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Abstract: Given a social network modelled by a graph, the goal of the influence maximization problem
is to find k vertices that maximize the number of active vertices through a process of diffusion. For
this diffusion, the linear threshold model is considered. A new algorithm, called ClusterGreedy,
is proposed to solve the influence maximization problem. The ClusterGreedy algorithm creates
a partition of the original set of nodes into small subsets (the clusters), applies the SimpleGreedy
algorithm to the subgraphs induced by each subset of nodes, and obtains the seed set from a
combination of the seed set of each cluster by solving an integer linear program. This algorithm is
further improved by exploring the submodularity property of the diffusion function. Experimental
results show that the ClusterGreedy algorithm provides, on average, higher influence spread and
lower running times than the SimpleGreedy algorithm on Watts-Strogatz random graphs.

Keywords: cluster; influence maximization; greedy algorithm; linking set; linear threshold model

1. Introduction

The influence maximization (IM) problem has attracted many researchers in the
last few decades, especially due to its applications in various situations, such as viral
marketing [1-3], terrorist attack prevention [4], and network control [5]. Viral marketing has
proved to be more interesting for researchers. Chen et al. [6] justify the strong motivation
for studying information and influence diffusion models with viral marketing. That is, if a
company needs to introduce a new product in the market through word-of-mouth effects
in a social network, it must select influencers in the network and convince them to adopt
the new product. The goal is that the selected influencers will generate a very big cascade
effect in the network, driving other people to use the new product. Thus, diffusion is the
transmission of information among persons, such as the transmission of viruses.

The literature on IM is very extensive. Recent studies range from using reinforcement
learning to solve IM problems [7] to investigating the equilibrium between information
influence and the cocoon effect [8]. Several surveys on IM have been published; see [9-14].

The IM problem is a discrete optimization problem that was enunciated by
Kempe et al. [15]. Given a social network modelled by a directed graph G = (V, E) with
influence weights on edges, in the influence maximization problem, we are interested in
finding the k (pre-defined parameter) nodes of the network which maximize the spread of
the influence once activated under a propagation model. The influence diffusion process
occurs in discrete time steps. Here, for the propagation, we consider the linear threshold
model, which is classified as a progressive diffusion model, since activated nodes cannot
be deactivated [11].

The IM problem is NP-hard under the linear threshold model (and under other
diffusion models such as the Independent Cascade model); see [15] for details. Therefore,
heuristics play an important role in the solution techniques. As stated in [11], “existing

Information 2024, 15, 112. https://doi.org/10.3390/info15020112

https:/ /www.mdpi.com/journal/information


https://doi.org/10.3390/info15020112
https://doi.org/10.3390/info15020112
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/information
https://www.mdpi.com
https://orcid.org/0000-0002-4672-6099
https://orcid.org/0000-0001-6010-1530
https://doi.org/10.3390/info15020112
https://www.mdpi.com/journal/information
https://www.mdpi.com/article/10.3390/info15020112?type=check_update&version=3

Information 2024, 15, 112

20f19

works focus on approximate solutions, and a keystone of these algorithmic IM studies
is the greedy framework”. Among these heuristics, probably the most well-known is
the SimpleGreedy algorithm proposed by Kempe et al. [15]. This algorithm employs a
greedy approach by selecting the node with the highest marginal gain over the network
and including it in the seed set at each iteration.

In this paper, we propose a new algorithm framework based on greedy approaches
for the IM problem. This framework consists of creating a partition of the graph nodes into
clusters, solving the IM problem within each cluster to obtain a set of candidate nodes from
each cluster, and choosing the seed set from those candidate nodes. To solve the IM problem
in each cluster, we use a greedy approach. Following the taxonomy proposed in [11], the
proposed algorithms are classified into simulation-based methods, since Monte-Carlo
simulations are employed for evaluating the influence spread of the selected seed set.

First, we introduce the ClusterGreedy algorithm for the IM problem under the LT
diffusion model. The ClusterGreedy creates a partition of the given network and imple-
ments the SimpleGreedy in the smaller networks resulting from that partition. Then, it
solves a subproblem to determine the seed set of the original network from the seed set
obtained for each of the smaller networks. With this approach, we solve, using a greedy
approach, more problems and, consequently, more simulations (one for each iteration of the
SimpleGreedy). However, each problem is solved in a smaller network, which is important
in order to reduce the running times of the simulations, since this step is computationally
very expensive and depends on the size of the network. By exploring the submodularity
property of the diffusion function, we improve the ClusterGreedy by reducing the number
of iterations that need to be performed. The resulting algorithm, called Improved Cluster-
Greedy, solves a few more iterations than the SimpleGreedy; however, all simulations run in
smaller networks resulting from the clustering operation. The computational experiments
show that this improved algorithm allows for a reduction in the runtime to 25% when we
compare it with the algorithm proposed by Kempe et al. [15], under Watts—Strogatz random
graphs and 54% in the three datasets selected. One important aspect in our approach is
that by splitting the network into smaller networks and analysing each network separately,
we lose the interactions between nodes in different clusters. This may be observed as a
disadvantage. However, as reported in the computational section, we observe that there
may be an advantage in that operation, since analysing each network separately to find
the candidate solutions for the seed set in each cluster and choosing the seed set later by
combining the different sets of candidates helps in avoiding the myopic behaviour of the
greedy approach.

This paper is structured as follows: In Section 2, we review the literature most
related to our work. The IM problem, the diffusion model, and the algorithm proposed
by Kempe et al. [15] are described in Section 3. In Section 4, the ClusterGreedy and the
Improved ClusterGreedy algorithms are introduced, and the main components, namely the
Markov cluster algorithm and the subproblem to determine the final seed set from the seed
of each smaller network, are explained. Experimental results are presented in Section 5.
Finally, Section 6 summarizes the main conclusions of this paper.

2. Related Literature

The literature for IM is quite vast. In this section, we review the literature that is most
related to our work. In particular, we focus on works related to greedy approaches.

Kempe et al. [15] introduced the SimpleGreedy algorithm to solve the problem of
maximizing the influence. This algorithm uses the concept of marginal gain, which is the
influence spread increase obtained by adding a node to the seed set. The SimpleGreedy
algorithm employs a greedy approach by selecting the node with the highest marginal
gain over the network and including it in the seed set at each iteration. This process is
repeated k times [16]. Given the spread function o, the marginal gain of a given node u
can be computed by ¢(S U {u}) — ¢(S), which Kempe et al. [15] estimated with Monte
Carlo simulations. This algorithm is known to have a poor running time performance.
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That inefficiency has motivated several alternative approaches and motivated our study to
reduce the computation time.

The CELF (Cost-Effective Lazy Forward) algorithm was introduced by Leskovec et al. [17].
In the first round, the algorithm calculates an estimate of the influence spread of each
node using Monte Carlo simulations. However, since the marginal gain in each iteration
is not superior to its marginal gain of previous iterations, they reduced the number of
Monte Carlo simulations [18]. CELF was presented as being 700 times faster than the
SimpleGreedy. Goyal et al. [19] introduced CELF++ and described it as being 35-55% faster
than CELFE.

The NewGreedy algorithm was introduced by Chen et al. [20]. This algorithm im-
proved the one proposed by Kempe et al. [15]. NewGreedy reuses the results of the Monte
Carlo simulations from previous iterations to calculate the influence spread for each node
in the same iteration [18].

Cheng et al. [21] introduced the StaticGreedy algorithm. They proposed a solution to
the warranty submodularity and monotonicity in an effective way. Instead of generating
a significant quantity of Monte Carlo simulations in each iteration, a not-particularly
large number of Monte Carlo snapshots are generated at the start and then reused in all
subsequent iterations. This approach guarantees that the estimated influence spreads of
any seed set remain consistent over successive iterations. It also ensures that the features of
submodularity and monotonicity are upheld.

The SIMPATH algorithm was introduced by Goyal et al. [22]. The algorithm uses
simpath-spread and is based on the assumption that the influence propagated from a node
can be calculated as the sum of the weights of all arcs from that node. When the precedent
idea is combined with the CELF algorithm, the resulting algorithm can be applied to solve
the IM problem.

Cluster algorithms for graphs are also known as community detection algorithms
for networks. Community-based algorithms detect communities on social networks
and solve the IM problem through the structure of the given network data; see [23-26].
Rahimkani et al. [23] consider an approach that first identifies the communities on social
networks and then creates a new network based on those communities. In the new net-
work, each node represents a community. Then, the most central nodes of the new network
are selected based on the measures of betweenness and centrality. Each node in the new
network includes nodes in the corresponding community. Therefore, a number of nodes,
proportional to the size of the community, was selected based on the degree centrality to
form the candidate set. The k most influential nodes are then selected from the set based on
the betweenness centrality measure. Community-based algorithms should not be confused
with our clustering approach. Although such algorithms use clusters (corresponding to
communities), their approach is quite different from ours. We split the graph into clus-
ters and consider them separately. In the Community-based algorithms, the clusters are
simplified by choosing a subset of nodes that represents the cluster.

Ghayour-Baghbani et al. [27] propose an efficient method using linear programming
(LP) for the IM problem in the linear threshold propagation model. The method works in
three steps: first, the sparse matrix multiplication is used to estimate the influence graph
from the social network graph; second, the influence graph is used to model the IM problem
in the LT model as a linear program. Finally, the candidate is created. The linear program’s
output is seeded using a randomized rounding approach.

Some methods solve the IM problem by LP in the LT model, but either their runtime
is higher than the greedy algorithm or they tend to produce worse solutions (the spread of
the produced seed set is less than the greedy algorithm [28-31]).

3. Preliminary

In this section, we formulate the IM problem and provide an overview of the linear
threshold model and the SimpleGreedy algorithm. Table 1 provides the notation used in
this paper.
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Table 1. Notation used.
Notation Description
G = (V,E) Directed graph G with vertex set V and edge set E

n Number of vertices in the graph G

m Number of clusters

S Seed set

st Set of activated nodes at step t of SimpleGeedy algorithm

S; Set of activated nodes in cluster j

S; Set of activated nodes in cluster j at step ¢ of SimpleGeedy algorithm

|A]| Cardinality of set A

Number of seeds to be selected (k =| S |)
r Number of Monte Carlo simulations
a(S) The total number of nodes activated by the set of nodes S
N"(v) Set of vertices u of directed graph G = (V, E) such that the arc (1,v) € E

Given a graph G = (V, E ), a stochastic diffusion model on G, and a budget k, the
IM problem is the stochastic optimization problem of finding a set S C V with |S| < k,
such that the influence spread of S,¢(S), under the given stochastic diffusion model is
maximized. That is, determine S* C V, such that

S§* = argmaxo(S). (1)
SCV,|S|=k

Regarding the problem formulation above, it should be noted that finding a group of k
nodes with the greatest combined influence is not the same as finding the top k nodes with
the greatest individual influences. It makes sense to identify two top influencers who both
have a significant impact on the same group of individuals as top influencers, but only one
of them should be chosen as a seed to maximize the influence.

One of the two primary diffusion models, the independent cascade (IC) model, can be
used to explain simple contagions where activations might result from a single source, like
the spread of viruses or information. However, in several circumstances, people need to be
exposed to various independent sources for their behavior to change. The linear threshold
(LT) model was introduced by Kemp et al. [15] as a stochastic diffusion model to represent
this kind of behavior.

In this work, the LT diffusion model is considered. Each arc (#,v) € E in the LT model
has an effect weight w,, € [0,1], which indicates how likely u influences v. The weights
are normalized such that }, i () W < 1, for all v € V [6]. Formally, we have the
following definition [6]:

Definition 1 (Linear Threshold Model). Given a graph G = (V, E), with influence weights
w,, a € E assigned to the arcs, and a seed set SO, the LT model creates the active sets St, for all
t > 1 repeatedly, using the following randomized operation procedure: first, a threshold value 0, is
created for each v € V using a uniform distribution ranging from 0 to 1. For each time step t > 1,
the set St is initialized to the same value as S'~1. For each node v in the set V \ S'~1 that is not
active, if the combined weight of the arcs from its active neighbors is equal to or greater than 65,
denoted as
W(yp) = Oo,
ueSt=1NNi" (v)

then node v is included in St (i.e., node v becomes active at time t).
An important property in IM is submodularity,

Definition 2 (Submodularity [6]). Let V be a finite set, and denote by 2V the power set of V. A
function f : 2V s R is called submodular if, foreach S C T C Vand anyv € V \ T, we have
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f(SU{o}) = f(8) = f(TU{o}) - f(T) 2

In the context of IM, this property says that the marginal gain obtained by adding a
node to the seed set decreases with the increase in the seed set.
Kempe et al. [15] proved the following theorem:

Theorem 1. The influence spread function o(-) in the linear threshold model is monotone
and submodular.

Based on the monotony, non-negativity and submodularity properties of the spread
function o, Kempe et al. [15] devised an algorithm to address the influence maximization
problem—the SimpleGreedy algorithm (Algorithm 1). The algorithm iteratively selects the
node with the highest marginal gain and includes it in the seed set. The algorithm stops
when the seed set has k elements. Under the LT model (and IC model), computing exact
marginal gains, i.e., the exact expected spread, is #P—hard [6].

Since the SimpleGreedy algorithm needs to compute the exact marginal gains, or the
exact expected spread (Line 3 of Algorithm 1), Kempe et al. proposed to estimate them by
Monte Carlo simulations, with r runs. With this change, we obtain Algorithm 2.

Algorithm 1 Simple Greedy (k, o)

Input: k: cardinality of the returning set; o: monotone and submodular set function
Output: seed set S
1: initialize S < @
2: fori =1tokdo
3 u < argmax(c(SU{w}) —c(9))
weV\S
S+ SuU{u}
end for
6: return S

Algorithm 2 SimpleGreedy (G, k)

Input: G = (V, E): social graph; arc weights w,, e € E; k: cardinality of the returning set
Output: seed set S
1: function MC-ESTIMATE(S, G)
2 counter < 0
3 forj=1tordo
4 Perform a simulation of the diffusion process on the graph G using the seed set S.
5: n, < The number of active nodes once the diffusion concludes.
6 counter < counter 4 1,
7 end for
8: return counter /r
9: end function
10: initialize S +— @
11: fori =1tok do
122 u 4 argmax MC-ESTIMATE(S U {w}, G)
weV\S
13 S+ SU{u}
14: end for
15: return S

Notice that both Algorithms 1 and 2 generate a sequence of sets S°, S, ..., SF and the
corresponding estimative of spread. This observation will be used later. Algorithm 2 has
time complexity O(krne), where # is the number of vertices and e is the number of edges.
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4. Cluster Greedy Algorithm

This paper presents a novel algorithm named ClusterGreedy (Algorithm 3) that com-
bines the SimpleGreedy (Algorithm 2) with graph clustering. The main idea is to create a
partition of the set of nodes using clustering techniques. Each subset of nodes obtained
from the partition induces a smaller subgraph. Then, we apply the SimpleGreedy to each
subgraph to generate a set of candidate nodes for the seed set. Then, a subproblem called
the linking set problem is solved to obtain the best seed set from the combination of the
sets of candidate nodes generated for each subgraph. We present an overview of the
ClusterGreedy algorithm in Figure 1. The purpose of this approach is twofold. On one
hand, we aim to reduce the running times since the evaluation of the marginal gains (which
is the most expensive task from the computational point of view) is conducted on smaller
subgraphs. On the other hand, as the SimpleGreedy approach is heuristic and known to
be myopic, by leaving to a second step, the choice of the final seed set may help to obtain

better solutions.
NETWORK

CLUSTERING
£
CLUSTER 1 CLUSTER 2 CLUSTER 3 CLUSTER m
SimpleGreedy SimpleGreedy SimpleGreedy SimpleGreedy

l | i

Vs
LINKING SET

SEED SET OF
NETWORK

Figure 1. Scheme of Algorithm 3.

Next, the three main components of the proposed algorithm are presented. First, the
ClusterGreedy algorithm is described, then the subproblem to combine the candidate sets
of nodes is modelled, and, finally, the full algorithm is detailed.
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Algorithm 3 ClusterGreedy (G, k).

Input: G = (V, E): social graph; arc weights w,, e € E; k: cardinality of the returning set
Output: seed set S
1: generate the clusters of graph G using the MCL algorithm
2: set m to the number of clusters of G
3 forj=1tomdo
4 Gj < the subgraph induced by the set of nodes in cluster j
5: S; =SimpleGreedy(G;, k) (Algorithm 2)
6: end for
7. compute c;; > 0, the value of spread within cluster j, with seed set S;:
8: solve the linear integer program defined by Equations (3)—(6)
9: Let x be the optimal solution obtained
10: fori =1tok do
11: forj=1tomdo

12: if fl’]’ =1 then
13: S S;ﬁ

14: end if

15: end for

16: end for

17: return S

4.1. Markov Cluster Algorithm

Clustering aims to partition a given data set into clusters where the elements inside
each cluster exhibit a similarity or connectivity according to a preset criterion [32]. However,
there exist graphs that lack a naturally clustered structure. Nevertheless, a clustering
algorithm produces a clustering for every input graph. If the graph’s structure is completely
uniform, with edges evenly distributed across the nodes, the clustering produced by any
technique will be somewhat arbitrary. This constitutes no major issue for our approach
since the main goal is to create several smaller graphs.

In our case, the clustering is performed using the Markov clustering (MCL)
algorithm [33]. The MCL algorithm emulates stochastic walks on the underlying interaction
network, employing two alternating operations: expansion and inflation [33]. Firstly, loops
are incorporated into the provided graph. The highest weight among the weights of the
edges connecting to the vertex determines the weight of each loop. Next, the graph is
converted into a stochastic “Markov” matrix, denoted as A, which captures the probabilities
of transitioning between each pair of vertices. The probability of a random walk of length
A between any two vertices is then determined using a method called expansion, which
involves calculating A*. The resulting values are used for forming the clusters in such
a way that frequent random walks on the graph occur between nodes belonging to the
same cluster.

In contrast to other clustering algorithms, such as K-means clustering, the MCL
algorithm does not require the number of groups to be predetermined. Nevertheless, the
value of this number can be indirectly regulated by manipulating the inflation parameter.
The level of inflation directly impacts the granularity or resolution of the clustering result.
Lower inflation values (1.3, 1.4) result in fewer and larger clusters, whereas higher inflation
values (5, 6) lead to more and smaller clusters [34,35].

4.2. Linking Set

In order to obtain the seed set for the original network from the candidate seed sets
obtained for each cluster, it is necessary to solve a subproblem. Given m clusters, the aim is
to find the best seed set of k nodes selected among the m candidate seed sets obtained for
each cluster.

To model this subproblem as an integer linear model, let us consider non-negative
weights ¢;j, foralli € K = {1,...,k} and all j € ] = {1,..., m}, which represent the
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expected spread in cluster j, considering the seed set of cardinality i, denoted by Si. Also,
consider the binary variables x;; forall i € Kand j € ] indicating whether we select i nodes
from the cluster j. The subproblem can be formulated as follows:

m k
maXx Z Z Cl']'xi]', (3)
j=1i=1
m k
Y. ) ixij=k 4)
j=1li=1
k
injgl, jE], (5)
i=1
xij€1{0,1}, i€K, je]J (6)

The objective function aims to maximize the estimated spread. Equation (4) means
that k nodes are chosen. On the left-hand side, the number of nodes selected from each
cluster is added. The total sum must be k. Constraints (5) impose that at most one variable
is positive. Notice that if all of the variables are null for a given j, then no node is selected
from cluster j. Constraints (6) are the integrality conditions of the variables.

This problem is a particular case of the multiple-choice knapsack problem, and it is
known as the linking set problem (LSP) [36], which can be solved by the following dynamic
program (which is an adaptation of the one given in [36] to our case).

Let «(j, 1) denote the optimal value of the subproblem when considering the first j
clusters and i seed nodes. For j = 1, we obtain:

N Joe, i€K
w(1,i) = { +co, otherwise

For j =2,...,m the recursive relations are given by

a(j,i) = maxXye(o,..,i—1}{a(j —Li—w) +cj}, €K,
! 400, otherwise

where cjp = 0.

The optimal value of the LSP is given by a(m, k). This dynamic program can be solved
in O(mk?) operations.

It should be noticed that the optimal value of the LSP should be an under-estimative
of the value of ¢(S), since the spread of each set S; is estimated within each subgraph, not
in the entire graph G, and the interactions between activated nodes in different subgraphs
are not taken into account.

An important property of the IM models is submodularity; see Section 3. This property
also holds when ¢ (-) is applied to each cluster. Consequently, that property implies that for
each cluster j the gains for including a new node in the seed set are decreasing, that is,

Cijj = Ci—1,j = Ci41,j — Cij @)

where we assume again cp; = 0 forall j € J.

When this property holds, the linking set problem can be solved more efficiently using
the following greedy algorithm (Algorithm 4) where, in each iteration, the marginal gain is
obtained from selecting a node from each cluster, and selecting the node with the largest
gain. This algorithm has time complexity O(mk).

The proof of this theorem is left in Appendix B. If the values c;; are obtained from the true
function o(-) or from a greedy algorithm, then Property (7) holds and Theorem 2 can be applied.

Theorem 2. If condition (7) holds then Algorithm 4 solves the LSP.
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Algorithm 4 Greedy algorithm for the linking set problem.

1: Set value := 0;t:=0;and, forj € J, ij =0,
2: whilet < kdo

3: compute j* = argmaxjef{cij+1,j — cij/j};

4 value = value + Ciru 41,7 — Cig ji*;

5: Z]* = 1]* + 1,'

6 t=t+1.

7: end while

8: forjc Jdo

9: set x;; = 1,if i = i; and x;; = 0, otherwise.
10: end for

4.3. The ClusterGreedy Algorithm

The full ClusterGreedy is described in Algorithm 3.

First, the algorithm applies the MCL algorithm to define the clusters of graph G. Then,
it applies the SimpleGreedy to each subgraph of G induced by the clusters obtained by the
graph clustering of the main network. SimpleGreedy obtains a candidate seed set S; for each
cluster j with cardinality k. Remember that SimpleGreedy (see Algorithm 2) forms set S; in
a constructive manner, including a node at each iteration. Hence, it generates a sequence
ofsets S, fori=1,...,k containing the seed set with i nodes. In addition, it estimates the
spread of each set, which is given by ¢;;. These values are the input parameters to the LSP
presented in Section 4.2. Then, the seed set S is obtained from the optimal solution to the
LSP, from the combination of all sets generated for each cluster. This set is the union of sets
S;'-, such that xij=1.

The time complexity of the ClusterGreedy is the maximum of the time complexity of
the dynamic program for the linking set (O(km)) and the time complexity of the Simple-
Greedy (O(kr Z]'-”Zl nje;), where n; and e; are the numbers of nodes and edges, respectively,
of the subgraph induced by cluster j. From this complexity, we observe that the size of the
largest cluster will be an important factor in determining the running time of the algorithm.

By observing that when the values of ¢;; are obtained from the greedy algorithm and
Property (7) holds, we can improve the ClusterGreedy. Instead of solving, for each cluster,
the SimpleGreedy for a seed set of k nodes, we merge the SimpleGreedy with the Greedy
algorithm for the LSP. The full algorithm, denoted by Improved ClusterGreedy, is described
in Algorithm 5.

Algorithm 5 starts by computing the gain from selecting a node from each cluster.
Then, in each iteration, we choose the node from the cluster that provides a larger marginal
gain and apply a new iteration of the greedy algorithm to that cluster.

This algorithm allows us to reduce the number of iterations performed in the calls
to the SimpleGreedy. In particular, instead of performing mk calls to the function MC-
ESTIMATE(S, G) it performs only k + m calls. Since the function MC-ESTIMATE (S, G) is
the most time-consuming operation with O(re) operations (where e is the number of edges
of graph G), this reduction allows for substantial time savings.
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Algorithm 5 Improved ClusterGreedy (G, k).

Input: G = (V, E): social graph; arc weights w,, e € E; k: cardinality of the returning set
Output: seed set S
1: generate the clusters of graph G using the MCL algorithm
2: set m to the number of clusters of G
3 forj=1tomdo
4 Gj < the subgraph induced by the set of nodes in cluster j
5: S; =SimpleGreedy (G, 1) (Algorithm 2)
6
7
8
9

compute ¢;j, the value of spread within cluster j, with seed set S;'», fori=1
: end for
: Setvalue := 0;t :=0;and, forj € J, ij:=0,
: whilet < kdo

10: compute ]* = argmaxjel{cijﬂrj — Cij,j};
11: value = value + Ciru 41,7 — Cigo j*

12: i]-* = i]-* +1;

13: t=t+1.

14: S; =SimpleGreedy (G;j, ij-) (Algorithm 2)

15: Set Ci].* j to the optimal value of SimpleGreedy (G;, i )
16: end while

17: § + @

18: forj € J do

19 S« S

20: end for

21: return S

5. Computational Experiments

In this section, the computational experiments conducted to evaluate the proposed
approach are reported. These experiments compare the performance of the ClusterGreedy
algorithm (Algorithm 3) with the SimpleGreedy (Algorithm 2) and to evaluate the gains of
using the Improved ClusterGreedy algorithm when compared to the ClusterGreedy.

These experiments were conducted in a Desktop DELL Intel Core i7-11700 2.50GHz
16 GB 500 GB Win11Pro. All the implementations were conducted in the Julia language.

We consider two sets of instances. A set of instances based on Watts—Strogatz ran-
dom graphs was generated using the package Graphs.jl (version v1.8.0) [37] and a set of
real datasets.

The LSP was solved using the packages JuMP;jl (version v1.11.1) and HiGHS jl (version
v1.5.2). The clusters were generated by MCL [34] (available in the Clustering Julia pack-
age/version v0.15.2). Based on some preliminary tests to control the number of clusters,
we set the inflation parameter to [ = 5.5.

We report the results with Watts—-Strogatz random graphs on Section 5.1 and the results
on a real data set on Section 5.2.

5.1. Computational Results with Watts—Strogatz Random Graphs

For n equal to 3000, 4000, 5000, and 6000, we obtained, on average, 51, 62, 58, and
60 clusters (Figure 2), respectively. The runtime of MCL was 28.65 s, on average, which is
very small when compared to the total running time of the algorithms. Figure 3 shows the
average runtime of cluster generation for n equal to 3000, 4000, 5000, and 6000.

The experimental results show that the ClusterGreedy is faster than SimpleGreedy.
For r = 50 (10 result) and r = 100 (10 result) simulations, both algorithms were tested for
n equal to 3000, 4000, 5000, and 6000. ClusterGreedy used, on average, 35%, 36%,
27%, and 22% of the SimpleGreedy runtime, respectively, to obtain the seed set S
(Figures 4 and 5). It corresponds, globally, to 25%. That is, on average, ClusterGreedy
required only 25% of the runtime of SimpleGreedy to achieve the solution to the problem.
More importantly, there is a clear trend showing that the gains in the running time increase
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as n increases. The Wilcoxon signed-rank test used to compare the running times of both
algorithms provides a p value close to zero for all sets of instances, showing that the gains
are statistically meaningful.

Average number of clusters

70
62 60
60

50

Number of clusters

3000 4000 5000 6000
Number of nodes (n)

Figure 2. Average number of clusters generated by the MCL algorithm.

A\'erage clusters generation time

Time (seconds)

3000 4000 5000 6000
Number of nodes (n)

Figure 3. Average runtime of clusters’ generation.

Average algorithms runtime
160000 144 168
140000
120000
< 100000
=
1
% 80000
o
E 60000 50 559
40000 31889
22234
20000 8635 Joss - £ 067 13 841
0 [
3000 4000 5000 6000
Number of nodes (n)
m SimpleGreedy ClusterGreedy

Figure 4. Comparison of the average execution time of SimpleGreedy and ClusterGreedy algorithms.

To evaluate the spread of the seed set S in the network, we simulate the propagation
of the seed set S in the network with 1000 runs and calculate the average value. The
results show that the seed sets obtained with ClusterGreedy provide a gain of about 3%,
on average, for the estimated spread when compared with the seed sets obtained with
SimpleGreedy (Figure 6). The Wilcoxon signed-rank test provides a p value lower than 5%
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for all sets of instances except for n = 3000, which is 0.09, meaning that for these larger
instances, the improvement in the objective function value is statistically meaningful.

Runtime percentage of
ClusterGreedy relative to SimpleGreedy

2o,
<o, 369
35% 6%
35%
30% o,
30% 2704
5% 22%
o
15%
10%
5%
0%
3000

4000 5000 6000
Number of nodes (n)

&)

G
e

&

Percentage
)
2
2

Figure 5. Percentage of average runtime of ClusterGreedy compared with SimpleGreedy.

Average objective function value
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Figure 6. Comparison of the average objective function value given by SimpleGreedy and Cluster-
Greedy algorithms.

In the experimental results (in bold), reported in Appendix A, numbers 4, 11, 13
(Table A1), 4, 15, 16 (Table A2), 1, 6, 15 (Table A3), 2, 4, 11, 13, 16, and 17 (Table A4),
the runtime of the ClusterGreedy algorithm is not more than 15% of the runtime of the
SimpleGreedy algorithm. These were the best results obtained. In opposition to these,
results with numbers 3, 18 (Table A1), 20 (Table A2), and 5 (Table A4) were recorded, in
which the execution time of the ClusterGreedy algorithm was longer than SimpleGreedy’s.

In order to compare the Improved ClusterGreedy with the ClusterGreedy, we test
the running times for n = 3000,4000, 5000,6000 and » = 50. The running times of the
Improved ClusterGreedy were 4.1%, 2.8%, 2.5%, 1.6%, repectively, and, on average, 2.8%.
In relation to the SimpleGreedy, the running times of the Improved ClusterGreedy were,
on average, 0.5%.

5.2. Computational Results with Real Datasets

e Email-eu-core [38]: Email records from a major European research institution were
utilized to create the network. If individual u has transmitted at least one email to
individual v, then there is an edge (u,v) in the network. The dataset excludes any
inbound or outgoing messages from or to the rest of the world; the emails exclusively
document communication among members of the institution (the core). “Ground-
truth” community memberships of the nodes are also included in the dataset. At the
research institute, each individual is affiliated with precisely one of the 42 departments.
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*  Adolescent health [39]: The construction of this network was informed by a survey
done between 1994 and 1995. Each student was directed to create a list of their top
five female acquaintances and their top five male acquaintances. A node represents a
student, and an edge (u, v) linking two students signifies that student u has chosen
student v as a friend.

*  Gnutella peer-to-peer (8 August 2002) [38]: An assemblage of the Gnutella peer-to-peer
file-sharing network captures the month span of August 2002. The Gnutella network
topology is composed of nodes, which symbolize hosts and edges, which symbolize
connections among the hosts.

The statistics of the real-world graph datasets that we employ are outlined in Table 2.

The experimental results demonstrate that the ClusterGreedy algorithm exhibits a higher
speed compared to the SimpleGreedy algorithm. Both methods underwent testing using the
three chosen real data sets. The ClusterGreedy algorithm utilized 4% of the SimpleGreedy
runtime in the Email-eu-core network, 70% in Adolescent health, and 60% in Gnutella peer-
to-peer to obtain the seed set S (see to Table 3). Globally, it represents 54%. On average,
ClusterGreedy achieved the solution to the problem in just 54% of the duration required by
SimpleGreedy, based on the selected real data sets. The highest performance was attained in
the dataset with the most significant average clustering coefficient (Email-eu-core network).

Table 2. Dataset statistics.

Network Email-Eu-Core Adolescent Health Gnutella Peer-to-Peer
Statistics Network Network Network
Nodes 1005 2539 8114

Edges 25,571 12,969 26,013
Average 0.3994 0.1419 0.0095

clustering coefficient

Type Directed Directed Directed

Table 3. Computational results of evaluation of ClusterGreedy in real data sets.

Runtime (s) Objective Function Value
Network n m k r
MCL  SimpleGreedy ClusterGreedy Linking Set SimpleGreedy ClusterGreedy

E“;Z‘rlfu' 1005 181 10 100 0.30 60,630.30 2327.60 131.268 530.814 411.78
Ai‘;ﬁi;em 2539 406 25 50 25.87 2511.18 1768.04 82.181 176.257 157.273
Gnutella
peer-to- 8114 13 81 50 59.87 482,067.82 288,061.54 244.29 763.558 771.724
peer

Average 29 181,736 97,386 153 490 447

6. Conclusions

We present a novel algorithmic strategy to solve the problem of maximizing the
influence that is based on the idea of creating a partition of the set of nodes of the original
network into smaller subsets, solving the IM problem in the subgraph induced for each
subset of nodes, and, finally, combining the solution obtained for the several subgraphs in
order to generate a final solution (seed set). This general idea was applied using greedy
algorithms, and the results showed that:

*  The proposed algorithm (called ClusterGreedy) needed only, on average, 25% of
the classical greedy (SimpleGreedy) runtime to achieve the solution of the influence
maximization problem;
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e under the general condition that the marginal gains decrease with the increase in the
size of the seed set (which is satisfied by the greedy algorithm and by the diffusion
function under the linear threshold model), then combining the solutions from the
different clusters can be conducted in a much more efficient way. Moreover, the two-
phase approach can be improved and a new algorithm that searches for the highest
marginal gain between the different clusters can be used. This improved algorithm
runs, on average, in 4% of the running time of the ClusterGreedy algorithm.

Overall, the proposed approach is more efficient than the classical one of solving the
IM problem. It should be important to notice that this approach can be applied using
other algorithms for the IM problem, not necessarily the greedy one. This future research
direction includes the use of both proxy-based and sketch-based approaches, see [11].
However, for those cases, the necessary condition for the improved algorithm may not
hold. Another direction of research is to explore the relation of the IM problem with the
p-median problem, where a given set of p nodes must also be selected. In Ref. [40], a
decomposition approach for the p-median problem on disconnected graphs is introduced.
This decomposition allows for solving large-scale problems. In our approach, we obtain
disconnected graphs after performing the clustering. Hence, a similar decomposition
approach can be employed for the IM problem.
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Appendix A

Here, we present the tables with the full detailed results.

Tables A1-A4 provide detailed information regarding the running times and objective
function values for n = 3000, n = 4000, n = 5000, n = 6000, respectively, for the instances
based on Watts-Strogatz random graphs. Column m provides the number of clusters,
column k provides the number of elements in the seed set, and column r provides the
number of Monte Carlo simulations. We can observe that the objective function value
obtained from the LSP is an underestimation of the estimated spread, as expected.
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Table A1l. Computational results for n = 3000.

Runtime (s)

Objective Function Value

o k ' MCL SimpleGreedy ClusterGreedy Linking Set SimpleGreedy ClusterGreedy
46 30 50 9.63 5686.06 1272.13 52 63 66
74 30 50 8.49 6102.56 1205.10 52 63 64
35 30 50 10.47 1842.13 2991.36 55 63 66
54 30 50 7.18 6448.28 646.86 54 64 55
36 30 50 9.54 2507.60 1075.74 57 63 67
36 30 50 19.01 6646.61 2276.28 55 64 66
57 30 50 11.23 3806.67 1530.79 51 62 55
35 30 50 18.50 5989.16 2078.36 54 64 67
45 30 50 11.30 4338.80 2415.55 51 63 65
35 30 50 11.01 4388.51 1671.92 53 63 53
72 30 100 10.74 17,638.40 2549,70 54 64 63
36 30 100 10.32 13,198.84 7041.78 52 64 66
70 30 100 9.66 23,175.31 2879.32 56 64 68
35 30 100 42.80 18,236.07 5763.19 56 64 67
35 30 100 10.60 22,917.41 9680.69 55 65 64
71 30 100 17.54 6037.13 3449.89 55 64 65
72 30 100 11.30 5725.89 2720.86 54 63 66
35 30 100 10.68 5859.43 6868.13 55 64 66
63 30 100 12.22 6199.05 1556.98 56 64 68
71 30 100 11.39 5965.02 1091.29 54 64 68

Average 13 8635 3038 54 64 64

Table A2. Computational results for n = 4000.
Runtime (s) Objective Function Value

o k ' MCL SimpleGreedy ClusterGreedy Linking set SimpleGreedy ClusterGreedy
37 40 50 20.61 19,183.01 6084.58 70 84 84
94 40 50 17.05 15,541.19 3535.49 71 83 88
47 40 50 24.58 17,288.80 3378.13 72 85 89
78 40 50 25.57 19,902.08 2953.08 70 84 87
70 40 50 20.28 19,153.86 4529.98 71 83 87
48 40 50 24.60 15,556.00 2729.04 73 84 88
95 40 50 20.66 9470.89 1879.85 72 84 89
96 40 50 23.28 10,521.98 1758.60 73 84 88
37 40 50 24.25 14,953.14 4982.72 72 84 88
83 40 50 26.16 8261.44 2475.15 73 84 88
47 40 100 15.73 37,350.58 16,860.93 75 85 89
64 40 100 17.51 13,187.33 6510.77 71 84 88
48 40 100 18.71 13,766.84 2511.51 72 85 88
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Table A2. Cont.

Runtime (s)

Objective Function Value

o k ' MCL SimpleGreedy ClusterGreedy Linking set SimpleGreedy ClusterGreedy
49 40 100 19.37 12,624.12 2842.77 71 84 88
98 40 100 18.29 29,727.57 2001.41 69 85 89
95 40 100 16.80 31,476.40 3398.91 72 85 85
38 40 100 15.49 30,891.72 10,749.67 70 85 89
42 40 100 16.95 31,523.74 18,893.21 70 86 88
48 40 100 21.75 56,815.60 18,476.38 72 86 88
18 40 100 19.64 37,483.61 44,788.42 64 86 68

Average 20 22,234 8067 71 85 87

Table A3. Computational results for n = 5000.
Runtime (s) Objective Function Value

o K ' MCL SimpleGreedy ClusterGreedy Linking Set SimpleGreedy ClusterGreedy
72 50 50 35.50 39,198.99 4090.11 87 104 109
27 50 50 33.66 37,746.83 12,551.05 83 104 110
35 50 50 38.13 43,241.71 21,132.67 88 103 97
45 50 50 30.11 41,008.61 15,922.91 90 105 112
59 50 50 28.34 23,410.06 8635.88 94 103 107
88 50 50 26.32 18,710.15 2134.49 92 104 106
76 50 50 28.28 17,171.25 2656.90 87 105 109
50 50 50 39.54 24,120.51 15,279.60 86 103 106
60 50 50 20.85 12,712.06 2265.87 91 103 111
60 50 50 23.88 10,538.98 2520.88 88 104 110
61 50 100 27.45 48,493.67 14,665.65 93 107 113
61 50 100 27.15 37,923.94 16,476.38 92 106 104
46 50 100 29.05 49,783.73 15,885.76 84 107 109
59 50 100 28.31 78,956.37 19,807.02 89 105 110
76 50 100 27.38 159,351.68 16,017.61 91 106 109
58 50 100 29.39 79,943.63 22,085.49 90 108 110
60 50 100 29.24 37,985.19 14,601.94 92 106 112
59 50 100 31.62 82,649.48 25,357.64 91 105 112
51 50 100 33.72 89,812.26 16,172.17 86 107 111
59 50 100 35.05 78,412.95 28,552.08 92 105 112

Average 30 50,559 13,841 89 105 109
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Table A4. Computational results for n = 6000.

Runtime (s) Objective Function Value

o k ' MCL SimpleGreedy ClusterGreedy Linking Set SimpleGreedy ClusterGreedy
71 60 50 64.63 47,839.63 13,682.93 107 124 132
142 60 50 34.95 47,010.98 2842.19 106 124 128
47 60 50 36.24 83,701.97 33,636.33 101 126 133
72 60 50 66.51 172,009.16 22,980.20 108 126 129
17 60 50 66.52 74,947.11 88,144.33 98 126 92
20 60 50 34.84 29,437.34 16,364.70 101 125 129
71 60 50 34.83 57,536.98 10,625.88 109 124 132
39 60 50 76.57 48,285.85 33,088.12 103 123 130
63 60 50 7748 48,952.40 19,807.15 105 125 134
61 60 50 35.40 52,906.38 15,269.56 102 125 132
71 60 100 44.85 267,189.27 14,896.03 108 129 134
58 60 100 37.08 243,731.77 50,383.76 110 126 135
72 60 100 38.53 159,052.73 12,433.80 108 127 135
42 60 100 38.51 180,923.76 82,078.75 99 126 131
9 60 100 54.29 296,129.56 59,096.51 102 125 132
70 60 100 34.30 262,348.87 12,476.31 112 128 136
54 60 100 59.83 313,372.35 36,160.77 105 126 133
72 60 100 72.20 101,866.35 37,024.97 111 126 134
73 60 100 72.34 106,270.40 25,122.75 112 126 128
71 60 100 38.18 289,850.34 51,670.68 109 126 134
Average 51 144,168 31,889 106 126 130

Appendix B

Here, we prove Theorem 2.

Proof. First, consider the following reformulation of the LSP using variables y;;, j € J,i € K,
which indicate whether at least i nodes from cluster j are selected. The model is written
using the marginal gains, as follows:

m k
max ZZ Cij = Ci—1,j yz]
j=1li=1
m k
> ) Vi = (A1)
j=1li=1
Yij < Vi1, jeji€k, (A2)
vi; € {0,1}, icKje] (A3)

Constraints (A1) ensure that k nodes are selected, and constraints (A2) ensure that if at least
i nodes are selected from cluster j, then at least i — 1 nodes are selected from cluster j.
Notice that y;; variables can be related to variables x;;, as follows:

xj=T1iff (yj=1,t<i, and y; =0,t>1i), je]icK (A4)
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Now, we can observe that the relaxation obtained from removing constraints (A2)
is a uniform matroid which can be solved by the greedy algorithm. As the coefficients
are decreasing for each j (since they satisfy Equation (7)), then the greedy algorithm
follows exactly the steps of Algorithm 4. Now, observing that the solution obtained by
this algorithm satisfies constraints (A2), we conclude that it is optimal for the LSP, which
concludes the proof. [J
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