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Abstract: The stability and tracking controls of a dynamic ship system are studied in this paper,
in order to stabilize and track the desired path of a catamaran ship system. The ship sails on a river
that is prone to currents, wind, and unknown disturbances from the surrounding environment. Hence,
the ship system potentially has stability problems. This paper presents a method for controlling
the trajectory of a nonlinear ship system and controlling the ship stabilization. Three steps of
the fundamental equations of constrained motion (FECM) with an uncertainty control are used to
examine a control force to stabilize and track the ship system. The ship system is considered with six
degrees of freedom to describe the stabilization of the ship’s rigid-body motion. The results show
the efficiency of the control forces from the FECM, with an uncertainty controller applied to the ship
system. They guarantee that the conditions of the ship system are satisfactory, and that the ship
follows the desired path.

Keywords: rigid-body ship motions; fundamental equations of constrained motion; ship stability
control; tracking control; uncertainty control

1. Introduction

A dynamic ship system requires position and orientation controls when the ship
system is transported into a river. Environmental disturbances in the river cause unstable
movements and stability problems. Several techniques are presented to address these
problems. For instance, dynamic position control for a marine surface vessel is required,
in order to ensure that the system follows a desired path. A control design was developed
using feedback linearization applied to a dynamic model of an underactuated marine
vessel [1]. The development of the control law for trajectory tracking control was analyzed
using several theorems. A sliding-mode control was proposed to control position tracking
for the planar surface vessel in the method used [2], and to guarantee position tracking for
unmanned surface vessels (USV) [3]. Other methods for improving ship dynamic positions
can be found in the literature [4,5].

In a dynamic position control where it was proposed that a ship’s heading motion is
directly controlled, the heading of the ship’s physical body was chosen in the ship heading
control by a novel disturbance compensating model predictive control (DC-MPC) [6]. In an-
other case, a ship’s heading motion was represented by yaw-angle tracking [7]. A dynamic
surface control (DSC) method was designed to control the position and yaw-angle tracking
for underactuated ships [7]. The yaw angle was used as a direct parameter in controller
problem design. In a controller design for the dynamic position, network-based Takagi–
Sugeno (T–S) fuzzy models for a dynamic positioning system were provided by the yaw
angle using a variation method [8]. The model of an underactuated surface ship was
considered with three degrees of freedom, including x–y position coordinates and a ship
heading. The method is derived from the idea of standard dynamic inversion. The control
design was presented as a good choice for underactuated systems control [9]. Another
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interesting approach for tracking control was presented in [10]. The paper investigates the
dynamics of an autonomous underwater vehicle (AUV), which is important for developing
the performance of AUV tracking control systems. A model of the AUV is clearly described
by Fossen’s equations [11], for a method of tracking control that is also used in many recent
research studies. There are also many other interesting studies on new expressions for
the nonlinear equations of motion, considered using different coordinates, to describe 3D
dynamic motion [12–14].

A ship, when sailing, is affected by external forces. In order to compensate for these
external forces, a mathematical model of a controller was provided, with components of sev-
eral scheme designs including a sliding mode controller, adaptive controller, and nonlinear
observer [15]. Another control design, considering the motion of a ship–submarine collision,
was also presented. The procedure was developed using a new version of the rigid-body
dynamic program MCOL (Modesto, CA, USA) coupled with the explicit simulation soft-
ware LS-DYNA (Los Angeles, CA, USA). A governing equation was designed using two
reference frames based on large-amplitude rotational and hydrodynamic forces that affect
the ship systems [16]. A bubble drag force influenced the ship’s elastic deformation. The
elastic behavior of the ship’s hull was described by a simple non-uniform beam model. The
mathematical model was integrated numerically via the fourth-order Runge–Kutta method,
to reduce the disturbance of the bending moments of a hull girder [17]. Moreover, a ship
system should approach an asymptotic global stability [18]. The stability of the control
law was validated using Lyapunov theory [19]. The tracking control design is necessary
for controlling a ship’s dynamic position. The problem of how to reduce the energy loss
of the system is also an important topic to investigate. A control design consisting of an
optimal control theory and Kalman filters was proposed in [20]. Another control design for
an adaptive ship steering system through a preset track was presented in [21]. An optimal
linear quadratic regulator (LQR) with a symmetric indicator of control quality is a robust
approach to use for the ship control problem. The methodology was implemented using the
least squares method. The mentioned algorithm successfully stabilized the ship’s trajectory
along the desired track.

For a nonlinear tracking control path, many theorems have the problem of providing
controllers that consider a ship’s dynamic position. A marine surface vessel has multiple
elements which must be taken into account. A mathematical model has been proposed
considering related factors of dynamic system identification that are not dependent on the
identified problem.

The method of constrained motion has been used to study many control problems for
a ship’s dynamic position. A marine surface vessel is subject to environmental disturbances
and difficult conditions. Although controller designs are presented in many studies [22–31],
the ship tracking control problem remains an interesting topic to examine. Many researchers
are still attempting to solve the problem of designing a controller for maintaining the
system. In this paper, we present an alternative process for controlling the ship system
when tracking a desired constrained-trajectory motion.

In this work, we used the three steps of the fundamental equation of constrained
motion (FECM), that is, the closed-form equation of constrained motion presented by
Udwadia and Kalaba [32]. This process helps to describe the ship’s dynamic motion in the
case of unconstrained motion and for constrained motion using the constraint equation.
Subsequently, the ship tracking control was designed to follow the real-world motion
via uncertainty control, in order to compensate for external forces from environmental
disturbances and unknown errors from the ship system. In this research, we used the
fundamental equation with an uncertainty control [32–34] to design a ship tracking and
stabilizing control system that can follow a desired path when subjected to environmental
disturbances. The simulation results were produced via the MATLAB program (The
Mathworks, Inc., Las Vegas, NV, USA), to verify the proposed approach.

The main contribution of our paper is that the methodology proposed in the paper
considers simultaneous tracking and stabilizing of a nonlinear six-degrees-of-freedom ship
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system by conceptualizing the tracking and stabilizing conditions as constraints imposed
on the system. The control approach can guarantee the constraint-following behavior in
both tracking and stabilizing the ship system, even when there is no exact knowledge of
the uncertainties arising from the environment, disturbances, or modelling errors. The
approach is presented in a closed form and can be used with multiple constraints. The con-
straints can be linear or nonlinear and can be holonomic or nonholonomic. In addition, the
resulting constraint-following errors of the system can be controlled to meet requirements
and ensure that the controlled ship system is able to track a desired path with stability.

2. Fundamental Equations of Constrained Motion

The approach of the closed-form expression for the constrained motion was developed
by Udwadia and Kalaba [32] and is called the fundamental equation. The explicit closed
form is investigated via classical dynamics. The conceptualization consisted of three steps.
First, an unconstrained equation provided the general mass matrix and general force vector
of the dynamic system, which were derived from Lagrangian mechanics. Lagrangian
mechanics is most useful for modelling the equations of motion for the kinetic energy and
potential energy descriptions. The Lagrangian is given by the difference between kinetic
energy and potential energy in a system that obeys the Euler–Lagrange equations of motion,
as follows:

d
dt

(
∂L
∂

.
qj

)
− ∂L

∂qj
= 0 (1)

where qj is a generalized coordinate of the ship system, the Lagrangian L = T − V, T is
the kinetic energy, and V is the potential energy. Then, we can use the calculation in
Equation (1) to obtain the general mass matrix (M) and general force vector (Q). These
results in the expressions of the unconstrained system’s motion are presented as

M
..
q = Q (2)

where
..
q is the acceleration of the unconstrained system.

Secondly, the system tracking path requires a constraint equation in order to describe
the trajectory constraint. The constraint equations can be holonomic and/or nonholonomic.
The products of this step are the constraint matrix (A) and the constraint vector (b), which
are obtained by calculating and formatting the constraint equation according to Newton’s
second law of motion, to represent the delineation of the constrained motion. Therefore,
we can present the constraint relation in the form

A
..
q = b. (3)

Lastly, this step has brought all the variables from previous steps together to model the
motion of the constrained system. To explain the control of the ship system, the constrained
system is modeled via the FECM process, which enables the control of the constrained
motion while satisfying the constraint equation.

This equation can be used to describe any physical real-world motion, and especially
to force a dynamic system through nonlinear motions in constrained systems. Therefore,
we apply the fundamental equation in this work for studying the ship’s motion description.

3. Unconstrained Ship’s Motions

In the first step of the procedure, an unconstrained ship system is derived from the
rigid-body dynamic model without a constraint equation.

The dynamic ship system, described in an earth-fixed frame and a moving frame, was
proposed by Fossen in 2002 [35]. We used the body’s fixed frame to study the ship system
with six degrees of freedom, in order to describe a stabilizer control. The six degrees of
freedom included: surge, sway, and heave (which describe translation) and roll, pitch, and
yaw (which describe rotation). In this paper, the nonlinear equation of motion [11,36] can
be given as follows:

M
.
v + C(v)v + D(v)v + g(η) + g0 = τ + τwind + τwave (4)
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where v = [u, υ, w, p, q, r]T are surge, sway, and heave for the linear velocities, and roll,
pitch, and yaw for the angular velocities, respectively. They are described in a moving
frame. The position vector of the ship system is presented as η = [x, y, z, φ, θ, ψ]T , which
indicates the coordinates of the ship system in the Earth-Centered Inertial (ECI) frame. The
earth-fixed frame and the body-fixed frame with the six degrees of freedom of the ship
motion system are shown in Figure 1.
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Subsequently, the position and velocity vectors can be transformed using the follow-
ing formula:

.
η = J(η)v (5)

where the J matrix represents a rotation matrix as shown in the following:

J =
[

Rz(ψ),y(θ),x(φ) 03×3

03×3 Tφ,θ,ψ

]
(6)

where:

Rz(ψ),y(θ),x(φ) =

 cos ψ cos θ − sin ψ cos φ + cos ψ sin θ sin φ sin ψ sin φ + cos ψ cos φ sin θ
sin ψ cos θ cos ψ cos φ + sin φ sin θ sin ψ − cos ψ sin φ + sin θ sin ψ cos φ
− sin θ cos θ sin φ cos θ cos φ

, (7)

and

Tφ,θ,ψ =

 1 sin φ tan θ cos φ tan θ
0 cos φ − sin φ
0 sin φ/ cos θ cos φ/ cos θ

. (8)

Using Equation (5), the kinematic coordinates in the ECI frame of the ship system in
terms of velocities are given by

.
x =u cos ψ cos θ + υ(cos ψ sin θ sin φ− sin ψ cos φ)

+w(sin ψ sin φ + cos ψ cos φ sin θ),
.
y =u sin ψ cos θ + υ(cos ψ cos φ + sin φ sin θ sin ψ)

+w(sin θ sin ψ cos φ− cos ψ sin φ),
.
z =−u sin θ + υcosθsinφ + w cos θ cos φ,
.
φ =p + q sin φ tan θ + r cos φ tan θ,
.
θ =q cos φ− r sin φ,
.
ψ =q

sin φ

cos θ
+ r

cos φ

cos θ
.

(9)
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The inertia matrix is represented by M, and D is a hydrodynamic damping matrix
which combines linear drag forces (Dl) and nonlinear drag forces (Dn(v)). Both matrices
are assumed to be diagonal, i.e.,

M = diag{m11, m22, m33, m44, m55, m66} (10)

and D(v) = Dl + Dn(v), where Dl is given by

Dl = diag
{

Xu, Yυ, Zw, Kp, Mq, Nr
}

(11)

where
Xu = − 1

2 ρCdu Adu

Yυ = − 1
2 ρCdυ Adυ

Zw = − 1
2 ρCdw Adw

Kp = − 1
16 ρCdpxz4

Mq = − 1
16 ρCdqyx4

Nr = − 1
16 ρCdrzx4.

(12)

and,
Dn(v) =

{
Xu|u||u|, Yυ|υ||υ|, Zw|w||w|, Kp|p||p|, Mq|q||q|, Nr|r||r|

}
(13)

where:
Xu|u|u|u| = −

(
1
2 ρCdu Adu

)
u|u|

Yυ|υ|υ|υ| = −
(

1
2 ρCdυ Adυ

)
υ|υ|

Zw|w|w|w| = −
(

1
2 ρCdw Adw

)
w|w|

Kp|p|p|p| = −
(

1
16 ρCdpxz4

)
p|p|

Mq|q|q|q| = −
(

1
16 ρCdqyx4

)
q|q|

Nr|r|r|r| = −
(

1
16 ρCdrzx4

)
r|r|

(14)

where ρ is the density of freshwater in kg/m3, Cd is the drag coefficient, the drag contact
area in m2 is represented by Ad, and x, y, and z are the axes. The Coriolis and centripetal
matrices can be given by

C(v) =



0 0 0 m
(
ygq + zgr

)
−m

(
xgq− w

)
−m

(
xgr + υ

)
0 0 0 −m

(
yg p + w

)
m
(
zgr + xg p

)
−m

(
ygr− u

)
0 0 0 −m

(
zg p− υ

)
−m

(
zgq + u

)
m
(
xg p + ygq

)
−m

(
ygq + zgr

)
m
(
yg p + w

)
m
(
zg p + υ

)
0 −Iyzq− Ixz p + Izr Iyzr + Ixy p− Iyq

m
(

xgq− w
)

−m
(
zgr + xg p

)
m
(
zgq + u

)
Iyzq + Ixz p− Izr 0 −Ixzr− Ixyq + Ix p

m
(

xgr + υ
)

m
(
ygr− u

)
−m

(
xg p + ygq

)
−Iyzr− Ixy p + Iyq Ixzr + Ixyq− Ix p 0


(15)

where Ix, Iy, and Iz are the moments of inertia about the body-fixed frame

Ix =
∫

V
(
y2 + z2)ρmdV

Iy =
∫

V
(
x2 + z2)ρmdV

Iz =
∫

V
(
x2 + y2)ρmdV,

(16)

and Ixy = Iyx, Ixz = Izx, and Iyz = Izy are the products of inertia:

Ixy =
∫

V xy ρmdV
Iyz =

∫
V yz ρmdV

Ixz =
∫

V xz ρmdV.
(17)
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The roll angle (φ) is defined to be zero in the first constraint equation. When describing
a ship’s stability, this means that the ship’s roll motion is at a stable equilibrium position.
Thus, there is no need to consider the restoring forces (g). However, in Equation (4), we still
need to consider the wind force and the wave force. The vector of wind loads is represented
by τwind. We can calculate the wind force using the following equation:

FW =
1
2

ρU2Cd Awn (18)

where ρ is the density of the liquid, U is the wind velocity, Aw is the effective area of
jumping net, and n is a protection factor. Similarly, τwave is the vector of wave loads, which
can be calculated using Morrison’s equation in the following form:

Fi = (CM + 1)ρVai +
1
2

ρCdui|ui|A. (19)

The variable A is the area of the object, CM is the mass coefficient, ai is the water
particle acceleration in the direction i, ui is the water particle velocity in direction i, and
V is the volume of the object.

In this step, we discussed the conceptualization step to describe the mass matrix (M)
and the general force vector (Q) of the unconstrained ship system (see Equation (2)). In the
next section, we consider that the unconstrained motion is subject to an imposed constraint
equation, in order to obtain the other main variables (A and b) for computing the dynamic
ship system using the FECM (see Equation (3)).

4. Ship’s Constraint Equations

In this paper, two constraint equations are presented, including the roll angle for
describing the ship’s stability and the trajectory constraint for the ship tracking path. The
first constraint equation is assumed to require zero roll angles, in order to stabilize the
ship’s motion when affected by the current waves in the river. Then, the constraint equation
is changed from the configuration vector in the body-fixed frame into the ECI frame, and
can be given by

φ1s = pd + qd sin φ tan θ + rd cos φ tan θ = 0. (20)

The second constraint equation is for the ship to follow the desired trajectory. We
assume that the trajectory constraint is governed by

φ2s = x2 − y = 0. (21)

If the system does not initially satisfy the constraint Equations (20) and (21), we can
adjust the system by using the trajectory stabilization relation [34]:

..
φi + βi

.
φi + αiφi = 0 (22)

where βi > 0 and αi > 0 are positive constants.
Having appropriately differentiated Equation (20), we obtain:

.
φ1s = p + q sin φ tan θ + qd cos φ tan θ

.
φ + qd sin φ sec2 θ

.
θ + r cos φ tan θ − rd sin φ tan θ

.
φ + rd cos φ sec2 θ

.
θ. (23)

and
..
φ1s =

.
p +

.
q sin φ tan θ + q cos φ tan θ

.
φ + q sin φ sec2 θ

.
θ + q cos φ tan θ

.
φ− qd sin φ tan θ

.
φ

2
+ qd cos φ sec2 θ

.
φ

.
θ

+qd cos φ tan θ
..
φ + q sin φ sec2 θ

.
θ + qd cos φ sec2 θ

.
θ

.
φ + 2qd sin φ sec2 θ tan θ

.
θ

2
+ qd sin φ sec2 θ

..
θ +

.
r cos φ tan θ

−r sin φ tan θ
.
φ + r cos φ sec2 θ

.
θ − r sin φ tan θ

.
φ− rd cos φ tan θ

.
φ

2
− rd sin φ sec2 θ

.
θ

.
φ− rd sin φ tan θ

..
φ + r cos φ sec2 θ

.
θ

−rd sin φ sec2 θ
.
θ

.
φ + 2rd cos φ sec2 θ tan θ

.
θ

2
+ rd cos φ sec2 θ

..
θ.

(24)

Similarly, having appropriately differentiated Equation (21), we obtain
.
φ2s = 2x

.
x− .

y (25)

and ..
φ2s = 2x

..
x + 2

.
x2 − ..

y. (26)
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Next, the constraint equation is described by the constraint matrix (A) and the con-
straint vector (b), where we obtain the constraint relation proposed in Equation (3). Having
rearranged the constraint relation into the form of Equation (22), we obtain

A1s = [0, 0, 0, 1, sin φ tan θ, cos φ tan θ] (27)

and

b1s =



−q cos φ tan θ
.
φ− q sin φ sec2 θ

.
θ − q cos φ tan θ

.
φ + qd sin φ tan θ

.
φ

2

−qd cos φ sec2 θ
.
φ

.
θ − qd cos φ tan θ

..
φ− q sin φ sec2 θ

.
θ − qd cos φ sec2 θ

.
θ

.
φ

−2qd sin φ sec2 θ tan θ
.
θ

2
− qd sin φ sec2 θ

..
θ + r sin φ tan θ

.
φ− r cos φ sec2 θ

.
θ

+r sin φ tan θ
.
φ + rd cos φ tan θ

.
φ

2
+ rd sin φ sec2 θ

.
θ

.
φ + rd sin φ tan θ

..
φ

−r cos φ sec2 θ
.
θ + rd sin φ sec2 θ

.
θ

.
φ− 2rd cos φ sec2 θ tan θ

.
θ

2

−rd cos φ sec2 θ
..
θ


, (28)

where, in the case of Equation (21)

A2s = [2x,−1, 0, 0, 0, 0] (29)

and
b2s =

[
−2

.
x2
]
. (30)

The variables x and y are the positions in the ECI frame, in the following form:

x = ud cos ψ cos θ + υd(cos ψ sin θ sin φ− sin ψ cos φ) + wd(sin ψ sin φ + cos ψ cos φ sin θ), (31)

and

y = ud sin ψ cos θ + υd(cos ψ cos φ + sin φ sin θ sin ψ) + wd(sin θ sin ψ cos φ− cos ψ sin φ). (32)

We note that ud, υd, and wd are the terms for positions in the moving frame, and pd,
qd, and rd are the terms for the Euler angles in the moving frame. Therefore, we obtain
the other two parameters A and b for both constraint equations. All parameters of the
unconstrained motion and the constraint equations are implemented to model the ship
system for the constrained motion.

5. Constrained Ship’s Motions

The ship system requires a control force in order to control the ship to follow the de-
sired trajectory. The above-mentioned steps give all the required variables for the fundamen-
tal equations [32–34] that lead to modeling the control force for the ship’s dynamic motion.

5.1. Control of Ship’s Constrained Motion

For the constrained ship system, we model the control force using all the variables
from the above steps, to demonstrate the ship’s motion system for constrained motion:

M
..
q = Q + Qc. (33)

The unconstrained system is extended to follow the desired path in the above-mentioned
equation (Equation (21)). From the fundamental equation [34], the control force Qc is
proposed as a robust tool for the ship tracking control system. The parameters M, Q, A,
and b can be substituted into the numerical solver. The control force is shown as follows:

Qc = AT(AM−1 AT)
+
(b− Aa) (34)

where a = M−1Q. Using Equation (34) with Equation (33), and calculating these equations
by pre-multiplying the equation with M−1, the constrained ship system is obtained in
terms of the acceleration:

..
q = a + M−1 AT(AM−1 AT)

+
(b− Aa). (35)
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5.2. Control of Ship System’s Uncertainties

In real-world applications, an uncertainty in the system influences the ship’s dynamic
motion. The ship moves along the desired path in the real-world motion under uncertain
conditions caused by disturbances and other parameters that should be taken into consid-
eration. In this methodology, this system is called the controlled actual system. Unknown
errors and disturbances are considered in this methodology, in order to compensate for the
uncertain conditions. The uncertainties in the systems are explained in the next section.

In this conceptualization, the following equation of motion [34], which is called the
nominal system, is given to describe the ship tracking control system under no uncertainties.

As previously mentioned, uncertainties arise in the system in real-world motion due
to several factors such as inexact knowledge of the system. Thus, we need to consider the
uncertainties in the system in terms of δ (delta). Since uncertainties arise in the system
both in masses and forces, as described in the methodology, the actual mass is given by
Ma := M + δM > 0, where M > 0 is the mass matrix that represents the nominal mass
matrix and δM is the uncertainty added to the mass matrix in order to describe the actual
system. The actual force is given by Qa := Q + δQ, where Q represents the nominal
generalized force vector and δQ is the uncertainty added to the force vector in order to
describe the actual system. Therefore, we obtain the explicit equation of motion of the
controlled actual system as follows [34]:

Ma
..
qc = Qa + Qc(t) + Qu (36)

In this conceptualization, the control force (Qu) is an additional control force added to
the system in order to compensate for the uncertainties in the actual system, and Qu = M

..
u,

where the acceleration for compensating uncertainties is shown as
..
u. The term

..
u can be

shown in explicit form as [34]:

..
ui(t) = −k

.
ei − nσ

(
Γ(t) + β0

α0

)
αc(si/ε)3 (37)

where s is the sliding surface, given by

s(t) = ke(t) +
.
e(t) (38)

where k > 0, σ > 0, αc > 0, and ε > 0 are discretionary small positive numbers, e(t) is
the state estimator error,

.
e(t) is the differential of e(t), and, Γ(t) is a positive function of

time, which is the bound on δM and δQ. We note that ‖δ ..
q‖ ≤ Γ(t), where the bound Γ(t)

implies the uncertainties arising in the actual system. We can estimate the bound Γ(t) on
‖δ ..

q‖ using the formula [34]:

‖δ ..
q(t)‖ ≈ ‖−(M + δM)−1δM M−1(Q + Qc)+(M + δM)−1δQ‖ ≤ Γ(t). (39)

The parameter α0 is a small positive number that is given in the following form

0 < α0 < 1− nσ‖M(t)‖, (40)

where M is obtained by the approximation of

M ≈ I − (I + M−1(q, t)δM(q, t))
−1

. (41)

In the following formula, n is the number of generalized coordinates of the system.
The function β(t) is investigated in the following form:

β(t) ≥ n(Γ(t) + β0)

α0
> 0 (42)

where
β0 > k‖M(t)‖‖ .

e(t)‖. (43)

We note that ‖‖ represents the infinity norm.
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Subsequently, Equation (36) is calculated by pre-multiplying both sides and using
Equation (37). The closed form of the equation of motion of the controlled actual system
can be obtained as follows:

..
qc = aa + Ma

−1Qc(t)−Ma
−1M

[
k

.
e + nσ

(
Γ(t) + β0

α0

)
αc(s/ε)3

]
. (44)

The explicit steps of the method proposed in the paper illustrate the advancement in
improving the results by minimizing the tracking error while simultaneously stabilizing the
ship’s motion. We have presented a control design for an uncertain nonlinear constrained
ship motion with the three steps of the fundamental equation, which has robust tools
including both the constraint-following and uncertainty-compensating controls. To show
the improvement of the proposed approach we compared the results of our explicit method
with the method proposed in [37]. The results were obtained by controlling a ship’s motion
with three degrees of freedom, using both the conceptualization proposed in [37] and our
proposed method with the same constraint analysis, that is, an orientation yaw of zero
degrees. The simulation result was obtained using MATLAB programming with the same
initial conditions and the same integral option. The comparisons are shown in Figure 2.
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Figure 2. The comparative results of the two methods between (a) [37] and (b) our proposed method.

In Figure 2a, a time-varying feedback control law and a disturbance adaptation law
from [37] have been applied to the 3D ship model. Figure 2b represents the results for
the yaw angle from our conceptualization. We can see that our method yields a smaller
error compared to the one from [37]. When we consider a situation where the system
can be subjected to uncertainties, by adding 20% masses and 30% forces, the results for
the yaw angle still satisfy the constraint for our conceptualization. Moreover, the explicit
steps in our proposed method can be followed with multiple constraints and any physical
motion constraint that is useful, to describe the dynamic motion in real-world applications.
Furthermore, all the steps in our conceptualization can be shown in the explicit flowchart,
as shown in Figure 3.
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6. Numerical Results and Simulations
6.1. The Simulation Results for the Constrained Motion in the Nominal System

The simulation of the system was undertaken using MATLAB programming with the
ode15s solver. The main parameters for a catamaran ship are shown in Table 1. In this
paper, we used the port stern corner of the ship to reference the origin point of the ECI
frame, as shown in Figure 4. Hence, the ship simulation begins with the initial conditions
x = 3.0950, y = 9, z = −1.33,φ = 0, θ = 0, and ψ = 0.

Table 1. The main parameters of catamaran ship model.

Parameter Units Value

Length of Hull m 18.00
Beam of Hull m 6.19

Maximum Depth m 3.24
Maximum Draught m 1.33

Volume Displacement m3 35.054
Weight kg 33,000.00

Block Coefficient - 0.640
Water Plane Area m2 49.24
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Figure 4. The reference point of the ship system in the top view.

The ship system can follow the constraints given by Equations (20) and (21) using the
control force described in Equation (34). The results of this process are shown in Figures 5–8.
Figure 5 shows the plot of the positions x and y in the ECI frame of the ship system in the
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X–Y plane. The ship system can be sailed according to the trajectory constraint proposed in
Equation (21).

Figures 6 and 7 show the plots of the constraint errors for the ship control for the
constraint Equations (20) and (21).

The plot in Figure 6 shows the error in the satisfaction of constraint Equation (20).
We can see that the error is very small, due to the capability of the control force from
Equation (34). In Figure 7, the error in the satisfaction of constraint Equation (21) shows
a small value, similar to that in Figure 6. Even though the initial conditions start with an
error, the trajectory stabilization (Equation (22)) can still make the system converge into the
constraint trajectory, with minimal error.

In Figure 8, the control forces are implemented for each of the generalized coordinates
of the ship’s dynamic motion. The ship system is subjected to control forces, to guarantee
that the system can follow the constraint Equations (20) and (21), respectively.
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6.2. The Simulation Results for the Constrained Motion in the Controlled System

When we used the control force Qc in the nominal system in order to control the ship
system, we observed that the ship could follow the constraint Equations (20) and (21).
The results of the nominal system are perfect in case of the system without uncertainties.
Next, we considered the ship system subjected to uncertainties that have arisen in the
system. Therefore, we considered uncertainties in the system by adding them to the mass
matrix and the force vector, in order to describe the actual system. The uncertainty in the
mass (δM) was assumed to be 20% of the nominal mass, and the uncertainty in the given
force vector (δQ) was assumed to be 30% of the nominal force. These uncertain forces
can arise from wind, currents, and other environmental disturbances that affect the actual
ship system. Under uncertain circumstances, the actual ship system is unable to follow the
constraint Equation (21) without uncertainty control, as seen in Figure 9.
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Figure 9. The ship tracking path for the constraint equation
(
φ2s = x2 − y = 0

)
in the actual system

without any additional control force.

Thus, we must take the additional control Qu from Equation (36) into account, to
compensate for these uncertainties. The results are given as follows.

The ship system begins with the initial conditions and all numerical sets, like the
nominal system. The simulation results of the controlled system have input parameter
values in the closed form of the equation of motion (Equation (44)) as follows: n = 6, k = 10,
σ = 1, β0 = k, Γ(t) = 0.035, αc = 2, α0 = 0.01, and, ε = 10−2. The results for this controlled
system are shown in Figures 10–14. The tracking result is the same as that given by the
nominal system.

Figure 10 shows the plot of the positions x and y in the ECI frame of the ship control
system. We can see that the ship system is able to return to the trajectory constraint
proposed in Equation (21), which is the same as the one shown in Figure 5, due to the
efficiency of the control force from Equation (36).

Figures 11 and 12 show the plots for the constraint errors that satisfy constraint
Equations (20) and (21), respectively.
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We can see in Figure 11 that in the controlled system, the constraint error for constraint
Equation (20) attempts to reach zero, which is due to the use of the additional control force
(Qu). For constraint Equation (21), the error in the controlled system also attempts to reach
zero, as shown in Figure 12. Although the initial conditions may start with an error, the
trajectory stabilization (Equation (22)) allows the system to minimize the constraint errors
of the constraint trajectory, in a similar way to that shown in Figure 7.

In Figure 13, the proposed control forces are applied to all generalized coordinates of
the ship’s dynamic motion in the controlled system to ensure the ship system is able to
follow our desired constraint equations.

Figure 14 shows the norms of the comparison of the nominal control force (Qc) and
the additional control force (Qu). The norm of the nominal system is shown with a red line
that describes the force generated from the use of the controller (Qc) for the ship system to
follow the constraint equations. Similarly, the norm of the controlled system is shown with
a green line, demonstrating the force generated from the power of the controller (Qu) to
compensate for the uncertainties in the actual system. All of these forces guarantee that the
ship system is able to follow the constraint equations with the proposed control forces.
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7. Conclusions

This paper presents a technique for controlling a dynamic ship system with rigid-body
motions. The technique was to apply the controller for the nominal constrained motion and
the controller for uncertainties arising in the ship system, in order to force the ship system
to obey the constraint equations and to compensate for uncertainties. In this work, the
constraint equations were the stabilizer with zero roll angles and the trajectory constraint
for the ship tracking path. The ship system could follow the constraint equations by using
the control force Qc from the three steps of the fundamental equation in the nominal
system. Then, the additional control force Qu was used to control the ship system based
on the uncertainties in the actual system. All of the methods were effective in satisfying
the conditions.
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