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Abstract 

Nonlinear kickers (NLKs) enable off-axis injection in ultralow-emittance storage rings by 
providing a strong kick to the injected beam while remaining nearly transparent to the 
stored beam. In hybrid schemes, a conventional four-kicker bump defines the injected tra-
jectory, and the NLK reduces the first-turn action under constrained beam offset and op-
tics conditions. Effective operation additionally requires stable and reproducible first-turn 
injection trajectories. We develop a compact action–angle framework that expresses NLK 
dynamics in terms of Courant–Snyder invariants and yields an analytical bound on 
achievable action reduction. This formulation provides direct design rules for NLK place-
ment, phase advance, injected-beam offset, and kicker field profile. Within this frame-
work, we identify the 8-wire NLK as a practical baseline and extend its design by relaxing 
the square-geometry constraint, enabling inward shifting of the off-axis field peak while 
preserving on-axis field and gradient cancellation. Application to the NSLS-II lattice 
shows how aperture, pulsed-power, and mechanical constraints combine to determine a 
coupled design solution. Multi-turn tracking confirms that candidate NLK locations main-
tain sufficient stay-clear (aperture-clearance) margin, while the optimized wire geometry 
reduces the required current and Lorentz force load. The results establish a unified ap-
proach for NLK-assisted injection design and provide a practical pathway for upgrades 
in diffraction-limited storage rings. 

Keywords: nonlinear-kicker injection; beam dynamics; action–angle framework;  
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1. Introduction 
Off-axis injection is a central challenge in ultralow-emittance storage rings, where the 

dynamic aperture is often comparable to or smaller than the injected-beam oscillation am-
plitude [1–4]. Conventional four-kicker bump schemes rely on sufficient acceptance to 
capture the injected beam, but in diffraction-limited lattices the reduced aperture makes 
residual oscillations a primary limitation. 

On-axis swap-out injection has therefore emerged as the baseline solution for future 
facilities [5–9]. However, swap-out demands substantial supporting infrastructure, in-
cluding a high-current full-energy injector, a high-power beam dump, and in some cases 
an accumulator ring. These systems significantly increase cost and operational complexity. 

Nonlinear kickers (NLKs) provide an alternative by delivering a strong transverse 
kick to the injected beam while remaining nearly transparent to the stored beam. This 
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property has motivated their adoption in several facilities and their consideration for next-
generation light sources [10–15]. In an idealized implementation, NLKs could be used as 
a standalone injection system, with the injected trajectory, septum conditions, and kicker 
field optimized simultaneously. In practice, however, most applications correspond to ret-
rofit scenarios in which NLKs are added to an existing four-bump injection system [16]. 

In this hybrid configuration, the injected trajectory is largely fixed by the upstream 
bump and septum geometry, while the NLK acts to reduce the injected-beam action on 
the first turn. Effective NLK operation additionally requires stable and reproducible injec-
tion trajectories, since the achievable action reduction depends sensitively on the injected-
beam offset and phase-space coordinates at the NLK location. The resulting performance 
is therefore constrained by the available beam offset, lattice optics, kicker-field profile, and 
trajectory control, defining a coupled design problem that differs qualitatively from both 
conventional bump injection and fully NLK-based schemes. 

While previous studies have demonstrated the feasibility of NLK-assisted injection 
and explored specific implementations, a compact framework that directly links beam dy-
namics, lattice design, and hardware constraints remains lacking. In particular, the inter-
play between phase advance, injected-beam offset, and nonlinear field profile has not been 
expressed in a form that yields simple and general design rules. 

In this work, we develop an action–angle formulation that expresses NLK-induced 
dynamics in terms of Courant–Snyder invariants. The resulting framework yields an an-
alytical bound on action reduction and provides quantitative design rules for NLK place-
ment, optics selection, and field configuration within a hybrid injection scheme. 

We apply the method to the NSLS-II lattice as a representative retrofit case. Candi-
date NLK locations, field configurations, and engineering constraints are evaluated within 
a unified beam-dynamics and hardware-design framework. Although the numerical op-
timization is specific to NSLS-II, the underlying methodology is applicable to both retrofit 
upgrades and future diffraction-limited storage rings. 

MAX IV demonstrates that transparent off-axis injection can be achieved using a mul-
tipole injection kicker that replaces conventional bump-based injection [9]. In contrast, the 
present work focuses on a hybrid approach in which the existing four-kicker bump is re-
tained and the NLK provides first-turn action reduction. This strategy preserves the es-
tablished injection configuration while minimizing operational impact. 

2. Injection Design Boundary 
A useful starting point is to define the injection regime that an NLK is intended to 

improve. In a conventional four-bump scheme, the injected beam arrives at the septum 
with a finite offset chosen to clear the stored beam and downstream aperture. When dy-
namic aperture is sufficiently large, this approach provides acceptable capture. In ul-
tralow-emittance rings, however, the reduced acceptance makes the residual first-turn os-
cillation a dominant limitation. 

At the opposite extreme, a fully NLK-based injection scheme treats the injected tra-
jectory, septum conditions, and kicker field as a single coupled optimization problem. In 
this limit, the injected offset at the NLK can be chosen to maximize action reduction and 
field efficiency. Most upgrade scenarios do not offer this flexibility. Instead, the injected 
beam reaching the NLK is already constrained by the existing four-bump optics, septum 
geometry, aperture limits, and operational requirements. 

These considerations define three regimes: conventional four-bump injection, hybrid 
four-bump-plus-NLK injection, and fully NLK-based injection. The hybrid regime is the 
most relevant for NSLS-II (see Figure 1a) and similar facilities. In this case, the injected-
beam offset at the NLK is intermediate—smaller than in an NLK-only design but larger 
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than the final matched trajectory—and is bounded by septum clearance, dynamic aper-
ture, physical aperture, and available orbit control. 

In a hybrid injection system, the initial injected-beam action is largely set by the sep-
aration required at the pulsed septum. This separation is constrained by the septum knife 
thickness and by the minimum clearances between the knife edge, the bumped stored 
beam, and the injected beam. These hardware constraints determine the injected trajectory 
entering the storage ring and therefore set the action that must initially be accepted. The 
NLK then acts to reduce this septum-defined action as early as possible on the first turn, 
motivating placement close to the injection point. 

Within this constrained regime, key design variables become inherently coupled. The 
preferred NLK location is determined not only by phase advance but also by whether a 
usable injected-beam offset can be realized within aperture limits. The optimal phase ad-
vance is therefore not a single value, as both the achievable offset and the kick efficiency 
depend on the NLK field profile. Similarly, the choice of hardware is governed not only 
by peak field strength, but by how effectively the available offset range is converted into 
action reduction while remaining technically feasible. 

Formulating the problem in this way establishes a direct connection between lattice 
dynamics and device implementation and clarifies why the NSLS-II case is representative 
of a broader class of retrofit scenarios in diffraction-limited storage rings. However, a 
quantitative understanding of these trade-offs—and the limits they impose on achievable 
action reduction—requires a quantitative description that directly connects beam dynam-
ics and hardware design variables. 

The injected trajectory defined by the four-kicker bump (Figure 1a) therefore sets the 
initial condition for NLK action and establishes the practical design boundary for hybrid 
injection. Based on this boundary, the following section develops an action–angle frame-
work that expresses the resulting dynamics in terms of Courant–Snyder invariants. This 
formulation leads to simple analytical bounds and provides the basis for the optics design 
rules derived in Section 3. 
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Figure 1. (a) Injection geometry and NLK action. Top: the four-kicker bump displaces the stored 
beam by ~15 mm, allowing the injected beam to clear the septum and resulting in an injected-beam 
offset of ~9.5 mm [17]. Bottom: the injected beam initially oscillates with large amplitude (blue, 
dashed ellipse) and is reduced by the NLK to a smaller amplitude (green, dashed ellipse), while the 
stored beam remains near the on-axis region. The oscillation amplitudes are normalized to the initial 
injected-beam oscillation amplitude immediately downstream of the septum. (b) Phase dependence 
of the ideal normalized action reduction. In the linear-response limit with freely adjustable kick 
amplitude, the minimum action change is Δ𝐽୫୧୬/𝐽 ൌ −sinଶ𝜙୒୐୏ , reaching −1  at 𝜙୒୐୏ ൌ90∘. Equivalently, the residual action satisfies 𝐽௠௜௡ା /𝐽 ൌ cosଶ𝜙୒୐୏. (c) Trade-off between phase 
advance and injected-beam offset for a cubic NLK. The blue curve shows the normalized action-
reduction factor and the orange dashed curve shows the normalized injected-beam offset. Because 
the kick scales as 𝐾 ∝ 𝑥௕ଷ  with 𝑥௕ ∝ cos𝜙୒୐୏ , the effective action-reduction term scales as ∣cosଷ𝜙୒୐୏sin𝜙୒୐୏ ∣, which peaks near 𝜙୒୐୏ ≈ 30∘. The ideal 90∘ optimum is therefore not 
realizable for a pure cubic device. 

3. Action–Angle Framework and Optics Design Rules 
3.1. Thin-Kick Action Reduction 

A compact action–angle formulation provides a clear description of NLK-driven in-
jection dynamics. In linear optics, the horizontal motion of the injected centroid can be 
written in Courant–Snyder normalized form 𝑥ሺ𝑠ሻ ൌ ඥ2𝐽𝛽ሺ𝑠ሻ  cos𝜙ሺ𝑠ሻ ,  𝑥ᇱ ൌ −ට ଶ௃ఉሺ௦ሻ ሾ𝛼ሺ𝑠ሻ cos𝜙ሺ𝑠ሻ ൅ sin𝜙ሺ𝑠ሻሿ (1)

where 𝛽ሺ𝑠ሻ and 𝛼ሺ𝑠ሻ are the Twiss parameters, 𝜙ሺ𝑠ሻ is the betatron phase, and the 
action 𝐽 measures the oscillation amplitude. The injected centroid executes betatron os-
cillations because it enters the storage ring with a finite phase-space mismatch relative to 
the stored-beam closed orbit. Equation (1) describes the centroid motion; finite-emittance 
effects are considered later in Section 3.4. 

An NLK is modeled as a thin, position-dependent kick at 𝑠 ൌ 𝑠ே௅௄ 𝑥ା ൌ  𝑥ି,    𝑥ᇱା ൌ  𝑥ᇱି ൅  𝐾ሺ𝑥ିሻ (2)

with action change 𝛥𝐽 ൌ  𝐽ା −  𝐽ି. (3)
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A positive kick K corresponds to a positive horizontal angular deflection. The in-
jected-beam offset 𝑥௕ and angle 𝑥௕ᇱ  are defined relative to the stored-beam reference or-
bit, and 𝜙ே௅௄ follows the Courant–Snyder phase convention of Equation (1). 

Using the Courant–Snyder invariant, the resulting action change can be expressed as Δ𝐽 = −ඥ2𝐽𝛽ே௅௄  𝐾ሺ𝑥௕ሻ  sin𝜙ே௅௄ + ଵଶ 𝛽ே௅௄𝐾(𝑥௕)ଶ,  (4)

where 𝐽 denotes the upstream action, and 𝑥௕ is the injected-beam offset at the NLK. In 
the moderate-kick limit, the leading-order behavior reduces to Δ𝐽(𝐽,𝜙ே௅௄) ≈ −ඥ2𝐽𝛽ே௅௄ 𝐾(𝑥௕)  sin𝜙ே௅௄. (5)

Equation (5) provides the central design relation used throughout the remainder of 
this section. It shows that action reduction is governed by three coupled factors: (i) the 
lattice optics through β and phase advance, (ii) the injected-beam offset determined by the 
upstream injection system, and (iii) the NLK field profile through the sampled kick 𝐾(𝑥௕). The design rules developed in Sections 3.2–3.5 follow directly from these three 
dependencies. 

3.2. Maximum Achievable Reduction of Injected Action 

Consider an injected particle with upstream Courant–Snyder action 𝐽 arriving at the 
NLK with phase advance 𝜙୒୐୏. The injection reference point is taken to be the septum 
exit, which defines 𝑠 = 0 for the injection trajectory discussed in this work. The phase 
origin is chosen at the same location, where the injected centroid is approximated as a 
predominant position-offset state in normalized phase space, corresponding to 𝜙୧୬୨ ≈0. 
The phase at the NLK is therefore given by the horizontal betatron phase advance from 
the injection point, 𝜙ே௅௄ = 𝛥𝜇௜௡௝→ே௅௄. The local injected-beam offset at the NLK is 𝑥௕ = 𝑥୧୬୨(𝜙୒୐୏) = ඥ2𝐽𝛽୒୐୏ cos𝜙୒୐୏ ≡ 𝐴መ cos𝜙୒୐୏, (6)

where 𝐴መ ≡ ඥ2𝐽𝛽୒୐୏. 
At 𝜙୒୐୏ = 60∘ , the injected-beam offset becomes 𝑥௕ = ஺෠ଶ = ට௃ఉొైేଶ .  For 𝛽୒୐୏ = 6 − 22  m, this corresponds to 𝑥௕ ≈ (1.73–3.32)ඥ𝐽ఓ୫ mm,  where 𝐽ఓ୫ 

denotes 𝐽  expressed in 𝜇m . Thus, for example, 𝐽ఓ௠ = 3 𝜇m  yields 𝑥௕ ≈ට(଺ ௠)ଶ × (3 × 10ି଺ 𝑚)–ට(ଶଶ ௠)ଶ × (3 × 10ି଺ 𝑚) = 3.0–5.7 mm. 

Using the thin-lens approximation and taking 𝛼୒୐୏ ≈ 0, the downstream action is 𝐽ା = 𝐽 + Δ𝐽, with Δ𝐽 ≈ −𝐴መ 𝐾 sin𝜙ே௅௄ + ଵଶ 𝛽୒୐୏𝐾ଶ,  (7)

where 𝐾 ≡ 𝐾(𝑥௕). The first term can reduce the action, while the second is a positive-
definite contribution that limits the achievable reduction. 

If 𝐾 were freely adjustable, minimizing Δ𝐽 gives ௗ୼௃ௗ௄ = −𝐴መsin𝜙ே௅௄ + 𝛽୒୐୏𝐾 = 0,  (8)

leading to 𝐾୭୮୲ = ஺෠ఉొైే sin𝜙ே௅௄. 
Substituting yields 
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Δ𝐽୫୧୬ = −𝐽sinଶ𝜙୒୐୏, 𝐽௠௜௡ା = 𝐽cosଶ𝜙୒୐୏. (9)

This result assumes independent control of the kick amplitude and therefore repre-
sents an idealized upper bound. The reduction improves monotonically with ∣sin𝜙୒୐୏ ∣  and reaches 𝐽௠௜௡ା → 0  at 𝜙୒୐୏ = 90∘  (Figure 1b). At 𝜙୒୐୏ = 60∘ , the 
bound gives 𝐽ା/𝐽 = 0.25, corresponding to a factor-of-four reduction in action. 

In a cubic NLK, however, the kick depends on the following offset: 𝐾(𝑥௕) ≃ 𝑘଴𝑥௕ଷ. (10)

The beneficial term then scales as ∣ Δ𝐽 ∣ୡ୳ୠ୧ୡ ∝ ∣ cosଷ𝜙୒୐୏sin𝜙ே௅௄ ∣, (11)

which peaks at 𝜙୒୐୏ ≈ 30∘. Thus, 90∘maximizes the ideal bound, whereas 30∘ max-
imizes the effectiveness of a fixed cubic device. For a physically realizable cubic NLK with 
finite strength 𝑘଴, the formal 90° limit is not realizable in practice because 𝑥௕ → 0 im-
plies 𝐾 → 0. 

A phase near 60° provides a practical compromise between achievable kick strength 
and effective action reduction (Figure 1c). The practical importance of the phase condition 
is illustrated by Table 1. A favorable phase advance is necessary but not sufficient: the 
injected offset must also be large enough for the cubic NLK to sample a meaningful field. 
The ID2 upstream point has ΔΦ ≈ 87.5∘, but ∣ 𝑥୧୬୨ ∣≈ 0.5 mm is too small to generate 
an efficient kick, so the NLK operates in the weak-field tail, and the achievable action re-
duction is limited. By contrast, the downstream ID1 and ID2 candidates combine a usable 
offset with a more practical phase advance and therefore provide substantially better per-
formance. 

Table 1. Candidate NLK locations in terms of injected-beam offset, horizontal beta function, optimal 
kick, phase advance, and action-reduction estimate. The injected-beam offsets are based on the 
measured and simulated first-turn injection trajectories discussed in Section 6. The phase advance 𝜙ே௅௄ = 𝛥𝜇௜௡௝→ே௅௄ denotes the horizontal betatron phase advance from the injection reference 
point (septum exit) to the candidate NLK location. Efficient reduction requires both a usable injected 
offset and favorable phase. The ∣ Δ𝐽 ∣/𝐽 column gives the ideal kick-based action-reduction esti-
mate; practical NLK efficiency also requires sufficient injected offset to sample the nonlinear field. 
The listed values of 𝐾௢௣௧  were obtained from single-particle (centroid) tracking by scanning the 
NLK kick amplitude and identifying the value that minimizes the downstream action. They there-
fore represent numerically optimized kicks for the local trajectory and optics, rather than direct 
evaluations of Equation (8). For ID2 downstream, the three values correspond to the following: (i) 
centroid action reduction obtained from single-particle tracking with an optimized kick, (ii) ideal 
dipole-kick tracking, in which all particles receive the same correction, and (iii) realistic 8-wire track-
ing using the position-dependent NLK field. The progression illustrates the effect of finite-beam-
size dilution and nonlinear field sampling. 

Location s (m) xb (mm) βx (m) 𝑲opt (mrad) |ΔJ|/J (%) 𝝓𝑵𝑳𝑲 (°) Interpretation 
ID1 upstream 23.567 −6.386 6.25 0.022 0.0 −1.232 Poor phase leverage 

ID1 down-
stream 29.364 2.816 6.70 −0.893 81.9 64.806 Acceptable compro-

mise 

ID2 upstream 48.610 −0.496 22.08 −0.507 99.8 87.465 
Phase favorable, but 

offset too small  
ID2 down-

stream 
57.113 3.852 22.20 −0.475 88 †  69.954 Best practical compro-

mise 
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† Values correspond to single-particle tracking (88%), ideal dipole-kick tracking (87%), and realistic 
8-wire tracking (74%). 

Figure 2 illustrates the continuous placement scan for candidate NLK locations 
within the available ID1 installation region. The upper panel shows the injected-beam off-
set, the middle panel shows the corresponding optimal kick angle, and the lower panel 
compares the ideal action-reduction bound of Equation (9) with the normalized practical 
cubic-NLK efficiency. As the NLK location approaches the formal 90∘ phase-advance 
region, the ideal action reduction improves, and |Δ𝐽|/𝐽 approaches unity. At the same 
time, however, the injected-beam offset collapses toward zero, causing the practical cubic-
NLK efficiency to deteriorate rapidly because the device operates increasingly in the 
weak-field tail of the nonlinear profile. Conversely, locations with large injected-beam off-
sets provide stronger field sampling but suffer from weak phase leverage and therefore 
limited action reduction. The practical operating region therefore emerges from a coupled 
compromise between the phase advance and usable injected-beam offset rather than from 
optimization of either quantity independently. 

In particular, the ID2 upstream location demonstrates that a phase advance close to 90∘ does not guarantee efficiency if the injected offset is too small to sample the nonlinear 
field effectively. In practice, finite kick strength, limited field quality over offset, and lattice 
nonlinearities further reduce performance. For the configurations examined here, a single 
NLK typically achieves 𝐽ା/𝐽 ∼ 0.1–0.5, depending on phase advance, injected-beam 
offset, and field profile. 

 

Figure 2. Continuous scan of candidate NLK placement within the available ID1 installation region. 
The dashed lines indicate the upstream and downstream boundaries of the available installation 
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region in ID1. The injected-beam offset (a), optimal kick (b), and normalized action-reduction met-
rics (c) show that the formal 90° phase-advance optimum is not practical when the injected offset 
becomes too small. The usable operating region is therefore determined by the combined phase–
offset condition. 

3.3. Horizontal Beta Function: Leverage Versus Aperture 

The horizontal beta function introduces a fundamental trade-off. The required kick 
strength scales approximately as 𝐾୰ୣ୯ ∝ ଵඥఉೣ,  (12)

so larger 𝛽௫ reduces the required current. At the same time, the beam size scales as 𝜎௫ ∝ඥ𝛽௫, reducing the available aperture margin. 
The optimal location therefore balances reduced kick strength and sufficient aper-

ture, rather than maximizing 𝛽௫ alone. Figure 3 illustrates this trade-off using a Pareto 
comparison of required current and residual action. From the optics-and-current perspec-
tive, the ID2 downstream location provides the strongest compromise, achieving both low 
current and low residual action. As discussed in Section 7, the final prototype selection 
must also account for aperture, integration, and operational constraints. 

 

Figure 3. Pareto comparison of candidate NLK locations in terms of required current and residual 

action ratio 
௃౨౛౩౟ౚ౫౗ౢ௃౟౤౟౪౟౗ౢ . Lower values on both axes correspond to improved performance. Color indi-

cates the local horizontal beta function 𝛽௫  at each candidate location. Only Pareto-front candidate 
locations are labelled for clarity. From the optics-and-current perspective, the ID2 downstream lo-
cation provides the strongest performance compromise between reduced current and effective ac-
tion reduction. Final prototype selection must also account for aperture, integration, and operational 
constraints. The color scale further shows that the lowest-current, lowest-residual-action region co-
incides with locations of larger horizontal 𝛽௫  . The calculation assumes a 0.5 m active magnetic 
length, used to convert the required kick into the corresponding current estimate. 

This optics preference must still be filtered through the physical-aperture constraint. 
In particular, a high-𝛽௫ location is not automatically usable if the local stay-clear aperture 
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cannot accommodate the required NLK chamber gap. This aperture constraint is evalu-
ated explicitly in the NSLS-II prototype selection discussed in Section 7. 

3.4. Finite Injected-Beam Size and Nonlinear-Kick Dilution 

The action–angle analysis above describes the centroid response and therefore rep-
resents the ideal limit in which the injected beam samples a single NLK kick. For a real 
injected bunch, the finite horizontal beam size causes particles at different transverse po-
sitions to sample different parts of the nonlinear field. Here, dilution refers to the reduc-
tion in correction efficiency caused by the finite transverse beam size sampling different 
kick amplitudes. Filamentation refers to the subsequent phase-space decoherence of the 
corrected distribution under nonlinear transport. If the centroid is located at 𝑥௕ and the 
NLK strength is chosen so that 𝑥௕ᇱ + 𝐾(𝑥௕) ≈ 0, an individual particle with 𝑥 = 𝑥௕ +Δ𝑥 receives a residual kick Δ𝑥୒୐୏ᇱ = 𝐾(𝑥௕ + Δ𝑥) − 𝐾(𝑥௕) ≈ 𝐾ᇱ(𝑥௕)Δ𝑥 + 12𝐾ᇱᇱ(𝑥௕)Δ𝑥ଶ + ⋯  . (13)

Thus, even when the centroid kick is optimized, nonlinear field variation adds angu-
lar spread across the bunch and dilutes the action reduction relative to an ideal dipole 
kick, for which all particles receive the same correction. 

Table 2 quantifies this finite-beam-size dilution at ID2 downstream. The ideal cen-
troid-matched dipole kick reduces the mean horizontal action by 87%, consistent with the 
88% analytical limit, whereas the realistic 8-wire field gives a 74% reduction because the 
finite injected distribution samples different kick strengths. 

The finite-beam-size response depends on the injected-beam phase-space distribu-
tion, injected-beam offset, and the local curvature of the NLK field, so the centroid-based 
action bound does not by itself determine the full distribution response. 

Table 2. Finite-beam-size dilution of NLK action reduction for the 4-bump scheme at ID2 down-
stream. The no-NLK injected-beam action is 𝐽௫ =  2.94 μm. Analytical modeling and ideal-dipole 
tracking give 88% and 87% reductions, respectively, whereas the realistic 8-wire x-dependent kick 
gives a 74% reduction because of nonlinear kick variation and filamentation. 

Injection Condition NLK Correction Model Injected Beam Action 𝑱𝒙 
(𝛍m) 

Action Reduc-
tion 

Baseline off-axis injection No NLK 2.94 0% 
Centroid-corrected injection Ideal dipole kick (tracking) 0.38 87% 

Centroid analytical limit Analytical modeling 0.35 88% 
Finite-beam realistic correc-

tion 
8-wire field profile with 𝑥-dependent 

kick (tracking) 0.76 74% 

3.5. First-Turn Placement and Aperture-Protection Strategy 

Because the injected-beam action is largely set by the septum-limited injection geom-
etry, the first NLK should be placed early on the first turn. Early correction minimizes 
nonlinear phase distortion and centroid decoherence before compensation and reduces 
the chance that the large injected excursion encounters downstream aperture restrictions. 

The NLK chamber introduces a fixed vertical aperture, so an upstream scraper is 
used to bound the injected-beam phase space before it reaches the device. The required 
setting is determined by the optical transport from the scraper to the NLK and is summa-
rized in Table 3. 

For a 6.0 mm full NLK gap, the selected scraper half-gaps are 7.4 mm for ID1 and 5.2 
mm for ID2. For the relaxed 7.0 mm ID2 gap, the required setting is 6.0 mm. These settings 
provide a practical protection boundary for commissioning and operation. 
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To screen stored-beam impact, the scraper settings were converted to equivalent IVU 
half-gaps using normalized vertical acceptance. The ID2 6 mm gap case is slightly tighter 
than a typical 3 mm IVU half-gap, whereas the ID2 7 mm gap case is comparable. 

Momentum-acceptance tracking with the scraper apertures included gives the same 
accepted range as the baseline lattice over the scanned interval, 𝛿ି = −4% and 𝛿ା =+4%. Thus, within the evaluated aperture model, the scraper does not define the limiting 
off-momentum aperture and is not expected to introduce a dominant Touschek-lifetime 
limitation. 

Table 3. Scraper half-gap settings required for NLK protection and corresponding equivalent IVU 
half-gaps based on normalized vertical acceptance. Equivalent IVU values are obtained by matching 𝐽௬ = 𝑔௛௔௟௙ଶ /(2𝛽௬)  at the scraper and IVU locations. The calculations use 𝛽௬   = 26.2 m at the 
scraper, 𝛽௬  = 3.5 m and 7.1 m at the ID1 NLK and ID2 NLK, respectively, and 𝛽௬  = 6.9 m at the 
reference IVU location. Momentum-acceptance tracking with these scraper settings shows no reduc-
tion relative to the baseline over the scanned interval ሾ−4%, +4%ሿ, indicating that the scraper 
does not define the limiting off-momentum aperture. The scraper settings include a 0.9 safety factor 
applied to the NLK aperture constraint. 

Case Scraper Half-Gap Equivalent IVU Half-Gap Interpretation 
ID1, 6 mm NLK gap 7.4 mm 3.8 mm More open than 3 mm IVU 
ID2, 6 mm NLK gap 5.2 mm 2.7 mm Slightly tighter than 3 mm IVU 
ID2, 7 mm NLK gap 6.0 mm 3.1 mm Comparable to 3 mm IVU 

Low dispersion at the NLK location is also preferred. Because the injected beam ar-
rives with finite offset, nonzero dispersion introduces momentum-dependent position 
shifts, leading to variation in the experienced kick and broadening of the downstream 
action distribution. While operation in flatter regions of the NLK field can partially miti-
gate this effect, minimizing dispersion provides the most robust solution. 

4. Device Concepts and Practical Design Selection 
The optics rules developed in Section 3 define the required beam conditions at the 

NLK. The remaining question is which magnet concept can realize these conditions while 
preserving stored-beam transparency and remaining technically feasible. This is not 
purely a field-shaping problem: a viable NLK must simultaneously satisfy beam-dynam-
ics, pulsed-power, mechanical, and vacuum constraints. 

Several candidate concepts were examined, including the 8-wire configuration, the 
double-dipole-kicker (DDK) concept [18], and multi-wire extensions. All are designed to 
produce negligible field and gradient near the stored-beam orbit while providing a strong 
off-axis kick at the injected-beam position. Their differences lie in how efficiently they 
generate usable field, how close the peak can be brought toward the axis, and how much 
implementation complexity is introduced. 

The 8-wire concept is adopted as the reference family because it combines strong ge-
ometric symmetry with practical implementability. Its symmetry provides a broad near-
axis region of low field and low gradient, improving stored-beam transparency and re-
ducing sensitivity to small alignment or excitation errors. In the first stage of this study, a 
geometrically symmetric 8-wire configuration was used to establish the basic field scaling 
and design rules. In the later optimization, this constraint was relaxed by allowing the 
horizontal and vertical wire coordinates to vary independently. This expanded design 
space improves the ability to shift the off-axis field peak inward while retaining the on-
axis cancellation conditions required for stored-beam transparency. 
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The goal of this section is therefore not only to compare field profiles, but to establish 
a practical design logic. The symmetric 8-wire configuration is first used as the reference 
model for understanding field scaling. The relaxed-symmetry 8-wire geometry is then in-
troduced as the optimized implementation. Alternative geometries, including the DDK 
and 12-wire concepts, are briefly compared in terms of peak placement, efficiency, robust-
ness, and implementation complexity. 

4.1. Eight-Wire NLK Reference Scaling and Relaxed-Symmetry Optimization 

The 8-wire NLK is modeled using the line-current approximation [19,20], with vali-
dation against a full 3D Radia model [21]. The analytical field model is based on superpo-
sition of two four-wire quartets. The underlying four-wire building block and its closed-
form midplane field expression are summarized in Appendix A and form the basis of the 
normalized eight-wire scaling relations developed below. As shown in Figure 4a, the sim-
plified Biot–Savart description captures the midplane magnetic-field behavior of the phys-
ical NLK structure with good accuracy. This agreement justifies using the analytical model 
for rapid geometry scans and field optimization. 

To evaluate the sensitivity of the design to the available chamber aperture, the 8 mm, 
7 mm, and 6 mm full-vertical-gap cases are treated as a parametric geometry scan. Unless 
otherwise noted, the selected baseline prototype configuration discussed in later sections 
corresponds to the 6 mm full-gap design. For the symmetric 8-wire reference geometry, 
the midplane field can be written in the universal normalized form 𝐵௬(𝑥௕ , 0) ≈ ఓబூଶగ௫ౙ౞౗౨  Φቀ ௫್௫ౙ౞౗౨ቁ,  (14)

where 𝑥ୡ୦ୟ୰ is the characteristic transverse scale set by the wire geometry, and Φ is a 
dimensionless shape function. For the strictly symmetric reference case, 𝑥ୡ୦ୟ୰ ≡ 𝑥௪. The 
corresponding kick at the injected-beam position is 𝜃(𝑥௕) = ஻೤(௫್,଴)௅஻ఘ .  (15)

For fixed hardware length and beam rigidity, the normalized field profile Φ directly 
determines the kicker efficiency. In the symmetric reference geometry, the off-axis field 
peak occurs near 𝑥୮ୣୟ୩ ≈ 1.6 𝑥ୡ୦ୟ୰, (16)

while near the axis the symmetry enforces Φ(𝜉) ∝ 𝜉ଷ, (17)

where 𝜉 = 𝑥/𝑥ୡ୦ୟ୰ (Figure 4b). This cubic near-axis behavior produces a flat center and 
zero linear gradient, which are essential for stored-beam transparency. 

More generally, the normalized peak position depends on the geometric ratio be-
tween the outer and inner wire spacings. Using a two-quartet superposition model, 

௫೛೐ೌೖ௫౭  

can be expressed as a function of 
௫ೢమ௫౭ , as shown in Figure 4c. The peak shifts outward 

with increasing spacing ratio, reflecting the increasing contribution of the outer quartet to 
the field profile. In the symmetric reference design, a ratio 𝑥௪ଶ/𝑥௪ ≈ 1.7  gives 𝑥୮ୣୟ୩/𝑥௪ ≈ 1.6. This point is adopted as the baseline geometry because it balances field 
efficiency, usable injected-beam offset, and mechanical spacing constraints. 

This reference scaling leads to a simple design rule: the injected beam should sample 
the strongest practical portion of the nonlinear field while the stored beam remains in the 
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near-axis transparent region. For a given injected-beam offset 𝑥௕ and characteristic scale 𝑥ୡ୦ୟ୰, the relative kicker efficiency is quantified by 𝜂ே௅௄ = ஍൬ ೣ್ೣౙ౞౗౨൰஍(ଵ.଺) .  (18)

The preferred operating point is close to the off-axis field peak, subject to aperture, 
mechanical clearance, and current limitations. 

The square condition 𝑥௪ = 𝑦௪ used in the symmetric quartet is a sufficient but not 
necessary condition for stored-beam transparency. For a rectangular quartet, left-right 
symmetry cancels the on-axis field, 𝐵௬(0) = 0, but the on-axis gradient scales as ப஻೤ப௫ ∣(௫ ୀ ଴)∝ ௬మೢି௫మೢ൫௫మೢ ା௬మೢ ൯మ.  (19)

This expression follows by differentiating the midplane field of a rectangular four-
wire quartet, 𝐵௬(𝑥, 0) =  ఓబூగ  [ ௫ି௫ೢ(௫ି௫ೢ)మା௬మೢ  + ௫ା௫ೢ(௫ା௫ೢ)మା௬మೢ ].  (20)

Because the field is antisymmetric about the origin, 𝐵௬(0, 0) = 0. The first deriva-
tive at the origin is ∂𝐵௬∂𝑥 ∣(௫ ୀ ଴)=  2𝜇଴𝐼𝜋  ·  𝑦௪ଶ − 𝑥௪ଶ(𝑥௪ଶ + 𝑦௪ଶ)ଶ , 
showing that the square condition 𝑥௪ = 𝑦௪ cancels the linear term, leaving the cubic 
term as the leading near-axis contribution. While this automatically preserves stored-
beam transparency, it also constrains the off-axis field-peak location. In the full 8-wire 
geometry, the residual gradient from a relaxed inner quartet can be compensated by the 
outer quartet. Since the prototype uses a single pulsed-power supply, the relative current 
polarity and magnitude of the two quartets are fixed. The resulting geometric cancellation 
condition, representing cancellation of the linear on-axis gradient for the combined inner 
and outer quartets, is 𝐶 = ௬భమି௫భమ൫௫భమା௬భమ൯మ − ௬మమି௫మమ൫௫మమା௬మమ൯మ ≈ 0.  (21)

The relaxed-symmetry optimization therefore allows 𝑥ଵ ≠ 𝑦ଵ and 𝑥ଶ ≠ 𝑦ଶ, while 
still enforcing zero on-axis field and zero on-axis gradient with a single current pulse. 
Thus, the square-geometry constraint is replaced by an explicit cancellation constraint. 
This additional freedom is useful because the vertical coordinates are constrained by the 
chamber gap and stay-clear requirement, whereas the horizontal coordinates can be ad-
justed more freely to shift the off-axis peak inward and improve kick efficiency. 

To capture these constraints, the optimization was extended beyond the symmetric 
reference geometry by relaxing the square-geometry conditions 𝑥௪ = 𝑦௪ and 𝑥௪ଶ =𝑦௪ଶ. In the relaxed-symmetry design, the inner and outer wire coordinates are treated as 
independent variables, (𝑥ଵ, 𝑥ଶ,𝑦ଵ,𝑦ଶ), while preserving the required on-axis cancella-

tion conditions, 𝐵௬(0) = 0 and 
ப஻೤ப௫ ∣(௫ ୀ ଴)= 0. To quantify the residual error in the 

single-supply gradient-cancellation condition, we define 𝑅 = |஼|อ ೤భమషೣభమ൫ೣభమశ೤భమ൯మอାอ ೤మమషೣమమ൫ೣమమశ೤మమ൯మอ,  
(22)
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where 𝑅 is a normalized residual used to quantify the deviation from perfect on-axis 
gradient cancellation. The scan also enforces minimum wire-to-wire spacing and cham-
ber-clearance constraints. The optimization objective is to minimize 𝑥୮ୣୟ୩, since bringing 
the off-axis field maximum closer to the injected beam increases the effective kick effi-
ciency and reduces the required pulsed current for a given deflection. 

Relaxing the square-geometry constraint provides a modest but useful improvement 
in field placement. The symmetric reference geometry with 𝑥௪ଶ/𝑥௪ ≈ 1.7 is already 
close to an efficient 8-wire configuration. The relaxed-symmetry scan should therefore be 
viewed as an engineering refinement of the standard 8-wire concept, rather than a funda-
mentally new field configuration. Its primary benefit is to decouple the aperture-driven 
vertical coordinate from the horizontal field-shaping coordinate while preserving the sin-
gle-supply on-axis cancellation condition. This additional freedom shifts 𝑥୮ୣୟ୩ inward, 
improving the field sampled at the injected-beam offset and reducing the required current. 
The achievable shift, however, remains limited by gradient-cancellation, wire-spacing, 
and chamber-clearance constraints. For the 8 mm vertical-gap baseline, corresponding to 2𝑦ଵ = 11 mm  conductor-center spacing after including chamber and clearance con-
straints, the optimized solution gives 𝑥୮ୣୟ୩ ≈ 8.17 mm (blue in Figure 5). Reducing 
the vertical aperture to 7 mm and 6 mm, corresponding to conductor spacings of 2𝑦ଵ =10 mm and 2𝑦ଵ = 9 𝑚𝑚, allows the conductors to move closer to the beam and shifts 
the field peak inward to approximately 7.49 mm (red) and 6.83 mm (green), respec-
tively. Relative to the 8 mm gap baseline, these correspond to reductions of approximately 
8% and 16% in 𝑥୮ୣୟ୩. While this inward shift improves kick efficiency, it also reduces 
aperture and alignment margin. The final wire geometry must therefore be selected to-
gether with the injected-beam stay-clear analysis and mechanical tolerance requirements. 
All optimized configurations satisfy the single-supply gradient-cancellation condition 
with normalized residuals 𝑅 ൏ 7 × 10ିସ, confirming that the inward peak shift is ob-
tained without compromising stored-beam transparency. 

The relaxed-symmetry 8-wire family is therefore adopted as the practical optimiza-
tion path. It preserves the key advantage of the 8-wire concept—stored-beam transpar-
ency from on-axis field and gradient cancellation—while providing additional freedom to 
improve the off-axis kick efficiency. 
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Figure 4. Eight-wire NLK field scaling and geometry optimization. (a) Mid-plane magnetic field 𝐵௬(𝑥) generated by a reference eight-wire NLK geometry, comparing the Biot–Savart model (black 
dashed) with a full 3D Radia simulation (blue) [21]. The agreement validates the analytical descrip-
tion for field analysis and optimization. (b) Universal scaling of the symmetric 8-wire reference ge-

ometry. The normalized midplane field 
஍(క)஍(ଵ.଺), with 𝜉 = ௫௫ౙ౞౗౨, shows a peak near 𝜉 ≈ 1.6 and 

cubic near-axis behavior, Φ(𝜉) ∝ 𝜉ଷ, which ensures a flat center and zero gradient for the stored 
beam. The same shape function defines the normalized kicker efficiency through Equation (18), with 
maximum efficiency obtained when the injected beam samples the off-axis peak region. (c) Depend-

ence of the normalized peak position 
௫೛೐ೌೖ௫౭  on the outer-to-inner wire spacing ratio 

௫ೢమ௫౭  for the 

symmetric reference family. The peak shifts outward as the spacing ratio increases due to the grow-
ing contribution of the outer quartet. The black circles represent numerical field-calculation results 
for different wire-spacing ratios. The solid curve is a second-order polynomial fit to the scan data, 𝑦 = −0.137𝑥ଶ + 0.813𝑥 + 0.578 , and the red point marks the selected reference geometry 𝑥௪ଶ/𝑥௪ ≃ 1.7, for which 𝑥୮ୣୟ୩/𝑥௪ ≃ 1.6. 

 

Figure 5. Relaxed-symmetry 8-wire optimization with independent (𝑥ଵ, 𝑥ଶ, 𝑦ଵ,𝑦ଶ) wire coordi-
nates. Blue, red, and green correspond to the 8 mm, 7 mm, and 6 mm vertical-gap cases, respectively. 
Relaxing the square-geometry constraint shifts the off-axis field peak inward from 8.17 mm to 7.49 
mm and 6.83 mm for reduced-gap configurations, improving kick efficiency while preserving on-
axis field and gradient cancellation. 
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For completeness, Appendix A summarizes a generalized two-quartet analytical 
model that was explored early in this design study for independently powered inner and 
outer quartets. Although a dual-supply architecture is not adopted because strong mu-
tual-inductive coupling complicates fast-pulsed implementation, the derivation remains 
useful for interpreting how superposition reshapes the off-axis field, broadens the near-
axis flat region, and shifts the peak position. 

4.2. Double-Dipole-Kicker Regime 

The DDK regime is useful as a comparison because it can place the off-axis field peak 
closer to the beam axis. This is advantageous when the usable injected-beam offset is lim-
ited and efficiency must be maintained at smaller displacement. Like the 8-wire case, the 
DDK can be described by a normalized shape function, but with different symmetry and 
scaling. 

For comparable characteristic scale, the DDK field rises more rapidly away from the 
axis and reaches its peak closer to the stored-beam orbit, 𝑥୮ୣୟ୩ ≈ 1.4 𝑥ୡ୦ୟ୰, (23)

compared with 𝑥୮ୣୟ୩ ≈ 1.6 𝑥ୡ୦ୟ୰ for the symmetric 8-wire reference geometry (Figure 
6). Thus, the DDK naturally provides inward peak placement. 

This advantage comes with increased complexity. The DDK generally requires two 
independently controlled currents, 𝐼୧୬ and 𝐼୭୳୲, to enforce on-axis cancellation and tune 
the field shape. While this provides flexibility, it complicates the pulsed-power implemen-
tation and increases sensitivity to current balance and timing mismatch. The DDK also 
has lower geometric symmetry than the 8-wire family, reducing the natural robustness of 
the near-axis transparent region. For this reason, the DDK is best viewed as an alternative 
when small injected-beam offset is the dominant constraint, rather than as the baseline 
solution for the NSLS-II prototype. 

 

Figure 6. Normalized field comparison between the DDK and symmetric 8-wire reference configu-
rations with 𝑥௪ = 𝑥ୡ୦ୟ୰. The DDK rises more rapidly and peaks closer to the axis, near 1.4𝑥௪ , 
whereas the symmetric 8-wire reference geometry exhibits a broader near-axis flat region and peaks 
near 1.6𝑥௪ . The comparison highlights the trade-off between inward peak placement and stored-
beam transparency. The relaxed-symmetry 8-wire optimization retains the robustness of the 8-wire 
family while partially recovering the inward peak-placement advantage. 

A 12-wire configuration can be viewed as an extension of the 8-wire geometry with 
an added 4-wire trim layer. As demonstrated at Sirius [22,23], this additional layer 
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provides more field-shaping freedom and can be used for error compensation and fine 
optimization. For the present application, however, the added flexibility comes at the cost 
of increased geometric complexity, more demanding support structures, and more com-
plicated excitation schemes. Because the relaxed-symmetry 8-wire geometry already pro-
vides sufficient peak-placement flexibility while preserving the robustness and simplicity 
of the 8-wire family, the incremental benefit of the 12-wire variant is limited for the NSLS-
II prototype. The relaxed-symmetry 8-wire family therefore provides the most favorable 
balance between field quality, kick efficiency, mechanical robustness, and implementabil-
ity. 

5. Scaling Laws Connecting Optics to Hardware 
The connection between beam dynamics and hardware is most clearly expressed 

through a small set of scaling relations that link injected-beam offset, wire geometry, mag-
net length, and chamber design directly to current, force, and thermal load. 
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5.1. Wire Geometry and Kicker Efficiency 

For a fixed NLK location, the wire geometry sets the characteristic field scale and 
therefore the kicker efficiency. In the symmetric reference scaling, the chamber gap and 
wire diameter determine a single characteristic wire position. In the relaxed-symmetry 
design, the chamber gap primarily constrains the minimum vertical coordinate, while the 
horizontal coordinate remains available for field-shape optimization. This distinction is 
important because reducing the characteristic distance between the conductors increases 
the field strength at the injected beam position and lowers the required current. As an 
illustrative scaling example at ID2 downstream, an effective wire-position scale of 4.5 mm 
instead of 5.0 mm increases the field sampled at 𝑥௕ = 3.9 mm, reducing the current re-
quired for a 0.48 mrad kick from ∼ 600 A to ∼ 400 A. 

Within the parameter range considered in this study, current reduction arises from 
the expanded feasible geometry and improved field scale, rather than from a direct pre-
scription of the horizontal wire coordinate alone. The final geometry must still preserve 
mechanical robustness, aperture margin, and acceptable Lorentz force. 

5.2. Scaling Relations for Current, Force, and Chamber Geometry 

The required current is determined by the kick at the injected-beam position, making 
the injected offset a key design parameter rather than a passive outcome. A larger usable 
offset improves efficiency because the beam samples a stronger portion of the nonlinear 
field, although this advantage is limited by aperture constraints and by the need to avoid 
excessive field variation across the beam. 

For a fixed integrated kick, increasing the magnet length reduces the required current 
approximately in inverse proportion to length. If the geometry is scaled consistently, the 
required voltage changes more weakly, so the pulsed-power demand does not scale di-
rectly with length. However, a longer magnet also has higher inductance and increased 
stored-beam-induced heating, making the choice a balance between electrical, thermal, 
and mechanical considerations. 

For the prototype parameters considered here, the resulting current and inductance 
levels remain compatible with existing fast pulsed-power technologies. For the parameter 
range considered here, peak currents of a few hundred amperes and effective inductances 
at the microhenry level correspond to drive voltages in the kilovolt range for sub-micro-
second rise times [24,25]. 

Electromagnetic force scales as 𝐼ଶ and inversely with wire spacing, making current 
reduction particularly beneficial. For a fixed kick, any design choice that lowers the re-
quired current produces a disproportionately large reduction in force. For the NSLS-II 
candidate locations considered here, this scaling favors higher-𝛽௫  locations combined 
with sufficient magnet length because the resulting reduction in current provides a sub-
stantial improvement in force margin. 

The vacuum chamber and magnet geometry are tightly coupled. The chamber gap, 
required clearance, and wire diameter together determine the minimum feasible wire po-
sition, which sets the characteristic field scale and therefore the peak location and normal-
ized efficiency sampled by the beam. The resulting design chain is direct: chamber gap → 
wire position → field scale → required current → force and pulsed-power burden. 

5.3. Coating Thickness: RF Heating vs Field Attenuation Trade-Off 

The conductive coating on the ceramic chamber introduces a coupled trade-off be-
tween stored-beam power deposition and magnetic field transmission. Increasing the 
coating thickness reduces resistive losses and lowers the deposited power but also in-
creases attenuation of the NLK field. 
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Figure 7 shows that power decreases rapidly with thickness at small values [26–28], 
while field attenuation increases more gradually. Beyond a few microns, the power reduc-
tion saturates, whereas attenuation continues to grow. This leads to a practical operating 
region in which a few-micron coating provides substantial thermal benefit with acceptable 
field loss. In the present design, a thickness of about 5 µm represents a reasonable com-
promise. 

 

Figure 7. Trade-off between stored-beam power deposition and magnetic-field attenuation as a 
function of titanium coating thickness. The calculation assumes a stored-beam current of 500 mA 
and the nominal NSLS-II fill pattern with 1200 filled buckets and a 120-bucket ion-clearing gap. The 
deposited power (left axis) decreases rapidly with increasing thickness, while the normalized field 

attenuation 
୼஻஻బ  (right axis) increases more gradually. The vertical red dashed line indicates a rep-

resentative design point near 5 µm, providing a balance between reduced RF heating and acceptable 
field attenuation. 

Unlike a conventional dipole injection kicker, the NLK relies primarily on spatial 
transparency: the stored beam traverses the on-axis region where both the field and its 
first derivative are designed to vanish. Consequently, stored-beam perturbation is deter-
mined mainly by residual field and alignment errors rather than by precise pulse timing. 
Practical operation nevertheless requires synchronization of the pulse with the injected 
bunch train so that the injected beam samples the intended kick profile. For the approxi-
mately 5 µm titanium coating considered here, the expected effect on the pulsed field is 
primarily attenuation rather than substantial temporal distortion on the sub-microsecond 
timescale relevant to the present design. 

6. Validation in the NSLS-II Case Study 
The NSLS-II results serve as validation of the design framework rather than its pri-

mary motivation. The key requirement for NLK implementation is that the injected-beam 
first-turn trajectory be predictable and controllable with sufficient accuracy to define the 
beam offset at candidate NLK locations. 

Figure 8 compares injected-beam first-turn trajectories obtained from AT [29], ele-
gant, and beam-based measurements. The close agreement in both shape and amplitude 
demonstrates that the first-turn orbit is reliably reproduced across simulation and exper-
iment. In particular, the measured and simulated beam positions at the candidate NLK 
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locations agree to within about 0.6 mm and lie well within the available steering range, 
confirming that the predicted offsets used in the NLK design are robust. 

Kicker scans and beam-based studies further show that the injected beam can be re-
liably steered over the required offset range at these locations. Table 4 summarizes the 
measured offsets and the achievable tuning range, demonstrating that the available con-
trol authority is adequate to position the beam near the desired operating point of the 
NLK field profile, including the region close to the off-axis peak. 

These results show that NLK implementation is not fundamentally limited by injec-
tion-trajectory reproducibility or control. The measured agreement and available tuning 
range demonstrate that the machine provides sufficient stability and steering flexibility to 
realize the predicted operating conditions. 

 

 

Figure 8. Comparison of injected-beam first-turn trajectories from AT (blue), elegant (red), and 
beam-based measurements (green). The agreement in both shape and amplitude demonstrates that 
the first-turn trajectory is consistently reproduced. The candidate NLK locations (ID1 downstream 
and ID2 downstream) are indicated, showing consistent beam offsets at these positions and validat-
ing the use of tracking-based predictions for NLK placement. 

Table 4. Measured and simulated beam positions at selected candidate NLK locations. Mean posi-
tions, rms beam sizes, and horizontal tuning range are obtained from measurements; simulated val-
ues are from first-turn trajectory tracking. The x range column denotes the demonstrated horizontal 
steering range obtained from first-turn kicker scans. 

Location ⟨x⟩ (mm) ⟨y⟩ (mm) rms(x) (mm) rms(y) (mm) x Range (mm) Simulated x (mm) Simulated y (mm) 
ID1D 3.53 0.14 0.13 0.13 [−6.0, 4.0] 2.9 0.0 
ID2D 3.51 0.09 0.16 0.16 [−3.0, 8.0] 3.9 0.0 

7. Prototype Design Implications for NSLS-II 
Applying the framework developed above to NSLS-II leads to a coupled design so-

lution rather than a set of independent choices [24,25,30]. From beam-dynamics consider-
ations, locations with higher 𝛽௫ are preferred because they increase kick efficiency, re-
duce the required current, and improve the mechanical-force margin. However, NLK 
placement is also constrained by the available physical aperture, particularly in the verti-
cal plane, where the injected-beam stay-clear envelope must remain compatible with the 
finite chamber gap. Since sufficient vertical clearance is not uniformly available around 
the NSLS-II ring, the location choice cannot be made from optics considerations alone. 

Unless otherwise noted, the stay-clear analysis and prototype parameters presented 
in this section correspond to the selected 6 mm full-gap baseline configuration. The 7 mm 
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and 8 mm gap cases discussed earlier are retained as reference points for evaluating ap-
erture, protection, and field-efficiency trade-offs. 

The aperture feasibility of candidate NLK locations was evaluated using multi-turn 
tracking of the injected beam. The simulated injected distribution used the booster ex-
tracted-beam parameters ( 𝜀௫, 𝜀௬,𝜎ா ,𝜎௧ ) =  (33 nm·rad , 5 nm·rad , 5 × 10ିସ , 20 ps), matched at the storage-ring injection point with (𝛽௫,𝛽௬) = (21.22, 3.59) m, 
and was tracked for 40 turns. Here, 𝜀௫ and 𝜀௬ denote rms geometric emittance. Forty 
turns were chosen because the objective of this study is to evaluate the maximum injected-
beam envelope during the early-turn injection transient. Any aperture limitation would 
occur within this period, whereas radiation damping acts on a much longer timescale and 
is therefore not relevant to this stay-clear assessment. Conservative injection errors were 
applied once as initial-condition offsets, using 𝜎௫ = 𝜎௬ = 200 μm , 𝜎௫ᇲ = 𝜎௬ᇲ =60 μrad, and 𝜎ఋ = 5 × 10ିସ, and subsequently propagated through multi-turn track-
ing without additional stochastic kicks. Here, 𝜎ா   denotes the intrinsic energy spread, 
while 𝜎ఋ   represents the injection energy offset. The stay-clear was defined using the 
99.9% contour of the tracked distribution and compared with the element-by-element ring 
aperture, including the 6 mm full vertical NLK gap. 

Under these assumptions, both ID1 and ID2 retain positive horizontal and vertical 
aperture margins, confirming that the NLK gap does not impose a limiting constraint 
within the evaluated ID-straight aperture model. Therefore, neither location is limited by 
the ring aperture nor by the NLK gap for the assumed injected-beam distribution and 
injection-error conditions. The vertical plane remains the more restrictive aperture con-
straint, but the available margin is sufficient at both candidate locations. This separates 
aperture feasibility from the final location choice: once both locations satisfy the stay-clear 
requirement, the comparison between ID1 and ID2 becomes primarily a trade-off between 
NLK performance margin and project-level integration constraints. The NLK-protection 
scraper settings were also checked with momentum-acceptance tracking. The accepted 
momentum range remains unchanged over the scanned interval [−4%, +4%], which is 
comparable to the RF acceptance of the NSLS-II storage ring. Within this operationally 
relevant range, the scraper does not become the limiting off-momentum aperture. 

From the NLK performance perspective, ID2 remains favorable. Its larger beta func-
tion reduces the required kick strength and pulsed current, which in turn lowers the Lo-
rentz-force load on the conductors and improves the pulsed-power margin. The larger 
injected-beam excursion and beam size at ID2 are accommodated within the available ap-
erture in the tracking study. In addition, the injected-beam phase space can be further 
controlled through booster emittance-exchange optimization and transfer-line matching. 
Thus, if beam-dynamics performance and hardware margin are weighted most strongly, 
ID2 provides the more favorable NLK location. ID1, by contrast, may be preferred if in-
stallation constraints, integration risk, accessibility, or operational robustness dominate 
the final project decision. The final location selection should therefore be viewed as a sys-
tem-level optimization rather than as a purely optics-driven or aperture-driven choice. 

Figure 9 shows the injected-beam stay-clear envelope compared with the physical 
aperture for the candidate locations. The envelope remains within both the ring aperture 
and the 6 mm full vertical NLK gap at ID1 and ID2, confirming positive margin in both 
planes. 
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Figure 9. Injected-beam stay-clear envelope from multi-turn tracking compared with the physical 
aperture at candidate NLK locations. Upper panels show the full ring, and lower panels show the 
local ID-region zoom. The NLK gap is indicated by dashed lines. Both ID1 and ID2 maintain positive 
aperture margin in both planes. 

The principal parameters of the selected prototype configuration are summarized in 
Table 5, providing a compact reference for the final beam-dynamics, geometry, and 
pulsed-power design values. 

Table 5. Summary of the baseline relaxed-symmetry 8-wire NLK prototype parameters. The table 
consolidates the principal beam-dynamics, geometric, and pulsed-power parameters that define 
the reference design discussed in Sections 5–7. 

Parameter Symbol Value Notes 
Beam energy 𝐸 3 GeV NSLS-II storage ring 
Beam rigidity 𝐵𝜌 10.01 T·m 3 GeV electron beam 

Candidate location — ID2 downstream Optics-performance optimum 
Horizontal beta function 𝛽௫ 22.20 m At NLK location 

Injected-beam offset 𝑥௕ 3.85 mm First-turn injected centroid 
Full vertical gap 𝑔 6 mm Selected baseline design 
Magnet length 𝐿 0.70 m Including active section and transitions 

Inner wire coordinates (𝑥ଵ,𝑦ଵ) (4.18, 4.50) mm Relaxed-symmetry optimization 
Outer wire coordinates (𝑥ଶ,𝑦ଶ) (6.64, 8.29) mm Relaxed-symmetry optimization 

Peak field location 𝑥୮ୣୟ୩ 6.83 mm Optimized configuration 
Required kick 𝜃 0.48 mrad Centroid correction 
Design current 𝐼 500 A Optimized geometry 

Effective inductance 𝐿ୣ୤୤ 4 µH Total pulser load (magnet + cable) 
Estimated drive voltage 𝑉 < 5 kV Including 2–3× design margin 

Rise time 𝑡௥ 0.5–1 µs Design target 
Titanium coating thickness 𝑡୘୧ 5 µm Thermal/field-transmission compromise 

Within the relaxed-symmetry 8-wire family, the prototype design balances mechan-
ical robustness, field efficiency, and aperture compatibility. The initial symmetric config-
uration provides the reference scaling, but the optimized design treats the horizontal and 
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vertical wire coordinates as independent variables. This additional freedom shifts the off-
axis field peak inward, improving kick efficiency and reducing the required pulsed cur-
rent. The improvement is strongest for smaller vertical gaps; however, reducing the gap 
also reduces aperture, alignment, and commissioning margin. The prototype design 
therefore requires a joint optimization of wire geometry, chamber aperture, and injected-
beam stay-clear. Among the scanned configurations, the smaller-gap solutions provide 
better field efficiency, while the final choice must preserve positive aperture margin, suf-
ficient wire spacing, acceptable Lorentz force, and manageable thermal load. 

8. Conclusions 
This work presents a quantitative design framework for nonlinear-kicker-assisted in-

jection in ultralow-emittance storage rings under realistic machine constraints. For retrofit 
systems, the conventional four-kicker bump defines the injected trajectory, while one or 
more NLKs reduce the first-turn action. The action–angle formalism yields compact de-
sign rules: use the phase–offset compromise as the primary placement guide, account for 
the offset dependence of realistic cubic-like fields, favor sufficiently large horizontal 𝛽௫, 
while accounting for finite-beam-size dilution and maintaining low dispersion, and place 
the first NLK as early as possible on the first turn. 

Within this optics framework, candidate field configurations are evaluated, and the 
8-wire NLK family emerges as the most practical solution. The symmetric geometry pro-
vides a useful analytical reference, while the relaxed-symmetry design enables independ-
ent optimization of horizontal and vertical wire positions. This additional freedom shifts 
the off-axis field peak inward, improving kick efficiency and reducing the required cur-
rent while preserving stored-beam transparency through on-axis field and gradient can-
cellation. 

The NSLS-II case study demonstrates that beam dynamics, aperture constraints, and 
hardware limitations form a coupled design problem. Multi-turn tracking confirms that 
the optimized NLK configuration maintains a positive stay-clear margin at candidate lo-
cations, showing that aperture is not the primary limiting factor under the assumed in-
jected-beam and protection conditions and enabling selection based on performance and 
integration considerations. The resulting design reduces the required current and Lorentz-
force load relative to less efficient geometries and locations, while maintaining pulsed-
power requirements within existing technological capabilities. 

More broadly, the present work shows that NLK-assisted injection can be treated as 
a coupled optics-and-hardware optimization problem rather than as a standalone kicker-
design problem. The resulting framework provides a practical and reusable methodology 
for designing hybrid NLK injection systems in both retrofit upgrades and future diffrac-
tion-limited storage rings. 
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Appendix A 
The following derivation is retained as an analytical reference to a generalized two-

quartet, independently powered 8-wire concept. This architecture is not adopted as the 
baseline hardware in the present paper because it requires two high-current pulsed chan-
nels and introduces strong mutual-inductive coupling between the inner and outer quar-
tets. It is included here because the mathematics remains useful for understanding how 
quartet superposition modifies the near-axis behavior and off-axis peak position. 

Appendix A.1. Algebraic Simplification of the Four-Wire Field 

Consider four wires located at (+𝑥௪ , +𝑥௪), (+𝑥௪ ,−𝑥௪), (−𝑥௪ , +𝑥௪), (−𝑥௪ ,−𝑥௪), 
each carrying current 𝐼 along 𝑧. Here, 𝑥௪ = 𝑥ୡ୦ୟ୰. Because each top–bottom pair has 
the same ∣ 𝑦௜ ∣ and the same 𝑥௜ , their contributions to 𝐵௬(𝑥) are identical. 

Contribution from the pair at 𝑥 = +𝑥௪, 𝑦 = ±𝑥௪: 𝐵௬(ା௫ೢ)(𝑥)   = ఓబூଶగ    ቂ ௫ି௫ೢ(௫ି௫ೢ)మା௫మೢ + ௫ି௫ೢ(௫ି௫ೢ)మା௫మೢ ቃ = ଶఓబூଶగ   ௫ି௫ೢ(௫ି௫ೢ)మା௫మೢ .  (A1a)

Contribution from the pair at 𝑥 = −𝑥௪, 𝑦 = ±𝑥௪: 𝐵௬(ି௫ೢ)(𝑥)   =  ଶఓబூଶగ  ௫ା௫ೢ(௫ା௫ೢ)మା௫మೢ .  (A1b)

Summing all four wires: 𝐵௬(ସ)(𝑥)   =  ఓబூగ ቂ ௫ି௫ೢ(௫ି௫ೢ)మା௫మೢ + ௫ା௫ೢ(௫ା௫ೢ)మା௫మೢ ቃ.  (A2) 

Define 𝐷ଵ = (𝑥 − 𝑥௪)ଶ + 𝑥௪ଶ = 𝑥ଶ − 2𝑥௪𝑥 + 2𝑥௪ଶ , (A3a)𝐷ଶ = (𝑥 + 𝑥௪)ଶ + 𝑥௪ଶ = 𝑥ଶ + 2𝑥௪𝑥 + 2𝑥௪ଶ . (A3b)

Then ௫ି௫ೢ஽భ + ௫ା௫ೢ஽మ = (௫ି௫ೢ)஽మା(௫ା௫ೢ)஽భ஽భ஽మ .  (A3c)

For the numerator, (𝑥 − 𝑥௪)𝐷ଶ = (𝑥 − 𝑥௪)(𝑥ଶ + 2𝑥௪𝑥 + 2𝑥௪ଶ ) = 𝑥ଷ + 𝑥௪𝑥ଶ − 2𝑥௪ଷ , (A4a)(𝑥 + 𝑥௪)𝐷ଵ = (𝑥 + 𝑥௪)(𝑥ଶ − 2𝑥௪𝑥 + 2𝑥௪ଶ ) = 𝑥ଷ − 𝑥௪𝑥ଶ + 2𝑥௪ଷ . (A4b)

So (𝑥 − 𝑥௪)𝐷ଶ + (𝑥 + 𝑥௪)𝐷ଵ = (𝑥ଷ + 𝑥௪𝑥ଶ − 2𝑥௪ଷ ) + (𝑥ଷ − 𝑥௪𝑥ଶ + 2𝑥௪ଷ ) = 2𝑥ଷ. (A4c)

For the denominator, 𝐷ଵ𝐷ଶ = (𝑥ଶ − 2𝑥௪𝑥 + 2𝑥௪ଶ )(𝑥ଶ + 2𝑥௪𝑥 + 2𝑥௪ଶ ) = (𝑥ଶ + 2𝑥௪ଶ )ଶ − (2𝑥௪𝑥)ଶ = 𝑥ସ + 4𝑥௪ସ . (A4d)
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Thus Equation (A2) becomes 2𝑥ଷ𝑥ସ + 4𝑥௪ସ . (A5)

Including the overall factor from Equation (A2), 𝐵௬(ସ)(𝑥)   =   
2𝜇଴𝐼𝜋 ⋅ 𝑥ଷ𝑥ସ + 4𝑥௪ସ , (A6)

which is the four-wire mid-plane field used as the building block of the generalized su-
perposition model. 

Appendix A.2. Critical Broad-Flat-Center Condition for the Generalized Two-Quartet Model 

For a rectangular quartet, the linear coefficient is proportional to (𝑦௪ଶ − 𝑥௪ଶ )/(𝑥௪ଶ +𝑦௪ଶ)ଶ. For a square quartet, 𝑥௪ = 𝑦௪, this term vanishes and the leading field is cubic, as 
shown in Appendix A. Therefore, any additional broad-flat-center condition in a dual-
supply two-quartet model corresponds to cancellation of higher-order terms, not to the 
basic on-axis field or gradient cancellation used in the single-supply design. Because the 
dual-supply architecture is not adopted here, the exact higher-order balance is not used 
in the prototype optimization. 
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