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Abstract

Carbonate thermochemical activation is a promising approach for modifying the miner-
alogical structure of nepheline–red mud mixtures prior to subsequent alkaline processing.
However, quantitative statistical relationships between activation parameters and phase
transformation remain insufficiently explored. In this study, Response Surface Methodology
(RSM) combined with a Central Composite Design (CCD) was employed to develop and
experimentally validate a quadratic regression model describing the influence of activation
temperature, activation time, and NaHCO3 concentration on cancrinite formation. Quanti-
tatively determined cancrinite content obtained by X-ray diffraction (XRD) phase analysis
was selected as the mineralogical response variable, enabling direct statistical evaluation
of cancrinite-forming transformation. The developed quadratic model was statistically
significant (F = 21.24, p < 0.0001) and explained 95.5% of the variability in the measured
response (R2 = 0.9550). Activation time exerted the strongest statistical influence on can-
crinite formation, while activation temperature and NaHCO3 concentration also showed
statistically significant effects; the investigated interaction terms were not statistically signif-
icant. Numerical optimization identified a favorable region for cancrinite formation, with a
predicted maximum response of 22.75 wt.%. Three independent validation experiments
performed at practically selected operating conditions of 260 ◦C, 4 h, and 110 g/L NaHCO3

yielded an average cancrinite content of 20.0 ± 1.0 wt.%. The principal novelty of the study
lies in the use of quantitatively determined cancrinite content as the response variable in
RSM, providing a direct statistical description of mineralogical transformation rather than
optimization based solely on conventional technological responses. The developed model
provides a quantitative framework for evaluating factor effects and identifying favorable
activation conditions within the investigated experimental domain.

Keywords: carbonate thermochemical activation; nepheline ore; Bayer red mud; cancrinite;
Response Surface Methodology; quantitative XRD phase analysis; mineralogical
transformation; statistical modeling

1. Introduction
The increasing demand for sustainable alumina production has intensified the search

for alternative aluminum-bearing resources capable of complementing conventional bauxite
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feedstocks [1,2]. Simultaneously, growing environmental concerns associated with the ac-
cumulation of industrial waste have stimulated the development of integrated technologies
aimed at improving resource efficiency and promoting circular economy principles [3–6].
Among the most promising alternative resources are nepheline ores and Bayer red mud,
which contain considerable amounts of alumina but remain underutilized because of their
complex mineralogical composition and relatively low chemical reactivity [7]. Their inte-
grated utilization offers significant potential for reducing industrial waste while expanding
the raw material base for sustainable alumina production [8].

Nepheline ores have long been recognized as one of the most promising non-bauxitic
raw materials for alumina production because of their substantial aluminum content and
extensive geological distribution [9]. However, unlike bauxite, nepheline is characterized
by a highly stable aluminosilicate framework that exhibits limited reactivity under conven-
tional alkaline leaching conditions. As a consequence, efficient alumina recovery requires
preliminary activation to modify the mineralogical structure and increase the accessibil-
ity of aluminum-bearing phases. Among these approaches, carbonate thermochemical
activation has emerged as a particularly promising strategy because it simultaneously
promotes aluminosilicate dissolution, carbonate-assisted recrystallization, and the forma-
tion of reactive secondary mineral phases, thereby enhancing the efficiency of subsequent
hydrometallurgical processing [10–13].

Although nepheline ores and Bayer red mud have been extensively investigated as
individual aluminosilicate resources, considerably fewer studies have addressed their
integrated processing [14,15]. The combined utilization of these materials has recently
attracted increasing attention because it enables the simultaneous valorization of industrial
waste and the improvement of alumina recovery through synergistic mineralogical trans-
formations [16,17]. Under carbonate thermochemical activation conditions, dissolution–
reprecipitation reactions promote the redistribution of aluminum and silicon species, re-
sulting in the formation of secondary aluminosilicate phases with enhanced chemical
reactivity [18–20]. Among these phases, cancrinite is of particular importance because
its formation reflects the restructuring of the aluminosilicate framework into a more reac-
tive mineral assemblage, thereby facilitating subsequent alkaline leaching and alumina
recovery [21–24].

Despite the considerable progress achieved in understanding the mineralogical trans-
formations occurring during carbonate thermochemical activation of nepheline-bearing
materials, most previous studies have focused primarily on phase characterization, reaction
mechanisms, and subsequent alumina recovery [25,26]. Considerably less attention has
been devoted to the statistical interpretation of these transformations and to the quanti-
tative evaluation of the relative influence of activation parameters on secondary phase
formation [27,28]. Furthermore, published Response Surface Methodology (RSM) studies
have predominantly focused on optimizing technological responses, such as extraction
efficiency or product yield. Consequently, the statistical relationship between thermochem-
ical activation parameters and quantitatively determined mineralogical characteristics has
remained insufficiently explored [29,30].

The present study addresses this research gap by applying Response Surface Method-
ology (RSM) to statistically describe the influence of thermochemical activation parameters
on mineralogical transformation in nepheline–red mud mixtures using measured cancrinite
content determined by quantitative X-ray diffraction (XRD) phase analysis as the response
variable. The objective of this study was to develop, statistically evaluate, and validate
a quadratic regression model describing cancrinite formation as a function of activation
temperature, activation time, and NaHCO3 concentration, and to statistically assess the
experimentally established activation conditions governing carbonate thermochemical acti-
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vation. The proposed statistical approach provides a quantitative framework for selecting
thermochemical activation conditions on the basis of mineralogical transformation rather
than solely technological performance.

2. Results and Discussion
2.1. Development and Evaluation of the Quadratic Regression Model

A quadratic regression model was developed to describe the relationship between the
thermochemical activation parameters and the measured cancrinite content determined
by quantitative XRD analysis. The adequacy and statistical significance of the model were
evaluated by analysis of variance (ANOVA), and the results are summarized in Table 1.

Table 1. Analysis of variance (ANOVA) for the quadratic regression model describing the measured
cancrinite content determined by quantitative XRD analysis.

Source Sum of Squares df Mean Square F-Value p-Value

Model 1118.30 9 124.26 21.24 <0.0001 significant
A-A 30.36 1 30.36 5.19 0.0487
B-B 593.10 1 593.10 101.38 <0.0001
C-C 61.97 1 61.97 10.59 0.0099
AB 6.12 1 6.12 1.05 0.3329
AC 0.1250 1 0.1250 0.0214 0.8870
BC 21.13 1 21.13 3.61 0.0899
A2 367.26 1 367.26 62.78 <0.0001
B2 54.87 1 54.87 9.38 0.0135
C2 54.87 1 54.87 9.38 0.0135

Residual 52.65 9 5.85
Lack of Fit 49.85 5 9.97 14.24 0.0117 significant
Pure Error 2.80 4 0.7000
Cor Total 1170.95 18

The developed regression model was statistically significant, with a model F-value
of 21.24 and a corresponding p-value below 0.0001. The coefficient of determination
(R2 = 0.9550) indicated that approximately 95.5% of the variability in the measured cancri-
nite content was described by the quadratic model. The Adjusted R2 value of 0.9101 further
indicated a good fit of the model to the experimental dataset, whereas the lower Predicted
R2 value of 0.6731 suggested reduced predictive performance for new observations com-
pared with the descriptive performance of the fitted model. An Adequate Precision value
of 12.87, substantially exceeding the recommended minimum value of four, indicated an
adequate signal-to-noise ratio for navigation within the investigated experimental domain.

The ANOVA results revealed that activation time (factor B) exerted the strongest
statistical influence on cancrinite formation, while both NaHCO3 concentration (factor C)
and activation temperature (factor A) also exhibited statistically significant effects. Among
the interaction terms, no statistically significant interactions were observed between the
investigated variables, whereas all quadratic terms (A2, B2, and C2) were statistically signif-
icant. These results indicate that the response is primarily governed by nonlinear effects of
the individual activation parameters rather than by strong interactions between them.

The Lack-of-Fit test was statistically significant (p = 0.0117), indicating that the
quadratic model does not capture all systematic variability in the experimental response.
This result was therefore considered together with the residual diagnostics and other
model-performance statistics when evaluating the applicability of the model.

Based on the fitted quadratic regression model, the predictive equation in terms of
coded factors was obtained as follows:
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Y = 24.66 + 1.49A + 6.59B + 2.13C + 0.8750AB + 0.1250AC + 1.63BC − 5.19A2 − 2.01B2 − 2.01C2 (1)

where Y is the predicted cancrinite content (wt.%), and A, B, and C represent the coded
values of activation temperature, activation time, and NaHCO3 concentration, respectively.
The coded equation enables comparison of the relative contributions of the investigated
factors because the coefficients are expressed on a common dimensionless scale.

For prediction using the actual experimental units, the corresponding equation is:

Y = −135.23326 + 1.03522A + 1.18163B + 0.375339C + 0.007000AB + 0.000083AC + 0.021667BC − 0.002075A2− 0.320801B2 − 0.002228C2 (2)

where A is the activation temperature (◦C), B is the activation time (h), and C is the
NaHCO3 concentration (g/L). Equation (2) can be used to calculate the predicted cancrinite
content within the investigated experimental domain using the factors expressed in their
original units.

Despite the high coefficient of determination (R2 = 0.9550) and Adjusted R2 (0.9101),
the lower Predicted R2 (0.6731) and the statistically significant Lack-of-Fit (p = 0.0117)
indicate limitations in the predictive capability of the quadratic model. The difference
of 0.237 between the Adjusted and Predicted R2 indicates that the model describes the
experimental dataset more effectively than it predicts new observations. This discrep-
ancy may reflect the complexity of the hydrothermal dissolution–reprecipitation process,
experimental variability associated with quantitative XRD phase determination, and miner-
alogical nonlinearities that cannot be fully represented by a second-order polynomial model.
Therefore, the developed model should primarily be considered an empirical statistical
tool for quantifying the effects of the investigated activation parameters and identifying
favorable operating regions within the experimental domain, rather than a universally
predictive model.

2.2. Diagnostic Evaluation of the Regression Model

Following the ANOVA, the adequacy and predictive capability of the developed
quadratic regression model were further assessed using standard diagnostic plots generated
by Design-Expert® software. These diagnostic analyses were performed to verify the
assumptions of regression analysis and to evaluate the reliability of the proposed response
surface model.

The agreement between the experimentally measured and model-predicted cancrinite
contents is presented in Figure 1. Each point represents an individual experimental run
of the CCD, with the experimentally measured cancrinite content plotted against the
corresponding model-predicted value. The color scale represents the magnitude of the
cancrinite response (wt.%), ranging from lower to higher measured cancrinite contents.

The distribution of the experimental data around the diagonal line indicates reasonable
agreement between the observed and model-predicted values, supporting the descriptive
adequacy of the fitted model within the investigated experimental domain.

The normal probability plot of externally studentized residuals (Figure 2A) shows that
the residuals are distributed approximately along the reference line, with no pronounced
systematic deviation from linearity. This diagnostic plot is used to assess the approximate
normality of the residual distribution rather than to quantify the predictive correlation of
the regression model; therefore, a separate correlation coefficient was not calculated for
this plot.
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Figure 1. Predicted versus experimentally measured cancrinite content obtained from the developed
quadratic regression model. Each point represents an individual CCD experimental run, and the
color scale indicates the magnitude of the measured cancrinite content (wt.%).

The plot of residuals versus predicted values Figure 2B demonstrates a random distri-
bution of residuals around the zero line without any apparent trend or funnel-shaped pat-
tern. This behavior confirms the homogeneity of variance and indicates that the regression
model does not exhibit systematic prediction errors within the investigated design space.

The influence of individual experimental observations on the fitted regression model
was evaluated using Cook’s distance (Figure 2C). All Cook’s distance values remained
below the diagnostic threshold of 1, indicating that no individual experimental run exerted
an excessively dominant influence on the fitted model.

The Box–Cox plot Figure 2D was employed to evaluate the necessity of response trans-
formation. The optimum transformation parameter corresponded to λ = 1, indicating that
no mathematical transformation of the response variable was required. Consequently, the
original experimental data were considered appropriate for regression modeling without
additional data manipulation.

Overall, the diagnostic analyses showed no pronounced systematic pattern in the
residuals or excessively influential individual observations. Considered together with the
ANOVA and model-performance statistics, these results indicate that the quadratic model
provides an adequate empirical representation of cancrinite formation for interpretation
of factor effects and identification of favorable operating regions within the investigated
experimental domain. The statistically significant Lack-of-Fit and the lower Predicted R2 are
nevertheless taken into account when interpreting the predictive capability of the model.
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Figure 2. Diagnostic plots of the developed quadratic regression model: (A) normal probability plot;
(B) residuals versus predicted values; (C) Cook’s distance; (D) Box–Cox plot.

2.3. Response Surface Analysis
2.3.1. Effect of Activation Temperature and Time on Cancrinite Formation

The combined influence of activation temperature and treatment time on cancrinite
formation is illustrated in Figure 3. The NaHCO3 concentration was maintained at its
central level (90 g/L) to isolate the effects of these two variables.

As shown in Figure 3A, the cancrinite content increased progressively with increasing
activation temperature and treatment time, demonstrating that both parameters play
essential roles in promoting carbonate thermochemical transformation. At relatively low
temperatures (approximately 200–220 ◦C), only limited cancrinite formation was observed
regardless of activation time, indicating that these temperature conditions were insufficient
to promote extensive transformation of the primary aluminosilicate framework within the
investigated treatment period.

Increasing the activation temperature accelerated the dissolution of nepheline and
aluminosilicate phases contained in the red mud, resulting in an increased concentration
of dissolved aluminum and silicon species available for secondary mineral formation. Si-
multaneously, prolonged activation time promoted the dissolution–reprecipitation process,
allowing carbonate-bearing cancrinite crystals to nucleate and grow progressively. Conse-
quently, the response surface exhibited a continuous increase toward the optimum region.
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Figure 3. (A) three-dimensional response surface showing the combined effect of activation temper-
ature and activation time on cancrinite formation at a constant NaHCO3 concentration of 90 g/L;
(B) contour plot illustrating the combined influence of activation temperature and activation time on
cancrinite formation.

The response reached its maximum at temperatures close to 260–270 ◦C and activa-
tion times of approximately 5–6 h. Beyond this region, the response surface gradually
approached a plateau, indicating that additional increases in temperature or treatment dura-
tion produced only marginal improvements in cancrinite formation. This behavior suggests
that the mineralogical transformation approached equilibrium once the majority of the reac-
tive aluminosilicate phases had been converted into secondary carbonate-bearing products.

The contour plot presented in Figure 3B exhibits smooth elliptical contours rather than
highly distorted or inclined shapes. This observation agrees well with the ANOVA results,
which indicated that the interaction between activation temperature and treatment time
was statistically insignificant, whereas the quadratic effects of both variables were highly
significant. Therefore, the observed curvature of the response surface primarily reflects the
nonlinear kinetics of aluminosilicate dissolution and subsequent carbonate-induced recrys-
tallization rather than strong synergistic interactions between the investigated variables.

Overall, the response surface analysis demonstrates that activation temperature and
treatment time are the principal process variables governing cancrinite formation. Their
combined optimization establishes favorable conditions for extensive mineralogical restruc-
turing of the nepheline–red mud mixture prior to alkaline leaching.

The dominant influence of activation temperature identified in the present study
is consistent with previous investigations of hydrothermal activation of aluminosilicate
materials, which demonstrated that increasing temperature accelerates the dissolution
of primary aluminosilicate minerals and promotes the formation of secondary reactive
phases [31,32]. Similar observations have been reported for nepheline-bearing systems
and Bayer red mud, where elevated temperatures enhanced phase transformation and
improved the reactivity of alumina-bearing minerals during subsequent alkaline process-
ing. Likewise, prolonged activation time has been shown to promote the completion
of dissolution–reprecipitation reactions, thereby facilitating the crystallization of stable
carbonate-bearing aluminosilicate phases. The agreement between the present results and
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previous investigations confirms that the kinetics of mineral dissolution and secondary
phase formation are primarily controlled by activation temperature and treatment duration.

2.3.2. Effect of Activation Temperature and NaHCO3 Concentration on
Cancrinite Formation

The combined influence of activation temperature and NaHCO3 concentration on
cancrinite formation is presented in Figure 4, while the activation time was maintained at
the central level of 3.5 h.

Figure 4. (A) Three-dimensional response surface illustrating the combined influence of activation
temperature and NaHCO3 concentration on cancrinite formation at a constant activation time of 3.5 h;
(B) Contour plot showing the combined effect of activation temperature and NaHCO3 concentration
on cancrinite formation.

As shown in Figure 4A, both activation temperature and carbonate concentration posi-
tively influenced cancrinite formation; however, their contributions differed considerably.
Increasing the activation temperature resulted in a pronounced increase in the cancrinite
content over the entire experimental range, whereas the influence of NaHCO3 concentra-
tion was comparatively moderate. The response surface exhibited a broad optimum region
centered at temperatures of approximately 250–270 ◦C and NaHCO3 concentrations close
to 90–110 g/L.

The contour plot (Figure 4B) demonstrates nearly symmetrical elliptical contours,
indicating that the interaction between activation temperature and NaHCO3 concentration
was relatively weak. This observation is consistent with the ANOVA results, where the
interaction term between these variables was statistically insignificant. Consequently, the
response is governed primarily by the individual effects of temperature and carbonate
concentration rather than by their mutual interaction. From a mineralogical perspective,
the dominant influence of temperature reflects its role in promoting the destabilization of
the primary aluminosilicate framework. Elevated temperatures accelerate the dissolution
of nepheline and reactive aluminosilicate phases present in the red mud, increasing the
concentration of dissolved Al and Si species available for subsequent recrystallization.

The effect of NaHCO3 concentration is associated mainly with the availability of car-
bonate ions participating in the crystallization of cancrinite. At relatively low carbonate
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concentrations, the supply of carbonate species is insufficient to fully stabilize the newly
formed aluminosilicate framework, resulting in limited cancrinite formation. Increasing
the NaHCO3 concentration promotes carbonate incorporation into the crystal structure and
facilitates cancrinite crystallization. However, beyond approximately 100–110 g/L, addi-
tional carbonate provides only marginal improvements, indicating that the crystallization
process becomes controlled predominantly by mineral dissolution kinetics rather than by
carbonate availability.

Overall, the response surface demonstrates that activation temperature remains the
principal driving force for cancrinite formation, whereas NaHCO3 concentration acts as a
secondary controlling parameter responsible for stabilizing carbonate-bearing aluminosili-
cate phases during hydrothermal activation.

Activation temperature was identified as the dominant factor governing cancrinite for-
mation, whereas NaHCO3 concentration primarily controlled the stabilization of carbonate-
bearing aluminosilicate phases. The broad optimum region indicates that carbonate avail-
ability enhances recrystallization only after sufficient dissolution of the primary aluminosil-
icate matrix has occurred.

2.3.3. Effect of Activation Time and NaHCO3 Concentration on Cancrinite Formation

The combined effects of activation time and NaHCO3 concentration on cancrinite
formation are presented in Figure 5. During this analysis, the activation temperature was
maintained at its central level (250 ◦C).

Figure 5. (A) Three-dimensional response surface illustrating the combined influence of activation
time and NaHCO3 concentration on cancrinite formation at a constant activation temperature of
250 ◦C; (B) Contour plot showing the combined effect of activation time and NaHCO3 concentration
on cancrinite formation.

As illustrated in Figure 5A, cancrinite formation increased steadily with increasing
activation time over the entire investigated range. In contrast, the influence of NaHCO3

concentration was less pronounced, producing only a moderate increase in the response.
The response surface therefore indicates that activation time is the dominant process
variable under constant temperature conditions.

The contour plot (Figure 5B) confirms this behavior. The contour lines are elongated
primarily along the NaHCO3 concentration axis, whereas a much steeper gradient is
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observed along the activation time axis. Such contour geometry indicates that extending
the activation time results in a substantially greater increase in cancrinite content than
increasing the carbonate concentration alone. This observation is fully consistent with the
ANOVA results, where activation time exhibited the highest statistical significance among
all investigated variables.

From a physicochemical standpoint, prolonged activation time promotes progressive
dissolution of aluminosilicate minerals and allows sufficient time for the nucleation and
growth of cancrinite crystals. As the hydrothermal treatment proceeds, dissolved aluminum
and silicon species continuously participate in carbonate-induced recrystallization, leading
to a gradual increase in cancrinite content.

The influence of NaHCO3 concentration is primarily associated with the availability
of carbonate ions required for the stabilization of the cancrinite framework. However,
once sufficient carbonate species are present in the reaction medium, further increases in
NaHCO3 concentration produce only limited improvements in cancrinite formation. Under
these conditions, the overall transformation rate becomes controlled mainly by the kinetics
of mineral dissolution and crystal growth rather than by carbonate availability.

The response surface therefore demonstrates that activation time governs the
extent of mineralogical transformation, whereas NaHCO3 concentration mainly pro-
vides favorable chemical conditions for carbonate incorporation into the newly formed
aluminosilicate framework.

Activation time was identified as the dominant kinetic parameter controlling can-
crinite formation, whereas NaHCO3 concentration mainly influenced the stabilization of
carbonate-bearing phases. The response surface indicates that prolonged hydrothermal
treatment is essential for completing the dissolution–reprecipitation process responsible for
cancrinite crystallization.

2.3.4. Comparative Analysis of the Response Surfaces

The response surface analyses consistently demonstrated that activation temperature
and activation time were the principal factors governing cancrinite formation, whereas
the effect of NaHCO3 concentration was comparatively less pronounced. Temperature
primarily promoted the dissolution of aluminosilicate minerals, while prolonged activation
time enhanced the dissolution–reprecipitation process responsible for cancrinite crystal-
lization. In contrast, NaHCO3 concentration mainly provided favorable conditions for
carbonate incorporation into the newly formed aluminosilicate framework. The predom-
inantly elliptical contour plots and statistically insignificant interaction terms indicate
that the investigated factors acted largely independently within the studied experimental
domain. These observations provide a sound basis for the numerical optimization of
the thermochemical activation process. Consequently, the measured cancrinite content is
considered a quantitative mineralogical response characterizing the extent of the targeted
cancrinite-forming transformation within the investigated experimental domain.

2.3.5. Comparison with Previous Studies

The present response surface analysis demonstrated that activation temperature and
activation time were the principal factors governing cancrinite formation during carbonate
thermochemical activation of the nepheline–red mud mixture. This observation is consis-
tent with previous mineralogical studies, which demonstrated that increasing temperature
accelerates the dissolution of stable aluminosilicate minerals and promotes the nucleation
and growth of secondary carbonate-bearing phases. Similarly, prolonged activation time
has been shown to facilitate the completion of dissolution–reprecipitation processes, re-
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sulting in more extensive crystallization of cancrinite and other reactive aluminosilicate
phases [33–35].

The comparatively weaker statistical influence of NaHCO3 concentration relative
to activation time indicates that carbonate availability contributes to cancrinite-forming
transformation but is not the sole factor controlling the mineralogical response. Although
temperature can influence the behavior of bicarbonate and carbonate species in the hy-
drothermal activation medium, the statistically non-significant AC interaction (p = 0.8870)
indicates no additional temperature × NaHCO3 concentration interaction effect could be
resolved within the investigated experimental domain. This statistical result should not
be interpreted as evidence for the absence of physicochemical effects of temperature on
bicarbonate/carbonate behavior, but rather as an indication that such effects were not
expressed as a statistically distinguishable interaction in the selected cancrinite response.

From a thermodynamic and phase-stability perspective, the formation of carbonate-
bearing cancrinite is favored under hydrothermal conditions in carbonate-containing alumi-
nosilicate systems [36,37]. The incorporation of carbonate species into the aluminosilicate
framework contributes to the stabilization of the cancrinite structure, which is consistent
with the experimentally observed formation of cancrinite in the nepheline–red mud system
under carbonate–hydrothermal conditions reported in our previous study [32]. However,
thermodynamic quantities such as ∆G and ∆H were not directly determined in the present
study; therefore, the RSM results should be interpreted as an empirical statistical description
of the mineralogical response rather than as a thermodynamic model of phase stability.

Consequently, the developed statistical model indicates that carbonate availability
becomes a controlling factor only after sufficient dissolution of the primary aluminosilicate
framework has occurred, when dissolved aluminum and silicon species are available for
cancrinite crystallization.

Unlike the majority of published Response Surface Methodology studies, which gen-
erally employ technological responses such as metal recovery, extraction efficiency, or
product yield [38–41], the present study utilizes quantitatively determined cancrinite con-
tent obtained by XRD phase analysis as the response variable. This approach enables
direct statistical interpretation of mineralogical transformation during carbonate thermo-
chemical activation rather than indirect evaluation through subsequent hydrometallurgical
performance. Consequently, the developed response surface model provides a quantitative
empirical description of cancrinite-forming transformation and a mineralogically meaning-
ful framework for evaluating the effects of the investigated activation parameters within
the experimental domain.

The developed response surface model extends conventional process optimization
by providing a quantitative statistical interpretation of cancrinite-forming mineralogical
transformation during carbonate thermochemical activation. In this context, quantitatively
determined cancrinite content serves as a mineralogical response variable for evaluating
the effects of the investigated activation parameters rather than as a universal predictor
of overall activation efficiency or subsequent alumina recovery. This approach establishes
a link between statistical modeling and experimentally observed phase evolution and
provides a quantitative basis for identifying favorable activation conditions within the
investigated experimental domain.

Within the investigated experimental domain, the developed RSM model provides
a quantitative framework for evaluating the effects of activation temperature, treatment
duration, and NaHCO3 concentration on cancrinite formation in the nepheline–red mud
system at a fixed 1:1 mass ratio. The model enables identification of favorable activation
regions and assessment of the relative contributions of the investigated process variables.
As with empirical response surface models, its predictive application is primarily associ-
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ated with the experimental domain and feed composition used for model development.
Variations in the nepheline-to-red mud ratio or substantial changes in the chemical and
mineralogical composition of the raw materials may modify the phase-transformation
behavior and would therefore require additional validation or model recalibration. These
considerations define the applicability range of the present model and provide a basis for
its further extension to other feed compositions and operating conditions.

2.4. Experimental Validation of the Response Surface Model

To evaluate the predictive capability of the developed response surface model, valida-
tion experiments were carried out under practical operating conditions selected in close
proximity to the statistically predicted optimum. The activation temperature, activation
time, and NaHCO3 concentration were fixed at 260 ◦C, 4 h, and 110 g/L, respectively. These
conditions represent practically achievable operating parameters while remaining within
the optimum region predicted by the statistical model.

The comparison between the predicted and experimentally measured cancrinite con-
tents determined by quantitative XRD analysis is summarized in Table 2. Three indepen-
dent validation experiments yielded cancrinite contents of 19 wt.%, 21 wt.% and 20 wt.%,
corresponding to an average value of 20.0 ± 1.0 wt.%.

Table 2. Comparison of the predicted and experimentally measured cancrinite content determined
by quantitative XRD analysis under validation conditions.

Parameter Value

Validation conditions 260 ◦C, 4 h, 110 g/L NaHCO3
Predicted cancrinite content (wt.%) 22.75

Experimental cancrinite content (wt.%) 20.0 ± 1.0
Relative deviation (%) 12.1

Although the regression model predicted a maximum cancrinite content of 22.75 wt.%,
the experimental results confirmed that the selected activation conditions produced inten-
sive cancrinite formation and were located within the optimum response region identified
by the response surface model. The difference between the predicted and measured val-
ues can be attributed to the simplified nature of the quadratic regression model and the
complexity of hydrothermal dissolution–reprecipitation processes, which are not fully
represented by polynomial equations. In addition, quantitative XRD analysis is associated
with inherent uncertainties related to phase quantification.

Overall, the validation experiments demonstrated satisfactory agreement between the
predicted and experimentally measured responses under the selected operating conditions,
supporting the practical applicability of the developed response surface model for iden-
tifying favorable cancrinite-forming conditions. The validated conditions of 260 ◦C, 4 h,
and 110 g/L NaHCO3 were subsequently adopted as the working activation conditions for
further experimental investigations. Thus, the validation was specifically directed toward
confirming a practically applicable operating region identified by the statistical model.
Although independent validation at the boundaries of the design space was not performed,
such experiments could further extend the assessment of model predictive performance
beyond the practically selected operating region.

3. Materials and Methods
3.1. Raw Materials and Sample Preparation

Nepheline ore obtained from the Kubasadyr deposit (Republic of Kazakhstan) and
Bayer red mud supplied by the Pavlodar Aluminium Plant (Kazakhstan) were used as the
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raw materials for statistical modeling of the thermochemical activation process. Prior to
the experiments, both materials were dried at 105 ◦C to constant mass, homogenized, and
ground in a laboratory ball mill to a particle size below 74 µm in order to ensure uniform
reactivity during thermochemical treatment.

The chemical compositions of the nepheline ore and Bayer red mud were deter-
mined by X-ray fluorescence (XRF) spectroscopy using a Venus 200 wavelength-dispersive
spectrometer (PANalytical B.V., Almelo, The Netherlands). The analytical results are
summarized in Table 3.

Table 3. Chemical composition of raw materials.

Component Nepheline Ore Red Mud

Al2O3 20.83 19.83
SiO2 59.45 20.29

Fe2O3 3.84 29.34
Na2O 5.08 13.71
K2O 5.32 0.28
TiO2 0.51 6.96
CaO 3.27 0.69
MgO 0.35 0.24

Other oxides 1.35 8.66

The nepheline-to-red mud mass ratio was fixed at 1:1 throughout the present experi-
mental design and was therefore not included as an independent factor in the RSM model.

The mineralogical composition of the raw materials was characterized by X-ray diffrac-
tion (XRD) using a D8 Advance diffractometer (Bruker, Billerica, MA, USA) operated with
Cu Kα radiation at 40 kV and 40 mA. Quantitative XRD analysis therefore provides a
direct mineralogical response for evaluating the extent of the targeted cancrinite-forming
transformation during thermochemical activation.

The XRD patterns of the nepheline ore and Bayer red mud are presented in
Figures 6 and 7, respectively. No additional crystalline phases were detected prior to ther-
mochemical activation, indicating that phase transformation occurred exclusively during
hydrothermal treatment.

 

Figure 6. XRD pattern of nepheline ore. Adapted from Ref. [32].
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Figure 7. XRD pattern of Bayer red mud. Adapted from Ref. [32].

3.2. Thermochemical Activation Procedure

Thermochemical activation experiments were performed in a laboratory stainless-steel
autoclave equipped with mechanical stirring. Throughout all experiments, the liquid-to-
solid (L:S) ratio was maintained at 3:1. Water was used as the solvent in all experiments, and
the liquid-to-solid ratio was maintained constant to minimize variations associated with the
amount of the liquid phase. Therefore, the solvent itself was not treated as an independent
variable in the experimental design, whereas the effect of the aqueous activation medium
was evaluated through variation in the NaHCO3 concentration.

The activation parameters, including temperature, activation time, and NaHCO3

concentration, were varied according to the Central Composite Design (CCD) generated by
Response Surface Methodology. The investigated experimental ranges are summarized in
Table 2.

For each experimental run, the prepared nepheline ore–red mud mixture (1:1 mass
ratio) was treated under the selected activation conditions. Upon completion of the thermo-
chemical treatment, the autoclave was cooled naturally to room temperature. The activated
solid product was separated by filtration, thoroughly washed with distilled water until
neutral pH was reached, and dried at 105 ◦C to constant mass.

The mineralogical composition of the activated products was determined by quantita-
tive X-ray diffraction (XRD) analysis using the analytical conditions described in Section 3.1.
The measured cancrinite content (wt.%), obtained from quantitative phase analysis, was
used as the response variable for statistical modeling and subsequent evaluation of the
thermochemical activation process.

All experiments included in the Central Composite Design and the validation experi-
ments were performed in triplicate. The experimental results are reported as mean values,
and the experimental uncertainty of the measured cancrinite content did not exceed ±3%.

3.3. Experimental Design Using Response Surface Methodology

Response Surface Methodology (RSM) was employed to establish the quantitative rela-
tionship between the thermochemical activation parameters and the extent of mineralogical
transformation of the nepheline–red mud mixture. A Central Composite Design (CCD)
generated in Design-Expert® software (Version 12, Stat-Ease Inc., Minneapolis, MN, USA)
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was selected because of its capability to evaluate the individual, quadratic, and interaction
effects of multiple process variables while minimizing the number of experimental runs.

AQ Three independent process variables were considered in the experimental design:
activation temperature (A), activation time (B), and NaHCO3 concentration (C). The facto-
rial levels of the independent variables were selected based on preliminary experimental
investigations and previous studies on carbonate thermochemical activation of nepheline-
bearing materials. The factorial ranges were 200–300 ◦C for activation temperature, 1–6 h
for activation time, and 60–120 g/L for NaHCO3 concentration. The Central Composite
Design additionally included axial points extending beyond these factorial levels to 165 and
334 ◦C for temperature, 0.7 and 7.8 h for activation time, and 39 and 140 g/L for NaHCO3

concentration, as specified in Table 4.

Table 4. Central Composite Design (CCD) matrix and experimentally measured cancrinite content
determined by quantitative XRD analysis.

Factor 1 Factor 2 Factor 3 Response 1

Run A:A B:B C:C R1
◦C h g/L %

1 250 3.5 39 14
2 250 3.5 90 24
3 250 3.5 90 25
4 250 3.5 90 24
5 200 1 120 10
6 300 1 120 12
7 200 1 60 8
8 300 1 60 11
9 250 0.7 90 6

10 334 3.5 90 9
11 300 6 120 31
12 250 3.5 90 25
13 250 3.5 140 20
14 250 3.5 90 26
15 200 6 60 17
16 165 3.5 90 7
17 200 6 120 24
18 250 7.8 90 28
19 300 6 60 22

The experimental matrix consisted of 19 runs, including factorial points, axial points,
and replicated center points. Replication at the center of the design space was introduced to
estimate the pure experimental error and to evaluate the adequacy of the regression model.

Unlike conventional optimization studies, which commonly employ metal extraction
efficiency as the response variable, the present study selected the measured cancrinite
content determined by quantitative X-ray diffraction (XRD) analysis (wt.%) as the primary
response. This response was chosen because cancrinite represents the principal secondary
phase formed during carbonate thermochemical activation and directly reflects the extent
of mineralogical transformation of the aluminosilicate matrix. Quantitative XRD analysis
therefore provides a direct mineralogical response for evaluating the extent of the targeted
cancrinite-forming transformation during thermochemical activation.

Previous mineralogical investigations demonstrated that carbonate–hydrothermal
activation transforms the relatively stable aluminosilicate framework of the nepheline–red
mud mixture through dissolution–reprecipitation processes, with cancrinite forming as
a major secondary aluminosilicate phase. In our previous experimental study on the
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same nepheline–red mud system, the formation of approximately 19 wt.% cancrinite was
accompanied by substantial restructuring of the primary aluminosilicate matrix and en-
hanced reactivity during subsequent alkaline leaching, resulting in an Al2O3 recovery of
92–94% [32]. The formation of cancrinite therefore reflects the conversion of structurally
resistant primary aluminosilicates into a reorganized carbonate-bearing aluminosilicate
system associated with improved aluminum accessibility during subsequent alkaline treat-
ment. On this basis, maximizing cancrinite formation within the investigated activation
domain was selected as the mineralogical objective of the present RSM analysis, and quan-
titatively determined cancrinite content was used as the response variable. However, the
present study does not establish a direct proportional relationship between cancrinite
content and Al2O3 recovery. Therefore, cancrinite content should be interpreted as a miner-
alogical indicator of the extent of the targeted cancrinite-forming transformation rather than
as an independent or universal predictor of alumina extraction. Other secondary phases,
particularly aluminum-bearing phases formed during activation, may also contribute to
subsequent leaching behavior, and their combined quantitative relationship with alumina
recovery requires further investigation.

The experimental results were analyzed using Response Surface Methodology.
A second-order polynomial regression model was developed to describe the relationship
between the independent variables and the response. The significance of the regression co-
efficients and the adequacy of the developed model were evaluated by analysis of variance
(ANOVA) at a confidence level of 95% (p < 0.05). Model quality was assessed using the
coefficient of determination (R2), adjusted coefficient of determination (Adjusted R2), pre-
dicted coefficient of determination (Predicted R2), adequate precision, lack-of-fit analysis,
and residual diagnostics.

3.4. Statistical Analysis

Experimental data generated using the Central Composite Design (CCD) were ana-
lyzed with Design-Expert® software (Version 12, Stat-Ease Inc., Minneapolis, MN, USA).
Response Surface Methodology (RSM) was employed to establish quantitative relationships
between the thermochemical activation parameters and the measured cancrinite content
determined by quantitative X-ray diffraction (XRD) analysis. The experimental response
was fitted to a second-order polynomial regression model according to Equation (1):

y = b0 +
k

∑
i=1

bi Xi +
k

∑
i=1

bii X2
i +

k−1

∑
i=1

k

∑
j=i+1

bij XiXj (3)

where y is the predicted response (cancrinite content, wt.%); b0 is the intercept coefficient; bi,
bii, and bij are the linear, quadratic, and interaction regression coefficients, respectively; Xi

and Xj are the coded independent variables; and k is the number of independent variables
included in the model.

The adequacy and statistical significance of the developed regression model were
evaluated by analysis of variance (ANOVA) using the F-test and the corresponding p-values
at a confidence level of 95% (p < 0.05). Model performance was further assessed using
the coefficient of determination (R2), adjusted coefficient of determination (Adjusted R2),
predicted coefficient of determination (Predicted R2), Adequate Precision, the Lack-of-Fit
test, and residual diagnostic analysis.

Model diagnostics included normal probability plots of residuals, residuals versus
predicted values, predicted versus actual values, Cook’s distance analysis, and Box–Cox
transformation analysis. Three-dimensional response surface plots together with corre-
sponding contour plots were generated to evaluate the individual and combined effects of
the activation parameters on cancrinite formation.
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Numerical optimization based on the desirability function was performed to iden-
tify the region corresponding to maximum cancrinite formation. The practical appli-
cability of the developed response surface model in the favorable operating region
identified by numerical optimization was subsequently assessed through independent
validation experiments.

4. Conclusions
The present study applied Response Surface Methodology (RSM) to quantitatively

evaluate the effects of thermochemical activation parameters on cancrinite formation in a
nepheline–red mud mixture using cancrinite content determined by quantitative XRD phase
analysis as the mineralogical response variable. The principal conclusions are summarized
as follows:

1. A statistically significant quadratic regression model was developed to describe cancri-
nite formation as a function of activation temperature, activation time, and NaHCO3

concentration. The model explained 95.5% of the variability in the experimental
response (R2 = 0.9550). The lower Predicted R2 (0.6731) and statistically significant
Lack-of-Fit (p = 0.0117) indicate that the model is most appropriately applied as an em-
pirical tool for interpretation of factor effects and identification of favorable operating
regions within the investigated experimental domain.

2. Activation time exerted the strongest statistical influence on cancrinite formation,
while activation temperature and NaHCO3 concentration also showed statistically
significant effects. The investigated interaction terms were not statistically significant,
whereas the quadratic terms were significant, demonstrating the predominantly
nonlinear dependence of cancrinite formation on the individual activation parameters.

3. Numerical optimization identified a favorable region for cancrinite formation, with
a predicted maximum response of 22.75 wt.%. Three independent validation exper-
iments performed at the practically selected conditions of 260 ◦C, 4 h, and 110 g/L
NaHCO3 yielded an average cancrinite content of 20.0 ± 1.0 wt.%. These validated
conditions were subsequently adopted as the working activation conditions for fur-
ther experimental investigations, supporting the practical relevance of the statistically
identified operating region.

4. The use of quantitatively determined cancrinite content as the RSM response provides
a direct statistical description of the targeted cancrinite-forming mineralogical trans-
formation. The approach links statistical process analysis with quantitative phase
evolution and provides a framework for selecting favorable activation conditions prior
to subsequent hydrometallurgical processing. Its application to substantially different
feed compositions, nepheline-to-red mud ratios, or conditions outside the investigated
experimental domain would require additional validation or model recalibration.
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