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Abstract

This study presents an analytical investigation of the thermomechanical stability of hy-
perbolic doubly curved shells reinforced with graphene origami auxetic metamaterials
(GOAMs) and resting on a Pasternak elastic foundation. The proposed model integrates
shell geometry, thermal-mechanical loading, and architected auxetic reinforcement to cap-
ture their coupled influence on buckling behavior. Stability equations are derived using the
First-Order Shear Deformation Theory (FSDT) and the principle of virtual work, while the
effective thermoelastic properties of the GOAM phase are obtained through micromechani-
cal homogenization as functions of folding angle, mass fraction, and spatial distribution.
Closed-form eigenvalue solutions are achieved with Navier’s method for simply supported
boundaries. The results reveal that GOAM reinforcement enhances the critical buckling
load at low folding angles, whereas higher folding induces compliance that diminishes
stability. The Pasternak shear layer significantly improves buckling resistance up to about
46% with pronounced effects in asymmetrically graded configurations. Compared with
conventional composite shells, the proposed GOAM-reinforced shells exhibit tunable,
folding-dependent stability responses. These findings highlight the potential of origami-
inspired graphene metamaterials for designing lightweight, thermally stable thin-walled
structures in aerospace morphing skins and multifunctional mechanical systems.

Keywords: hyperbolic shells; graphene origami auxetic metamaterials; first-order shear
deformation theory; stability analysis; analytical solution

1. Introduction

Over the past few decades, engineers have made remarkable strides in developing
high-performance structures, especially those based on shell geometries. Thanks to their
curved shapes and efficient use of material, shell structures have become a popular choice
across a wide range of applications—including aerospace, marine, civil, and mechanical en-
gineering [1-4]. Among various shell forms, doubly curved shells stand out for their ability
to carry external loads primarily through membrane action, which reduces bending stresses
and improves structural efficiency. In particular, hyperbolic shells, with their saddle-
shaped geometry formed by opposite curvatures in orthogonal directions, are especially
effective at redistributing stresses and resisting buckling. These configurations are widely
used in applications where lightweight performance and high structural reliability are
essential—such as aerospace fairings, deployable space systems, morphing skins, subma-
rine hulls, and innovative architectural designs. Their capability to withstand thermal
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gradients and complex loading conditions makes them well-suited for multifunctional
and adaptive environments. The combination of stress-distributing behavior and inherent
geometric stiffness allows hyperbolic shells to minimize deformation under load and en-
hance overall load-bearing capacity [5,6]. With the evolution of material science, traditional
shells made from metals or monolithic composites have been increasingly replaced or
enhanced with advanced material systems that offer superior mechanical, thermal, and
multifunctional performance. Hence, numerous studies have been conducted about shell
structures [7-10]. Composite materials have been introduced as a fundamental advance-
ment in this domain. They consist of two or more constituent materials, typically fibers and
a matrix, combined to achieve superior properties not attainable by the individual compo-
nents alone. Fiber-reinforced composites, such as carbon fiber-reinforced polymers, have
been widely utilized in shell structures to increase stiffness-to-weight ratios and improve
fatigue performance. These composites enable the tailoring of directional stiffness and
strength, allowing engineers to design shells that are structurally optimized for specific load-
ing conditions [11-13]. In applications such as aerospace fuselages, automotive body panels,
and wind turbine blades, composite shells have demonstrated exceptional performance and
durability. To further extend the functionality of shell structures, nanocomposite materials
have been introduced. Nanocomposites incorporate nanoscale reinforcements-such as
carbon nanotubes (CNTs), graphene nanoplatelets (GNPs), or nano-silica particles-within
the matrix phase of composites. These nanomaterials provide unique enhancements in
mechanical, thermal, and electrical properties [14—21]. When applied to shell structures,
nanocomposites offer increased toughness, improved thermal stability, and enhanced resis-
tance to environmental degradation. The dispersion of nanoparticles throughout the matrix
facilitates stress transfer at the nano level, thereby delaying crack initiation and propaga-
tion. Such improvements are particularly valuable in aerospace and marine environments,
where shells are exposed to aggressive operating conditions. Moreover, the development
of functionally graded materials (FGMs) has enabled a new generation of shell structures
capable of responding adaptively to external stimuli. FGMs are engineered with gradual
variations in composition and structure, leading to spatially varying material properties.
In shell applications, FGMs are employed to manage thermal gradients, improve acoustic
damping, and increase impact resistance. Their ability to reduce thermal stresses and
suppress delamination makes them suitable for high-temperature environments, such as
turbine components and reentry vehicles. Shells fabricated from FGMs exhibit superior
performance in scenarios requiring both mechanical strength and thermal protection. Thus,
nanocomposite structures attracted the researcher’s attention nowadays, and some of the
recent contributions can be reviewed in Refs. [22-24].

A more recent and revolutionary class of advanced materials for shell structures
involves architected metamaterials, particularly those based on origami-inspired geometry.
One such example is graphene origami auxetic metamaterials (GOAMs), which combine the
exceptional properties of graphene with the mechanical adaptability of origami structures
and the counterintuitive behavior of auxetic materials. GOAMSs are composed of folded
graphene-based units that exhibit a negative Poisson’s ratio, meaning they expand laterally
when stretched and contract when compressed [25,26]. This auxetic behavior enhances
energy absorption, shear resistance, and fracture toughness. The integration of GOAMs
into shell structures introduces multiple advantages. Due to the foldable architecture,
GOAMs can provide tunable stiffness and deformation patterns, allowing the shell to adapt
dynamically to varying load conditions. This property is especially beneficial in morphing
structures and deployable systems, where shape adaptability is crucial. Furthermore,
the lightweight nature of graphene, combined with its high tensile strength and thermal
conductivity, ensures that GOAM-reinforced shells maintain structural integrity under
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extreme mechanical and thermal loads. The layered and foldable design enables multi-scale
interaction within the shell, enhancing overall performance without significant weight
penalties. Applications of GOAM-reinforced shells are being explored in next-generation
aerospace skins, flexible robotics, and energy-absorbing components. In aerospace, for
instance, GOAMs are considered for use in adaptive fuselage panels and high-performance
fairings. In civil engineering, they may be integrated into seismic-resistant structural
elements, where their auxetic response can be leveraged to dissipate dynamic energy.
Additionally, due to their electrical conductivity and large surface area, GOAMs offer
potential for integration in smart shells equipped with sensing and actuation capabilities.
The unique combination of negative Poisson’s ratio, foldability, and exceptional material
properties allows GOAMs to transcend the limitations of conventional reinforcements.
When designed appropriately, they enable shell structures to achieve unprecedented levels
of multifunctionality, combining mechanical strength with adaptability, responsiveness,
and intelligence. This positions GOAM-based shells at the forefront of structural innovation,
particularly for environments requiring resilience, tunability, and lightweight performance.
The fusion of advanced materials such as fiber-reinforced composites, nanocomposites,
FGMs, and GOAMs with shell structures represents a transformative shift in engineering
design. These innovations are not merely incremental; they signify a paradigm change
in how structural components are conceived and utilized. Through careful integration of
geometry, material science, and mechanics, future shell structures are expected to meet
the demanding requirements of high-performance systems across aerospace, biomedical,
automotive, and civil sectors. The most recent works in this field can be observed in
Refs. [27-29].

The accurate prediction and control of buckling behavior in hyperbolic shells is of
paramount importance due to their pronounced sensitivity to compressive and thermo-
mechanical loading. Unlike flat or singly curved panels, hyperbolic shells exhibit complex
instability patterns that can be triggered by relatively low perturbations, particularly in
the presence of thermal gradients or uneven support conditions. A comprehensive under-
standing of their buckling characteristics allows for the design of lighter and more efficient
structures without compromising safety. Additionally, since many advanced applications-
such as aerospace skins and morphing components-operate under variable environmental
conditions, ensuring buckling stability under both mechanical and thermal loads becomes
essential. The interplay between geometry, material anisotropy, and foundation support
must therefore be rigorously modeled to capture the nuanced behavior of these shells and
to fully harness their structural potential in next-generation engineering systems. Other
important works in this field can be found in Refs. [30-34]. Recent works have also explored
origami- and auxetic-inspired metamaterials in different contexts, including structural sta-
bility and multifunctional applications [35-37]. However, these studies have not addressed
hyperbolic shells reinforced with GOAMs. In contrast, the present paper develops, for the
first time, an analytical framework for the thermomechanical buckling of hyperbolic dou-
bly curved shells with GOAM reinforcement on Winkler—Pasternak foundations, thereby
extending the scope of origami metamaterials into curved geometries.

The motivation behind this study stems from the noticeable lack of analytical models
that can accurately capture the complex buckling behavior of hyperbolic doubly curved
shells reinforced with advanced architected materials-particularly GOAMs-when subjected
to thermal loading and supported by elastic foundations. Although significant progress
has been made in the analysis of composite and nanocomposite shells, the unique mechan-
ical behavior of foldable metamaterial systems with tunable properties remains largely
underexplored. In contrast to our earlier studies on graphene nanoparticle-reinforced
nanocomposites, the present work focuses on GOAMs, which differ fundamentally in
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architecture, deformation mechanism, and tunable auxetic response. Moreover, while
most prior GOAM research has dealt with flat plates or beams, the present study is, to the
best of our knowledge, the first to address the thermomechanical buckling of hyperbolic
doubly curved shells on Winkler—Pasternak foundations, thereby extending the scope
of origami-inspired metamaterials into curved geometries. In particular, the combined
effects of GOAM distribution patterns, folding mechanics, and the interaction between
thermal loads and foundation stiffness have not yet been comprehensively addressed in
the existing literature. This reveals a clear research gap: the need for a unified, physically
consistent model that can evaluate the thermomechanical stability of GOAM-integrated
shells. The analytical framework developed in this work directly supports the design and
optimization of high-performance structural components operating under mechanical and
thermal stress. Potential applications include thermally stable aerospace fairings, adaptive
panels in morphing airframes, deployable space structures, vibration-damping components
in precision instruments, and energy-absorbing civil structures like seismic shields. By
enabling spatial control over stiffness, thermal expansion, and deformation characteristics
through tailored GOAM distribution, the proposed model lays the groundwork for the
next generation of lightweight, multifunctional, and intelligent structural systems.

2. Analytical Framework and Stability Formulation

The structure under investigation is a novel hyperbolic curved panel that has a saddle-
shaped geometry and is integrated with GOAMSs and subjected to a uniform thermal
environment. This panel is assumed to be supported by a two-parameter Pasternak-type
elastic foundation, which is modeled by incorporating a combination of normal (Winkler-
type) springs and a shear-interacting layer to more accurately simulate subgrade reactions.
The thermal loading is considered to be spatially uniform across the entire panel. A
schematic representation of the geometrical configuration is illustrated in Figure 1. In this
figure, the panel thickness is denoted by i, while R, and Ry, represent the principal radii
of curvature in the longitudinal and transverse directions, respectively. Noted that for a
hyperbolic doubly curved shell, Ry, = —Ry,. The in-plane dimensions of the panel are
given by the length a and the width b, as indicated.

X3

R, Ry,

2

Figure 1. Schematics of the hyperbolic curved panel.
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In the present study, the effects of transverse shear deformation are taken into con-
sideration to improve the accuracy of the analytical results, particularly for moderately
thick shells where classical assumptions may lead to significant errors. To this end, the
displacement field is formulated based on the FSDT. Unlike classical plate theory, which
neglects shear deformation and is limited to thin structures, FSDT incorporates a linear
distribution of transverse shear strains, making it more suitable for composite and mod-
erately thick curved panels such as the one investigated in this work. Moreover, while
higher-order shear deformation theories can provide improved accuracy by modeling a
parabolic shear strain distribution without requiring shear correction factors, they often in-
volve increased mathematical complexity and computational effort. FSDT offers a favorable
balance between accuracy and simplicity, making it a widely accepted and computationally
efficient choice for stability analysis of curved composite structures with non-negligible
thickness. In the present study, the effects of transverse shear deformation are taken into
account to enhance the accuracy of the analytical predictions. Hence, the displacement
field is formulated based on the FSDT, which expresses the components of displacement as
follows [38]:

Uy, (%1, %0, x3) = Pru(x1, x2) + X3P, (X1, X2), 1)
Uy, (X1,X2,X3) = P, 0(X1,X2) + X3¢y, (X1, X2), (2)
Uy (X1, X2, %3) = w(x1,X2) 3)

The displacement of an arbitrary point located on the shell surface along the xq, x5, and
x3 directions is denoted by 1,1, t1yp, and 1,3, respectively. The corresponding displacement
components of the shell’s mid-surface in these directions are represented by u, v, and w.
Furthermore, the terms 1y and ¥y denote the rotations of the normal to the mid-surface
about the x;- and xq-axes, respectively. Also:

P, =1+ (x3/Ry,), Pr, =1+ (x3/Ry,) (4)

The strain components, in accordance with the FSDT, can be expressed in terms of the
displacement field as follows:

oY
Ju il
E + w/Rxl E)xl
e o)
gxlxl 5971}2 + w/RX2 all;:zz
Xo2X2
ou Jv 0 d Ry, —R
_ Qu 4 dv Py Vxp _ (Rpy=Rg\ (9w _ ou

Tx1x0 dxp oxy + dxy + dxq ZRxl sz ax; ox; % (5)
Yxyx3 Py, + %01 - ”/Rxl 0
Vxpx3 ow

Py + 9y 0/ Ry, 0

The virtual displacement principle, also known as the principle of virtual work, is
a fundamental concept in continuum mechanics and structural analysis. It states that a
mechanical system is in equilibrium if the virtual work performed by the internal forces is
exactly balanced by the virtual work performed by the external forces for any kinematically
admissible virtual displacement. In the context of structural analysis, this principle allows
the derivation of the governing equilibrium equations without directly invoking Newton's
laws, by instead using energy considerations. Specifically, one assumes small virtual
(imaginary) displacements that are consistent with the system’s boundary conditions. Then,
the variation (or virtual change) of the total potential energy—which includes the strain
energy stored in the structure and the work performed by external forces—is set to zero.
This leads to a set of differential equations representing the conditions for equilibrium.
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This principle is especially useful for complex structures such as curved shells, composite
materials, and systems with elastic foundations, where direct force-based methods would
be mathematically intractable. Thus, the governing equilibrium equations are derived by
employing the principle of virtual displacements, wherein variations in both the internal
strain energy and the external work are introduced into the formulation. By enforcing that
the total virtual work associated with these variations vanishes, the equilibrium conditions
of the system are obtained [39]:

5(S—W)=0 ©6)

To derive the governing equations, the strain energy of the system must first be
formulated. For this purpose, the following expression is employed to represent the total
strain energy stored within the structure [40]:

h/2
1 .
5= E / // (7;1?6183619(1 + nzxzsxzxz + 7;1362'7361362 + 7;6136373(1353 + 7;62)&?3’)’3(2363) dA dX3 (7)
71.1/2 X1 X2

The variation in this strain energy expression, when combined with the corresponding
variation in external work, leads to the following governing equation:

h/2

65= [ [ [ (Taxbesm + Tambersss + TaxabTmm + TrnsdTags, + T Tr,) dA dxs (8)
—h/2 X1 X2

Note that although the GOAM-reinforced panel is conceived as a laminated con-
figuration, the governing relations are expressed in equivalent single-layer form with
homogenized effective properties.

The external virtual work consists of three main contributions: the reactive forces
from the Pasternak-type elastic foundation, the thermal loading effects, and the applied
mechanical in-plane loads.

The virtual work associated with the Pasternak foundation can be expressed as
follows [41]:

Wpast. = %/A {— (wa(xl,xz) - KGVZw(xl,xz)) w(xl,xz)}dA 9)

In this expression, the Laplacian operator is denoted by V2, while the parameters
Ky and Kg represent the stiffness of the Winkler-type springs and the shear layer of the
Pasternak foundation, respectively [42].

One possible approach for evaluating the virtual work associated with the thermal
load is through the following expression [43,44]:

1 ow(xy, x 2 Jw(xy, x 2
Waer. = 5 [, lf,g () ()

In this expression, the thermal loads in the x; and x; directions are denoted by F, le

dA (10)

and ]-"XTZ, respectively, and are defined as follows [45]:
Ty = /x3(Q11(x3) + Q12(x3))a(x3)AT dxs, (11)

Fa = /xa(le(xs) + O (x3))a(x3)AT dxs (12)

To evaluate the virtual work corresponding to the applied mechanical in-plane loads,
the following expression is employed:
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Jdw(xy, x2) a (dw(xy, x2) \?
= 3 [ {7 () g () Has o

In this expression, the mechanical in-plane loads acting in the x; and x; directions are
denoted by F; Mand F fc\f, respectively.

By expressmg the strain components in terms of the displacement field and introducing
the corresponding stress resultants, the equilibrium equations can be derived through the
application of variational calculus. These equations, formulated in terms of the stress
resultants, are obtained as follows:

ox1 90Xy 2Ry, RxZ 9xp Ry
x> dxq 2Ry Ry, dxq Ry,
Nyxy Ny, 0Py 0Py, ’w  w T 0w T %W M 2w M 2w
_ _ —K Kol — 4+ = — =0, (16
Ry, | Ry, om o WOT G<8x12+8x22) Fag2 2+fza 2+Fla 2+I"Za 2 (16)

aMxlxl + aMxlxz

dxq dxo ~Pu =0, 17)
OMuyxy, | IMayy, —
an + e Py, =0 (18)

The following equations define the stress resultants employed in the preceding equi-
librium relations:

Nox, = jla + 7 at’f{’? + ?:l” AL 3% 4+ Ts alpr + “;4;” (19)
Nz, = 72 P Ly 341? + ﬁ:] + oa + T a% + jzif;w (20)
Noye, = Tisge + 300 50+ TG+ Fisg + 32 aa T @
My = Jza + 7 aw’“ + f: + %% + T aal/;’;z + f:: (22)
Mz, = \78;% + T alp? + ii:ﬂ + ‘7118 + J12 al,bxz + {;;w (23)
Muysy = T+ B0+ T o+ Fisg+ gv;; +Ire, e
Py = "51;7:” o + KT 25)

Py = "ﬁ“” b ia + e g 6)

In the above expressions for the stress resultants, the shear correction factor associated
with the FSDT is denoted by x;. Additionally, the integral coefficients appearing in the
above relations are defined as follows:
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N 1

jZ = f X3 Qll (.X'3) X3 dX3,

T3 x3

Ja 1

J5 ¢ = [ % Q12(x3)4 x3 ¢ dxs,

J6 x3

J7 1

Js p = [ x3Q0(x3)q x3 p dxz,

Jo x3

(27)

Jo 1
Ji1 ¢ = [ xQ20(x3)4 x3 p dxs,
J2 x3

Ji3 Qs5(x3)

- X d 7

{514} / 3{944(x3)} &

J15 1

Ji6 ¢ = [ 2 Qe6(x3)3 x5 p dix3

T X3

At this stage, the actual values of the mechanical properties corresponding to the hy-
perbolic doubly curved panel are evaluated. Under the influence of a thermal environment,
the constitutive relations that govern the thermo-mechanical behavior of the panel can be
formulated as follows [46]:

Ty, = Qu1(x3) (exyxy — a(x3)AT) + Q12(x3) (expx, — a(x3)AT), (28)
7;(2362 = QlZ(x3)(EX]X1 - IX(X3)AT) + QZZ('X?))(SXZXZ - a(x3)AT)I (29)
7;61362 = Q44(X3)’)/x]x2, (30)
Toxs = 955(X3) Va3, (31)
Trrs = 66(X3) Vx5 (32)

In the presented formulation, the stress and strain tensors are denoted by 7 and ¢,
respectively. The stiffness coefficients, coefficient of thermal expansion, and temperature
increment are represented by Q, &, and AT, respectively. The individual components of the
stiffness matrix are defined using the following relations [47]:

Qu(x3) = Qu(x3) = [(1 - v(x3))E(x3)]/[(1 - 20(x3)) (1 + v(x3))], (33)

Qu2(x3) = Q21(x3) = [v(x3)E(x3)]/[(1 — 20(x3)) (1 + v(x3))], (34)
Qu(x3) = Qs5(x3) = Qes(x3) = E(x3)/[2(1 + v(x3))] (35)

GOAMs have been recognized as a novel class of architected materials that combine
the exceptional mechanical and thermal characteristics of graphene with the geometrical
versatility of origami-inspired designs and the unusual deformation behavior of auxetic
structures. These metamaterials are typically formed by embedding patterned graphene
sheets into folded configurations that exhibit negative Poisson’s ratio responses. As a result,
an auxetic behavior is achieved, whereby lateral expansion occurs under uniaxial tensile
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loading, and lateral contraction is observed under compression. This unconventional
deformation mechanism has been associated with enhanced shear resistance, improved
indentation toughness, and superior energy absorption capacity. Due to the foldable nature
of their origami-inspired architecture, GOAMs are capable of exhibiting a programmable
mechanical response, which can be tuned by altering fold angles, distribution patterns,
and unit cell geometries. Through this geometric flexibility, mechanical stiffness and de-
formation modes can be adjusted to meet specific functional requirements. Furthermore,
the inherent strength and stiffness of graphene allow these materials to achieve an ex-
tremely high strength-to-weight ratio, making them attractive for lightweight structural
applications, particularly in aerospace and high-performance mechanical systems. The
high thermal conductivity and thermal stability of graphene have also enabled GOAMs
to maintain structural performance in elevated temperature environments, while simul-
taneously offering potential benefits in passive thermal management. In addition, the
multifunctional nature of graphene, coupled with the auxetic and reconfigurable behavior
of the origami design, has allowed GOAMs to be considered as promising candidates for
use in smart structures, morphing components, and thermally adaptive systems. Their
capability to provide direction-dependent stiffness and thermal tunability has made them
especially suitable for integration into curved shell structures subjected to complex me-
chanical and thermal loading conditions. Consequently, GOAMs have been increasingly
explored for applications in fields such as aerospace, soft robotics, bioinspired devices, and
multifunctional metamaterials.

The effective mechanical properties of the GOAMs utilized in the proposed structure
are examined in the following formulation. In order to determine the equivalent Young’s
modulus of elasticity, which characterizes the overall in-plane stiffness of the metamaterial-
reinforced system, the following relation is employed [28]:

14 2(Ig, /ter) BV,
Bl = [FE S

Ec/8E (36)

In this formulation, Eg, denotes the effective Young’s modulus of the GOAMs, while
gE represents a modifying function, the specific form and characteristics of which will be
discussed in a subsequent section. The parameter B is associated with material properties
that are determined by the intrinsic characteristics and geometric configuration of the
GOAMs. These properties play a critical role in defining the effective mechanical response
of the metamaterial within the overall composite system [45]:

(EGr/EM) —1
(Ecr/Em) +2(I//tar)

B = (37)

Since the reinforcement and matrix phases together constitute the entire volume of
the composite system, the sum of their respective volume fractions must equal unity,
irrespective of the specific formulation or representation employed. Accordingly, the
volume fraction of the GOAM phase, denoted by Vg, can be evaluated using the
following expression:

Wer

Wer + (pcr/pm) (1 — We,)

In this context, Wi, denotes the weight fraction of the GOAM phase. It is also noted
that in the subsequent formulations, V), refers to the volume fraction of the matrix phase.

*
VGr_

(38)

As the GOAMs and the matrix collectively occupy the entire volume, their respective
volume fractions are complementary, and their sum is equal to unity. The GOAM-reinforced
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panel is modeled as a laminated structure, and the volume fraction of the GOAMs in the
k-th layer, denoted by V((;];), is determined by the following relation [25]:

Ve, Ve,-U
k
v = v (2k—1)/Ny VoA (39)
2V (2k— Ny —1)/Np  Vg-X

To estimate the overall thermo-mechanical behavior of composite structures, the
rule of mixtures is commonly adopted as a micromechanical modeling approach. Within
this method, it is assumed that the effective properties of the composite material can
be approximated as weighted averages of the properties of the individual constituent
phases, typically based on their respective volume fractions. This approach provides a
simple yet efficient means for estimating key parameters such as elastic stiffness, thermal
conductivity, and the coefficient of thermal expansion, particularly in cases where the
interaction between phases is relatively uniform and the bonding is assumed to be ideal.
Although the method is based on simplifying assumptions, it has been widely utilized
due to its broad applicability across various engineering materials and its ability to deliver
reasonably accurate predictions for initial design, analysis, and optimization tasks.

Accordingly, in order to obtain accurate estimates of the additional thermo-mechanical
properties associated with the proposed model, the following relations are employed:

U(x3) = [VGrVGr + VMVM]gv/ (40)

D((X3) = [“GrVGr + D‘MVM}guc (41)

In addition, the correction functions utilized in Equations (36), (40), and (41) are
defined as follows [25]:

gr = 1.11 — 122V, — 0.134 4 0.559V,(T/ Ty) — 5.5V, For + 38Fgr (Vy)* — 20.6(Fgr)* (V)2 (42)
gv = 1.01 — 1.43Vg, + 0.165(T/Tp) — 16.8V, Fgr — 1.1Fg, Ve, (T/To) + 16(Fgr)* (Ve )%, (43)
ga = 0.794 — 16.8(Vg,)? — 0.0279(T/ Tp)* + 0.182(T/ To) (1 + V) (44)

In which, Fg, is the GOAM'’s folding degree, which ranges from 0 to 100%. Moreover,
T is the temperature and Tj is the ambient temperature.

Four distinct metamaterial distribution patterns are considered in the present study.
The mathematical expressions corresponding to these distribution modes are given as
follows [28]:

EE, Fg,-Uu
F~ [cos(mtx3/h Fe,-X

b, — | Ferlos(mxs/ )] o )
FE,[1—cos(mx3/h)] Fz,-O

FE,[cos(mxz/2h + 1t/4)] Fg,-A
where F(, is the F coverage of GOAMSs. The larger FZ, is the more GOAM is folded.

3. Eigenvalue Formulation and Solution Strategy

In the present study, Navier’s solution approach has been employed to determine the
critical buckling loads of hyperbolic doubly curved shells. This method is based on the
assumption that the displacement fields can be represented using double Fourier series
expansions, which are constructed to satisfy the simply supported boundary conditions
along all edges of the shell. By expressing the displacement components in the form of
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trigonometric functions, typically sine and cosine terms, the governing partial differential
equations are transformed into a set of algebraic equations in terms of unknown Fourier
coefficients. As a result, the complex differential stability problem is significantly simplified
into an eigenvalue problem, which enables the determination of critical buckling loads in
a systematic and computationally efficient manner. One of the principal advantages of
Navier’s approach lies in its ability to provide closed-form or semi-analytical solutions
for structures with regular geometries and simple boundary conditions. In the case of
hyperbolic doubly curved shells, where analytical treatment becomes challenging due
to curvature-induced coupling and geometric nonlinearity, the application of Fourier-
based expansions allows for an accurate approximation of the displacement field while
maintaining mathematical tractability. Furthermore, since the series functions inherently
satisfy boundary conditions, the focus can be directed toward the solution of the governing
equations without the need for auxiliary constraint enforcement. This results in enhanced
numerical stability and reduced computational cost, particularly in problems involving
buckling under thermal and mechanical loads. For these reasons, Navier’s method has
remained a reliable and widely accepted analytical tool in the stability analysis of curved
shell structures. According to Navier’s solution technique, the displacement fields are
formulated such that the simply supported boundary conditions along the edges of the shell
are inherently satisfied. Consequently, the displacement components can be represented in

the following form [39]:
u ﬂ£1
(Y o oo 5,62
w oy = Z Z wLls (46)
lle m=1n=1 ?}qﬁl
IPXZ ll[)X2 Ez
where
L1 = sin(nmxy/b)cos(mmxy/a), (47)
Ly = cos(nrxy/b)sin(mmxy/a), (48)
L3 = sin(nmxy /b)sin(mmxy/a) (49)

It should be noted that the use of Navier’s trigonometric series ensures that the simply
supported boundary conditions are satisfied identically, with zero transverse deflection
and vanishing bending moments enforced at the edges by construction [48,49].

In this formulation, m and n denote the longitudinal and transverse wavenumbers,
respectively. By substituting the Fourier series expressions from Equations (46)—(49) into
the equilibrium equations, and by introducing the mechanical in-plane load as — P, an
eigenvalue problem is obtained. The non-trivial solutions of this eigenvalue problem
correspond to the critical buckling loads of the structure.

([Ke] + Per [Kg] ) {X} = 0 (50)

In this eigenvalue formulation, [K,] represents the elastic stiffness matrix, while [K¢]
denotes the geometric stiffness matrix associated with the in-plane loading. The vector
{X} corresponds to the displacement amplitudes derived from the assumed Fourier series
expansions. The stability criterion is formulated as a generalized eigenvalue problem, in
which the smallest eigenvalue corresponds to the onset of buckling, i.e., loss of stability
occurs when the lowest eigenvalue vanishes.
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4. Results and Discussion

In this section, the critical buckling behavior of the proposed hyperbolic doubly curved
shells reinforced with GOAMs is examined under various thermomechanical loading
conditions. The analytical framework, developed based on the FSDT and solved using
Navier’s solution approach, has been utilized to conduct a comprehensive parametric study.
Key influencing parameters—including thermal loading intensity, GOAM distribution
patterns, curvature radii, foundation stiffness coefficients, and layer-wise metamaterial
configuration—have been systematically varied to investigate their effects on the critical
buckling loads.

The accuracy of the proposed model is first validated against benchmark solutions
available in the literature, ensuring the reliability of the analytical approach. To verify the
accuracy and reliability of the present analytical formulation, a comparative validation
study has been carried out. The normalized critical buckling loads of a cylindrical shell
are computed and presented in Table 1. These results are compared with those reported
in three independent references: Ref. [50], Ref. [51], and Ref. [24]. The cylindrical shell
considered in this phase is an FG structure, with the corresponding material gradation
relations adopted from Ref. [52]. The mechanical properties of the constituent phases
are given as: E; = 151 GPa, v, = 0.3, p. = 3000 kg/ m? for the ceramic, and E,, = 70 GPa,
Vi = 0.3, pm = 2707 kg/ m? for the metallic phase. The normalized critical buckling load
is defined as P,, = (PyRy,)/(Enh?*), and the cylindrical configuration is obtained by
setting the transverse radius of curvature tend to infinity, i.e., Ryy—00. As observed in
Table 1, the results obtained from the present model exhibit excellent agreement with
the reference studies across various slenderness ratios (a/h). The maximum deviation
observed between the present results and those of Refs. [24,50,51] is within 2.5%, which
is well within acceptable bounds for analytical modeling. For instance, at a/h = 10, the
present result differs from Ref. [50] by only +0.32%, from Ref. [51] by —0.31%, and from
Ref. [24] by +0.03%. Similar levels of agreement are evident for other values of a/h, with
deviations generally below 1%. These minor differences may be attributed to the use of dif-
ferent shear deformation theories, boundary assumptions, or solution strategies across the
compared works.

Table 1. Validation of the results with earlier published simpler work.

a’h Ref. [50] Ref. [51] Ref. [24] Present
10 2.9533 2.9718 2.9618 2.9627
20 1.6801 1.6831 1.6807 1.6812
30 1.2876 1.2817 1.2797 1.2804
40 1.1418 1.1127 1.1179 1.1183

The close correspondence between the present results and previously published data
confirms the validity and robustness of the developed analytical approach, thereby estab-
lishing confidence in its application to more complex geometries such as hyperbolic doubly
curved shells reinforced with GOAMs under thermomechanical loading.

The cylindrical case was selected for validation because reliable benchmark solutions
exist, while comparable results for hyperbolic shells reinforced with GOAMs are not yet
available in the literature. To further support the algorithm, a reference thermoelastic
case of a homogeneous shell under uniform heating was also analyzed, and the predicted
buckling thresholds were found to be consistent with classical thermoelastic stability results,
confirming that the present method remains reliable under purely thermal loading.

The effect of the GOAMs on the critical buckling loads of the proposed hyperbolic
doubly curved shell is investigated in Figure 2, where the variations in critical buckling
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loads are illustrated with respect to different weight percentages of the GOAM phase and
its folding degrees. The results are presented for three distinct distribution configurations
of the GOAMs: Vg,-U, Vi,-X, and V,-A. It is observed that an increase in the GOAMs’
weight percentage generally leads to a monotonic enhancement in the critical buckling load
across all configurations when the folding degree is set to 0%. This trend is attributed to the
significant mechanical contribution of the GOAMSs, which act as stiffening reinforcements
within the composite shell structure. As the weight percentage increases, the relative share
of the auxetic phase rises, resulting in improved in-plane and out-of-plane stiffness. The
auxetic nature of the GOAMs, characterized by a negative Poisson’s ratio, allows for better
stress distribution under compressive loading, thereby delaying the onset of instability. The
folding degree of the GOAM microstructure is also found to exert a notable influence on the
structural stability. As the folding degree increases, a nonlinear rise in the critical buckling
load is detected. This behavior may be explained by the fact that increased folding induces
additional geometric complexity and microstructural interlocking, both of which enhance
the resistance of the metamaterial against deformation. Folded configurations enable a
more effective load transfer between the matrix and the reinforcement, while simultane-
ously altering the deformation pathway of the shell, thus increasing its buckling capacity.
Among the three studied configurations, the V,-A yields the highest critical buckling
loads for equivalent GOAM content and folding degree, followed by the crosswise and
uniform arrangements. This result implies that strategically placing the GOAMs in regions
of high stress sensitivity—rather than distributing them uniformly—can more effectively
suppress buckling. The superior performance of the asymmetric layout can be physically
interpreted as a result of localized reinforcement that better counteracts instability modes
that typically initiate at specific regions of curvature-induced stress concentration. These
findings underscore the potential of GOAM-based design strategies in tailoring the mechan-
ical response of curved composite shells, particularly for applications where thermal and
mechanical stability are critical. By judiciously controlling the metamaterial configuration
and deployment, designers can achieve significant performance gains without considerable
increases in weight or material cost.

The effect of the metamaterial distribution patterns, their weight percentage, and
folding degree is investigated in Figure 3. Similar to previous figure, it is observed that
increasing the folding degree, leads the critical buckling loads to reduce. Although GOAMs
are known for their potential to enhance structural stability, it has been observed in some
configurations that increasing the folding degree can lead to a reduction in the critical
buckling load. This behavior can be explained by considering the mechanical implications
of excessive folding on the structural integrity of the reinforcement phase. As the folding
degree increases, the overall continuity and in-plane stiffness of the GOAM network may
become compromised due to the introduction of sharper geometrical discontinuities and
more localized deformation zones. These highly folded configurations tend to exhibit
increased flexibility and out-of-plane deformability, which may reduce their effectiveness in
resisting global compressive loads. Furthermore, at higher folding degrees, the alignment
between the GOAM microstructure and the primary load paths of the shell can become
less efficient, causing a portion of the applied load to be absorbed through non-structural
deformation modes such as twisting or localized bending. This redistribution of stress away
from the load-bearing directions can lead to a premature onset of instability. Additionally,
the folded architecture, while beneficial for energy absorption and local adaptability, may
reduce the effective cross-sectional area contributing to axial stiffness, thereby diminishing
the shell’s overall capacity to resist buckling. Therefore, while moderate folding can intro-
duce beneficial auxetic behavior and controlled stiffness enhancement, excessive folding
may instead introduce compliant mechanisms that undermine the shell’s ability to sustain
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compressive loads, ultimately resulting in lower critical buckling thresholds. Also, the
contrasting influence of the GOAM weight percentage on critical buckling loads at different
folding degrees can be explained by examining the interaction between the material’s
effective stiffness and its structural geometry. When the folding degree is set to zero, the
GOAM phase behaves similarly to a planar or nearly flat reinforcement layer. In this con-
figuration, increasing the GOAM weight percentage directly increases the overall stiffness
of the composite shell due to the superior mechanical properties of graphene-based auxetic
metamaterials. The reinforcement is able to align effectively with the load paths, leading to
improved load-bearing capacity and, consequently, enhanced critical buckling resistance.
However, when the folding degree reaches 100%, the mechanical role of the GOAM phase
changes fundamentally. At such high folding levels, the microstructure becomes highly
corrugated, introducing significant geometric nonlinearity and local flexibility. Although
more material is present as the weight percentage increases, a larger portion of this ma-
terial becomes geometrically ineffective in resisting global compressive loads. Instead of
contributing to in-plane stiffness, the folded GOAM regions are prone to local bending,
twisting, or unfolding-type deformations that absorb energy without offering substantial
resistance to buckling. As a result, the structural benefit of additional GOAM content is
diminished or even reversed. Moreover, increasing the GOAM weight percentage at high
folding degrees introduces a larger volume of flexible, folded microstructure, which can act
as mechanical imperfections or localized soft zones. These regions may amplify instability
by introducing stress concentrations or altering the global deformation pattern of the shell.
Therefore, while the material content is increased, the effective stiffness in the load-bearing
direction may be reduced, leading to a decrease in the critical buckling load. This behavior
underscores the importance of coupled optimization between the material distribution
and geometric configuration of the metamaterial phase. Simply increasing the quantity
of GOAMs does not guarantee improved performance—particularly when the geometric
folding alters the mechanical response in a non-beneficial manner.

The effect of GOAMSs’ aspect ratio is considered in Figure 4. It is observed that an
increase in the ratio of GOAM length to its thickness has been found to enhance the
critical buckling load of the reinforced shell structure. This behavior can be attributed to
the shift in the mechanical role of the GOAM phase as it becomes slenderer. When the
length of the GOAM unit is increased relative to its thickness, the reinforcement layer
behaves more like an extended membrane or plate element, contributing more effectively
to in-plane stiffness and axial load transfer. In such cases, the GOAMs are capable of
engaging a greater surface area of the shell, thereby distributing stresses more uniformly
and suppressing localized instability. Moreover, thinner GOAMs are less likely to introduce
concentrated stiffness discontinuities that could act as stress risers under compression. As
the thickness is reduced, the reinforcement conforms more naturally to the curvature of the
shell, maintaining geometric compatibility with the host structure and enhancing composite
action. In this regime, the benefits of auxetic behavior—such as lateral expansion under
axial strain—are more efficiently translated into buckling resistance, as the structure is able
to resist deformation through coordinated in-plane mechanisms rather than local bending
or shear. Thus, the increase in the length-to-thickness ratio improves the reinforcement
efficiency of the GOAM layer, enabling it to contribute more directly to the global stability
of the system. This enhanced structural engagement leads to higher critical buckling
thresholds, particularly in shells operating under thermomechanical conditions.
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Figure 2. Effect of GOAMSs’ weight percentage and folding degree on the critical buckling loads for
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Figure 5. Effect of GOAMs’ weight percentage and geometrics on the critical buckling loads for
@) Ver-U; (b) Vr-X; (0) VA

Figure 6 investigates the effect of temperature changes and also, the panels aspect
ratio on the critical buckling loads. It is found that a reduction in the critical buckling
load has been observed with increasing temperature difference across the shell, and this
trend can be attributed to the thermomechanical effects induced within the composite
system. As the temperature difference increases, additional thermal stresses are generated
due to the mismatch in thermal expansion between the GOAMs and the surrounding
matrix material. These thermally induced stresses act in conjunction with the applied
mechanical loads and contribute to a preloading condition that brings the structure closer
to its instability threshold. Moreover, elevated thermal fields tend to reduce the effective
stiffness of the constituent materials, particularly in polymers or composites, leading to a
softened structural response. The combined effect of thermal pre-stressing and material
degradation under thermal loading causes the shell to become more susceptible to buckling,
thereby lowering the critical buckling load. Additionally, it has been found that increasing
the length-to-thickness ratio (a/h) from 5 to 15 leads to a pronounced decrease in buckling
strength. This behavior is fundamentally associated with the increasing slenderness of
the shell structure. As the shell becomes longer and thinner, its flexural rigidity relative
to its axial length diminishes, and the structure behaves more like a plate with reduced
resistance to compressive loads. In slender shells, the deformation modes tend to localize
more easily, and global instability is triggered at lower loads due to reduced bending
and shear resistance. Furthermore, geometric imperfections and localized variations in
stiffness—particularly in heterogeneous systems such as GOAM-reinforced shells—are
more likely to affect slender structures, further compromising their stability. As a result,
the increase in slenderness significantly lowers the load required to initiate buckling. These
findings highlight the strong sensitivity of structural stability to both thermal environments
and geometric proportions, and they underscore the importance of accounting for such
parameters in the design of lightweight and thermally exposed shell systems.
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Figure 6. Effect of temperature variations and shell’s thickness on the critical buckling loads for
(a) Fer-U; (b) Fgi-X; (¢) Fgr-0; (d) Fgr-A.

In Figure 7, the effect of curvature radius-to-panel’s length is also considered. It has
been observed that an increase in the ratio of the curvature radius along the longitudi-
nal direction (Ry1) to the panel’s length (a) results in a reduction in the critical buckling
load. This behavior can be physically explained by considering the role of geometric
curvature in stabilizing shell structures. In hyperbolic or doubly curved shells, curvature
contributes significantly to the global stiffness and stability characteristics. A shell with
pronounced curvature (i.e., smaller Ry1) exhibits increased geometric coupling between
in-plane and out-of-plane deformations, which enhances its resistance to buckling under
compressive loading. As the ratio Ry;/a increases, the shell becomes geometrically flat-
ter in the longitudinal direction, gradually approaching the behavior of a cylindrical or
even a plate-like structure. In this flattened configuration, the inherent geometric stiffness
provided by the curvature is diminished, and the shell becomes more prone to instability
under axial or in-plane compressive forces. The reduction in curvature weakens the shell’s
ability to redistribute stresses through membrane action, which is one of the principal
stabilizing mechanisms in curved structures. As a result, the shell relies more heavily on
bending stiffness to resist buckling—an unfavorable condition, particularly in thin-walled
configurations where bending stiffness is relatively low. Additionally, in flatter shells,
the deformation modes tend to involve larger deflections and lower energy barriers to
instability, leading to a decrease in the critical load threshold. The curvature radius effec-
tively acts as a geometric stiffener; when it is reduced (i.e., curvature increases), the shell is
better equipped to sustain compressive stresses without undergoing instability. Therefore,
increasing Ry /a compromises this effect, and a reduction in the critical buckling load is
consequently observed. This observation reinforces the importance of curvature in shell
design and highlights how even moderate changes in geometric ratios can significantly
affect the stability performance of advanced metamaterial-reinforced shell structures.
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Figure 7. Effect of temperature variations and aspect ratio of the panel on the critical buckling loads
for (a) Fg,-U; (b) Fi-X; (¢) FGr-O; (d) Fgr-A.

The critical buckling response of the GOAM-reinforced hyperbolic shell has been
examined under varying values of the Pasternak-type elastic foundation parameters, in-
cluding the Winkler spring stiffness Kiy and the shear layer modulus Kg, as presented in
Tables 2-7. The results are reported for multiple buckling modes defined by longitudi-
nal and transverse wavenumbers (1,1), across several metamaterial distribution patterns,
namely U, X, O, and A configurations (for folding-based reinforcement) and V,-X and
Vr-A (for volume-based reinforcement). In Table 2, the effect of increasing the shear layer
stiffness K on the critical buckling load is evaluated for the uniform folding distribution.
The results show that when Kyy is raised from 0 to 10” and 10, only negligible increases in
critical buckling load are observed—approximately 0.005% and 0.46%, respectively. This
marginal change indicates that at lower values of shear stiffness, the shear layer has a
limited contribution to the global buckling behavior of the uniformly reinforced shell.
However, when Ky is increased to 10!, a significant increase of 45.85% is achieved. This
behavior confirms that in the uniform distribution, only highly stiff shear layers can interact
sufficiently with the shell to elevate its stability. The shell’s response remains relatively
insensitive to moderate shear interactions, likely due to the even reinforcement distribution
lacking localized stiffness enhancements that could couple strongly with the foundation.

Table 2. Influence of Pasternak foundation parameters on critical buckling loads of different modes
for U distribution of Fg;.

K¢ (x10°)
Kw (m, n)
0 25 50 75 100
1,1 110.5017 135.5017 160.5017 185.5017 210.5017
@,1) 221.6320 246.6320 271.6320 296.6320 321.6320
0 ,2) 225.9731 250.9731 275.9731 300.9731 325.9731
©,2) 285.3209 310.3209 335.3209 360.3209 385.3209
1,1) 110.5068 135.5068 160.5068 185.5068 210.5068
, a,2) 221.6340 246.6340 271.6340 296.6340 321.6340
10 @,1) 225.9752 250.9752 275.9752 300.9752 325.9752
@,2) 285.3222 310.3222 335.3222 360.3222 385.3222
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KG ( X 106)
Kw (m, n)
0 25 50 75 100
1,1 111.0084 136.0084 161.0084 186.0084 211.0084
9 1,2 221.8347 246.8347 271.8347 296.8347 321.8347
10 2,1 226.1758 251.1758 276.1758 301.1758 326.1758
2,2) 285.4476 310.4476 335.4476 360.4476 385.4476
1,1 161.1623 186.1623 211.1623 236.1623 261.1623
1 1,2 241.8962 266.8962 291.8962 316.8962 341.8962
10 2,1 246.2374 271.2374 296.2374 321.2374 346.2374
2,2) 297.9861 322.9861 347.9861 372.9861 397.9861
Table 3. Influence of Pasternak foundation parameters on critical buckling loads of different modes
for X distribution of Fg;,.
K¢ (x10°)
Kw (m, n)
0 25 50 75 100
1,1) 146.2253 171.2253 196.2253 221.2253 246.2253
0 2,1 274.2991 299.2991 324.2991 349.2991 374.2991
1,2 279.1988 304.1988 329.1988 354.1988 379.1988
2,2 338.3807 363.3807 388.3807 413.3807 438.3807
1,1 146.2303 171.2303 196.2303 221.2303 246.2303
” 1,2 274.3011 299.3011 324.3011 349.3011 374.3011
10 2,1 279.2008 304.2008 329.2008 354.2008 379.2008
2,2 338.3820 363.3820 388.3820 413.3820 438.3820
1,1 146.7319 171.7319 196.7319 221.7319 246.7319
9 1,2 2745018 299.5018 324.5018 349.5018 374.5018
10 2,1 279.4014 304.4014 329.4014 354.4014 379.4014
2,2) 338.5074 363.5074 388.5074 413.5074 438.5074
1,1 196.8859 221.8859 246.8859 271.8859 296.8859
1 1,2 294.5634 319.5634 344.5634 369.5634 394.5634
10 2,1 299.4630 324.4630 349.4630 374.4630 399.4630
2,2) 351.0459 376.0459 401.0459 426.0459 451.0459
Table 4. Influence of Pasternak foundation parameters on critical buckling loads of different modes
for O distribution of Fg,.
K¢ (x10°)
Kw (m, n)
0 25 50 75 100
1,1 128.9991 153.9991 178.9991 203.9991 228.9991
0 2,1 249.4572 274.4572 299.4572 324.4572 349.4572
1,2 254.7424 279.7424 304.7424 329.7424 354.7424
2,2 313.1859 338.1859 363.1859 388.1859 413.1859
1,1 129.0042 154.0042 179.0042 204.0042 229.0042
” 1,2 249.4592 274.4592 299.4592 324.4592 349.4592
10 2,1 254.7444 279.7444 304.7444 329.7444 354.7444
2,2) 313.1871 338.1871 363.1871 388.1871 413.1871
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Table 4. Cont.

K¢ (x10°)
Kw (m, n)
0 25 50 75 100

1,1 129.5057 154.5057 179.5057 204.5057 229.5057
9 1,2) 249.6598 274.6598 299.6598 324.6598 349.6598
10 2,1) 254.9450 279.9450 304.9450 329.9450 354.9450
2,2) 313.3125 338.3125 363.3125 388.3125 413.3125
1,1 179.6597 204.6597 229.6597 254.6597 279.6597
1 1,2 269.7214 294.7214 319.7214 344.7214 369.7214
10 2,1 275.0066 300.0066 325.0066 350.0066 375.0066
2,2 325.8510 350.8510 375.8510 400.8510 425.8510

Table 5. Influence of Pasternak foundation parameters on critical buckling loads of different modes
for A distribution of Fg;,.

K¢ (x10°)
Kw (m, n)
0 25 50 75 100

1,1) 135.4106 160.4106 185.4106 210.4106 235.4106
2,1 253.0310 278.0310 303.0310 328.0310 353.0310
0 1,2 265.4095 290.4095 315.4095 340.4095 365.4095
2,2 320.8584 345.8584 370.8584 395.8584 420.8584
1,1 135.4156 160.4156 185.4156 210.4156 235.4156
7 1,2 253.0330 278.0330 303.0330 328.0330 353.0330
10 2,1 265.4115 290.4115 315.4115 340.4115 365.4115
2,2 320.8597 345.8597 370.8597 395.8597 420.8597
1,1 135.9172 160.9172 185.9172 210.9172 235.9172
9 1,2 253.2336 278.2336 303.2336 328.2336 353.2336
10 2,1 265.6122 290.6122 315.6122 340.6122 365.6122
2,2) 320.9851 345.9851 370.9851 395.9851 420.9851
1,1 186.0712 211.0712 236.0712 261.0712 286.0712
1 1,2) 273.2952 298.2952 323.2952 348.2952 373.2952
10 2,1 285.6738 310.6738 335.6738 360.6738 385.6738
2,2) 333.5236 358.5236 383.5236 408.5236 433.5236

Table 6. Influence of Pasternak foundation parameters on critical buckling loads of different modes
for X distribution of V.

K¢ (x10°)
Kw (m, n)
0 25 50 75 100
1,1) 111.4580 136.4580 161.4580 186.4580 211.4580
2,1) 231.0920 256.0920 281.0920 306.0920 331.0920
0 1,2) 235.3946 260.3946 285.3946 310.3946 335.3946
2,2 316.1060 341.1060 366.1060 391.1060 416.1060
1,1) 111.4630 136.4630 161.4630 186.4630 211.4630
; 1,2 231.0940 256.0940 281.0940 306.0940 331.0940
10 2,1) 235.3966 260.3966 285.3966 310.3966 335.3966

2,2) 316.1073 341.1073 366.1073 391.1073 416.1073
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Table 6. Cont.
K¢ (x10°)
Kw (m, n)
0 25 50 75 100
1,1 111.9646 136.9646 161.9646 186.9646 211.9646
9 1,2 231.2946 256.2946 281.2946 306.2946 331.2946
10 2,1 235.5972 260.5972 285.5972 310.5972 335.5972
2,2) 316.2327 341.2327 366.2327 391.2327 416.2327
1,1 162.1186 187.1186 212.1186 237.1186 262.1186
1 1,2 251.3562 276.3562 301.3562 326.3562 351.3562
10 2,1 255.6588 280.6588 305.6588 330.6588 355.6588
2,2) 328.7712 353.7712 378.7712 403.7712 428.7712
Table 7. Influence of Pasternak foundation parameters on critical buckling loads of different modes
for A distribution of V.
K (x10°)
Kw (m, n)
0 25 50 75 100
1,1 112.3969 137.3969 162.3969 187.3969 212.3969
0 2,1 233.1790 258.1790 283.1790 308.1790 333.1790
1,2 237.4723 262.4723 287.4723 312.4723 337.4723
2,2) 321.5315 346.5315 371.5315 396.5315 421.5315
1,1) 112.4020 137.4020 162.4020 187.4020 212.4020
” 1,2 233.1810 258.1810 283.1810 308.1810 333.1810
10 @,1) 237.4743 262.4743 287.4743 312.4743 337.4743
2,2 321.5328 346.5328 371.5328 396.5328 421.5328
1,1) 112.9035 137.9035 162.9035 187.9035 212.9035
9 1,2 233.3816 258.3816 283.3816 308.3816 333.3816
10 2,1 237.6749 262.6749 287.6749 312.6749 337.6749
2,2 321.6582 346.6582 371.6582 396.6582 421.6582
1,1 163.0575 188.0575 213.0575 238.0575 263.0575
1 1,2 253.4432 278.4432 303.4432 328.4432 353.4432
10 2,1 257.7365 282.7365 307.7365 332.7365 357.7365
2,2) 334.1966 359.1966 384.1966 409.1966 434.1966

The X folding distribution, presented in Table 3, exhibits a comparable trend. For
Kw = 107 and Ky = 107, the increases in critical buckling load are 0.0034% and 0.35%,
respectively—both minor. A more substantial enhancement of 34.65% is recorded for
Kw = 101, indicating that the structure becomes increasingly responsive to the foundation
only when the shear interaction is pronounced. The slightly lower maximum increase
compared to the uniform case suggests that the crosswise layout may result in anisotropic
stiffness, which weakens the load-sharing interaction between the structure and the shear
layer. As such, although the crosswise folding aids in buckling resistance, its benefit under
foundation influence is modest unless the subgrade shear is exceptionally stiff.

In Table 4, the O distribution yields increase of 0.0039%, 0.39%, and 39.27% for
Kw =107, 10%, and 10}, respectively. Compared to the previous layouts, the outward con-
figuration exhibits slightly better sensitivity to the shear layer at higher stiffness levels. This
improved response may be attributed to the strategic reinforcement toward the shell’s outer
regions, where compressive stress concentrations are typically greater. The interaction be-
tween these localized stiffness enhancements and the shear layer allows for a more effective
constraint on deformation paths, thereby raising the buckling threshold when foundation
support is strong.
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Table 5 shows a similar trend for the asymmetric folding distribution, with critical
buckling load increases of 0.0037%, 0.37%, and 37.41% corresponding to increasing Kyy.
This configuration demonstrates one of the highest sensitivities to the shear foundation. The
asymmetry likely aligns the GOAMs with dominant instability paths, enabling an efficient
transfer of shear support from the foundation to the structure. The combination of uneven
reinforcement and curvature effects may allow the asymmetric distribution to locally
stiffen regions critical to global buckling modes, making the shell more responsive to the
subgrade resistance. Although the maximum increase is slightly below that of the uniform
layout, the asymmetric pattern achieves a better trade-off between targeted stiffness and
foundation coupling.

In Table 6, the crosswise distribution based on GOAM volume fraction rather than
folding angle follows a pattern comparable to the folding-based F¢,-X configuration. The
increases in buckling load are 0.0044%, 0.45%, and 45.45%, respectively. Regardless of
whether folding angle or material distribution is varied, the shell’s interaction with the
shear layer is mainly governed by the global distribution of stiffness. In this case, even
though the volume fraction is X-graded, the structure still responds favorably when the
shear layer is sufficiently stiff. This indicates that the subgrade contribution becomes
effective primarily through its ability to engage with the entire shell’s load path rather than
just its localized layout.

The asymmetric volume distribution in Table 7 yields increases of 0.0049%, 0.45%, and
45.92%, respectively, for ascending values of Kyy. This configuration delivers the highest
sensitivity to the shear layer among all tested layouts. The enhancement suggests that
asymmetric distribution—whether based on folding geometry or volume fraction—allows
the structural shell to fully exploit the lateral support provided by the shear foundation.
The combination of mass concentration, curvature response, and stress path alignment
allows for a highly efficient buckling resistance mechanism when reinforced with a strong
subgrade. This confirms the design advantage of asymmetric GOAM configurations in
interacting with advanced foundation models such as the Pasternak type.

From the comparative analysis of Tables 27, it can be concluded that the critical
buckling response of GOAM-reinforced hyperbolic shells is significantly influenced by the
stiffness parameters of the Pasternak foundation, particularly the shear layer component
K¢. While the Winkler spring stiffness Kyy contributes to resisting transverse deformations,
it is the shear layer stiffness that introduces substantial enhancement in structural stability,
especially when it reaches high magnitudes. Across all configurations, a negligible increase
in critical buckling load is observed for low values of Kyy (e.g., 107 and 10%), generally
remaining below 0.5%. However, once Kyy is increased to 1011, dramatic improvements in
buckling capacity are achieved, ranging from approximately 34% to 46% depending on the
specific distribution layout. Among the studied configurations, the asymmetric volume frac-
tion distribution (V,-A) exhibits the highest sensitivity to shear stiffness, with a buckling
load increase of nearly 46%, closely followed by the uniform and crosswise volume-based
configurations. This indicates that non-uniform GOAM layouts—particularly those that
align reinforcement with dominant stress paths—can more effectively exploit the benefits
of a shear-interacting foundation. Configurations based on folding angle (Fg,-A, Fg,-O,
etc.) also show substantial improvements, although slightly lower than their volume-based
counterparts. Overall, the results underscore the importance of coordinated design between
metamaterial distribution and foundation modeling. Effective interaction between the shell
structure and the subgrade requires both sufficient foundation stiffness and a reinforcement
layout that channels this support into critical deformation zones. These findings have direct
implications for the design of lightweight, thermally stable, and foundation-supported
shell systems in advanced structural applications.
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5. Conclusions

In this study, a comprehensive analytical framework was developed to investigate the
elastic buckling behavior of hyperbolic doubly curved shells reinforced with GOAMs and
supported by a Pasternak-type elastic foundation. The governing stability equations were
derived based on the FSDT and solved using Navier’s solution technique, which inherently
satisfies simply supported boundary conditions. The novelty of this work lies in the inte-
gration of spatially controlled GOAMs with tunable folding mechanics into curved shell
geometries under thermomechanical loading, combined with a two-parameter foundation
model that captures both normal and shear subgrade interactions. The accuracy of the pro-
posed model was confirmed through comparison with benchmark results in the literature,
where excellent agreement was observed, with discrepancies remaining well below 2.5%.
A detailed parametric study was subsequently conducted to explore the effects of GOAM
characteristics, hyperbolic shell geometry, thermal conditions, and foundation parameters
on the critical buckling response. The results revealed that increasing the GOAM weight
percentage leads to enhanced critical buckling loads when the folding degree is low or
moderate. This is due to the effective contribution of the auxetic microstructure to in-plane
stiffness. However, for highly folded configurations, a further increase in GOAM content
resulted in reduced buckling resistance. This counterintuitive behavior was attributed to
the geometric compliance introduced by excessive folding, which reduces the effective
stiffness of the reinforcement under compressive loading. It was also shown that larger
values of the length-to-thickness ratio and the curvature radius-to-length ratio led to a
significant decrease in buckling strength, as the shell becomes more slender and less geo-
metrically stiff. Similarly, increasing the temperature difference across the shell causes a
pronounced reduction in critical buckling loads, owing to the generation of destabilizing
thermal stresses and the degradation of material stiffness at elevated temperatures. The
effect of the Pasternak foundation was found to be particularly influential. While the
normal (Winkler) stiffness provided modest improvements in buckling capacity, it was
the shear-layer stiffness that introduced substantial gains—up to 46%—in critical buckling
load, particularly when combined with asymmetric or non-uniform GOAM distributions.
Asymmetric folding and volume fraction configurations were shown to exploit subgrade
stiffness most effectively by aligning reinforcement with dominant instability paths. In
conclusion, the findings of this study highlight the critical importance of co-optimizing
material distribution, folding architecture, and foundation parameters in the design of
thermally stable, lightweight shell structures. The proposed approach offers a robust plat-
form for guiding the development of high-performance metamaterial-reinforced shells
in aerospace, mechanical, and morphing structural applications, where tailored buckling
resistance under complex environmental and mechanical conditions is essential. From an
engineering perspective, the findings suggest that tailoring GOAM folding and founda-
tion parameters can significantly improve the thermomechanical stability of lightweight
shells in aerospace and multifunctional applications. The present analysis is based on the
assumptions of homogenized equivalent properties, a uniform temperature distribution
across the thickness, and simply supported boundary conditions, which represent idealized
conditions. Accordingly, the results should be applied with caution outside these ranges.
Future work will extend the model by incorporating finite element validation, non-uniform
thermal fields, and more general boundary conditions to further consolidate the reliability
of the predictions.
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Nomenclature

Symbol Definition

a,b Shell’s dimensions (length, width)

B Parameter associated with GOAM equivalent stiffness
E Young’s modulus

Ecr Effective Young’s modulus of GOAM

Em Young’s modulus of matrix material

Fe, Folding angle (degree of folding in GOAM)

]-'le , .FXTZ Thermal loads in the xq and x; directions

.7:,?{[, ]-',{\f Mechanical loads in the x; and x, directions

SE Modifying function for effective modulus

h Shell’s thickness

Kw, Kg Springs and Shear layer coefficients of foundation

k k-th layer of GOAM

[Ke] Elastic stiffness matrix

[Ke] Geometric stiffness matrix

I, tor Geometric parameters of graphene origami units (length, thickness)
m Longitudinal wavenumber

M;; Bending moments

n Transvers wavenumber

Nj; In-plane force resultants

N Number of GOAM layers

Py1, Py Transverse shear forces

P Critical buckling load

Qjj Stiffness components

Ry1, Ry Radii of curvature in longitudinal and transverse directions
S Strain energy

T; Normal and shear stresses

T Temperature

Ty Ambient temperature

AT Temperature change

Uy, Uxy, Uy Displacement of arbitrary point of the shell along x1, x5, and x3 directions
u,v,w Displacements in x1, xp, and x3 directions

Ver Volume fraction of GOAM reinforcement

4% External work

Wer Weight fraction pf GOAM

{X} Displacements vector

v Poisson’s ratio

o Thermal expansion coefficient

& Normal and shear Strains

Px1, Px2 Rotation of cross-section about xp and x; axes, respectively
0Gr Density of GOAM

oM Density of matrix phase

i, 0, W, Exl’ wn Unknown coefficients of Navier’s solution approach
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