CZ(F) Xp € Clu(F)
<IF>(X0) C <l,u,A,®>(X0) = Xp € Cul(F) X0 € Cu(F)

The next theorem concerning the reverse implications states a generalized version of Theorem 6.
By simplified table, it may be illustrated as follows.

(SF) 2 (7,0) (IF) 2 (A, 0)
(SF)(x0) C (I,u,B,0)(x) < xp € C(F) xo € Cp,(F)
(ZF)(x0) C (L, 5,0)(xg) = 0 € Cu(F) %€ Cu(F)

The equivalences stated in Corollary 4 of Theorems 7 and 8 have the following simple illustration.

(SF) 1< (8,0) (TF) ' < (2,0)
and (SF) 2 (A, ©) and (ZF) < (A,©
It S X0 € Cy(F) X € Ci(F)
(ZE)(x0) © xo € Cu(F) xo € Cu(F)

Theorem 8. Let (Hy) ey, be a net of multifunctions Hy : (X, 7) — (Y,0),© € {ZH,SH} and
let A be a convergence operator. Then, for any xo € X and every multifunction F : (X, T) — (Y, 0)
the following hold:

(i) If(SF) = (A,©) then
(a) xo € C/(F) implies that (SF)(xo) C (I,u, A, ®)(xg) and
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(b) x¢ € Cy(F) implies that (ZF)(xo) C (I, u, A, ®)(xp).
(ii) If (ZF) < (A, ©) then

(a") xo € Cp,(F) implies that (SF)(xg) C (I,u, A, ©)(xq) and
(V') xo € Cy(F) implies that (ZF)(x9) C (I,u, A, ©)(xp).

Proof. (i). If xo € C,;(F) (resp. xo € C;(F)) then, according to Remark 10 (resp. Lemma
9), (ZF)(xo) C (I, u,SF)(xg) (resp. (SF)(x0) C (I,u, SF)(xp). So, since by the assumption
we have P(F(x)) C (A,©)(x) for all x € X, using Lemma 7 (iv), we obtain (ZF)(xy) C
(I, u,SF)(x0) C (l,u,A,0)(xp) (resp. (SF)(x9) C (I,u,SF)(x9) C (I,u,A,®)(xg) and the
proof of (i) is finished. The proof of the second part proceeds in an analogous manner. [

Remark 21. The results (i) and (ii) of Theorem 6 follow from the above theorem by taking (A, ®) =
(1,ii, SH) (resp. (A, ©) = (1,11, TH)) in part (i) (resp. part (ii)).

As a corollary from Theorems 7 and 8, we obtain the following equivalences between
the types of convergence of the nets of multifunctions and the types of continuity of the
limit multifunctions.

Corollary 4. Let (Hy)ex be a net of multifunctions from a topological space (X, T) to a regular
topological space (Y, ), ® € {ZH, SH} and let A be a convergence operator. Then, for any xo € X
and every multifunction F : (X, t) — (Y, 0) satisfying the conditions (SF)~' < (A, @)~ and
(SF) =< (A, @) (resp. (ZF)~1 < (A, @)~ and (ZF) < (A, ®))), the following hold:

(i) (SF)(x0) C (L, u,A,O)(xo) is equivalent to xg € C;(F)
(resp. xg € Cp,(F)).

(it) If additionally, F(xg) is a-paracompact, then
(IF)(xg) C (I, u,A,O)(xp) is equivalent to xo € C,;(F)
(resp. xg € Cy(F)).

In Theorems 9 and 10 below, we state the corresponding version of Theorems 7 and 8
for generalized types of continuity characterized in Lemma 10 where, as one can see, we
have used the compositions/ocuouololou,uololou,lououoloruololouounol
in these characterizations, whereas in the case of standard continuity (Lemma 9 and
Remark 10), the composition ! o u. We omit the proof of these theorems because it is
analogous to that of Theorems 7 and 8, it is enough to use the compositions I cuouololou,
uololou,lououoloruololououolinstead of [ ou.

Theorem 9. Let (Hy)qeyx be a net of multifunctions from a topological space (X, T) to a regular
topological space (Y,0), ® € {IH,SH} and let A be a convergence operator. Then, for any
xo € X and every multifunction F : (X, ) — (Y, 0) satisfying the condition (SF)~1 < (A, @)1
(resp. (ZF)~1 < (A, @) 1), the following hold:
(«) (i) (SF)(x0) C (Lu,u,1,1,u,A,©)(xo) implies xo€ aC;(F)
(resp. xg € aCy,(F)).
(ii) If additionally, F(xg) is a-paracompact, then
(ZF)(x0) € (Lu,u,1,1,u,A,©)(xg) implies xg € aC,;(F)
(resp. xg € aCy(F)).
(q) (i) (SF)(x0) C (u,1,1,u,A,®)(xg) implies xo € qC;(F)
(resp. xo € qCy,, (F)).
(ii) If additionally, F(xq) is a-paracompact, then
(ZF)(x0) C (u,1,1,u,A,©)(x0) implies xy € qCy;(F)
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(resp. xg € qCy(F)).
(p) (i) (SF)(xo) C (L,u,u,l,A, 0®)(xg) implies xg € pC;(F)
(resp. xo € pCy, (F)).
(ii) If additionally, F(xq) is a-paracompact, then
(ZF)(xg) C (Lu,u,l,A,0O)(xq) implies xg € pC,;(F)
(resp. xg € pCy(F)).
(B) (i) (SF)(xo) C (u,1,1,u,u,l,A,®)(xg) implies xg € BC;(F)
(resp. xg € BCpy(F)).
(ii) If additionally, F(xq) is a-paracompact, then
(ZF)(x0) C (u, 1,1, u,u,l,A,©)(xg) implies xg € BC,;(F)
(resp. xg € BCu(F)).

Theorem 10. Let (Hy)qes, be a net of multifunctions Hy : (X, ) — (Y,0),® € {ZH,SH} and
let A be a convergence operator. Then, for any xo € X and every multifunction F : (X, t) — (Y, 0)
the following hold:

(«) (i) If(SF) = (A, ©) then
—  xo € aCy(F) implies that (SF)(xo) C (L, u,u,l,1,u,A,®)(xg) and
—  xg € aCy(F) implies that (ZF)(xo) C (L, u,u,1,1,u, A, ®)(xo).
(ii) If (ZF) < (A, ©) then
—  xo € aCy(F) implies that (ZF)(xo) C (L,u,u,l,1,u,A,0)(xo) and
—  xg € aCy, (F) implies that (SF)(xo) C (L,u,u,l,1,u,A,©)(xp).
(9) (i) If(SF) = (A, ©) then
—  xo € qC;(F) implies that (SF)(xg) C (u,1,1,u, A, ®)(xg) and
—  xo € qC,;(F) implies that (ZF)(xo) C (u,1,1,u,A,©)(xp).
(ii) If (ZF) < (A, ©) then
— g € qC(F) implies that (ZF)(xg) C (u,1,1,u, A, ®)(xq) and
—  xo € qCy,,(F) implies that (SF)(xo) C (u,1,1,u, A, ®)(xp).
(p) (i) If(SF) = (A,0) then
—  xg € pC/(F) implies that (SF)(xo) C (l,u,u,l,A,®)(xo) and
—  xo € pCyy(F) implies that (ZF)(xo) C (I,u,u,l,A,®)(xp).
(ii) If(ZF) < (A, ©) then
—  xo € pCy(F) implies that (ZF)(xg) C (I, u,u,l,A,®)(xg) and
—  xo € pCy, (F) implies that (SF)(xg) C (I, u,u,1,A,®)(xp).
(B) (i) If(SF) = (A, ©) then
—  xo € BC,(F) implies that (SF)(xo) C (u,1,1,u,u,l,A,®)(xg) and
—  xo € BCy(F) implies that (ZF)(xo) C (u, 1,1, u,u,l,A,®)(xp).
(ii) If (ZF) < (A, ©) then
—  xg € BCy(F) implies that (ZF)(xg) C (u,1,1,u,u,l,A,®)(xg) and
—  xo € BCy, (F) implies that (SF)(xo) C (u,1,1,u,u,l,A,®)(xp).

Analogous to Corollary 4, we immediately obtain the following equivalences:

Corollary 5. Let (Hy)ex be a net of multifunctions from a topological space (X, T) to a regular
topological space (Y,0), ©® € {ZH,SH} and let A be a convergence operator. Then, for any
xo € X and every multifunction F : (X, ) — (Y, 0) satisfying the condition (SF)~1 < (A, @)1
and (SF) < (A, ®) (resp. (ZF)~!1 < (A, @) ' and (IF) < (A, ®))), the following hold:
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(a) (i) (SF)(x0) C (Lu,u,ll,u A 0O)(xg) is equivalent to
xo € aC;(F) (resp. xg € «Cy,(F)).

(ii) If additionally, F(xg) is a-paracompact, then
(ZF)(x0) C (Lu,u,l,1,u,A,O)(xg) is equivalent to
xo € aC,y(F) (resp. xg € aCy(F)).

() (i) (SF)(x0) C (u,1,1,u,A, O)(xq) is equivalent to
xo € qC;(F) (resp. xo € qCpy (F)).

(ii) If additionally, F(xg) is a-paracompact, then
(ZF)(x0) C (u,1,1,u,A,©)(x0) is equivalent to
xo € qCy(F) (resp. xo € gCy(F)).

(p) (i) (SF)(x0) C (l,u,u,l,A 0O)(xg) is equivalent to
xo € pCi(F) (resp. xg € pCy, (F)).

(ii) If additionally, F(xq) is a-paracompact, then
(ZF)(x0) C (L,u,u,l,A,0)(x0) is equivalent to
xog € pCyi(F) (resp. xg € pCy(F)).

(B) (i) (SF)(x0) C (u,1,1,u,u,l,A, 0®)(xg) is equivalent to
xo € BCi(F) (resp. xg € BCy, (F)).

(ii) If additionally, F(xg) is a-paracompact, then
(ZF)(x0) C (u,1,L,u,u,l,A,0)(xg) is equivalent to
xo € BCyi(F) (resp. xog € BCy(F)).

Remark 22. The use of (I, u,u,l,1,ul,®), (u,1,1,u,A,®), (I, u,u,l,A0O)or (ul,l,uul0),
instead of (I, u, A, ®) in the tablets in Remark 20, gives the analogous simplified illustrations of
Theorems 9 and 10, and of Corollary 5 concerning the a-continuity, quasi-continuity, pre-continuity,
or B-continuity, respectively.

3.5. The Monoid of Convergence Operators

The basic idea in this chapter is to consider the binary operation

©:CON.OE,X,Y) x CON.O(L, X, Y) — CON.O(%,X,Y)
defined by

<h2nr Y hq+1r i, ceer hs+1112, ey h1> * <f2n*/ ...,fq*+1, i, -~-/fs*+1/ 1, ...,f1> =
(hons s Bgi1s fonss oo fr 1, L g, s By, foe s for g1, B hsy o B, fso, s 1),
where CON.O(Z, X, Y) denotes the set of all convergence operators for given (£, <), (X, 1)
and (Y, o).

It is easy to see that the operator ([, 1) is the neutral element for this operation. We
will denote this operator by (Op) adequately to the notations used in Theorem 2.

The associativity of the operation ® can be shown in the same manner as in the proof
of Lemma 8. So, the set CON.O(Z, X, Y) forms a monoid.

In this chapter, we will consider the question of how many convergence operators are
there. An application of the lemma below significantly narrows down the search area.

Lemma 16. Any convergence operator can be presented in the following form
<h2n/ ey hq—',-l/ l/ hqr ey hs+1r 12/ hS/ ey hl>/
where s = q or, both s and q are even numbers.

Proof. Assume that there exists a convergence function
(hon, -en) hgi1, i, hg,....hsi1,1, hs, ..., h1,'¥) such that s#q and s is an odd number.
We will show that
(o, oo hgir, B g, ooy hsi1, 0l oy 1y, W)=
(o, s hgi1, I g, oy hgeia, 0, e ooy iy, F)
for some even number s*.
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Let us consider the segment ..., kg1, 1, ks, ... of our convergence function. It is clear
that this segment has one of the following forms:

Q) oy hgiq, i hs, o =
(i) .y hsi1, 1, ) ...
h
h

(i) ..., hoyr, 1, T, ...

u,i,l,.

ﬁ,u

i,u,
@iv) ... hsiq,1, a,

.,l
o U,
1,1

The following equalities for the cases (i), (i) and (iii) follow directly from the definition
of the functions u and [:

o Ludl..=.,0ul.=.,0hihs, .. (Ge,s" =s+1);
. SLou, .=, Lu i, = ., hs+1,hs,u,... (ie,s*=s—1);
o Lu U=, uu .. =, kb, 0, (e, st =s—1).

We will prove that the following equality, corresponding to the case (iv), is also true:
e LLul..=.,01L1.=.,0hs,hs, ...

According to the definition of convergence function and Lemma 13 we have
<h2n, cey thrl/ l, hﬁ’ vy hs+1, 12, hs, ceey hl, ®> (XQ) =
hopo..ohyolohgo..ohsgofiohso..oh 0@ o0 F) o 1"(xg) and
Bs_1 0.0l 0@o FE) o1 (xy) =
{{{{{{..{hs_10...0h1 0 O(c(D"5-1))) :
Ds=1) ¢ Ds)} g € K}
Di-1) e DY} i =5 +1,..,9} : K€ F}:
Di=1) e D)} i =g +1,..,2n}.
s=1 .
Of course, the number s — 1 is even, so D("5~1) = B(()n’ 7)o (x,_s-1) and this
2
means thath;_q 0.0l 0 @(a(D(”'S’l))) depends on (x, X, 1 ). Therefore, denoting by
@i{l the function defined on the product X x X by
05 (a,x) =hs_10..0h (@(0&(7’[% (x)))) for all (¢, x) € £ x X, we obtain
hs_1 0.0l 0@ o FEa) o1 (xy) =
0 (w3, o)
Dis=1) ¢ Ds)} 2 0 € K}
Dii-1) e DD} i =5+1,..,q} : K€ F}:
pii-1) ¢ Dt} i =g 41,...,2n}.
Now, using Remark 11 for the case that m = %, since j —1 —2m = j — s and of
course j —2m = j — s+ 1, we have
hs_10..0h 000 FEA o1 (xg) =
{{{{{-{05 (&, xn—m) :
plr=m0) ¢ plr=my .y € K} :
plr=mi=s) ¢ pr=mi=s+)} . j =541, .q}: K€ F}:
plr=mi=s) ¢ pla=mi=stD)} .j— g1 1,.,2n}.
So, the structure of ii;_1 o ... 0 i 0 © o F(4) o 7"*(xy) is represented by the sequence
(fD(nfm,l), K, ID(nfm,Z), . fD(nfm,q72m), F, D(mfn,q72m+1)l o fD(nfm,Z(nfm)) )/ i.e., the
structure of F(14-2M) o 7= (x,). Therefore,
hop o ...ohyiq ofohgo..ohsipohsiqofiohso..ohy 0@ o F1) o t(xg) =
hoyo...ohyiq0 [ohgo..ohsipohsqofioh; 0@ o FLg=2m) o gn=myy),
We will show that
hoyo...ohgyqo fo hgo..ohspoloilolo @S{l o Fla=2m) o gn=m(y,)=
hayo..ohgyq0 Io hgo..ohsipofiololo @S{l o F2a—2m) g " (xp).
So, it is enough to prove that
Lot o l({{{®% (&, Xn—m) : Xp-m € Up-m} 1 € K} : Upon € T(Xp—n—1)}
=fiolo l({{{@;;l(zx, Xn—m) : Xp—m € Up—m} : Up—m € T(Xp—pn—1)} : @ € K}, i.e., the family
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Lr= Uun,,,,ET(Xn,m,l) maGK anfmeunfm ®SZ_1(OC’ x”_m)
is equal to the family

—1
R* = m‘XEK Uuﬂ*mer(xn—m—l) anfmeun—m G);l (06, xn*m)'
For this purpose, let us note that R* = (N,cx Urex @S{l («,x). So,
Nuex Ux,_cu, ,, O5 (&, xn—m) C R* for all Up—m € T(Xy_m-1)-
Therefore, Uy, . cr(x, 1) Naek Ury netyn O3 (& X4 —m) C R* and thus, £* C R*
because the set R* is closed in the space (P(Y),a").
Now let us observe that
Naek Uxex @S{l (2, x) € {Nuek Uy melpm @5271(06’ Xn—m) : Un—m € T(Xy_p_1)} because
X € 1(xy_m-1), S0
—1 —1
ﬂaeK UxeX ®SZ (“/ x) C Ulln,mer(x,l_m_l) ﬂzxeK an,meu”,m ®§: (“; xnfm)
which means that R* C £* and ends the proof of the equality R* = L*.
Now, let us consider a convergence function

(hoy, e g1, I, hy,....hs41,1, b, ..., 1, ©) such that s # q and q is an odd number. We
will show that

(o, s hgi1, 1 1, oy hsir, 1, B, ooy iy, ©) =
(o, o hgr i1, L e ooy g1, i, B, . 11, ©)
for some even number g*.
Analogously to the previous case (with the number s), let us consider the segment
. th, I, h,,, . of our convergence function, in one of the following forms:

V) ... qH,l gy = wytt, L1, ...

(vi)..., qH,l hq, =...LLu,..,

(vii) ... qH,l hg, ... = .., LL1,.

(viii) ... qH,l hg, ... = .. u, Iu,

Of course,
o ., u,j, l..= I:\l Li..=.., }}tHl/hq' I.. (e, g =gq—-1);
. ...,l,l,u,... =..0L1Lu, o gy, hg, . (e, " =q+1);
. 11,1 lll lth, g (e, g =g +1).

For the case (viii) we will prove the following equality which will finish the proof of
the lemma:

e ulu..=..,Luu,. =..,1 hq+1,hq,....

Analogously to the first part of this proof, we have

<h27’lr cees hq—l—l/ l/ hﬁ/ ceey hS+1/ 12/ hSr cees hl/ ®> (xo) =

hayo..ohgyyolohgo..ohsqoflohso...oh 0@ o FM) o " (x0) and

hg_10..0hsi10flohso..ohjo®o Fa) o 1(xg) =

{{{-Ahg-10..ohgy1oftohso..ohyo O(KE) (D(na-1)y)

Dla-1) ¢ DA} . K € F}
Di=) e D)} i =g +1,..,2n}.
-1 -

Since g — 1 is an even number, we have D11 = B(()n’ z) = T%(xn_ﬂ). So,
hg-10..0hsyoflohso..ohyo Q(K®)(D1-1))) depends on (K, xn_%) and denoting
by @;’q_l) the function given by

O V(K x) = hy q0..0hgq0fohso..0h o @K (T’ (x))) for all (K,x) €
F x X, we get

hy10..0hsy1oflohso..oho@o Fa) o7 (xg) =

LA V(Kx, 4):

2

pa-1) ¢ D)} . K € F} -
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D=1 ¢ DY i =g +1,..,2n}.
Using Remark 11 for m = %, we have
hj10..0hsy1oflohso..oho@o Fa) o T (x0) =
{{-AO T (K, xy ) :
pln=m0) ¢ ple=—m1 . K ¢ F} .
plr=mi=q) ¢ pli=mi=q+1)y . j — g 41,..,2n}.
Therefore, hip, 0 ...0hgy1 0 fo hgo..ohggofiohso..ohjo®o Fa) o1(xg) =
Mo © 0 hgi1 08 0 Iy ({{{A®T (K, %) :
pl=m) ¢ pla=my . K ¢ F}
pl=mi=q) ¢ pla=mi=q+)} . i — 541,..,2n}).
We will show that the family
How o o hgyaouolou({{{. {0 V(K xy ) :
pli=m0) ¢ pla=—m)1 . K ¢ F} .
plr=mi=q) ¢ pli=mi=q+1)}y . i — g 41,..,2n})
is equal to the family
hano...ohgipolouo u({{{...{@&s-’qfl) (K, xp—m) :
pl=m0) ¢ plr=m1)y . pln=ml) ¢ pi-m2)y . K ¢ F} :
plr=mi=q) ¢ pla=mi=q+)} . j — 542 . 2n}).
We claim that
uolo ”({{{@(}‘S,q_l)(Kr Xn—m) : Xn—m € Upn—m} :
KeF}ilUp—m € T(Xp—m-1)}) =
Fouou({{{OFT™ (K, xum) : Xnm € Up} :
Upem € T(xp_m-1)} : K€ F}), ie,
the family

*% 7 -1
L= ﬂun,mer(xn,m,l) UkeF Ny pellym ®Sls'q )(K, Xn—m)
is equal to the family

,q—1
R = Uker Muy ety 1) N ety n O 57 (K, Xum).

Indeed, for any U, € T(x;——1) and K € F the inclusion

-1 Lq—
r]xnfmeunfm ®.(7§,q )(K’ x?l*'rn) - UKE]: r]3(;1—meun—m G).(;q 1) (K’ xn*m) hOIdS‘

,q—1
So, r]un—mGT(xn—m—l) r-]xn—meun—m ®_(7's—‘7 )(K’ x”_m) -

a1
Ny met(x, m 1) UkeF Ny meln-m @Ef-q )(K, Xn—m) for any K € F and

s,g—1
hence, Uxer mlln,mET(x,,,m,l) ﬂxn_meun_m ®§:q )(K/ xn—m) -

,q—1 . .
nuﬂ—rneT(xn—nz—l) UKE]: r]xnfmeunfm @).(7_5_[7 )(K’ xn*m) which gives

R** C E**'
Now let us note that the family Ugec 7 Nrex @gi’qfl) (K, x) belongs to

{Uker Ny, _cu,_, @gi’qfl)(K, Xn—m) : Up—m € T(xy_m—1)} because of

X € 1(xy—m—1) and consequently, L** C Uger Nyex @E,—f’qfl)(K,x).

But Ue 7 Nex OV (K, x) € R** since
Neex OFT (K, %) € Ny, ety O V(K xym) forall K € F and any U, €
T(xy_m—1), and consequently, for all K € F we have
-1 -1
Naex ©F7 Y (K,x) € Ny ey ) Moty @57 (K Xum)- So,
(sg-1)

4—1
Uker Nxex @)Siq J(K,x) € Uker Nty et ) MNnmelnn OF (K Xn—m).
This proves the inclusion £** C R** and finishes the proof of the lemma. [
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As the above lemma shows, a combination iy, 0 ... 0 by 1 0 fo hgo..ohsiqofiohso...o
hi can be an ambiguous description of the operator (hy, ..., hyi1, I hg, ..., hsy1, 1, hs, ..., 1q)
in the sense of order. The following lemma shows that the descriptions of convergence
operators can reduce.

Lemma 17. The following segments of a convergence operator
(hou, ey q+1/l hg, ..., hsy1, 1, hs, ..., hy) are equal:

(a) Al =uolololououololou (resp. A" =lououololouoilouol);
()
()
(

c
d) Ai—uololouolouololou(resp Al =lououolofiolououol).

Alzzuolololou(resp Al =louofiouocl);

Aé:uololououolololou(resp Al =louoflouololououol);

Proof. We will start by showing that for any convergence function
(A,@)=hpy0...0hyq0 fo hgo..ohsqoilohso..oho@®o Floa) o,
where s and g are even numbers, the segments of the following types one may regard
as cluster operators in the sense of Definition 1:

(1)  hgx o hgr_1 0 ... 0 by for some even number s* such thats > s* > 1;

(ii) hygx © hpx_q © ... 0 iy for some even number k* and an odd number k such that
g>k*>k>s+1;

(iii) hp« o hyx_q 0...0hy for some even number p* and an odd number p such that
2n>p*>p>q+1

This will allow us to use Lemma 7 and Theorem 1.
Of course, the appropriate 2(n + 1)-tuple of index sets of F(%7) o 7" has the form
(D), pn2) pns) g, pnstl)  pna) F phatl)  pln2n))
So, consider a segment kg« o hg«_q o ... 0 hy of A for some even number s* < s. Then,
hge 0 hge_1 0.0y (@ 0 F) o 1) (x0) =
{{{{{ {hsr ohs 1 0.0l (O(a(D")))) :
Di) ¢ DLt j =5 s —1}:a € K} :
Di=1) e D} i =5+41,..,q} : K€ F}:
Di=1) e D)} i =g +1,..,2n}.
Of course, D("5") = 57( o

)and ¥ = @ o a is a function from X to P?(Y). Hence,
2
)

hge o hge_1 0.0 hy (@(a(D5)))) = hgx o hge _q 0...0 hl(‘]i’(‘t%(xnii)) and therefore
we can regard the composition hg« o hg<_1 o ... 0 by as a cluster operatozr in the sense of
Definition 1.
Let us now consider a segment /1« o fig«_1 o ... o Iy of A for some even number k* and
an odd number k such that g > k* > k > s+ 1.
It is clear that
Me_q0..0hgqofiohso..oho®oFEM) o1 (xy) =
{{{.{hx_10..ohgqofiohso..ohj o @K (Dmk-1))):
Di=1) ¢ DU} i =k, ..,q} : K€ F}:
Di=1) e DU} 1 i =g +1,..,2n} =
{{{.{hg_10..ohgqofiohso..oh; o ®KE (a"(xy_m))):
plr=mi=1=2m) ¢ pla=mi=2m)1 . j —f g} : K& F}:
plr=mi=1=2m) ¢ pln=mi=2m)\ . j — g1, 2n} =
{{{. ¥ (xp_p) : DIr=mi=1=2m) ¢ pla=mi=2m)1 . j — | g} K€ F}:
plr=mi=1=2m) ¢ plr=—mi=2m)1 . j — g4 1, 2n},
where m = k_Tl and Y is defined by
Mg_10..0hgii0fiohso..oh o@®(KE) (a™(x)))) forall x € X.
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For this reason, one can write the function
W © ..ohgohy_qo..0hgqofiohso..oho® o F o1 (xg) as follows
W 0 Wge_q © ... o g (g_q 0 ...ohg g0l ohgo...ohy 0@ o F) o1 (xg)) =
{{{- A o lpr _1 0 . o ({¥ (1= :
pn—m,i—1-2m) c D(n—m,i—2m)} ci=k, .., k*}) .
Dl—mi=1-2m) ¢ Dla—mi=2m)} i — k41, g} K € F)
pli—mi=1=2m) ¢ plo—mi=2m)} .j = g41,.,2n} =
({0 lge 1 00 I (F (T2 (%, t-20)) ¢
pln=mi=1=2m) ¢ pln—mi=2m)1 . j — f* 4 1, . qy:KeF}:
plr=mi=1=2m) ¢ pln=mi=2m)\ .j — 511, 2n} since

(xn,m,k**% ) — pn—mk*=2m)

k*—2m
2

So, we can regard the family li o Iy« _q 0. o (¥ (T e

(x,_,,_«—2m))) as avalue
2
of the cluster function (s, hys 1, ...hg, ¥).
Finally, let us consider a segment hi« 0 i« 1 0... 0 hp of A for some even number p*
and an odd number p such that p* > p > g+ 1. Then,
hp_10..0hgq oioh,lo...ohs+1 oflohso...oho®o FEM) o1 (x )
{...{hp_lo...otholohqo...ohs+1oﬁohs .ol o®o FEa) (Dnp-1)) .
pni-1) eDm)}i=p,.,2n} =
{A¥(x, 1) : pn—mi=1=2m) ¢ pln=mi=2m)\ . j — p _ on}, where m = pgl
e

and‘FisdefinedbyhPA O--~th+l oiohq o..ohgqoflohso...ohy 0@ o Flsa) oTpTil.

Therefore,
hp»o..ohyohy q0..0hggofiohso..ohjo®o0FEM o1(xg) =
hp* o hp*fl 0...0 hp({{‘I’(xn_%) .

pn—m,i—1-2m) c D(nfm,i72m)} i=p,.., 21’1} —

p*—2m

{{{{hp* th*fl O...th(‘P(T 2 (xnimip*EZm)> :

D(nfm,iflem) c D(nfm,z#Zm)} .= P* +1,.., 21’1}.

Thus, the family hp* o hp»_l 0..0 hp(‘I’(T# (x

A p*%z,,,))) is a value of the cluster
function <hp*,hp*,1, whp, ).
We are now ready to prove that Ag = Ag = Ag = Ai and
Al = A = AT = AL
Applying Lemma 7 (iii)(b) and (a), and the equalities (d) stated in the proof of Theorem 1,
we get
Al;:uolofolououololou
—yolololououololou
—uololouololououololou
—uololouololou
=uolololou
:uololelou:Aé.And,
A{‘:lououololouoﬁouOl
=lououololououodiol
=]ououololououolouodiol
=]ououolouoiiol
=lououodiol
:Zouoﬁouoleg’.
Analogously,
Aézuololououolofolou
—yololououololofou
—uololououololouololou
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=uololouololou
=uolololou
:uololelou:Ag.

And,

Al =louoflouololououol
=J]oflououololououol
=lofiouolououololououol
=]oflouolououol
=lofiououol
=louofiouol =AL

Finally,

Aizuololouofouololou
<uololououololouololou
—uololououololouololou
—uololououolololou
:uololououolofolou:Ag
<uololououolololououololou
<wuolololououololou
—yuololofououololou
=uololouolofououololou
=uololouololououololou
juololouofouololou:Ai.

So, AL = AL

Analogously one can prove that A = A? and finish the proof of the lemma. [

Theorem 2 shows that the set of all six products of the form F G o7l de.,
{FOO o1, FOD o1 F1) o 71, F(O02) o 1, F(1.2) o 71, F(22) o 71}, generates the monoid
PR(Z, X) of all products of ((X, <), (X, 7)). Itis easy to check that these products designate
at most the following seven operators:

B={{aLu),aul), (Lula),ullad),dLud),ula),wlal)}.

For simplicity purposes, we will use the following shorter denotes:

(A) = (o, 1,u), (B) = (I, ,u,1,),(C) = (I,u,],2),(D) = {u,1,1,a),

(E) = (f, Lu,a),(F) = (f, u,1,4) and (G) = (u, I, i,1).

Below, we will indicate all possible convergence operators and present them in the
form of multiplications of members of the collection B.

Theorem 11. For given (¥, <), (X,7), and (Y, ), the set CON .O(%, X, Y) of all convergence
operators contains at most the following non-neutral elements:

(i)  Specified by FO2") o 1" n=1,2,..:
(O1) (I,1,u,2) = (E),

Lul,0) = <F>,

0w ul, l u,

(
(
(I,
(I,
(I,
(ii) Spe czﬁed by ]-"(S 5) ) T” for an even natural number s:
7) (L a1 u) = (A),
(
(
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Ial,uullu
[ a,u,l, 1,u)

f,ﬁ,l,u,u,l)

~—

Ia,ulluu,
Ll Ll i
u,l,lu,l )
Lu,u,l,l )
w,l,Lu,ulln
Lula,l, uy =
L, lLula,l,

Q1T oZn 2=

IS

u, L L, L0, u,u,ll,u)
Lu,u Ll a,lL,uullu)
u, L, Lu,u Ll a,luullu)= (D)o
w00, uu,l, I, u)

[
=
®
ES
®
= ~

l,u,f,ﬁ,u,l,l,u) =

o
©
L5
O)
b

l/ ul ul l/ l/ u/ l/ uA/ u/ l/ l/

NS

w,,Lu b a,ull, u)
Lu,u,lld,ull, u)

w0 a,u,ll, u)

© o

Z,u,f,ﬁ,l,u,u,l)z(

N
=
=
=
=
:
=
=
=)
=
=
= N
05

u,l,l,u,f,ﬁ,l,u,u,l)
Z,u,u,l,f,ﬁ,l,u,u,l)

u,l,Lulqa, u,l)
Lu,ullqa, u,l)
w,l,Lu,ul,lau,
u,l,f,ﬁ,u,l)z )
d by F5+2) o T, for an even natural number s:
ILu,d,ullu
ILun, u,l)

(iii) Speci
(Os5

7
8
59

5!
5

[¢8)
[e)
P e e e N N N N N e e i P N N e e e e e e T e T I T
N N N N N =
~
~—
~
~—
~
~—
~—
~—

(

©
©
©
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w, LI L u,a,u,l,lu) = ®
Lu,u, Ll Lu,ul)=(C)® (D)o (E)® (B),
ullluuul) B)

(
) =(F) o

Os0) (
Os1) (
Og2) (
) (w1
6a) (L1, l
65)<ful luul> <F>
66) (Lou,Lu,l,0) = (C)® (F),
67) (1,
68)
69)
70)
71)
72)
)

73

u,u,l,L,u,lu,l,0) = (C)®(D)® (C)® (F),
ullululu)z(D) (
Lufula,lu) =
Lu,ul,lululn Ju) =
w1, Lu,lula,lu) = (D
lulululuullu)
Lu,u,l,Lu b ul ol uullu ) =
(€)©(D)©(C)© (F)©(A) O (B)
w, L Lu,Lul,a,1,uullu) =
Lu,l,ul,a,luul)=(C)o (F)
Oz) (Lu,u,1,1u,l,u,l,a,1,u,ul)=(C (

(O77) (w,1,Lu,l,u,l,a,1,u,ul)=(D)® <c> ® <F> ® <A> ® (B).
(iv) Specified by F&5+%) o T, for an even natural numbe
(O78) (I,Lu,u,1,0,1,u) = (E) ® (F) ® (A),

©
vﬁv

©

=

(
(
(
(
(
(
(
(
(
(
(
(
(
(

CHCHCHONONONONOHONONE

(O74)
(O75)
(O7)

o~ o~~~

<
@«

Lu,u 1 1Luuln)=(C)® (D)o (E)® (F),
u, LI, Lu,ul,n) = (D)o (E)® (F),
Lu,u, L1 Luulalu)=(C)o (D)o (E)® (F)® (A),

(
Oso) (
< ~
(u,1,L1Lu,ula,lu
(
(
(
(

)
)
Os1)
Os2)
83)
)
)
)

) =
Lo, Lu,d,u,l,lu) =
Lu L lLu,ul) =

(

@)
Os4
Oss L
Ose) (L, L,u,1,1,u,it,u,l,lu)
Og7) (Lu,L,u,1,1,u,i,u,l) = (C) ® (F) ® (E) ® (B),
(v)  Specified by F(510) o T, for an even natural number s:
(Oss) (Lu,1,1,u,u,l,0,1,u) = (F) ® (E) ® (F) ® (A),
(Os9) (Lu,Lu,1,1,u,u,l, i) = (C)® (F) ® (E) ® (F)
(Ogo) (Lu,Lu,1,1,u,u,l,0,1,u) = (C) ® (F) ® (E) ® (F) ® (A),
(vi) Specified by F %) o T for an odd natural number gq:
(O91) (u,l,0,1) = (G),

Lu,loullu, i) =

(
(
(
(
(
(
(
(
(

7

>

(092) <Ll,l,12, I, l,u,> = <G> O] <A>,

(O93) (u,l,,1,1,u,u,l) = (G) ® (A) ® (B),

(Oo4) (Lu,u,I,4,1) = (C) © (G),

(Ogs) (u,1,1,u,u,l,i,1) = (D) ® (C) ® (G),

(Og6) (L, u,l,0,1,1,u) = (C) ® (G) ® (A),

(O97) (u,1,1,u,u,l,a,1,1,u) = (D) ® (C) ® (G) ® (A),

(Oog) (L, u,l,a,1,1,u,u,l) = (C)®(G) ® (A) ® (B),

(Og9) (u,1,1,u,u,l,2,1,1,u,u,l) = (D) ® (C) ® (G) ® (A) ® (B)

Proof. For a given function ® : £ x X — P2(Y) and & € X, the composition ® o a is
a function from X to P?(Y). So, we can consider the cluster functions in the sense of
Definition 1, of type (fak, fok—_1,---, f1, @ 0 &). Thus, any cluster operator (for, fox_1, - f1)
designates the function

@lfarf1) 1 3 x X — P2(Y) defined by
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OUaSarfi) (w,x) = (for, fak 1, f1, @ 0 &) (x) forall (a, x) € Z x X.
In the first step, we will prove that for any convergence operator
(hoy, ey i1, I, hg,....hs41,1, hs, ..., h1), the following equality holds true:
(R) (o s hgi1, 1 g, oy Bsir, 1, B, ooy iy, @2k f1) )=
(o, s hgi1, 1 g, ooy hsit, 0, B, oo 11, fote s f1,©).
Indeed, by definition, for any xy € X, we have
(%) (o, s b1, 1 g, oy hsin, 1, B, ooy iy, @2 f1)) (g ) =
hon o ...ohgyq olehqo...oth oftohso...ohy o @) o FlSA) o 1(xp).
According to Lemma 13 we have ®<f2k """ 1) o Fo1) o 77 (xg) =
{._.{®<f2k ----- 1>(0¢,D("'O)):
D) ¢ pn}. }1.:Ds=1) ¢ DIs) g € K}
Ds) ¢ pirstl: 1. png-1) ¢ pra)V:K € F}:
Da) ¢ plng+)y: A.ph2n-1) ¢ pn2my —
{.{for0..0fio@owao k(Dm0
D) € P}, }Drs—1) € D)y € K-
Ds) ¢ plustl)}: 3 plna- 1> e DM}K € F}
Da) ¢ plng+)y: v.p2n-1) ¢ pn2my —
fok 0o fi({..{®ocaoth(DmO)):
D0 ¢ pn)y. 1:ps=1) ¢ pis)yy € K}
D) ¢ plrst)y: 1. plna-1) ¢ DAl V:K € F:
D) ¢ plratl)}. }p2n=1) ¢ pln2n)}y —
for © o0 fi({..{®(a, D1HK0)).D(1+k0) ¢ Dlrtk1)y. 1.
D+k2k=1) o p(n+k, 2k)}
D0 e Pt} }D"S U e pns) }zxeK}
(5) ¢ plrsty: 1. Da-1) ¢ Dt }.K € F}:
(n,q) c D(n,q+1)}:m}:D(n,2nfl) c rD(n,Zn)}) _

{. {@(Dc,D(”+k'0)):D("+k'O) c D(”+k'1)}:...}:
(n+k2k=1) ¢ plr+k2K)};
n+k2k) = plntk, 2k+1)}

/-\66

foxo..ofi

ntk2k+s—1) D(n+k2k+s)} = K}:
n+k,2k+s) e pntk, 2k+s+1)1.

=

}Ke F}:
ntk2k+q) ¢ plntk, 2k+q+1)}

(
(
(
(n+k2k+9-1)  p(ntk2k+q
(
(

@@@@@@@

nik2kt2n-1) ¢ plntk2k+2m)1) where in the last two equations, we have
used the property noted in Remark 11 and the fact that 78(D("0)) = D(r+k2k),
So, @2-f1) o F6) 0 7(xg) = for 0... 0 f 0 @ 0 FETZA+2K) o 74K (x0) and conse-
quently, the value described in (x) is equal to
hayo...ohyiq0 il\z ohgo..ohsgiqo El ohso..ohjo fyro..offo®o F(s+2kq+2k) o
7" (x9) which proves the equality (R).
According to Theorem 1, one can use at most the following six non-neutral cluster
operators ( fo, ..., f1) in the formula @ f2c--f1):
(Luy, (Luu L Luy, (ulLuy, (L,uul), (ulluul)and (ul).
So, as a consequence of (R), for any convergence operator
A = (hou, s hgi1, I g, oo hsi1, 0, B, ... 1), where s > 2,
there exist at most the following six convergence operators of the type
(o, oo gy, 1, g, s g1, 0, hs, oy 11, foge ooy f1), Namely:
(r1) Ry (D) = (hon, ooy g1, L g, oo hg i1, 0, b, oy, L)
(1’2) R(l wu,llu) ( ) <h2n/ s hq-‘rl/ i; hq/ ey hs+1/ i, hs, ..., Lu,u,ll, u>}
(r3) Rty (A) = (hany oo hgi1, L hg, oo Bogr, @ hs, ooy iy, 1L, )
( ) R(l u,u,1) ( ) <h2n/ “er hq+1/ i/ hq/ v hsi1, 1, hs, . e, Ly, u, l>;

"

r4
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hsy1, 0, hs, . iy, u, 1L u,u,l);
hl/ u, l>

hgi1, 0 hg,
hS+l/ MA/ hSr sy

(1”5) R(u,l,l,u,u,l)(A> = <h2n/---,

<r6) R<M,l> (A) = <h21’ll'-'/ hq+1/ i\/ hq/'-'/

Now, let us observe that any convergence function

isa

h5+l/ 12/ hS/ ceer hl/ ®>

(o, s hgi1, 1, hg, ..

function from X to P?(Y). So, any convergence function of the type

<f2k/--~/ hs+1/ ﬁ/ hs/---/hl/ ®>

fll hZVll e hq+1/ l/ hq/ e

is a cluster function in the sense of Definition 1, and consequently, according to Theorem 1,

for any convergence operator

hsy1,1,hs, ..., h1), where k > 2, we can obtain at most the

(hon, s g, 1 g, ...y

following convergence operators of the type

No

<f2kr fl/ thr-"/ hq—‘,—l/i/ hqr':/ h5+],12, hSr-"/ h1>:
(ll) L< ( ) <l/u1h2nr"-1hq+l/l1hq/‘-'/hs+l/?1h5/'*-1hl>/‘
(12) L(l uu,ll u> (A) = <l/ u,u, l/ l/ u, th/ "'rAhq—&-l/ lr hl/]I (Y hs+ll uAr hS/ weey h1>r
(13) L{ullu (A) <1/l, l, l, u, hzn,..., hq-t,-l, lA, hq,...,hs+1,ﬁ, I’ls,..., I’l1>,‘
(14) L{luul (A) <l, u,u, l, hzn,..., hq_H, l, hq,...:hs_;,_l,ﬁ,hs,..., h1>,‘
(15) L{ulluul (A) (u l l u,u, l,]’lzn,...,hq_;,_l, l, hq/~~/hs+1/ ﬁ,hs,...,h1>;
(16) L(ul)(A) = <u l th/ hq+1,l,hq,...,hs+1,ﬁ,hs,...,h1>.

w, considering the convergence operators of the type (I, fo, ..., f1, 1), for a given

function ® : £ x X — P?(Y) and K € F, we define the function ‘I’ﬁw : X — P2(Y) by

Tfu) (x) =uo0®o KO (x), forall x € X.

Then, for each point xy € X we have

ii/on/---/
lof2n
lonn

i
i
i

But, because of Theorem 1, we know that (fyy,, ...,

(l,u,u,l
So,

f1,1,0)(x) =
0..0fiofto@®o FO021) o (xy) =

0..0f; oﬁo@({K(O) oa"(xg): K € .7:}) =
f2no...of1oﬁo@oK(O)otx”(xo):KE.F}) =

foano 0 fro ¥, ou'(x0) K € F}) =

(oo f1,¥5) ) (30) - K € F ).

f1) must be equal to (I,u), (u,l),

Y, (w, LLuy, (Lu,ul Lu), (ul,Luul)or{..).

all possible non-neutral operators of the type (I, fo, ..., f1, 1) are listed in part (i) of

the theorem as (O1), (02), (O3), (O4), (Os) and (Og), respectively.
For this reason, we can obtain the following seven types of operators of the form

The alternating application of the operations (r7), ...,

tor ([,

fi1,4,hs, ...,
hy);
L hy);
hsys, L1, u,u,l,i,hsg, ...,

h5+2k+1lilf2kl"'/ h1>1

hs+3/ l/ l/ u, uA/ hS/ weey

(hon, -,
(C1) (hay, -, L
(C2) <I’12n, veey hs+3, l, u, l, ﬁ, hs, cery
() ] m),
< hs+5/ l/ u, l/ l/ u, ﬁ/ hS/"'/ hl)/
(
(

hs+7/ l/ l/ uu, l/ l/ u, Z’lA/ hS/ e

Ny s
(C4) (hap, ...
(C5) (han, o
(C6) (han, -
(C7) (hap, ...

L hi);
hsiy, Lu, 11, u,u,ld, b, ..., h);
hs+3/ i/ ﬁ/ hS/ ceer hl>

(r¢) and (I1), ..., (I¢) on the opera-

), allows for the determination of all convergence operators of the type (C7), i.e.,

specified by F (5) o 77 for an even natural number s, listed in part (ii) of the theorem.
Below, in the same way, using the operators listed in part (i) instead of (I, 1), we will

determi

ne all operators of the type (C1),...,(C6), i.e., specified by F(5+2) o ¢, F(55+4) o 77

or F(5576) o 77, for an even natural number s. We will consider all possible cases. Next, by

applyin,

g Lemma 7, and the equalities (d) stated in the proof of Theorem 1 without reference

to them and using Lemma 17, we will show that some of the descriptions designate the
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same operator. As a result, we will indicate all possible operators of this type mentioned in
parts (iii), (iv), and (v) of the theorem.
In the case (C1).

e Type (l,lu,i,h,..h) = R,y
- R(l,u)(ol) = <i

= (I,1,u,0) = (E), ie., (Oy);
= Ry (O1) = L Lu o, L, 1wy = (1,0, 0w, 1L )
(l La,uullu) = (f,l,u,ﬁ,u,l,l,u)
= R0y (01) = (E) © (B) © (A), i.e, (Os5);
- R(l,u,u,l)(ol) = <A,l,u,12,l,u,u,l> = 1La,uluu, 1) = (l,l,ﬁ,u,u,l)
= (I, Lu,d,u,l) =Ry (01) = (E) ©(B),ie, (Os);
- Ryiuu (O1) = (L Lud,u,lluul)= <l, Lu,d,u,l)

(1,1, u

= R<u,l) (Ol), ie., ( 56)'

° Type <h2n,...,h3,i,l,u,ﬁ> = L<h2n,u.,h3>(< ,l,u,ﬁ>) = L(th ..... h3>(Ol):
= Lywy(01)=(Lul

U, l
= L(l,u,u,l>(ol) = <C> © <D> <E>/ i A .
- L<u”u>(Ol) (w,L,Lu, L Lu,a) = (ul,LulLud)=(ulllun)
= (u,1,I,Lu,0) = Ly, ;y(01) = (D) © (E), i.e., (Oss);
= Lygpuun(O1) = (L Lu,u, LT Lu,d) = (u,1,1,1u,)
= L,y ((E)), ie., (Osg).

e Type (hay, ... hy, 0L d,u,l, Lu)y = L., h7>(O55):

- L Lu) <O55) = <l,u,i,l, ulﬁl u, l/l/u> = <l/ u/l,i, M,ﬁ,u, l,l,u>
={l, Foud,u,l, Luy= (f,l,u,ﬁ,u,l,l,u>

(B) & (B)© () ie, (Oss);

Loty (Oss) = (Lu,u, L Lu, L L, d,ul,lu)

—

(luullulluuullu)
(luulllu Ju, Ll u)
(luulllu Ju, 1, u)
- L(l,u,u,l)(OSS)
=(C) © (D) ®(E) ® (B) ® (A), ie., (Os9);
(u,l,l,u)(QSS) <u ILLu, l lu, AA/U l,u
=(uLLLud,ulluy = (ulll
= L,y (Oss)
= (D) @ (E) © (B) © {A), ie., (O)
- L<u,,,l,u,u1,>(O55) =, Luullludullu)
= (u,L,L1L,ud,ullu)
= L,y (0ss5), ie., (Ogp).

- Type <h2n,...,h5, i, l, 1/[,12, u,l> = L<h2 h5>(O56>:
= Lyw(0se) = (L, L Lu,d,u, 1) = (1w, LLu,d,u,1) = (L1 u,a,u,l)
= (I,Lu,4,u,1) =(E) ® (B), i.e., (Oss);
<luu”u>(O56) (Lu,u,L,L,u, 1, u,,u, l) (Lu,u, L1, LT, u,0,u,l)
= (Lu,u,L,LLua,ul) = (Luullluiul
= Lijuu(0s6) = (C) ©® (D) ® (E) © (B > e., (Og1);
u,

= Ly (O0se) = (u,LLu L Lut,ul)= (ull LLu,a,ul)

|
~

(u,1,Lu,1,L,u,a,u,l,l,u)
Ju

~~~~~~

1
I~
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= (u,1,1,1,u,0,u
= L(ul (Os6) =
L(ulluul (056)
= Ly (), ie., (Og
In the case (C2).

w1y = (u, 11,1, u,a,u,l)

(D) ® (E) © (B), ie., (Oe2);
= (u, L Lu,u, LI Lua,ul) = (ulllLudul)

2)-

e Type (l u,l,a,hs,..

- Ryuy(02) = (Lu, Z,ﬁ,l,u) =(F)O (A
- R(l,u,u,l,l,u)(OZ) = (f, u,l,a,l,u,ull,u

= (F) ©(4) © (B) © (A),i.e, (Oe); A

- R(ullu)(OZ) =(Lula,ul,luy=Uuludllu)=udllu)

= (I,a,u,l,lu,) = (B) ® (A), ie., (O1);

= Ryuun(02) = (Lu, L, 1u,u,l) = (F) © (A) © (B), ie, (Ogs);

- R<u,1’l,uul>(02) (Lou, Lo, u, 1, Lu,u, 1)y = (0w Lua,lluul)
=(Lu,a,1,1uul)= <l a,u,l,lLu,ul)
= (B) ©(A) © (B), ie, (Ou); .

- R D(OZ) =(Lua,uly=ulun0l)=,uidl)

hzn,...,h3> (<i’ u, l/ ﬁ>) = L(hzn ,,,,, h3> (Oz) =

- Lyw(02) = {Lu,T,u,1,) = (C) © (F), ie., (Og);
— L (02) = (Lwu, 1wl u, 1, i)
=(C) © (D) ©(C) © (F), ie. (Og);
= L (02) = (w1, Lu,l,ul i) = (D)o (C)®(F),ie, (Oss);
= Lyuun(02) = (Lu,u, Ll 1,a)y = (Luu, b Lu L a) = (Lu,ul L)

= (Lu,u,1,I,0) = (C) © (D), e, (O17);
) = {u lluullulu> (w,L,Lu,u,l,1u,l,0)
= (u,l,l,u,u, L) = (u,l,l,u,u,l,l,u)

e Type (hzn, hs, Lo, 10,1, u) = L., h5>(<l u,l,a,1,u))
= L(th ) (Oe3) &

Ly (Oe3) = (L, Lu,1,0,1,u) = (C) © (F) © (A), ie., (Og);
luu,l,l,u)(o63) = (Lu,u,l,lLul,ul 0l u)
(C) o (D) ©(C) o (F) © (A),ie., (On);
= Ly (Os3) = (u,1,1,u, Iul,
(D) (C) © (F) © {4), ie., (Or); A
= Lyuun(Os3) = (Lu,u,l, Lula,lLu)y = 0uulluld,lu)
(l,u,u,f,l,u,l,u) (ILu,u,l, Ialu)=,
(€) © (D) © (4), i, (On);
(u,l,l,u,u,l)<<F>A® <A>) <u L1 u,ul, l u l,
= Luullaluy=(ulluul,l [ 4,
= <D> ©(C) @ (D) ®(A),ie., (Ox3); )
- (063) (u,1,Lul,a,luy=(ulluldlu) = (ulldlu)
<u l l l u) <D> O] <A>, ie., (024).
o Type (hau, ... ho, L, 1, Luu, L, Luy = Ly, o (G, 1, Ly, 1))
= Ly, ... ) (Oea)
- L<l,u>(O64) =(l,u, Lulaluul, 1u)

FA

§>
=
=

|
—

Luy=(ulluu, I Lul,4,l, u)
u) =

i,
Lu
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~

(

O (F)© (A) ©(B)© (A),ie., (On);

(
L 1) (Oea) = <luullulul
(D) ®(C) ©(F) ©(A) © (B) ® (A),ie, (Oz);
u,l,l,u>(O64):(ullulul Jouullu)
) ©
)=

(F)©(A) ©(B) ©(A), ie

luullululuullu)
Lu,u, L La,1uullu)
Lu,u, L 0a,1uullu)

o~~~

<C>

ulluul)(o64) (w,1,Lu,u,1,l,ulq,

= (u, L, Luu, b Lula,luullu)
= (u,L,Lu,ulla,luullu)
= (u,L,Lu,u,lla,luullu)

(D) ©({C) © (D) ®{A) ©(B) © (4),1

<u1>(O64) (u,L,Lu,1,a,1,u,u,l,l1,u)
<ullul JLuullLu)
= (u, 0,1, a,Luullu)=(ulldlu,

=(D)©®

TYpe <h2n;

(A) © (B) ® (A),ie., (O3).
h7,l u,l,a,luul) = L

h2nz~--xh7

<l,u>(o65) = (Lu L, 1,0,1,u,u,l)

I~

Ll Lu) (065) = <lr u,u,l,l,u, lA/ u,l,
©® (D) ® (C) © (F) ®(A) ®(B), i.

(Luu,

L(u,l,l,u) (065

L(l,u,u,l) (065) =

=

(C)
(C)

© (F) ®(A) ® (B), i.e., (Oz);

Jouullu)

e., (O7s);

(Lu,u LTula,lu,ullu)

Lu,ull,u)

e., (Ox);

u,l,1,u)

>(<irurl/ﬁ; Z,M,M,l>)

a,Lu,ul)

e., (O76);

(u,,Lu,Luln luul>

) =
(D) ©(C) © (F) © (A) © (B), ie, (O7);

(1,u, w,lLul,a,lu, u,l)
={(Lu, u,l 14,1, w,u,ly ={,uu,l, Ia,

(C)

© (D) ©(A) © (B), e, (O);

il (Oes) = (u, 1, 1u,u, 1,1, u,1,4,

=(u,l,lLuu, I1ul,q, Lou,ul)
=(ul1luu, I1,a1,u, u,l)
=(ullLuu,l, Ia,1,u, u,l)

(D)®(C)® (D) ®(A) ®(B), i

(Lu,u,l, Lula,luu, 1)

Lu,u,l)

Lou,ul)

e., (Ou);

L1y (Ogs) = (u,L,Lu L0, Lu,ul)y = (ul,lulaluul
= (u,f,l,ﬁ,l,u,u,l) = (u,l,f,ﬁ,l,u,u,l)
= (D) ® (A) ® (B), i.e., (Og).

In the case (C3).

Type (I,Lu,u,1,,hs, ... h1) = R,y (01,

R(l,u)(o5) = <il u,u, l f] l u) =
R(l,u,u,l,l,u} (05)

= < > © <B> © <A>/ Le., (055)/

R

(

u,l,l,
<i1
= (F)

(O ) (L1, i,u,1,1,u)
u,u, 1,1, z u) = (L, Lu,a,u,l,1u)
© (B) © (A), ie, (Os5);

Ripuuy(Os) = <lluululuul>

=(B)©

© (B),i.e., (Ose);

_< ,
(l Lu,ul,a,lLuullu)y = (f, Ju,d,u,l, L u)

= <f, Lu,udl,ui,l,l,u)

<f, Lou,d,u,l)
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R(ulluul)(o5) (fl wou,l,d,ul,lLuul) = (f,l,u,u,l,u,ﬁ,l,l,u,u,l)
(lluuulluul) (Lu,a,u,l1,lu,u,l)
= (I,Lu,0,u,l) = (E) © (B), i, (Os); .
- R<Ml>(O) (LLuu Lo,y = Lu,ulual) = (01L,uui,l)
= (I,Lu,0,u,1) = (E) © (B), ie., (Os).
Type <h2n,...,h5,l, Lu,ul i) = L., h5>(<l, Lou,u,l,ny)
= L(hzn,---,h5><o5):
- Lyw(0s) = (Lu L Luula) = (LulLuulay=(1uuli)
= (E) ® (F), i.e,, (Os); A )
- L(luullu)<05) Luwu Ll Luula)y=0uullulluul i)
= (Lu,u,L,LLuula) = ,uullluuli)
= Luun(0s) = (C) © (D) © (E) © (F), ie., (Op);
- L(u,l,l,u)(qS) <ullulluulu)z(ullulluulu)
= (L LLuulf) = (ul, I Lu,u, 1,14)
= L, y(0s) = (D) ®(E) © <F>A/ ie., (Oso); A
- L<u/,,l,u/u/l>(O5) =L LuullLuuld)=(ullluuld)
= Ly,y(0s) = (D) ® (E) ® (F), i.e., (Osp)-
Type (han, ..., h7, 0Ll q, Luy= L., h7>(
:L(hz,, ..... iy) (O78):

Ly (O78) = (L L L u, a1 u) = (Lu, L uu,l d,l,u)
<llu,ulﬁl u) = (I, 1Lu,uln,lu)
(E) © (F) ©(A), ie, (Oz);
l,u,u,l,l,u)(o78) = (Lu,ullLulluuldlu)
(Lu,u,L1L,u, 1,1 u,u,l,0,1,u)
(Lu,u, 1,10 u,u,1,0,1,u)
(Lu,u, L1 1L w,u,l,0,1,u)
- L(l,u,u,l) (078)
(C) © (D) © (E) O (F) ©(A), ie., (Os1); A
(u,l,l’u>(07g) =L LulLuuwldlu = (ullulluulidlu)
= (u,l,l,f,u,u,l,ﬁ,l,u) (u,l1, ILuula,l Ju)
= L,,(O7s)
= (D) © (E) © (F) ©(A), ie, (O);
- L(ulluul)<o78> (u,1,L,u,ul 1l uul il u)
= (u, LI, Lu,ulnlu)
= (D) ® (E) ® (F) ® (A), i.e., (Os2).

In the case (C4).
Type (f,u,l, Lu,ihs, ... h) = Ry, hl>(<i,u,l, Lu,i)) = Ry, h1>(O4):

- Ry (04) = (i,
— (1,1 u,d)
4) =

I I
I IIFH HA

1
—

w, LLu,a,Lu) = (ulLa,ulu)=(ullu)
= <AE> © (F), ie., (O4); A
(LuLLuda,Luul Lu)y={ulliduluullu)

|
71

<luullu)( A
(lull JuuLLuy = (Lu L Lu,d,u,ll,u)

= Ry u,)( 4) = (F) © (E) © (B) ® (A), i.e, (Og3);
l

- R(l u,u,l) (04) <l u, l, l/ u, ﬁ/ l/ u, M,l> = <i’ u, l’ ’ﬁ’ u, l’ u, M,l>
= (Lu,L,10,u,u,1) = (Lu,l,1Lui,ul) =Ry, (O4)
= (F) ©(E) ® (B), i.e., (Og4);

|
]

(Lu L, 11w, 1y = (L, L, d,u,1) Ry, g, (O4)

(ulluul)(o =
< > ® <E> ® <B>, i.e., (084)'

= Ryy,1y(Os)

| &
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o Type (hyy, ... hs,Lu, 1,1 u,a) = Li,,,.., h5>(<l w L Lu,d)) =L, s (O4):

Ly (0) = (a1, @) = (C) @ (F) © (E), ice, (Oss);
luullu>(O4) <l,u,u,l,l,u,fu LLud) = <l,u,u,l,f,l,u,ﬁ>
<C> O) <D> © <E>, i.e., €\057),‘ .
ity (Os) = (L Lu Ll Lu,d) = (ul,11u,i)
= (D) (E), ie, (Oss); A A
- L<l,u,u,l>(O4)A: Lu,u Ll Lu,d) = u,ullullLud)=0uullluid)
= (Luullluf)=(C)o(D)®(E),ie., (Os);
<u,,,l,u,u/,>(O4)A = (u,L,Luullull, u,ft) = (u, L, Lu,u,l,lullui)
= (L LuullLud)=(lluullluid)
= (u,1,1,1,u,1) = (D) ® (E), i.e., (Osg);
= Lyy(04) = (u,1, Lud,Lu, ) = (u, L Lul,Lud) = (ulllun)
= (u,1,1,1,u,i) = <D> ® (E), i.e., (Osg).

0 Type (hoy, ... hg,l w, L u,a,u,l,l,u) =L,

~

|
~

|
—~

o) ((f, w, L u,d,ull,u))

- <z,u>(083) = (Lu,Lu, Ll u,d,u,l,1,u)
= (C) O (F) © (E) © (B) © (4), e, (Og); )
<l,u,u,l,l,u) (083) = <l/ ul u/ l/ l/ ul ll 1/[, lr l/ ul ﬁr u/ l/ l/ 1/{> = <lr u/ 7/[, lr l/ l/ 1/[, ﬁ, u, l, l, u>
(C)© (D) ©(E) © (B) ©(A), ie (Os9); A
u,,,l,u>(083) (u,1,1,u, Ll ua,ul,l, uy = (u,1,1,1,udullu)
(B0 () 0 8) © (4), e, (Oa), A
l,u,u,l)(<70>) = <l/”/ u,l, Ll lui, u,l,l,u) = <lru1u/ Llulludu, l,l,u>
(Lu,u, L,LLw,a,u,l,Lu)y = (Lu,u L1 Lua,u,llu
=(C)© (D) ©(E) © (B) ©®(A), ie., (Os9);
(u1u,u,l) (083) = <u/ LLuwwl Ll ludu,l, llu>
= (u,L,Lu,ul,LullLudullu
=(u,l,Luu, [11,u,q, w,l,lLuy="(ullu, w, 1,01, u,d,u, L1,u)
={(u,l, I Lua,u,l, 1, u)
=(D)®(E)® (B)AG) (A), ie., (Og); A
- L(u,l) (083) = <u,l,l,u,l,l,u, ﬁ/u/l/l/u> - <u/l/l/ u/l/l/u/ uA/u/l/ l/ u>
= (u, [11,u,q, u,l,luy = (u,l,f,l,u,ﬁ,u, L1,u)
= (D) ®(E) © (B) ® (A), i.e., (Og0)-

. Type(th, h7,iuz,1,u,a,u,l>:L<

|
e~

|
~

|
—~

|
I~

iy (L, L 1w, 0,0, 1))
- (l,u)(o84) = (l,u,f,u,l,l,u,ﬁ,u,l)
()0 (F) © () © (B) ., (Ow) A
iy (Osa) = (Lu,w, LLw L, L Lu,d,ul) = (Luu, Ll Lu,d,u,l)
(C) ©(D) © (E) © (B), i.e., (Op1); .
= L (Oss) = (uw, L Lu,Lu L Lu,d,ul)y = (ull1uiul)
(D) ® (E) © (B), i.e., (Og2); A
- L(l,u,u,l)(084) (Lu,u,l, Lul,Lui,u, D =(uullulluidul)
(l,u,u,f,l,l,u,u,u,l) (Lu,u,l, I1u, a,u,l)
(C) © (D) © (E) © (B), i.e., (Oe1);
(u,l,l,u,u,l)<084) =(u, !, Luullulluidul)
(ulluuflulluﬁul) <ulluuill,u,ﬁ,u,l>
= (u, L, Lu,u, L0 Lua,ul)= (ulllLudul)

- <D> o (E)® (B, i (Og2); A
- (084 ullulluuul) (w,l,Lu,1,l,u,d,u,l)

( fl Loud,ul)= (u,l,l,l,u,u,u,l)

I
=l

1
—
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= (D) ® (E) ® (B),ie., (Og).
In the case (C5).
o Type (L, Lu,u,l,Lu,d hs,...hn) = Ry py (L Lw,u L Lua)) =Ry, 500(03):

- R<llu>(03) = <f,l,u, w, L u,d,lu) = (f, Lu,ulld,ulu)= <i,l,u,u,l, Ld,u)
= (I, Lu,u,l,1lui) = (E)® (F)® (E),ie., (O3);

= Ryuuipw(03) = (L Lwu L L, Luu, L Luy = (L Luu,lLa,uluullu)
= Lu,u L a,uul,lLuy = Luulludullu
= (I,Lu,d,u,1,l,u)y = (E) ® (B) ® (A),ie., (Os5);

- R<u/l,l/u>(O3) = (f,l,u,u,l,l,u, a,u,l,lu) = <f,l,u, a,u,l,lu) =
= (E) © (B) ©® (A), i, (Oss);

- Ryuun(03) = (lluulluuluul)z(,,uulluuluul)
= Lu,u L a,u,ul)=(,Luulludul)=Lubul) =
= (E) ©(B),ie. (Ose);

- R

u,l,l,u,lt,l)(o3) = (f, Lu,ulLu,d,ulluul) = (f, Lu,a,u,lluul)
= (I,Lu,0,u,l) = (E) ® (B), i.e., (Oss);
= <l Lu,ul,l,ui,u, Z) (f,l,u,ﬁ,u,l)
,ie., (Oss).
e Type (hay, ..., hy, ILuull, u, i) = Ly,
= Ly, i) (03):
Loy (03) = (Lu, L Luu, L Lu, ) = (L, L L w1 Lu,d) = (1L u,u, L1 u,a)
(,Lu,ul,1l,un) = (E)® (F)® (E),ie., (03);
(l,u,u,l,l,u>(03) ={(Lu,ullu, ILuull, u, )
(Lu,u, LL,u, LT u,u Loy = (Luul1lLuullui)
(Lu,u,l, IRRTRTAN u, i) = (L,u,u,l, I1Lul, u, 1)
(Lu,u,1,I,1,u,0) = (C) ® (D) ® (E), ie., (Osy);
) (03) = (w, LLu, LLu,u, L Lu,d) = (u,l,Lu L uullui)
(u,l,1, [uu, Llud)= (u,l,l,l, w,u,l,lu,d) = (u, l,l,l,u,u>
= (D) ® (E), i.e., (Oss);
- Lyuun(03) = (luullluulluu) (Lu,u,1,01,u,0)
= (C) © (D) ©(E), ie, (O57); R
O3) = (u, L, Luul L Luuwllud)=(ullluullui)
u, i) = (D) ® (E), ie. (Oss);
(u

h7>(<f,l,u,u,l,l,u,zi>) =

......

£

I
=

|
=

~

- Ly (03) = (u,LLLuullLu, u) (u,L,1,1,u,i)
= <D> ® <E>, ie., (053).
In the case (C6).
o Type (Lu,lLuuli,hs,..h) =Ry,
= Rip,,..n) (O6):
= Ryuy(06) = (LuLLuu,l,a,1u) = (F) & (E) © (F) © (A), ie, (Ogs);
= Ryuuiiw(06) = (Lu,LLuu, 1, Luyu, L Luy = (L, d,u,l, 1L u) =
®

h1>(<il u, lr l/ u,u, l, 12>)

.....

—(H (B (B)o(A) e, On)
- u”u(O6) (lulluuluullu} (Lu,LLu,uludllu)
(i w, L Luudllu) = (l,u,l,l,u,u,u,l,l,u>
= (o (E)o () o (A)ie, Ox)
- luul(Og;)z(lulluululuuU (Lul,1,u,i,u,l)
= (F)© (E) © (B), ie., (Ou); A
- R(u,l,l,u,u,l)(o ) = (l, w, L Luu, L a,ul Luul)y=ulluuluilluul)
(f w, L, Lw,u, il uul) = (f,u,l,l,u,ﬁ,u,l,l,u,u,l)

= (lu,1,1,u,01,u,l) = (F) ® (E) ® (B), i.e., (Ogy);
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- Ry (0g) = (Lu, L, Lu,ula,ul) = GulLuulLua, D= (ul,luui,l)
= (Lu,l,lLui,ul)=(F)®(E)®(B),ie., (Oss).
Type (th,...,h7,f w1, Luuld,) = L(th,...,h7)(<iru/ L1 uul0))

[ )
= L,,,.. h7>(o6)‘
- Lyw(0g) = (Lu,Lu,L,Luul )= (C)® (F)® (E)® (F),ie., (Og);
- Luuwuiiw (O¢) = (Lu,u,l, l,u,f,u,l,l,u,u,l,ﬁ> = <l,u,u,l,f,l,u,u,l,12>
={C)© ( ) ©(E) © (F), ie., (On);
- L<ullu(Oé):<ullululluulu) (u,1,L,1,u,u,l,0)
= (D) © (E) © (F), i.e., (Og);
- L<lwl(06) <luullulluulu> (Lu,u, L Lu, 11, u,u,l,0)
= (Lu,u,LLLuul,a) = 1uullluuli)
— (€)@ (D) © () ® (F), i, (Om); A
- L<u,l,,,u,u,,>(O6)A =(u, L Luullulluu, l,Ji) =(u L, Luullulluuld)
=L LuullLuuld)=(ulluullluuld)
= (u,1,1,1,u,u,l,0) = (D) ® (E) ® (F),i.e., (Og);
- L<u,,>(O§) = (u,L,Lu L Luulay = (ul,lLullLuuld) = (ullluulid)
= (u,l,1,lL,u,ul0)=(D)®(E)®(F),ie., (Os).
o Type (hou, ... ho, L, 1L u,u, 1, Luy = Ly, oy (G, 1w, u, 14,1, u)) =
= L. he) (Oss):
- Lyuw(Oss) =(Lu, Lud,Luul,nalu)
= (C) ©(F) © (E) © (F) © (A), i.e., (O%); )
- Luuwuiiw(Oss) = (Lwu, L Lu Ll lLuuldlLu) = (LuulllLuulidlu
=(C)©(D) ©(E) © (F) ©(A), i.e., (Og1); A
- L<u,,,l,u>(088) = LLulul Luuldlu)=ullluuldlu)
= (D) ©(E) © (F) © (A), e, (Os);
- L<luul>(038) (Lu,u, L, Lu, LLu,u, Lo, Lu)y = Lu,u DL Lu,u a1, u)
= (Lu,u, 0L u,ulalu)y = uullLuuld,lu)
=(C) © (D) © (E) © (F) © (A), ie., (Og1);
- L<u/,,l,u/u/l>(Ogg) = (u L, LuuwllLulluuldl u)
= (u,L,Luul,LulLuuli,lu
= (u,1,Lu,ul1,1,uulilu)
= (u,l,Luul 0 Luuldlu)y=(ulllLuuli,lu
= (D) ©(E) © (F) ©(A), ie, (Os2); A
- Luy(Oss) = (u, L, Lu L LuulalLu)y = (ullulluulilu)
= (0L LuulalLu) = (ulllLuulidlu) = Ly, 1y((40))
= <D> © <E> © <F> © <A>, i.e., (ng).
Finally, we will prove that the alternating application of the operations (r1), ..., (r¢) and
(), ..., (Is) on the operator (u, 1,1, 1) leads to the determination of all convergence operators

specified by F(5%) o 71 for an odd natural number s, listed in part (vi) of the theorem.

Type (u, [, 2,1, hs, ., h1) = Ry, oy ((u,L,8,1)) = R,y (O0n):

- Ryuw(Oo1) = (ul,0,1,1,u,) = (G) ® (A),ie, (Ogp);
- R<,M”u>(og) (w, Lo, Lu, L Lu,u, L Lu) = (ula,1,ullu)
= (u,l,0,1,L,u) = (G) © (A),ie, (Og);
= Ry (Oo) = (u
=(G)© (4) ie,
= Ryuun(On) = (u,l,i,1,1,u,ul)=(G)®(A) ©(B),ie., (Ogp);
= Rygpuun(Oo1) = (u, L, 1,11 u,u,ly = (u,l, 0 ”uul> Ryp 0y (Oo1)

=(G)© (4) © (B), ie, (Og);

ia,zuzzu> (u,l,0,1,1,u)
e., (O9);
i
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- Ryp(Oo) = (u,l,0,1L,u,l) = (u,l,a,1) = (G),ie., (Og).
i Type <I’l2n,...,h3, u, i, ﬁ,l> = L<h2n,.__,h3>(<u, i, ﬁ,l>) = L<h2ﬂ ,,,,, h3) (091)

Ly (Oo1) = (Lu,u,I,0,1) = (C) © (G), i.e., (Ooy);

lu,u,l,l,u)(o91) =(Lu,ul,l, U, i, I, o,y =(Luulluulu, I, i,1)
(Lu,ululal)=(uuldl)

(C) ©(G), e, (Oos);
ullu)(o9l) <u L1u,u,
luul)(o9l) <l u,u,l,u, ,12,
(C) ©(G), ie, (Oos); ) )
- L(u,l,l,u,u,l}(o91) = <u,l, l, u,u,l, u,l,ﬁ,l> = <u,l,l,u, M,l,fl, l>

= (D) ®(C) ©(G), i, (Ogs);
- L(u/1>(091) = (u,l,u, i, ﬁ,l> = <u, ZA, ﬁ,l> = <G>, ie., (Ogl).

b Type <h2n, h5,u l i, l l u> = L(hz,, h5>((u l 1, l l u)) = L(hz,, h5>(092)

~~~~~~~~~~

Ly (092) = (Lu,u, I, 1,1 u) = (C) © (G) @ (A), ie, (Oos);
,M,,u>(ogz) (Lu,u,l,1,u,u, 1 L) = (Lu,u, L Lu,ulu Ll u)
(Lu,u, Lu,L,a,1,1,u) = (Lu,ula,llu),

(C) ©(G) ©(A), ie., (Oo);
u,l,l,u) (092) - <M, Z/ ll ul u/ l/ MA/ l/ l/ 1/[>
(D) ©(C) ©(G) © (4), ie., (Og); A
Ly (Oo2) = (Luu, Lu, L a1 Lu)y = (Lu,u, a1 u)
(C) @ (G) ®(A), ie., (Og); A
Lty (O92) = (1, l Lu,u w1, Lu)y = (ulLuwulallu)
(D) ©(C) ©(G) ®(A),ie, (Oy);
- L<u,l>(ng) (u,1,u, I,a,1,1, u> (u,1,4,1,1,u)
(G) © (A),ie., (Og).
o Type (hou, ... hy,u, 0, 1,1 u,u, 1) = Ly, ((u,1,0,1,1,u,u,1))
= Lip,,,..1y) (O03):
- Lyw(Og) = (l,u,u, La,0,1Luul)
(C) ©(G) ©(A) © (B), ie, (Os);
Wiy (O93) = (Lwu L Lwu, La, L L wul)
(Lu,udlLuulu, Ia,1,1,u,u, D= {(Luululdlluul)
(Lu,u,L,a,1,1,u,u,l)
(C)©(G)©(A)© (B),ie, (Og);

HFA

|
~

> = <D> O) <C> ® <G>, i.e., (095);
u,u

|
—

[ [ [
[“II,TII/[:‘II II/TA

[
| || =l

= Ly (Oos) = (u,l,1,u, u,L,a,1,1,u,u,l)
= (D) ©(C) ©(G) ©(4) © (B), ie., (Og); A
- L( Lu,u >(O93) (l,u,u,l,u,l,ﬁ,l,l,u,u,l) = (l,%u,l,ﬁ,l,l,u,u,l}
= (C) @ (G) ® () ® (B), ie, (Ogs); )
- L(u,l,l,u,u,l) (093) = <ui l/ ll Z’ll ul l/ Ll, ll 12/ ll l/ ur u/ l> = <ul l/ l/ u/ ur l/ uA/ l/ l, u, u,l>

= (D) ©(C)©(G) ©(A) © (B), ie, (Op);
- Ly (Og3) = <ulululluul> (u,L,a,1,1,u,u,l)
= (G) ©(A) © (B),ie, (Og;).

The proof is finished. O
Finally, in the diagrams below, we present the relationships between the studied here

operators, where we will use only the numbers used in the denotations of the operators
listed in the last theorem.
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4. Conclusions

Various types of continuity of multifunctions and types of convergences of nets of
multifunctions examined in the literature on the subject are characterized uniformly, based
on the terminology proposed here. The proposed concept is fundamentally algebraic, yet
it is grounded in topological foundations. Namely, two special functions, u and 1, have a
topological character. Any kind of convergence is representable by a (2n + 2)-tuple, n =1,
2, ... of the functions u and 1 with special conditions on their compositions. A monoid of
special three-parameter functions called products describes the set of all possible structures
and forms the domain space of the convergence operators. So, the presented concept is
essentially an algorithm designed for constructing convergence operators. Additionally,
we establish some general theorems about the necessary and sufficient conditions for the
continuity of the limit multifunctions without any assumptions about the type of continuity
of the members of the nets. The algebraic nature of the proposed concept suggests its
potential application in computer science theory.
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