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Abstract

Multi-expert large language model systems need to dynamically distribute user requests
among multiple candidate experts to improve inference accuracy and system efficiency
in complex task scenarios. To address the issues of existing routing methods relying on
manual rules, unified discriminant boundaries, or large-scale annotated data, as well as
high maintenance costs during expert expansion, this paper proposes an expert routing
method, BGMM-LSE, based on positive sample semantic distribution modeling. The
method constructs a positive sample set using only the requests historically successfully
processed by each candidate expert, and maps the requests into dense semantic vectors
through a pre-trained text feature extraction model; subsequently, a Bayesian Gaussian
mixture model (BGMM) is independently trained for each expert to characterize the capa-
bility distribution of its successful requests in the semantic space. During online inference,
the system encodes the target request into a feature vector, calculates the log-likelihood
score combining the retained Gaussian component parameters and the smoothed covari-
ance matrix of each expert, and uses Log-Sum-Exp to aggregate the probability contri-
butions of different components. Finally, the request is routed to the expert model(s)
with the highest score. Experiments were evaluated based on seven tasks: Math, GSM-
Symbolic, HumanEval, Mbpp, MMLU, AIME1983–2025, and HellaSwag. The results
show that this method achieves an average routing accuracy of 86.25%. The experimental
results demonstrate that BGMM-LSE can provide stable request distribution capabili-
ties for multi-expert large language model systems while maintaining interpretability
and scalability.

Keywords: LLM routing; Bayesian Gaussian Mixture Model; large language models

1. Introduction
Large language models have achieved strong performance across a broad range of

tasks, including mathematical reasoning, code generation, knowledge question-answering,
and open-domain dialog. Nevertheless, in practical deployment, no single model consis-
tently performs best across all input types. Different models often exhibit distinct strengths:
some are more effective on programming tasks, some are more reliable in mathematical rea-
soning, and others are more competitive on broad knowledge or commonsense tasks. This
heterogeneity has made multi-expert LLM systems an increasingly attractive deployment
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paradigm, in which multiple candidate models are maintained and the system dynamically
assigns each incoming request to an appropriate expert.

In such systems, the routing stage is critical because the overall system quality depends
not only on the capability of the candidate experts, but also on whether an incoming request
is assigned to a suitable one. Existing studies have approached this problem from several
different perspectives. FrugalGPT formulates routing as part of a cost-aware cascade
and aims to balance quality and budget across multiple LLM services [1]. RouteLLM
learns routers from preference data and focuses primarily on selecting between stronger
and weaker models under quality-cost trade-offs [2]. Hybrid LLM similarly emphasizes
efficiency-aware query routing between models of different strengths [3]. RouterBench,
on the other hand, provides a systematic benchmark for comparing routing strategies and
shows that routing performance can vary substantially across methods and evaluation
settings [4]. These works collectively demonstrate the importance of multi-LLM routing,
but they also indicate that the formulation of the routing problem depends strongly on the
target deployment scenario.

The scenario considered in this paper differs from the above cost-oriented or
preference-oriented settings. Our focus is not on choosing between a single strong model
and a single weak model, nor on optimizing a response-cost trade-off under a fixed bud-
get. Instead, we study routing in a multi-expert setting where several candidate models
possess partially overlapping but non-identical capabilities. In such a setting, a request
may be answerable by more than one expert, and the practical objective is to assign it to
the expert whose historical competence pattern best matches the semantic characteristics
of the request. This makes the routing problem less naturally suited to a single global
decision boundary.

A large portion of existing routing methods, including linear classifiers, multilayer
perceptrons, graph-based routers, and nearest-neighbor or clustering-based approaches,
can be viewed as learning or approximating a direct mapping from request representations
to expert choices. These methods are effective in many settings and are also included in our
empirical comparisons. However, they typically treat routing as a discriminative selection
problem. In the multi-expert scenario studied here, such a formulation has two practical
limitations. First, it does not explicitly model the capability region of each expert itself;
instead, expert selection is determined through relative decision boundaries among experts.
Second, when expert capabilities overlap or when new experts are added, the routing
mechanism may require global adjustment or retraining. For systems that evolve over
time, this increases maintenance complexity. In summary, the key gap addressed in this
work is the lack of a routing framework that can model expert-specific capability regions
directly from historical successful requests while naturally accommodating overlapping
expert competencies.

Motivated by this observation, this paper investigates a different routing formula-
tion: instead of directly learning a unified discriminative boundary across all experts, we
model the semantic distribution of historically successful requests for each expert inde-
pendently. The purpose of this study is not merely to improve routing accuracy, but to
establish a probabilistic routing framework that is interpretable, modular, and easy to
maintain in evolving multi-expert LLM systems. To this end, we propose BGMM-LSE
(Supplementary Materials), an expert routing framework based on positive-sample seman-
tic distribution modeling. The method first maps request texts into dense semantic vectors
using a pre-trained embedding model, and then fits an expert-specific Bayesian Gaussian
mixture model (BGMM) with a Dirichlet process prior over the successful requests of
each expert. At inference time, a target request is routed by evaluating its log-likelihood
under the capability distribution of each expert. To improve the numerical stability of
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likelihood computation in high-dimensional semantic space, the proposed method intro-
duces covariance smoothing to make component-wise covariance estimation more stable,
and employs Log-Sum-Exp aggregation to avoid numerical underflow or overflow during
the accumulation of mixture-component likelihoods.

The main contributions of this paper are summarized as follows:

• We formulate expert routing as an expert-wise semantic distribution matching
problem and propose a routing framework that models each expert independently
from its historical successful requests, rather than relying on a single global
discriminative boundary.

• We introduce a Bayesian Gaussian mixture model with a Dirichlet process prior to
characterize the multi-modal capability distribution of each expert, thereby allowing
the effective mixture structure to adapt to the expert’s positive-sample distribution
without requiring a manually fixed number of active components.

• We develop a numerically stable likelihood-based routing mechanism by combining
covariance regularization smoothing with Log-Sum-Exp aggregation, which improves
the reliability of expert scoring in high-dimensional semantic space.

2. Related Work
2.1. Mixture of Experts and Routing Mechanisms

The basic idea of mixture of experts models can be traced back to the adaptive combi-
nation of local experts and hierarchical expert models. Jacobs et al. proposed the Adap-
tive Mixtures of Local Experts, which combines multiple local experts through a gating
network [5]. Jordan and Jacobs further investigated the hierarchical mixture of experts
architecture [6]. In the context of deep learning and large language models, sparse gating
MoE expanded model capacity through conditional computation, and Sparsely Gated MoE
demonstrated the potential of large-scale expert layers in language modeling and machine
translation [7]. GShard combined conditional computation with automatic sharding for
large-scale multilingual model training [8]; Switch Transformer reduced communication
and training complexity through simpler Top-1 expert selection [9]. Subsequently, archi-
tectures like MMoE further emphasized the modeling of relationships between different
tasks [10], and Expert Choice Routing improved expert utilization efficiency and load
balancing from the perspective of routing strategies [11].

The above works primarily focus on the sparse activation of sub-network experts
within the model. The objects faced by system-level candidate expert routing can be code
assistants, legal assistants, general assistants, or external business models. Unlike internal
MoE, system-level expert routing needs to face engineering constraints such as heteroge-
neous interfaces, the ability to add or remove experts, and the accumulation of historical
execution results. Therefore, it is more suitable to adopt independent capability distribution
modeling for experts, rather than training an end-to-end neural gating mechanism.

2.2. Multi-LLM Routing

Multi-LLM routing research focuses on dynamically selecting among multiple models
to balance answer quality, cost, and efficiency. FrugalGPT reduces expensive model calls
through a cascade calling strategy [1]. RouteLLM learns a dynamic router from preference
data for quality–cost trade-offs [2]. Hybrid LLM selects between large and small models
based on query difficulty and quality requirements [3]. RouterBench provides a systematic
benchmark for comparing multi-LLM routing strategies [4]. LLM-Blender exploits comple-
mentary capabilities through candidate output ranking and fusion [12], whereas AutoMix
decides whether to upgrade to a stronger model using the self-checking results of a smaller
model [13].
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More recently, Arch-Router maps requests to domain–action preference routes and
supports the addition of candidate models without retraining the router [14]. Varangot-
Reille et al. introduced Contextual Router, a retrieval-based meta-evaluation framework
that estimates the performance of each candidate from similar historical requests [15].
Their K-NN Regression strategy selects a candidate according to the unweighted mean
historical performance over retrieved neighbors, providing a lightweight non-parametric
routing alternative.

Taken together, these studies demonstrate that request-level dynamic routing is vital
for multi-model systems. Arch-Router relies on domain–action preference routes, whereas
K-NN Regression relies on local performance retrieval. In contrast, the proposed method
constructs a separate multi-modal probabilistic capability profile for each candidate expert
from historically successful requests and routes a target request by likelihood matching.
This formulation is designed for heterogeneous vertical experts and does not require
predefined route labels.

Recent studies on LLM efficiency and collaborative model utilization further show that
practical LLM systems increasingly rely on modular model management rather than a single
monolithic model. For example, recent work has reassessed layer pruning strategies for
efficient LLM deployment [16], explored collaborative annotation between large and small
language models [17], and investigated progressive compression for efficient long-context
reasoning [18]. These developments are complementary to routing research because they
highlight the need for deployment-oriented mechanisms that can coordinate heterogeneous
model capabilities under practical efficiency constraints.

2.3. Text Semantic Representation

Expert capability distribution modeling relies on stable text vector representations.
Transformer established the foundation for modern pre-trained language models through
self-attention mechanisms [19], and BERT improved representation capabilities for natural
language understanding tasks through bidirectional pre-training [20]. Sentence-BERT
transformed BERT into a dual-tower/triplet structure suitable for sentence vector similarity
computation, which is widely used in semantic retrieval and clustering scenarios [21].
In recent years, contrastive pre-training has further enhanced general text representation
capabilities. E5 and contrastive embedding methods targeting the joint space of text and
code have both shown that high-quality vector representations can better support retrieval,
matching, and clustering tasks [22,23]. The BGE model family provides general-purpose
dense text representations for semantic retrieval and matching tasks [24]. The experimental
implementation uses BAAI/bge-large-en-v1.5 to map request texts into 1024-dimensional
dense feature vectors for subsequent expert capability distribution fitting.

2.4. Gaussian Mixture Models and Bayesian Nonparametric Modeling

Gaussian mixture models can represent complex sample distributions as a weighted
combination of multiple Gaussian components, and parameter estimation is usually as-
sociated with the EM algorithm [25]. Bishop systematically compiled Gaussian mixture
models, probability density estimation, and Bayesian modeling [26]. When the number
of components is difficult to pre-determine manually, Dirichlet process mixture models
and variational Bayesian inference provide a more flexible mixture modeling framework.
Blei and Jordan provided a variational inference method for Dirichlet process mixture
models [27], and Attias also discussed the variational Bayesian framework in graphical
models relatively early [28]. Bayesian Gaussian mixture models can be used to characterize
the multi-modal semantic distribution of positive samples for each expert, and combine
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low-weight component filtering and covariance smoothing to form an expert capability
profile that can be used for online routing.

3. Problem Definition
The multi-expert request routing task consists of candidate experts, historical requests,

expert execution results, and online target requests. Suppose there are M candidate experts
in the system. The candidate expert set is denoted as

E = {e1, e2, . . . , eM}, (1)

where em represents the m-th candidate expert, and m ∈ {1, 2, . . . , M} represents the expert
index. The historical request set is denoted as

Q = {q1, q2, . . . , qN}, (2)

where N represents the number of historical requests, qi represents the i-th historical request
text, and i ∈ {1, 2, . . . , N} represents the request index.

Each historical request qi corresponds to the execution results of multiple candidate
experts. A binary variable yi,m is introduced to represent the execution result of expert em

on request qi: when yi,m = 1, it means expert em successfully processed request qi; when
yi,m = 0, it means expert em failed to process request qi. The positive sample set of the m-th
expert is denoted as

D+
m = {qi | yi,m = 1, qi ∈ Q}, (3)

where D+
m contains all the request texts successfully processed by expert em . If a

request satisfies
M

∑
m=1

yi,m = 0, (4)

it indicates that the request failed to be processed by all candidate experts. This request is
defined as a global invalid sample and is excluded during the training phase, participating
in no expert capability distribution fitting.

4. Method
4.1. Overall Idea

The method consists of two phases: offline modeling and online routing. In the
offline phase, it first extracts the requests successfully processed by each expert from
the historical request texts and candidate expert execution results to construct the expert
positive sample sets; subsequently, it performs text cleaning, tokenization, truncation,
and format conversion on the positive sample request texts, and uses a pre-trained text
feature extraction model to obtain dense feature vectors; finally, a Bayesian Gaussian
mixture model is individually trained for each expert to extract and save the component
weights, mean matrices, and covariance matrices, forming the expert capability profile.

In the online phase, upon receiving a new target request q⋆, the system uses the same
text feature extraction model to convert it into a target feature vector x⋆. Subsequently,
the system calculates the log-likelihood score of x⋆ under the capability distribution of each
candidate expert, and obtains a stable total expert score through covariance smoothing and
Log-Sum-Exp aggregation. Finally, the router compares the total scores of all candidate
experts and forwards the request to the expert with the highest score; if the system strategy
allows multi-expert collaboration, the request can also be forwarded to the multiple highest-
scoring experts.
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4.2. Text Preprocessing and Feature Encoding

For any request text qi, a pre-trained text feature extraction model f (·) maps it to a
d-dimensional dense feature vector xi

xi = f (qi), xi ∈ Rd. (5)

where d represents the feature vector dimension. The experimental implementation used
the pre-trained BAAI/bge-large-en-v1.5 model to map the positive sample texts of each
expert into 1024-dimensional dense feature vectors to facilitate subsequent expert capability
distribution fitting and routing calculations.

Text preprocessing includes four steps. First, text cleaning, to remove special symbols,
meaningless characters, extra spaces, and line breaks. Second, tokenization and truncation,
processing the text according to the tokenization rules of the selected pre-trained model,
and truncating or segmenting texts that exceed the maximum input length of the model.
Third, format conversion, converting the text into an input format acceptable to the model.
Fourth, vector storage, saving the xi corresponding to each request text associated with
the original request text and the respective expert, forming the data structure needed for
subsequent modeling.

For expert em, its positive sample vector set is defined as

Xm = {xi | qi ∈ D+
m}. (6)

where Xm only contains the request vectors successfully processed by expert em, and does
not contain the negative samples of other experts.

4.3. Expert Capability Distribution Modeling Based on BGMM

After completing the positive sample vectorization, the modeling input for candidate
expert em is its exclusive positive sample vector set Xm. This set only contains the request
vectors historically successfully processed by this expert, without introducing the positive
samples of other experts as negative samples, nor constructing a unified global classification
boundary. In this way, the capability of each expert no longer relies on discriminant
boundaries with other experts but is characterized by the high-density regions of its
historically successful requests in the semantic space. This modeling method transforms
the global boundary problem into a description of the positive sample capability comfort
zone, thereby avoiding the decision conflicts brought about by forced boundary division
when the capabilities of different experts overlap.

To characterize the multi-modal structure in the positive sample semantic space,
a Bayesian Gaussian mixture model (BGMM) is individually trained for each candidate ex-
pert. Let Kmax be the preset maximum number of mixture components. Here, a component
refers to a local Gaussian distribution fitted by BGMM in the expert’s positive sample distri-
bution, which is a semantic sub-region in the expert’s capability space. A candidate expert
usually excels not just at a single type of request, but may simultaneously cover multiple
similar yet unidentical request clusters. The component weight reflects the proportion of
this semantic sub-region in the expert’s historically successful samples; the mean parameter
characterizes the semantic center of this sub-region, and the covariance matrix characterizes
the dispersion degree and feature correlation of the samples within this sub-region.

BGMM is based on a Gaussian mixture model and introduces a Dirichlet process prior
in the mixture weight modeling. Through prior constraints, the model can adaptively
determine the final effective number of retained components within the preset maximum
component number Kmax, based on the distribution of expert em’s positive sample vectors
in the feature space. The system first sets an upper limit of component number Kmax for
each expert, and then updates the weight, mean parameters, and covariance matrix of each
component based on Bayesian inference during training. For components with a lower
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match to the sample distribution, their weights will gradually decrease, and they will be
treated as redundant components and filtered out after the model converges. Therefore,
the model does not require manual assignment of a fixed number of components for
different experts, which reduces modeling bias caused by improperly setting the number
of components and adapts to the inconsistencies in the scale and semantic coverage of
positive samples among different experts [26–28]. The capability distribution of expert em

is expressed as

p(x | em) =
Km

∑
k=1

πm,kN (x | µm,k, Σm,k), (7)

where x ∈ Rd represents an arbitrary request feature vector, Km represents the effective
number of components finally retained by expert em, with Km ≤ Kmax, k ∈ {1, 2, . . . , Km}
represents the component index, N (x | µm,k, Σm,k) represents the multivariate Gaussian
probability density term with µm,k as the mean parameter and Σm,k as the covariance matrix,
and πm,k, µm,k, and Σm,k, respectively, represent the weight, mean parameter, and original
covariance matrix of the k-th component for expert em. The component weights satisfy

Km

∑
k=1

πm,k = 1, πm,k ≥ 0. (8)

After the model converges, the system extracts the weight, mean parameter, and origi-
nal covariance matrix of each component, and sets a preset weight threshold τ. When the
weight of a certain component is lower than τ, this component usually only covers a small
number of samples or noise regions, and the system regards it as a redundant component
and filters it out. The weights of the remaining effective components are renormalized and
saved as the expert capability profile. This process can effectively reduce the interference of
low-weight noise components on online likelihood scoring, making the expert capability
profile more centrally reflect the historically successful request regions. When a new candi-
date expert is added, it is only necessary to collect the successful requests of that expert and
fit a new BGMM capability distribution, without needing to reconstruct the distribution
parameters of other experts, nor retrain a unified classifier.

4.4. Covariance Smoothing

In the expert capability distribution modeling phase, the semantic capability space of
each candidate expert is jointly characterized by several effective Gaussian components.
Each Gaussian component consists of a component weight, a mean matrix, and a covariance
matrix, where the covariance matrix is used to characterize the dispersion degree and cor-
relation structure of the internal feature vectors in different dimensions for that component.
Since text semantic vectors usually have high dimensions, and there are differences in the
positive sample scale and semantic coverage among various experts, directly calculating
the multivariate Gaussian probability density based on the original covariance matrix
may lead to unstable covariance estimation, excessively large matrix condition numbers,
or near-singularities, thereby affecting the numerical reliability of the log-likelihood score.

To mitigate the above issues, a covariance regularization smoothing mechanism is
introduced during the expert score calculation phase. For every Gaussian component
retained by a candidate expert, a regularized diagonal matrix is first constructed based
on the average variance information estimated from its original covariance matrix; sub-
sequently, this regularized diagonal matrix is added to the original covariance matrix
to obtain the smoothed covariance matrix. This process is equivalent to introducing an
isotropic stabilizing term based on the original covariance estimation, making the covari-
ance matrix more numerically invertible and computationally stable while preserving its
main distribution structure.
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In the online routing phase, the smoothed covariance matrix is used to calculate the
multivariate Gaussian probability density for the target feature vector. Given a new target
request, the system first maps it to a target feature vector, and then, respectively, calculates
the log-likelihood values of this vector under different Gaussian components of each candi-
date expert. Compared to directly using the original covariance matrix, the regularized
smoothed covariance matrix can reduce the impact of local sample sparsity, concentrated
feature distributions, or covariance degeneration in the high-dimensional semantic space
on probability density estimation, thereby enhancing the stability of component-level
likelihood calculations and providing a reliable numerical foundation for subsequent
Log-Sum-Exp aggregated scoring.

4.5. Log-Sum-Exp Expert Score

After completing the candidate expert capability distribution modeling and covariance
regularization smoothing processing, the system enters the online routing inference phase.
Given a new target request q⋆, it is first mapped to a fixed-dimensional target feature vector
through the text feature extraction function f (·)

x⋆ = f (q⋆), x⋆ ∈ Rd. (9)

where d represents the feature vector dimension, used to characterize the position of
the target request in the semantic space, serving as the input for subsequent expert
matching calculations.

For candidate expert em, its capability distribution is jointly represented by several
effective Gaussian components retained during the training phase. Suppose this expert
contains Km effective components, where the weight, mean matrix, and smoothed co-
variance matrix of the k-th component are πm,k, µm,k, and Σreg,m,k, respectively. Then,
the log-likelihood score of the target feature vector x⋆ under the capability distribution of
expert em is expressed as

log P(x⋆ | em) = log

(
Km

∑
k=1

πm,kN
(

x⋆ | µm,k, Σreg,m,k

))
. (10)

Here, N (·) represents the multivariate Gaussian probability density function. The ex-
pression characterizes the matching relationship between the target feature vector x⋆ and
the capability distribution of expert em from the perspective of a probabilistic generative
model. By weighting and aggregating the probability densities of multiple effective Gaus-
sian components, the marginal likelihood estimation of the target request in that expert’s
capability space is obtained. Compared to single-center representations or a single Gaus-
sian assumption, the mixture Gaussian form can describe the multi-cluster distribution
structure that the expert positive samples might have in the high-dimensional semantic
space, thereby more fully reflecting the local heterogeneity and multi-modal characteristics
of the expert’s capability coverage.

To facilitate a unified comparison, the final score of expert em for the target request q⋆

is defined as
Sm = log P(x⋆ | em). (11)

In actual computational processes, since the multivariate Gaussian probability density
in a high-dimensional semantic space may yield extremely small numerical values, directly
performing weighted summation in the probability space is prone to numerical underflow
or loss of precision. Therefore, the Log-Sum-Exp aggregation concept is adopted to stably
complete the aggregation of each component’s probability contribution within the logarith-
mic space. This processing not only maintains the probabilistic semantics of the Gaussian

https://doi.org/10.3390/info17080736

https://doi.org/10.3390/info17080736


Information 2026, 17, 736 9 of 20

mixture model but also improves the numerical stability of the expert score calculation in
the high-dimensional feature space.

The system calculates the log-likelihood scores for all candidate experts respectively
and determines the target routing expert based on the maximum score principle

e⋆ = arg max
1≤m≤M

Sm. (12)

4.6. Algorithm Flow

Given a new target request text q⋆, where ⋆ indicates a new input in the online phase,
the router needs to select one or more target experts from E . If only a single expert is selected,
the target expert is denoted as e⋆. The goal of routing is to make e⋆ match the semantic
requirements of q⋆ and the historical successful capability distribution of the expert as much
as possible. Detailed pipeline is presented in Algorithm 1. The key point of Algorithm 1
is that each expert is represented by an independently fitted positive-sample capability
distribution, and routing is performed according to the likelihood of the target request under
these expert-specific distributions. BGMM captures multiple semantic regions of successful
expert behavior, while covariance smoothing and Log-Sum-Exp aggregation provide a stable
scoring mechanism in the high-dimensional embedding space. The complete offline profile
construction and online routing procedure is illustrated in Figure 1.

Algorithm 1: Expert Routing Algorithm Based on BGMM-LSE.
Input :Q (Historical request set), {yi,m} (Expert execution results), E = {e1, e2, . . . , eM}

(Candidate expert set), f (·) (Text feature extraction model), q⋆ (Target request)
Output : e⋆ (Target expert) or E⋆ (Target expert set), a⋆ (Answer returned by the expert)

1 Offline Phase: Expert Capability Distribution Modeling
2 Q ← Q \ {qi ∈ Q | ∑M

m=1 yi,m = 0} // Remove global invalid samples
3 for m = 1 to M do
4 D+

m ← {qi ∈ Q | yi,m = 1} // Construct expert positive sample set
5 D+

m ← Text cleaning, tokenization truncation, and format conversion
6 Xm ← { f (qi) | qi ∈ D+

m} // Vectorize positive samples

7 p(x | em)←
Km

∑
k=1

πm,kN (x | µm,k, Σm,k) // Estimate BGMM capability

distribution of the expert

8 {πm,k, µm,k, Σm,k}Km
k=1 ← {πm,k, µm,k, Σm,k | πm,k ≥ τ}, ∑Km

k=1 πm,k = 1 // Extract
effective components after convergence

9 Save the capability distribution parameters of expert em

10 Online Phase: Target Request Routing
11 x⋆ ← f (q⋆) // Vectorize target request
12 for m = 1 to M do
13 Read {πm,k, µm,k, Σm,k}Km

k=1
14 Σm,k → Σreg,m,k // Covariance regularization smoothing

15 Sm ← log P(x⋆ | em) = log
(

∑Km
k=1 πm,kN (x⋆ | µm,k, Σreg,m,k)

)
// Calculate expert

log-likelihood score

16 e⋆ ← arg maxem∈E Sm // Determine target expert
17 if There are multiple highest-scoring experts or configured to return multiple experts then
18 E⋆ ← ∅ // Initialize target expert set
19 for m = 1 to M do
20 if Sm satisfies preset return conditions then
21 E⋆ ← E⋆ ∪ {em} // Add to target expert set

22 return e⋆ or E⋆, a⋆
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(a) Offline expert profile construction (b) Online target request routing
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No Yes

No Yes
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Figure 1. Activity diagram of BGMM-LSE, showing offline expert profile construction and online
target request routing.

5. Experimental Setup
The experimental setup includes application scenarios, datasets, and evaluation met-

rics. It seamlessly connects with the method section, aiming to verify the effectiveness of the
proposed BGMM-LSE expert routing method in multi-task scenarios. Specifically, by com-
paring the matching relationship between the request semantics and the distribution of the
experts’ historical successful samples, the experiments evaluate whether the method can
accurately distribute different types of requests to suitable candidate experts, and analyze
its routing performance on different datasets based on unified evaluation metrics.
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5.1. Experimental Scenarios and Candidate Expert Models

The experimental scenario is configured as a request routing task in a multi-expert
large language model question-answering system. The system receives natural language
questions and, based on the semantic features of the requests and the historical perfor-
mance of candidate experts, distributes the questions to the most suitable expert models
for inference. To verify the method’s effectiveness, this paper constructs multi-expert
routing experiments on public benchmark datasets. The candidate experts cover coding,
comprehensive knowledge, and commonsense reasoning capabilities. Training and testing
data are constructed utilizing the answering results of each expert on the samples to further
evaluate the dynamic distribution capability of the router.

The selected candidate models collectively represent the expected expert capability
range in a multi-expert system. DeepSeek-R1-Distill-Qwen-14B represents reasoning-
oriented capability for mathematical problem solving, logical analysis, and complex prob-
lem solving; Llama-3.3-70B-Instruct represents large-scale general instruction following,
multilingual understanding, and text generation capability; Qwen3-30B-A3B represents
balanced general reasoning and instruction-following capability; Qwen3-30B-A3B-Instruct-
2507 represents complex instruction handling, tool use, and long-context understanding
capability; Qwen3-Coder-30B-A3B-Instruct represents code generation, program under-
standing, and software engineering-related capability; and Qwen2.5-7B-Instruct represents
lightweight general instruction-processing capability. The candidate set therefore includes
both specialized and general-purpose experts, while retaining partial overlap in general
reasoning and instruction following. Other available models were not selected because
they did not provide a sufficiently distinct complementary role beyond the capability
dimensions represented by the selected candidate models.

DeepSeek-R1-Distill-Qwen-14B was selected as a reasoning-oriented expert because
of its focus on mathematical, coding, and complex logical reasoning; its limitation is that
it is not primarily positioned as a broad general-assistance or vertical-domain model.
Llama-3.3-70B-Instruct was selected as a large-scale general instruction expert because it
provides broad coverage of language understanding, instruction following, text generation,
and multilingual interaction; its limitation is that it is not specifically optimized for a single
task type such as coding or mathematical reasoning. Qwen3-30B-A3B was selected as a
general reasoning expert because it combines reasoning, instruction following, multilingual
processing, and agent-style interaction; its limitation is that it does not serve as a dedicated
code-specialized or long-context-specialized expert in the candidate set. Qwen3-30B-A3B-
Instruct-2507 was selected as an instruction-optimized expert because it is suitable for
complex multi-step instructions, logical reasoning, tool use, and long-context understand-
ing; its limitation is that it remains a general instruction model rather than a specialist for a
particular vertical domain. Qwen3-Coder-30B-A3B-Instruct was selected as a code-oriented
expert because it targets code generation, program understanding, debugging, and tool use;
its limitation is that its capability emphasis is more concentrated on software engineering
and programming-related requests. Qwen2.5-7B-Instruct was selected as a lightweight
general instruction expert because it can provide general instruction following, basic ques-
tion answering, and reasoning with lower computational and deployment requirements;
its limitation is that its smaller scale may constrain performance on complex reasoning,
long-context, or highly specialized tasks relative to larger or more specialized models.

5.2. Dataset Setup

To more comprehensively evaluate the router’s capabilities across different task types,
the experiments divide the public task benchmarks into mathematics, coding, and reasoning
categories, and construct test request sets using seven datasets. These datasets provide
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heterogeneous request semantics and different degrees of expert overlap, which are suitable
for evaluating whether the proposed router can assign requests to appropriate candidate
experts across diverse task scenarios.

The seven datasets are summarized as follows:

• Math: A mathematical reasoning dataset used to evaluate the router’s ability to handle
algebra, geometry, and mathematical word problems [29];

• GSM-Symbolic: A symbolic mathematical reasoning dataset used to evaluate routing
performance on formula derivation, symbolic calculation, and arithmetic reasoning
requests [30];

• HumanEval: A code generation and program understanding dataset corresponding
to coding-oriented requests [31];

• Mbpp: A basic programming problem dataset used to evaluate routing capability for
function implementation, algorithm writing, and code completion tasks [32];

• MMLU: A multi-disciplinary benchmark covering broad knowledge comprehension,
commonsense question-answering, and multi-domain reasoning [33];

• AIME1983–2025: A competition-level mathematical reasoning dataset used to evaluate
routing effectiveness for high-difficulty mathematical problem-solving tasks;

• HellaSwag: A commonsense reasoning dataset used to evaluate open-ended context
understanding and sentence completion tasks [34].

All datasets are converted into the same routing format. The text in the question
field is used as the router input, while the router_ columns provide binary expert cor-
rectness labels. Specifically, for expert em, yi,m = 1 indicates that em correctly answers
request qi, and yi,m = 0 otherwise. Other dataset-specific fields, such as choices, answers,
reference solutions, or test information, are not used as router input. Before vectoriza-
tion, the code converts each non-empty question value into a stripped string, and the
embedding tokenizer truncates inputs longer than its maximum sequence length.

The data split is performed at the unique-question level. For each dataset, duplicate
question strings are mapped to a single request entry, and the unique requests are divided
into training and test sets with an 8:2 ratio using random seed 42. This prevents the same
request text from appearing in both training and testing. During training, requests for
which all candidate experts fail are excluded because they cannot provide positive samples
for any expert profile. Each expert-specific BGMM profile is then fitted only with the
positive samples of that expert.

5.3. Evaluation Metrics

For each test request qi, the router returns a ranked list of candidate experts from
E . For top-1 routing, a result is considered correct when the selected expert can correctly
answer the request according to the expert correctness label yi,m. Let Ntest denote the
number of test samples, and let Ii denote whether the top-1 selected expert is correct.
The top-1 routing accuracy is defined as

Acc =
1

Ntest

Ntest

∑
i=1

Ii. (13)

For top-k evaluation, let Ê@k
i ⊆ E denote the set of top-k experts returned for request

qi. Precision@k, Recall@k, F1@k, and Hit@k are computed as

Precision@k =
1

Ntest

Ntest

∑
i=1

∑em∈Ê@k
i

yi,m

k
, (14)
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Recall@k =
1

Ntest

Ntest

∑
i=1


∑em∈Ê@k

i
yi,m

∑M
m=1 yi,m

,
M

∑
m=1

yi,m > 0,

0,
M

∑
m=1

yi,m = 0,

(15)

F1@k =
1

Ntest

Ntest

∑
i=1


2 ∑em∈Ê@k

i
yi,m

k + ∑M
m=1 yi,m

,
M

∑
m=1

yi,m > 0,

0,
M

∑
m=1

yi,m = 0,

(16)

Hit@k =
1

Ntest

Ntest

∑
i=1

I

 ∑
em∈Ê@k

i

yi,m > 0

. (17)

5.4. Computing Environment

All experiments were conducted on a Linux server equipped with eight NVIDIA Tesla
V100 GPUs. The server was used to run the candidate expert models and the proposed
BGMM-LSE routing framework. For large expert models such as Llama-3.3-70B-Instruct,
the available multi-GPU resources were allocated according to the memory requirements
of model inference.

6. Experimental Results
6.1. Overall Routing Performance

Table 1 presents the routing accuracy comparison on seven datasets. BGMM-LSE
achieves the highest macro-average accuracy of 86.25% among the compared methods.
On mathematical tasks, it obtains 85.16% on Math and 96.40% on GSM-Symbolic, while
K-NN Regression is slightly higher on these two datasets. On coding tasks, BGMM-LSE
matches the best HumanEval accuracy of 93.94% and achieves the best Mbpp accuracy of
79.00%. On reasoning tasks, it obtains the best results on MMLU (87.89%) and HellaSwag
(79.75%), and matches the best AIME1983–2025 result of 81.63%. Overall, these results
show that BGMM-LSE maintains competitive performance across diverse task types while
achieving the strongest average routing performance.

Table 1. Performance comparison of different routing methods on mathematics, coding, and
reasoning tasks.

Method\Dataset
Math Coding Reasoning

Average
Math GSM-Symb. HumanEval Mbpp MMLU AIME HellaSwag

Random 79.08% 90.00% 93.94% 68.00% 83.35% 65.31% 72.05% 78.79%
Random_Oracle_0.5 79.79% 89.17% 82.33% 75.16% 81.43% 59.07% 73.76% 77.24%
PRknn 76.00% 91.90% 78.79% 68.00% 76.36% 67.35% 65.90% 74.90%
LinearR 79.76% 91.30% 90.91% 72.00% 82.38% 60.71% 69.85% 78.13%
MLPR 77.52% 92.70% 84.85% 72.00% 77.32% 62.24% 65.20% 75.98%
C-Bert 70.29% 88.20% 66.67% 54.08% 73.37% 23.60% 67.53% 63.39%
MLC 78.98% 92.68% 77.78% 65.31% 79.03% 73.03% 66.19% 76.14%
GraphRouter 66.66% 88.74% 85.98% 57.31% 74.16% 23.80% 59.11% 65.11%
ArchRouter 76.00% 92.00% 90.91% 68.00% 85.08% 77.55% 79.25% 81.26%
K-NN Regression 85.28% 96.70% 90.91% 73.00% 86.66% 81.63% 78.90% 84.73%
Select the best expert 76.92% 89.80% 93.94% 68.00% 82.66% 68.37% 72.05% 78.82%
Ours 85.16% 96.40% 93.94% 79.00% 87.89% 81.63% 79.75% 86.25%
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Table 2 further reports supplementary top-k routing metrics beyond the accuracy
comparison in Table 1. Compared with both selecting the best expert and K-NN Regression,
BGMM-LSE achieves higher Precision@1, Recall@1, F1@1, Hit@2, and Recall@2. These
results indicate that BGMM-LSE improves both top-1 expert selection and the coverage of
feasible experts in the top-2 ranked list.

Table 2. Supplementary top-k routing performance comparison beyond accuracy.

Method Precision@1 Recall@1 F1@1 Hit@2 Recall@2

Select the best expert 84.12% 41.00% 53.35% 90.22% 76.80%
K-NN Regression 84.73% 41.17% 53.65% 90.73% 77.29%
Ours 86.25% 42.59% 55.10% 90.96% 78.16%

6.2. Computational Complexity and Memory Analysis

Table 3 shows that BGMM-LSE incurs an additional offline profile-construction cost
of 8.90 s and a one-time profile-preparation cost of 0.10 s, whereas K-NN Regression
requires only 0.08 s to construct its retrieval state. However, BGMM-LSE reduces the
macro-average router-state memory from 19.25 MB to 15.44 MB and achieves substantially
lower online routing latency, with mean and P95 values of 0.30 ms and 0.33 ms, respectively,
compared with 8.23 ms and 13.20 ms for K-NN Regression. This trade-off arises because
K-NN Regression retrieves from historical request embeddings at inference time, whereas
BGMM-LSE performs likelihood scoring using compact precomputed expert profiles.

Table 3. Empirical resource comparison between K-NN Regression and BGMM-LSE. All values are
macro-averaged over seven dataset configurations with the same data splits, candidate expert pools,
and precomputed text embeddings. Online latency excludes text encoding.

Method Offline Construction (s) Profile Preparation (s) Router State (MB) Mean Online (ms) P95 Online (ms)

K-NN Regression (k = 40) 0.08 – 19.25 8.23 13.20
BGMM-LSE (Ours) 8.90 0.10 15.44 0.30 0.33

6.3. Ablation Study

Table 4 reports the ablation results under the same per-dataset tuned setting as the
main accuracy comparison. Removing the multi-component modeling structure reduces
the average accuracy from 86.25% to 85.36%, indicating that representing each expert
with multiple semantic regions contributes to routing performance. Removing covariance
smoothing further reduces the accuracy to 84.76%, showing that regularized covariance
estimation improves the reliability of likelihood-based scoring in the high-dimensional
embedding space. Replacing Log-Sum-Exp aggregation with maximum component scoring
does not change the average top-1 accuracy in this setting, suggesting that the dominant
component often determines the final selected expert. Nevertheless, Log-Sum-Exp is
retained because it provides a principled and numerically stable aggregation of mixture-
component likelihoods.

Table 4. Ablation study.

Method Accuracy Change

Full BGMM-LSE 86.25% –
w/o multi-component modeling 85.36% −0.89
w/o covariance smoothing 84.76% −1.50
w/o Log-Sum-Exp 86.25% 0.00
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6.4. Routing Behavior and Case Analysis

Figure 2 shows that the distribution of selected experts varies across datasets. Rather
than relying on a single globally preferred expert, BGMM-LSE assigns different propor-
tions of requests to different experts according to their learned capability profiles. This
task-dependent selection behavior is consistent with the heterogeneous strengths of the
candidate experts.

Figure 3 presents representative routing cases from the test sets. The examples illustrate
that the router selects experts according to the semantic match between a request and the
learned profile of each expert, rather than applying a fixed expert-selection rule to all requests.

25.5%

22.4%27.1%

25.0%

Math

34.8%

65.2%

GSM-Symbolic

46.5%53.5%

HumanEval

31.6%

33.8%

34.6%

Mbpp

50.8%49.2%

MMLU

33.3%

66.7%

AIME1983-2025

50.8%49.2%

HellaSwag

40.2%

23.0%

20.6%

15.6%

Average

Selected Models
DeepSeek-R1-Distill-Qwen-14B
Llama-3.3-70B-Instruct
Qwen3-30B-A3B

Qwen3-30B-A3B-Instruct-2507
Qwen3-Coder-30B-A3B-Instruct

0.6%

Figure 2. Proportion distribution of selected expert models on different datasets.
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Overall, the experimental results support the effectiveness of BGMM-LSE for multi-
task expert routing. By independently modeling the semantic distribution of historically
successful requests for each candidate expert, the proposed method achieves the highest
macro-average accuracy of 86.25% across the seven datasets. The supplementary metrics,
ablation results, resource analysis, and routing cases further characterize its ranking quality,
component contributions, practical scale, and task-dependent routing behavior.

[Question] He scrubs in the shampoo and then washes it off. He then combs it
and blow dries his hair after styling it with gel.
[Options] A. then rinses it off in the sink.
B. lets his hair down, giving it a final blow dry before putting it next to his face.
C. uses an electric clipper to groom the sideburns and the temples.

Expert

DeepSeek-R1-
Distill-Qwen-
14B

Answer: D

Expert

Llama-3.3-
70B-Instruct

Answer: C

Expert

Qwen3-30B-
A3B

Answer: D

Expert

Qwen3-30B-A3B-
Instruct-2507

Answer: D

Expert

Qwen3-Coder-
30B-A3B-
Instruct

Answer: D

Ours

Ours
Router -> Llama-
3.3-70B-Instruct

Answer: C

[Question] Statement 1 | If a group has an element of order 15, it must have at least 8
elements of order 15. Statement 2 | If a group has more than 8 elements of order 15,
it must have at least 16 elements of order 15.
[Options] A. True, True  B. False, False  C. True, False  D. False, True

Expert

DeepSeek-R1-
Distill-Qwen-
14B

Answer: A

Expert

Llama-3.3-
70B-Instruct

Answer: B

Expert

Qwen3-30B-
A3B

Answer: A

Expert

Qwen3-30B-A3B-
Instruct-2507

Answer: A

Expert

Qwen3-Coder-
30B-A3B-
Instruct

Answer: C

Ours

Ours
Router -> Qwen3-
30B-A3B

Answer: D

Figure 3. Expert routing case analysis of the BGMM-LSE Router on real test requests.
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7. Discussion
7.1. Consistency Between Method and Application Scenarios

The experiments use public benchmark datasets to construct multi-expert request
routing scenarios to ensure the reproducibility of the results. It is important to note that
while public benchmarks can simulate different types of user requests, they do not equate
to the actual expert execution logs in a real system. In practical deployment, expert positive
samples should still originate from real historical requests and the execution results of
candidate experts.

7.2. Advantages of Positive Sample Modeling

The primary advantages of positive sample semantic distribution modeling lie in
maintainability and interpretability. The capability profile of each expert is saved inde-
pendently. When a new expert is added, it is only necessary to collect the successfully
processed requests of that expert and fit a new BGMM, without the need to retrain a unified
classifier for all experts.

7.3. Necessity of Covariance Smoothing and Log-Sum-Exp

In the 1024-dimensional text vector space, covariance matrices might become non-
invertible due to insufficient samples, strong feature correlations, or extreme distributions.
Covariance smoothing based on average variance adds an adaptive diagonal perturba-
tion to the original matrix, which can improve matrix invertibility and the stability of
high-dimensional probability calculations. Log-Sum-Exp ensures that the probabilistic
aggregation of multiple Gaussian components stably completes in the logarithmic space,
preventing numerical underflow caused by direct probability summation.

7.4. Discussion on the Choice of BGMM with a Dirichlet Process Prior

BGMM-DP is adopted because an expert’s successful requests may occupy multiple se-
mantic regions rather than a single unimodal region. It models each expert with local Gaus-
sian components, while the Dirichlet process prior adaptively suppresses low-weight com-
ponents during fitting. Although an upper bound Kmax is specified, the effective mixture
structure is determined by the positive-sample distribution. In our experiments, the tuned
Kmax is one or two for each dataset and is kept unchanged for all GMM-based methods.

Table 5 compares BGMM-DP-LSE with fixed-component and BIC-selected GMM
routers under identical data splits and expert pools. BGMM-DP-LSE achieves 86.25%
average accuracy, outperforming fixed-component GMM-LSE by 1.00 percentage point
and BIC-selected GMM-LSE by 1.39 percentage points. BIC selects one component on
average, suggesting that its complexity penalty favors an effectively unimodal model in the
high-dimensional embedding space. Although BIC-selected GMM is marginally better on
Math (85.24% versus 85.16%), BGMM-DP-LSE is equal or better on the remaining datasets
and obtains the best overall average.

Table 5. Comparison with conventional GMM routing alternatives under the same data splits, expert
pools, and per-dataset tuned component upper bounds. The reported accuracy is the macro-average
over seven datasets.

Method Component Selection Accuracy (%) ∆ vs. Ours (pp)

BGMM-DP-LSE (Ours) DP-BGMM 86.25 –
Fixed-component GMM-LSE Fixed at the tuned upper bound 85.26 −1.00
BIC-selected GMM-LSE BIC selection from 1 to the tuned upper bound 84.87 −1.39
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BGMM-LSE has additional fitting and likelihood-computation costs compared with
lightweight discriminative routers, and it assumes that expert capability regions can be
approximated by Gaussian mixture components. Nevertheless, the results support the full
BGMM-DP configuration as a more effective and interpretable probabilistic router than the
two conventional GMM alternatives considered here.

7.5. Reusability in Other Use Cases

The proposed BGMM-LSE framework can be reused in other multi-expert decision
scenarios where historical request records and expert execution outcomes are available.
The method does not rely on task-specific model architectures or manually designed routing
rules. Instead, it only requires three types of information: the request text, the candidate
expert set, and the binary success label indicating whether each expert can correctly handle
the request. Therefore, the same framework can be transferred to other domains by
replacing the expert pool and collecting domain-specific historical execution records.

For example, in a multi-agent coding assistant, different experts may specialize in
code generation, debugging, test generation, or repository-level understanding. BGMM-
LSE can model the successful request distribution of each coding expert and route new
programming requests accordingly. In a customer-service system, experts may correspond
to different service departments or domain-specific dialog agents, and the router can learn
capability profiles from historical resolved cases. In a medical or legal assistance system,
the same framework can be used to route requests to experts specialized in different
subdomains, provided that appropriate expert success labels are available.

When applied to a new use case, the main adaptation steps are straightforward. First,
historical requests and the corresponding expert execution results are collected. Second,
positive samples are extracted for each expert and embedded into the semantic space using
the same text encoder or a domain-adapted encoder. Third, an expert-specific BGMM
profile is fitted from the positive samples. After this offline construction stage, online
requests can be routed by the same likelihood-based scoring and Log-Sum-Exp aggregation
mechanism. If a new expert is added, only the capability profile of that expert needs to be
fitted, while the existing expert profiles can be reused.

8. Conclusions
This paper proposes an expert routing method, BGMM-LSE, based on positive sample

semantic distribution modeling, designed to solve the request distribution problem in
heterogeneous multi-expert large language model systems. By modeling the semantic
distribution of an expert’s historical successful samples, the method achieves probabilistic
matching between user requests and candidate expert capabilities, and reduces reliance
on unified classification boundaries while maintaining interpretability and scalability.
Experimental results indicate that the BGMM-LSE Router achieves an average accuracy of
86.25% across the seven datasets, verifying its effectiveness in multi-task routing scenarios
encompassing mathematics, coding, and reasoning.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/info17080736/s1, The source code for the core BGMM-LSE algo-
rithm has been provided as supplementary implementation material.
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