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Abstract: In this work, we develop a trajectory tracking control method for unmanned surface vessels
(USVs) based on real-time compensation for actual wave disturbances. Firstly, wave information
from the actual sea surface is extracted through stereoscopic visual observations, and data prepro-
cessing is performed using a task-driven point cloud downsampling network. We reconstruct the
phase-resolved wave field in real time. Subsequently, the wave disturbances are modeled mechani-
cally, and real-time wave disturbances are used as feedforward inputs. Furthermore, an adaptive
backstepping sliding mode control law based on command filters is designed to avoid differential
explosion and mitigate sliding mode chattering. An adaptive law is also designed to estimate and
compensate for other external disturbances and inversion error bounds that cannot be computed
in real time. Finally, the feasibility of the proposed control strategy is validated through stability
analysis and numerical simulation experiments.

Keywords: unmanned ship; trajectory tracking; perception-based control; sliding mode adaptive
control; wave inversion

1. Introduction

In recent years, unmanned surface vehicles (USVs) have become the focus of marine
research due to their important applications in areas such as marine scientific research,
environmental monitoring, and military missions [1–5]. The problem of path planning
and trajectory tracking control of USVs has been extensively studied due to its critical
role in these applications [6–8]. The nonlinear characteristics of USVs make the design
of control systems for regulation and tracking tasks extremely complex. Furthermore,
during actual navigation, USVs inevitably encounter external environmental disturbances
such as wind, waves, and currents [9,10]. Among these, waves, as a major external distur-
bance, significantly affect the control stability, navigation safety, and energy consumption
of USVs [11,12]. Due to the difficulty in real-time measurement and calculation of wave
disturbances, most researchers design control laws and conduct simulation studies under
the assumption that disturbances are the superposition of sine and cosine waves [13–16],
without considering the true spatiotemporal characteristics of the waves. However, our
recent research proposes a phase-resolved wave field reconstruction algorithm based on
task-driven downsampling, which effectively addresses this issue [17]. Therefore, in this
paper, we use real ocean waves as feedforward inputs and design an adaptive backstepping
sliding mode control law to solve the trajectory tracking control problem for a USV with
known wave compensation.

With a simplified model of waves, the control theory of USV has developed rapidly.
In the current research on path-following control of USVs, most articles focus on the supe-
riority of control algorithms, aiming to enhance system control performance. Techniques
such as sliding mode control, backstepping control, fault-tolerant control, neural network
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control, and their combinations have been widely applied in USV trajectory tracking con-
trol [18–21]. Liu et al. utilized the excellent nonlinear approximation capabilities of neural
networks (NN) to propose an adaptive fault-tolerant trajectory tracking control scheme,
which ensures that the TP-NR USV can quickly and accurately follow the desired trajectory
even in the event of propeller failure [22]. Zhang et al. proposed a neural networks (NNs)-
based prescribed performance control (NN PPC) strategy, achieving rapid and accurate
trajectory tracking within predefined settling times and steady-state errors [23]. Wang et
al. developed a reinforcement-learning-based optimal tracking control (RLOTC) scheme,
wherein the entire RLOTC scheme can converge the tracking error to an arbitrarily small
neighborhood of the origin [24].

Backstepping control, due to its avoidance of system linearization requirements, has
been widely applied in the trajectory tracking problem of USVs, which are inherently
nonlinear control systems. However, traditional backstepping control necessitates precise
knowledge of model-related parameters, which is often difficult to achieve [25]. Consider-
ing the robustness of the sliding mode method against uncertainties, integrating inverse
control with sliding mode can significantly expand its applicability. Liao et al. developed
an adaptive dynamic sliding mode controller based on backstepping and dynamic slid-
ing mode control theories. Their simulation results confirmed the controller’s robustness
and adaptability to system variations and disturbances [26]. Following this, Zhao et al.
introduced an adaptive technique based on backstepping sliding mode theory to com-
pensate for model uncertainties and time-varying disturbances, thereby enhancing the
robustness of underactuated USVs in unknown environments. Their approach demon-
strated excellent stability, achieving stable tracking performance even in the presence of
system parameter uncertainties and time-varying disturbances [27]. Li et al. employed an
improved line-of-sight (LOS) guidance algorithm to establish a path-following error model
in the Serret–Frenet (SF) coordinate system, which they combined with the backstepping
design principle and the sliding mode control method. Their controller showed significant
advantages in path tracking precision and was validated through numerical simulations
for its effectiveness and reliability [28]. Chen et al. proposed a USV backstepping sliding
mode control design method that enables fast and accurate tracking of set targets with
strong disturbance rejection capability under periodic disturbances [29]. Their strategy
is particularly effective in handling periodic disturbances but may require further opti-
mization to better manage non-periodic disturbances. Dong et al. introduced an integral
terminal sliding mode and backstepping-based adaptive control (ITSMIBAC) strategy for
trajectory tracking of USVs. This method not only ensured finite-time convergence but
also exhibited exceptional robust tracking performance in dealing with external distur-
bances and uncertainties in model parameters [30]. Dong et al.’s strategy especially showed
high efficiency and robustness in handling complex maritime environments. However,
to address the differential explosion problem caused by backstepping control [31] and the
chattering problem in sliding mode control [32], we designed an adaptive sliding mode
trajectory tracking control law combined with command filters and used a hyperbolic
tangent function to further mitigate the chattering.

However, despite these advancements in control algorithms, there remains a deficiency
in the current research regarding the consideration of realistic wave disturbances for USVs
under complex sea conditions. External environmental disturbances, particularly wave
disturbances, significantly impact vessels [33]. Most current studies neglect the authentic-
ity of these disturbances, designing control laws and conducting simulations under the
assumption that disturbances are a superposition of sine and cosine waves [13,14,16,34].
In actual marine navigation, however, wave disturbances are highly complex, exhibiting
strong randomness and time variance, significantly affecting the vessels. Therefore, the abil-
ity to estimate and handle these disturbances more reasonably and effectively is crucial for
enhancing the practicality of USV control and the robustness of control systems.

Currently, a common approach to dealing with perturbations is to use a perturbation
observer to estimate the perturbation in real time and compensate for the estimate in the



J. Mar. Sci. Eng. 2024, 12, 1278 3 of 20

control system. Chen et al. proposed a sliding mode control design based on a disturbance
observer, which estimates and compensates for modeling uncertainties and external dis-
turbances to achieve good tracking performance [35]. Wang et al. designed a finite-time
disturbance observer (FDO) that can accurately observe unknown external disturbances,
thereby achieving a surge and heading robust tracking controller based on FDO with high
tracking accuracy and disturbance rejection capability [36]. Huang et al. incorporated
a novel adaptive finite-time disturbance observer (AFTDO) into their proposed control
strategy, enhancing its robustness to environmental disturbances [37]. Zhang et al. de-
veloped an adaptive sliding mode control design based on a radial basis function neural
network (RBFNN) and a disturbance observer, which features fast response, good transient
performance, and robustness [38]. Feng et al. combined a model predictive controller
(MPC) based on a nominal USV model with a nonlinear disturbance observer (NDO) to
estimate and compensate for external disturbances, achieving effective results with the pro-
posed control strategy [39]. However, under complex sea conditions, disturbance observers
often fail to accurately estimate the current complex disturbances, resulting in suboptimal
ship control performance. Real-time acquisition of wave disturbance information and its
integration into the control system could achieve superior control outcomes.

A path-following control method for unmanned surface vehicles (USVs) based on
wave inversion disturbance compensation has been proposed to replace traditional distur-
bance observers [40,41]. This method involves inverting wave spectra from vessel motion
responses to obtain real-time wave information under current operating conditions and
compensating for it in the USV control system. It has been shown to achieve better control
performance. However, this algorithm is relatively complex, requiring the acquisition of
wave spectra in the frequency domain followed by the calculation of wave information in
the time domain for wave force modeling. Therefore, if time-domain wave information
could be directly obtained, the computational burden would be reduced. The detailed
introduction of the phase-resolved wave field reconstruction method implemented by
the task-driven downsampling network, which acquires time domain wave information
satisfying the control input requirements, is presented in Appendix A. Based on the above
content, we propose an adaptive backstepping sliding mode control law with command
filters under real-time wave disturbance compensation in the time domain. The structure
of this paper is arranged as follows: In Section 2, we establish the model and propose the
assumptions. In Section 3, we design the control law and perform the stability analysis. In
Section 4, we conduct the simulation study and analyze the results. Finally, in Section 5, we
present the conclusions.

2. Model and Preliminaries
2.1. Problem Description and Ship Dynamics

The actual motion of a USV is complex and typically involves six degrees of freedom.
However, for the trajectory tracking problem, we focus only on three degrees of freedom:
surge, sway, and yaw [42]. To better describe the motion of the USV, we introduce the Earth
coordinate system O − X0Y0Z0 and the vessel coordinate system A − XYZ, as illustrated in
Figure 1. The actual motion of an unmanned surface vehicle (USV) is inherently complex
and typically involves six degrees of freedom: surge, sway, heave, roll, pitch, and yaw.
However, for the trajectory tracking problem, it is often sufficient to consider only the
translational movements in the horizontal plane and the rotational movement around the
vertical axis, specifically focusing on three degrees of freedom: surge, sway, and yaw [42].
This simplification allows for a more targeted analysis and control strategy that addresses
the primary dynamics affecting the USV’s trajectory.

To facilitate a clear understanding of these dynamics, we introduce two coordinate
systems that are pivotal in describing the USV’s motion:

• Earth-fixed coordinate system O − X0Y0Z0: This is a global reference frame where the
OX0 axis points east, OY0 points north, and OZ0 extends vertically upward, forming
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a right-handed Cartesian coordinate system. This system is crucial for defining the
USV’s position and navigation relative to the Earth.

• Body-fixed coordinate system A − XYZ: This is attached directly to the USV with its
origin at the vessel’s center of gravity. The AX axis is aligned with the forward direc-
tion of the vessel, AY extends to the starboard side (right), and AZ points downwards,
completing the right-handed system. This coordinate system is essential for analyzing
movements and forces that act directly on the vessel.

These coordinate systems are illustrated in Figure 1, which provides a visual represen-
tation of how the USV’s motion is decomposed into components that are easier to manage
and control. Understanding this decomposition is crucial for developing effective trajectory
tracking algorithms.
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Figure 1. The earth-fixed inertial frame and the body-fixed frame: (a) three-dimensional schematic,
and (b) planar schematic.

Based on Fossen’s fully actuated USV model, the nonlinear kinematic and dynamic
equations of a three-degree-of-freedom fully actuated USV with known wave disturbances
are expressed as follows [42]:

η̇ = J(ψ)v, (1)

Mv̇ + C(v)v + Dv = τ + dw + d, (2)

where τ = [τ1, τ2, τ3]
T is a control vector, which encompasses the surge force τ1, sway force

τ2, and yaw torque τ3 inputs to the USV’s propulsion control system. Additionally, we in-
troduce the external environmental interference vector d = [d1, d2, d3]

T , which includes the
surge disturbance force d1, the longitudinal disturbance force d2, and the yaw disturbance
torque d3. These disturbances arise from winds, currents, and wave inversion errors in the
body-fixed frame and are challenging to calculate directly. The wave disturbance vector
dw = [dw1, dw2, dw3]

T is derived from the wave interference force model (11). The trans-
formation matrix of the coordinate system is denoted by J(ψ), while M represents the
matrix composed of the USV’s mass inertia and the added inertia due to hydrodynamic
forces. The Coriolis matrix is represented by C(v), and D denotes the matrix of linear
hydrodynamic damping parameters. The specific expressions for J(ψ), M, C(v), and D
are provided as follows:

J(ψ) =

 cos ψ − sin ψ 0
sin ψ cos ψ 0

0 0 1

, J−1(ψ) = JT(ψ), ∥J(ψ)∥ = 1, (3)

M =

m − Xu̇ 0 0
0 m − Yv̇ mxg − Yṙ
0 mxg − Nv̇ Iz − Nṙ

 =

m11 0 0
0 m22 m23
0 m32 m33

, (4)
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C(υ) =

 0 0 −m22ν − m23r
0 0 m11u

m22ν + m23r −m11u 0

, (5)

D = −

Xu 0 0
0 Yv Yr
0 Nv Nr

 =

d11 0 0
0 d22 d23
0 d32 d33

, (6)

The dynamics of a ship are characterized by parameters such as its mass m and its
moment of inertia Iz. Additionally, the vector ηg = [xg, yg, zg]T describes the position of
the ship’s center of gravity relative to the origin of the USV’s coordinate system, with xg
being the projection along the X-axis. Hydrodynamic derivatives are represented by terms
like Xu̇. The model is developed under specific assumptions:

Assumption 1: The center of gravity of the USV aligns with the body-fixed frame origin (xg =
yg = zg = 0), and the vessel exhibits bilateral symmetry, implying that Yṙ = Nv̇ = 0. Hence,
the mass matrix M is diagonal.

Assumption 2: The USV’s designated path ηd is continuously differentiable and confined within
bounds. It possesses derivatives up to the second order, η̇d and η̈d, both of which are also bounded.

Assumption 3: The wave disturbances are known and measurable. Other external environmental
disturbances experienced by the USV are unknown but bounded, with a bounded rate of change,
specifically expressed as ∥ ḋ(t) ∥⩽ Cd < ∞.

Based on this model, we will design the trajectory tracking control law τ in the
subsequent section, ensuring that the USV follows the desired trajectory and that all signals
of the closed-loop system remain ultimately bounded.

2.2. Encounter Aangle and Encounter Frequency

As an unmanned surface vehicle (USV) traverses oceanic waters, the frequency it
perceives is influenced by dynamic interactions with the ocean waves, rather than solely
by the inherent frequency of these waves. This altered frequency, termed the encounter
frequency, is affected by the USV’s speed and its directional orientation relative to the
incoming waves, as established in [43]. The mathematical relationship is depicted by:

ωe = ω0 − U ·
ω2

0
g

· cos χ, (7)

where ωe denotes the encounter frequency, U is the USV’s velocity, and χ represents the
encounter angle—the angle between the wave’s approach and the USV’s heading. This
angle, critical in defining the interaction between the USV and the waves, varies from 0 to
2π and is calculated as:

χ = π − (αwave − ψ), (8)

where αwave is the angle of wave direction, and ψ is the heading angle of the USV.
The orientation of the USV relative to the waves can be classified into five distinctive

categories based on the encounter angle. A following sea occurs when the wave direction is
within 10° to 15° off either the port or starboard side of the USV. When the wave direction
is between 15° and 75° off these sides, it is referred to as a bow oblique wave. A beam
wave, causing primarily rolling and lateral movements, is defined for waves approaching
from 75° to 105° off either side. The quartering sea, involving directions between 105° and
165°, and the head sea, occurring from 165° to 180° on either side, predominantly lead to
pitching and heaving motions of the USV.

2.3. Interference Force Model

Given that the USV’s speed, heading, positional relationship, and angle of incidence
with the waves are variables in continuous flux, it is imperative to account for both the
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intrinsic characteristics of the waves and the USV’s dynamic state. This consideration leads
to the establishment of the following interference force model [44]:

τwave =

 ∑N
i=1 ρgBmLTm cos(ψα)si(t)

∑N
i=1 −ρgBmLTm sin(ψα)si(t)

∑N
i=1

1
24 ρgBmL(L2 − B2) sin(2ψα)s2

i (t)

, (9)

where ρ is the density of seawater, while L, Bm, and Tm are parameters of the USV, rep-
resenting its length, beam, and draft, respectively. The encounter angle is denoted by
ψα, and si(t) represents the instantaneous displacement of the vessel due to ocean waves.
Considering that the energy of ocean waves is predominantly manifested in low-order
waves, we define si(t) as follows:

si(t) = Ai
2π

λi
sin(ωeit + ϕi). (10)

Here, Ai is the amplitude of the i-th wave, representing the maximum height of the
wave. λi is the wavelength of the i-th wave. ωei is the encounter frequency of the i-th wave,
indicating the frequency at which the USV encounters the wave. ϕi is the initial phase of
the i-th wave.

Therefore, the interference form of the wave disturbance dw = [du, dv, dr] is defined as:
du = ∑N

i=1 ρgBmLTm cos(ψα)si(t)
dv = ∑N

i=1 −ρgBmLTm sin(ψα)si(t)
dr = ∑N

i=1
1

24 ρgBmL(L2 − B2) sin(2ψα)s2
i (t)

(11)

The above interference model is able to realistically describe the effects of waves on USV.

3. Trajectory Tracking Control System

In this section, we design an adaptive backstepping sliding mode control law based
on the backstepping method. This approach combines command filters and known wave
disturbances as feedforward inputs to the controller to address the trajectory tracking con-
trol problem of a USV with known wave compensation. We design nonlinear disturbance
observers to estimate the computational errors of external environmental disturbances
and wave disturbances caused by wind and water currents, and subsequently compensate
for these disturbances in the controller. Additionally, we design a parametric adaptive
law to estimate the bounds of the disturbance observation error and combine it with the
hyperbolic tangent function to further attenuate jitter. We then analyze the stability of the
trajectory tracking closed-loop control system. Figure 2 presents the complete control block
diagram of the system. In this case, the wave perturbations are obtained by a non-contact
wave observation–wave inversion algorithm and fed forward to the controller, and the non-
linear perturbation observer observes the inclusion of inversion errors and other external
perturbations caused by waves, currents, and so on.

Reference 

trajectory

Output:

x, y, φ, u, v, r

Command Filter 

Adaptive sliding 

mode controller

Vessel model

dw

Wave disturbance

Other external 

disturbance 

observer

Wave inversion

d̂

state: u, v, r

τ

Figure 2. Trajectory tracking control diagram of USV.
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3.1. Design of the Nonlinear Disturbance Observer

A nonlinear disturbance observer is constructed based on vessel dynamics (2) as follows:

d̂ = β + K0Mυ, (12)

β̇ = −K0β − K0(−C(v)v − Dv + τ + K0Mv), (13)

where d̂ = [d̂1 d̂2 d̂3]
T ∈ R3 represents the vector of perturbation estimates output by the

observer. K0 ∈ R3×3 is a designed diagonal matrix with positive definite parameters, and β
is an intermediate auxiliary state vector.

To demonstrate the effectiveness of the designed perturbation observer, the perturba-
tion observation error vector is defined as follows:

d̃ = d − d̂. (14)

By taking the time derivative of Equation (12), and substituting Equations (2), (13)
and (14), we obtain:

˙̂ḋ̂ḋ̂d = β̇ + K0Mv̇

= −K0β − K0(−C(v)v − Dv + τ + K0Mv) + K0(−C(v)v − Dv + τ + d)

= K0(d − (β + K0Mv)) = K0d̃.

(15)

By taking the time derivative of Equation (14) and substituting Equation (15), we obtain:
˙̃ḋ̃ḋ̃d = ḋ − ˙̂ḋ̂ḋ̂d = ḋ − K0d̃. (16)

The Lyapunov function of the perturbed observer is defined as follows:

Vd =
1
2

d̃Td̃. (17)

By taking the time derivative of Equation (17) and substituting it into Equation (16),
we obtain:

V̇d = d̃T ˙̃ḋ̃ḋ̃d = −d̃TK0d̃ + d̃Tḋ. (18)

Based on Young’s inequality and considering Assumption 3, we can obtain:

d̃Tḋ ⩽ a1d̃Td̃ +
C2

d
4a1

, (19)

where a1 is a constant. Thus, we can rewrite Equation (18) as:

V̇d ⩽ −d̃TK0d̃ + a1d̃Td̃ +
C2

d
4a1

⩽ −2(λmin(K0)− a1)Vd +
C2

d
4a1

⩽ −µ0Vd + C0. (20)

In this context, when the external disturbance is an unknown constant vector, the bound
of the disturbance rate of change is Cd = 0. Consequently, it can be inferred that the obser-
vation error d̃ of the disturbance observer converges to 0.

µ0 = 2(λmin(K0)− a1) > 0 and C0 =
C2

d
4a1

> 0. (21)

Solving the inequality (20), we obtain:

0 ⩽ Vd ⩽
C0

µ0
+

(
Vd(0)−

C0

µ0

)
e−µ0t, (22)

where Vd will ultimately be bounded and will converge within a spherical region centered

at the origin with radius RVd = C0
µ0

=
C2

d
8a1(λmin(K0)−a1)

. Additionally, from Equation (14),

we know that d̃ will converge within a spherical region centered at the origin with radius

Rd̃ =
√

2C0
µ0

= Cd√
4a1(λmin(K0)−a1)

.
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Under the condition specified in Equation (18), by appropriately choosing the parame-
ters K0 and a1, Rd̃ can be made arbitrarily small. This implies that the disturbance observer
can estimate external disturbances and measurement errors with arbitrary precision.

3.2. Design of Command Filter Adaptive Sliding Model Controller

Define the position tracking error vector z1 ∈ R3:

z1 = η− ηd, (23)

where ηd = [xd, yd, ψd]
T is a vector consisting of the desired position and the yaw angle,

and η is the vector of the system’s position output. The system will track the desired
position ηd if z1 = 0.

Define the velocity error vector z2 ∈ R3:

z2 = v − α. (24)

From Equation (2), we get:

Mż2 = −C(v)v − Dv + τ + d + dw − Mα̇. (25)

By taking the time derivative of z1 and using Equation (1), we obtain:

ż1 = J(ψ)v − η̇d. (26)

Design the virtual control vector α for v:

α = J−1(ψ)(−K1z1 + η̇d), (27)

where K1 ∈ R3×3 is a positive definite parameter diagonal matrix of the design.
Let the virtual control α pass through the following command filter:{

v̇d = ϖvd1

v̇d1 = −2ιϖvd1 − ϖ(vd − α)
, (28)

where vd ∈ R3 is the filtered virtual control vector, vd1 ∈ R3 is the state vector of the
command filter, and ϖ > 0 and ι ∈

(
0, 1
]

are design parameters of the command filter.
The initial conditions are vd(0) = α(0), vd1(0) = 0.

The introduction of the command filter makes the system have a filtering error
vector y ∈ R3,

y = vd − α. (29)

To eliminate the filtering error y, We introduce the compensated state vector, whose
dynamic equations are designed as:

ξ̇ = −K1ξ + J(ψ)y, (30)

where ξ ∈ R3 is the compensated state vector with the initial condition ξ(0) = 0.
From Equations (14), (15), and (17), we obtain:

ż1 = −k1z1 + J(ψ)z2 + J(ψ)y. (31)

Define the compensated tracking error vector ν1 ∈ R3 as:

ν1 = z1 − ξ. (32)

From Equations (18) and (19), we can obtain the time derivative of ν1:

ν̇1 = −k1ν1 + J(ψ)z2. (33)

Since the wind and current perturbations and the wave perturbation calculation errors
are unknown, the design control law to enhance the robustness of the system against
external disturbances by combining the sliding mode design method is as follows:

τ = C(v)v + Dv − Sgn(z2)d∗ − dw + Mv̇d − K2z2 − JT(ψ)ν1, (34)
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where z2 is designed as the sliding manifold, C(v)v + Dv is the equivalent control in-
put, and Sgn(z2)d∗ is the switching control input. Sgn(z2) = diag(sgn(z2,1), sgn(z2,2),
sgn(z2,3) ∈ R3, z2,i is the i-th component of z2, i = 1, 2, 3; d∗ is the upper bound vector
for the unknown external perturbation d; K2 ∈ R3×3 is the designed diagonal matrix of
positive definite parameters; and JT(ψ)ν1 is used to eliminate the coupling term.

To avoid the sliding mode chattering problem, the disturbance is estimated using the
disturbance observer designed above, and the modified control law is:

τ = C(v)v + Dv − d̂ − dw + Mv̇d − K2z2 − JT(ψ)ν1. (35)

The adaptive law is introduced to estimate the bounds of the perturbation observation
error, and combined with the hyperbolic tangent function to further mitigate the sliding
mode chattering in order to improve control accuracy. The optimized control law is:

τ = C(v)v + Dv − d̂ − dw − Ξ(z2)δ̂ + Mv̇d − K2z2 − JT(ψ)ν1, (36)

where Ξ(z2) = diag(tanh(z2,1/ε1), tanh(z2,2/ε2), tanh(z2,3/ε3)) ∈ R3; δ̂ = [δ̂1δ̂2δ̂3]
T ∈ R3

is a vector consisting of estimates of the upper bound δ of the unknown uncertainty term,
and again the upper bound of the perturbation observation error d̃.

We design the adaptive law with a modified leakage term with σ− to estimate bound-
ing vector δ of the perturbation observation error:

˙̂δ̇̂δ̇̂δ = Γ(Ξ(z2)z2 − Λ(δ̂ − δ0)), (37)

where Γ = diag(γ1, γ2, γ3) ∈ R3×3 is the designed positive definite parameter diagonal
matrix; Λ = diag(σ1, σ2, σ3) ∈ R3×3 is the positive definite parameter diagonal matrix of
the design, which is set to a very small value that guarantees δ̂ does not grow to infinity;
and δ0 = [δ0

1 , δ0
2 , δ0

3 ]
T ∈ R3 is the prior estimate of δ̂i, i = 1, 2, 3.

Theorem 1. Consider the three-degree-of-freedom, fully driven ship engaged in trajectory-tracking,
governed by the nonlinear kinematics and dynamics Equations (1) under Assumptions 1, 2, and 3.
The design incorporates a nonlinear perturbation observer as per Equations (12) and (13) to es-
timate external environmental disturbances. Additionally, a command filter is formulated using
Equation (28) to prevent derivative explosions, and a σ-corrected leakage term in the adaptive law,
based on Equation (37), helps estimate the bounds of perturbation observation errors. The control
strategy, detailed in Equation (36), utilizes design parameters K0, K1, K2, Λ, Γ, εi, and δ0

i as specified
in Equation (47). This design ensures the surface ship’s actual trajectory η closely follows the desired
trajectory ηd, achieving minimal tracking errors. Moreover, it guarantees that all signals within the
closed-loop control system for trajectory tracking remain ultimately uniformly bounded (UUB).

3.3. Stability Proof

Selection of the Lyapunov function for the three-degree-of-freedom fully driven trajec-
tory tracking vessel control system:

V =
1
2

vT
1 v1 +

1
2

zT
2 Mz2 +

1
2

δ̃TΓ−1δ̃ +
1
2

d̃Td̃, (38)

where δ̃ = δ̂ − δ is the adaptive law to estimate the error vector, and by taking the time
derivative of Equation (28), we can obtain:

V̇ = vT
1 v̇1 + zT

2 Mż2 + δ̃TΓ−1 ˙̃δ̇̃δ̇̃δ + d̃T ˙̃ḋ̃ḋ̃d. (39)

From Equations (25), (32) and (36), we can obtain:
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vT
1 v̇1 + zT

2 Mż2 = vT
1 (−k1ν1 + J(ψ)z2) + zT

2 (−C(v)v − Dv + τ + d + dw − Mα̇1)

= −vT
1 K1v1 + vT

1 J(ψ)z2 + zT
2 (−C(v)v − Dv + C(v)v + Dv

− d̂ − dw − Ξ(z2)δ̂ + Mv̇d − K2z2 − JT(ψ)ν1 + d + dw − Mα̇1)

= −vT
1 K1v1 + vT

1 J(ψ)z2 + zT
2 (d̃ − Ξ(z2)δ̂ − K2z2 − JT(ψ)ν1)

. (40)

According to the property J−1(ψ) = JT(ψ), ∥J(ψ)∥ = 1 of the coordinate system
transformation matrix J, we can obtain:

vT
1 v̇1 + zT

2 Mż2 = −vT
1 K1v1 − zT

2 K2z2 + zT
2 d̃ − zT

2 Ξ(z2)δ̂ . (41)

From Equation (37), we obtain:

δ̃TΓ−1 ˙̂δ̇̂δ̇̂δ = δ̃TΓ−1Γ(Ξ(z2)z2 − A(δ̂ − δ0))

= zT
2 Ξ(z2)δ̃ − (δ̂ − δ)T A(δ̂ − δ0)

. (42)

Combining Equations (41) and (42), we obtain:

vT
1 v̇1 + zT

2 Mż2 + δ̃TΓ−1 ˙̂δ̇̂δ̇̂δ = −vT
1 K1v1 − zT

2 K2z2

+ zT
2 d̃ − zT

2 Ξ(z2)δ̂ + zT
2 Ξ(z2)δ̃ − (δ̂ − δ)T A(δ̂ − δ0)

. (43)

By the properties of the hyperbolic tangent function, for ε > 0, a ∈ R, there is
0 ⩽| a | −a tanh(a | ε) ⩽ 0.2785ε established, and z2i d̃i ⩽| z2i | · | d̃i |⩽| z2i | δi, so we can
obtain:

−zT
2 Ξ(z2)δ̂ + zT

2 d̃ + zT
2 Ξ(z2)δ̃ = zT

2 d̃ − zT
2 Ξ(z2)δ ⩽ 0.2785pTδ, (44)

where p = [ε1 ε2 ε3 ]
T. According to the definition δ̃ = δ̂ − δ0 and the Cauchy–Schwartz

inequality xT Ay ≤ 1
2 xT Ax + 1

2 yT Ay , we get the transformed form:

−(δ̂ − δ)TΛ(δ̂ − δ0) = −1
2

δ̃TΛδ̃ − 1
2
(δ̂ − δ0)TΛ(δ̂ − δ0) +

1
2
(δ − δ0)TΛ(δ − δ0)

⩽ −1
2

δ̃TΛδ̃ +
1
2
(δ − δ0)TΛ(δ − δ0)

. (45)

Combining Equations (20) and (43)–(45), we obtain:

V̇ ⩽ −νT
1 K1ν1 − zT

2 K2z2 + 0.2785pTδ − 1
2

δ̃TΛδ̃

+
1
2
(δ − δ0)TΛ(δ − δ0)− d̃TK0d̃ + a1d̃Td̃ +

C2
d

4a1

⩽ −λmin(K1)ν
T
1 ν1 − λmin(K2)zT

2 z2 −
1
2

λmin(ΛΓ)
1
2

δ̃TΓ−1δ̃

− (λmin(K0)− a1)d̃Td̃ + 0.2785pTδ +
1
2
(δ − δ0)TΛ(δ − δ0) +

C2
d

4a1

⩽ −µV + C

, (46)

where
µ = min(βν1 , βz2 , βδ̃, βd̃) ≥ 0, (47)

C = 0.2785pTδ +
1
2
(δ − δ0)TΛ(δ − δ0) +

C2
d

4a1
, (48)

and βν1 = −λmin(K1), βz2 = 2λmin(K2)
λmax(M)

, βδ̃ = λmin(ΛΓ), βd̃ = 2(λmin(K0)− a1), and λmin(·)
is the smallest eigenvalue of the matrix, while λmax(·) is the largest eigenvalue of the matrix.

Solving Equation (46), we have:

0 ⩽ V(t) ⩽
C
µ
+

(
V(0)− C

µ

)
e−µt. (49)
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From Equation (49), it is established that V(t) is ultimately uniformly bounded (UUB).
Consequently, as indicated by Equation (38), the variables ν1, z2, δ̃, and d̃ are also UUB.
Additionally, the bounded nature of z1, νd, and νd1 is confirmed. The boundedness of z1,
as deduced from Equation (32), ensures that ξ is similarly constrained. Correspondingly,
from Equation (27) and the limits placed on z1, the virtual control function α is confirmed
to be bounded. Given that ηd and z1 are bounded, it follows that η is also bounded.
The boundedness of d implies that the estimated d̃ remains within the defined limits.
Therefore, δ is likewise bounded. With νd and α being bounded, it follows that y, too, is
bounded. Therefore, all signals within the trajectory tracking closed-loop control system
are confirmed to be ultimately uniformly bounded.

Due to the boundedness of y, that is ∥y∥ ≤ y with y being a positive constant, the
Lyapunov function is defined as follows:

Vξ =
1
2

ξTξ. (50)

According to Equation (30) and Young’s inequality, we obtain:

V̇ξ ≤ −2µξVξ + Cξ , (51)

where µξ = λmin(K1) and Cξ = 1
2∥ξ∥2 + 1

2 y2.

Solving Equation (51), we obtain:

0 ≤ Vξ ≤
Cξ

2µξ
+

(
Vξ(0)−

Cξ

2µξ

)
e−2µξ t. (52)

Combining Equations (50) and (52), we have:

∥ξ∥ ≤
√

Cξ

µξ
+ 2
(

Vξ(0)−
Cξ

2µξ

)
e−µξ t. (53)

By using Equations (32) and (53) and the triangle inequality, we get:

∥z1∥ ≤ ∥ν1∥+ ∥ξ∥ ≤

√√√√C
µ
+

(
V(0)− C

µ

)
e−µt +

√
Cξ

µξ
+ 2
(

Vξ(0)−
Cξ

2µξ

)
e−µξ t. (54)

Then, there is a constant Tz1 such that, for any positive constant ζe >
√

C/µ +√
Cξ /µξ , we have ∥z1∥ ≤ ζe for all t > Tz1 . Therefore, the tracking error z1 converges to

a compact set Ωe =
{

z1 ∈ R3 | ∥z1∥ ≤ ζe, ζe >
√

C/µ +
√

Cξ /µξ

}
. Thus, we can prove

Theorem 1.

4. Simulation and Result Analysis

In order to demonstrate the effectiveness of our designed control strategy, we use a
supply vessel as an experimental object, and the relevant parameters of the vessel are as
follows [45]: the length of the vessel L is 76.2 m, the breadth Bm is 20 m, and the draft is
5 m. The relevant parameters of the vessel model are as follows:

M = 106 ×

5.3122 0 0
0 8.2831 0
0 0 3745.4

, C(υ) = 106 ×

 0 0 8.2831ν
0 0 5.3122u

8.2831ν −5.3122u 0


D = 104 ×

5.0242 0 0
0 27.299 −439.33
0 −439.33 41894


. (55)
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The total disturbances are divided into two parts: wave force disturbances and other
external environmental disturbances that are difficult to compute directly. Next, we will
introduce the simulation parameters for these disturbances.

The parameters related to wave force disturbances are set as follows: the speed of
the USV, U, is assumed to be 10 m/s; the heading angle ψ is set to 30 degrees; the wave
direction angle αwave is set to 45 degrees; and the density of seawater ρ is 1025 kg/m3. The
simulation results are shown in Figure 3, where Figure 3a demonstrates the time course
profile of the wave force in the u-direction and Figure 3b demonstrates the time course
profile of the wave moment in the r-direction.
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(a) (b)

Figure 3. Wave disturbance interference force: (a) is the interference force in the u-direction, and
(b) is the disturbance torque in the r-direction

Other external environmental perturbations are considered as the sum of wave inversion
errors and wind, currents, and other external environmental perturbations that are difficult to
calculate directly. For the former, the inversion error is considered to be 10%, and the latter is
described by a first-order Markov process of the following form and parameter settings:{

d = JT(ψ)b + 0.1dw

ḃ = −T−1
c b + ρn

(56)

where b ∈ R3 represents the external environmental disturbances experienced by the ship
in the inertial coordinate system, where dw is the wave-induced disturbance and 0.1dw is
the error term from wave inversion; Tc = diag(103, 103, 103) is the designed time constant
diagonal matrix; n ∈ R3 is the zero-mean Gaussian noise vector; and ρ = 104 ×diag(5, 5, 50)
is the covariance matrix of n.

The circle trajectory that is expected to be tracked is set as xd = 500 sin(0.02t + π/4),
yd = 500[1 − cos(0.02t + π/4)], ψd = 0.01t, the initial position and velocity information of
the ship are [x(0), y(0), ψ(0), u(0), v(0), r(0)]T = [100 m, 400 m, π/4 rad, 0, 0, 0 rad/s]T, and the
initial state information of the disturbance observer is b(0) = [0, 0, 0]T. The controller parameters
are K0 = diag(2, 2, 2), K1 = 0.08 × diag(1, 1, 1), K2 = 103 × diag(1, 103, 106a), Λ = 10−9 ×
diag(1, 1, 103), Γ = 107 × diag(2, 2, 2 × 102), ϵ1 = ϵ2 = 0.025, ϵ3 = 0.0001, and δ0

1 = δ0
2 =

δ0
3 = 0.1, and the filter time constant is T = 0.3. Thus, when a1∼a3 satisfy 0 < a1 < 2,

0 < a2 < 10/3− 1/(4a3), 0 < a3 < 0.08 , the condition (47) holds.
Figures 4–10 show the simulation results of the path-following model of this fully-

driven supply vessel under the unmanned vessel path-following control strategy designed
in Section 3. Figure 4 shows a comparison of (a) the straight line trajectory and (b) the
circle trajectory tracking simulation curves before and after wave compensation. The re-
sults indicate that after wave compensation, both these two trajectories are tracked more
quickly and with higher accuracy compared to before wave compensation. Figure 5
presents the time history curves and tracking errors for the vessel’s expected position, ex-
pected yaw angle, and actual position and yaw angle within the inertial coordinate system.
The figure demonstrates that the spacecraft successfully tracks the desired trajectory within
approximately 40 s, with the tracking errors in all three degrees of freedom ultimately
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converging to zero. Figure 6 illustrates the tracking performance of a circle trajectory.
We also add the proportional-integral-derivative (PID) controller as a comparison, where
our method has a better performance than PID controller during the whole controlling
process obviously. The vertical coordinate, denoted as effect, is computed using the formula√

(x − X)2 + (y − Y)2 + (ψ − 0.01 · t)2, where X and Y represent the reference trajectory
coordinates, x and y denote the actual trajectory coordinates, ψ signifies the actual direction,
and t indicates time. This formula measures the Euclidean distance error between the actual
and reference trajectories, encompassing both positional and directional discrepancies.
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Figure 4. Effect of trajectory tracking control with and without wave compensation for (a) straight
line trajectory and (b) circle trajectory.
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Figure 5. Effectiveness and error of trajectory tracking. Subfigures (a1), (b1), and (c1) illustrate the
tracking effectiveness in the x, y, and ψ directions, respectively. Subfigures (a2), (b2), and (c2) show
the corresponding tracking errors in the x, y, and ψ directions.
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Figure 6. A comparison for tracking performance of circle trajectory between the present method and
the PID method.
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Figure 7 displays the time history curves of the vessel’s actual surge velocity u, sway veloc-
ity v, and yaw rate r in the presence of additional external environmental perturbations d and
actual wave disturbances dw. Figure 8 shows the time history curves of external environmental
perturbations d affecting the vessel and the corresponding perturbations d̂ estimated by the
perturbation observer. The results indicate that the designed perturbation observer effectively
estimates external environmental perturbations that are challenging to measure directly.
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Figure 7. Actual speed of unmanned vessels. Subfigure (a) shows the actual surge velocity u in the x
direction. Subfigure (b) illustrates the sway velocity v in the y direction. Subfigure (c) displays the
yaw rate r in the ψ direction.
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Figure 8. Other external disturbances and observer estimates. Subfigure (a) corresponds to the x
direction, (b) to the y direction, and (c) to the ψ direction.

Figure 9 illustrates the observation error and the upper bound of the perturbation
observer. It is evident that the adaptive rate parameter, based on the σ-corrected leakage
term, is appropriately selected, allowing for a more precise estimation of the perturbation
observation error bound.

Figure 10 depicts the controller output time history curve, showing that the overall
controller output remains smooth and reasonable after the perturbation observer com-
pensates for perturbations and the adaptive law, combined with the hyperbolic tangent
function, mitigates the perturbation observation error. It can be observed that the addition
of wave feedforward compensation further reduces controller output jitter, highlighting
the efficacy of wave feedforward compensation in diminishing jitter phenomena.
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Figure 9. Observation error and upper bound estimation for observers. Subfigure (a) shows the x
direction, (b) the y direction, and (c) the ψ direction.
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Figure 10. Controller output before and after compensation. Subfigures (a1), (b1), and (c1) show the
control outputs in the x, y, and ψ directions without wave compensation, respectively. Subfigures
(a2), (b2), and (c2) show the control outputs in the x, y, and ψ directions with wave compensa-
tion, respectively.

5. Conclusions

This paper investigates the trajectory tracking control problem of USVs based on
real-time wave disturbance compensation. Firstly, based on previous work, wave infor-
mation from the actual sea surface is extracted through stereoscopic visual observations,
and data preprocessing is performed using a task-driven point cloud downsampling net-
work. Then, the phase-resolved wave field is reconstructed in real time. Subsequently,
the wave disturbances are mechanically modeled, and real-time wave disturbances are used
as feedforward inputs. Furthermore, a backstepping sliding mode control law is designed.
This control law employs command filters to avoid the differential explosion problem
and uses a hyperbolic tangent function to mitigate sliding mode chattering. An adaptive
law is also designed to estimate and compensate for other external disturbances and the
upper bounds of inversion errors that cannot be computed in real time. Simulation results
show that, with appropriate control parameter selection, the proposed control strategy
has good trajectory tracking performance, and the controller output is relatively smooth,
demonstrating the effectiveness of the proposed control strategy.

This method directly acquires real wave disturbance data from the time domain,
bringing potential advancements to the field of wave-aware control. Future research
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could further explore multi-sensor fusion technologies and perception-based advanced
control algorithms to promote intelligent development in marine engineering. Additionally,
incorporating machine learning and artificial intelligence technologies to optimize the
adaptive capabilities and real-time performance of control strategies will provide new
solutions for the applications of USVs and other autonomous maritime equipment.
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Appendix A

Phase-Resolved Wave Fields Reconstruction by Task-Driven Learning Downsampling Network

The aim of this study is to select an optimal subset R∗ ∈ Rm×3 from the compre-
hensive point cloud P ∈ Rn×3. This selection is critical for improving the efficacy of
subsequent wave reconstruction tasks denoted by T. The selection process is formulated as
an optimization challenge:

R∗ = argmin
R

F (T(R)), where R ⊆ P and m ≤ n, (A1)

with R ∈ Rm×3 indicative of the point cloud’s variability during training phases. To tackle
this optimization, a streamlined network approach utilizing multilayer perceptrons (MLP)
is implemented. The task-specific loss Ltask aims to reduce the reconstruction error as
defined by: Ltask = 1 − CR, (A2)

where CR stands for the completeness ratio, which assesses the fidelity of the 3D wave
reconstruction. This metric is calculated by:

CR =
Nc

N
, where Nc = ∑(∆z ≤ δ), (A3)

and N denotes the total count of points in the processed point cloud, with Nc being
contingent upon ∆z. For each corresponding point, the residual’s absolute magnitude is:

∆z = |zt − zr|, (A4)

where zt and zr respectively represent the true wave elevation and the reconstructed wave
height, using the phase-resolved wave reconstruction technique discussed subsequently.
The coverage points meeting the threshold δ are then used to compute the coverage rate,
with the threshold defined as ∆ϕ = 0.001.

For the inversion and reconstruction of the phase-resolved wave fields using sampled
points Rm×3, the study applies the linear wave theory (LWT) based on the Eulerian frame-
work, which is suited for modeling non-viscous, non-cohesive, and irrotational fluids. In a
Cartesian coordinate system (x, y, z), with horizontal orientation for x and y axes and verti-
cal alignment for z axis, the superposition of n = 1, . . . , N wave harmonics characterized
by amplitude An, angular frequency ωn, and propagation direction Θn is used to depict
the ocean surface in the horizontal plane:

ηlim(r, t) =
N

∑
n=1

An cos(kn · r − ωnt − φn), (A5)

where t represents time; φn = 2πRn consists of random phases, with Rn being uniformly
distributed random numbers; and kn = (kn cos θn, kn sin θn) and kn = 2π/λn = |kn| describe
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the wave vectors and wavenumbers, respectively. Utilizing the deep water dispersion rela-
tionship, wavenumbers are derived from kn = ω2

n/g, where g is the gravitational acceleration.

ηlin(r, t) =
N

∑
n=1

(an cos ψn + bn sin ψn), (A6)

where {an, bn; n = 1, . . . , N} are 2N wave harmonic parameters describing the ocean sur-
face, while (an, bn) = (An cos φn, An sin φn) and ψn = kn · r −ωnt are spatio-temporal phases.

Using a linear wave model, we perform the inversion of wave parameters for recon-
structing the sea surface. The prevalent method for reconstructing waves from observed
data utilizes a variational approach. This method optimizes the 2N parameters (an, bn) to
minimize the root-mean-square (RMS) discrepancy between the observed wave data and
the model’s output. Therefore, the cost function is formulated as:

F(p) =
1
2

L

∑
l=1

(η(p)− ηl)
2, (A7)

where p = {an, bn} (n = 1, . . . , N) denotes the vector of 2N unknown parameters, η(p)
is the modeled sea surface elevation, and ηl (l = 1, . . . , L) represents the point cloud
elevations from sampled observations.

To determine these model parameters, the cost function is minimized, yielding the
following system of equations:

∂F
∂am

= 0,
∂F

∂bm
= 0, (A8)

where m ∈ [1, . . . , N].
This results in a linear system of 2N equations for the 2N unknowns:

L

∑
l=1

N

∑
n=1

{an cos ψml cos ψnl + bn cos ψml sin ψnl} =
L

∑
l=1

ηl cos ψml ,

L

∑
l=1

N

∑
n=1

{an sin ψml cos ψnl + bn sin ψml sin ψnl} =
L

∑
l=1

ηl sin ψml ,

(A9)

where ψml = km · rl − ωmtl represents the harmonic phases of the waves.
These equations are reformulated in a matrix form as:

Amn pn = Bm, (A10)

where pn encapsulates the 2N unknown parameters pn = an, pN+n = bn, and A is the
2N × 2N matrix defined by:

A = [Amn, Am,N+n; AN+m,n, AN+m,N+n],

Amn =
L

∑
ℓ=1

cos ψnℓ cos ψmℓ,

Am,N+n =
L

∑
ℓ=1

sin ψnℓ cos ψmℓ,

AN+m,n =
L

∑
ℓ=1

cos ψnℓ sin ψmℓ,

AN+m,N+n =
L

∑
ℓ=1

sin ψnℓ sin ψmℓ,

(A11)

and B is the vector:
B = [Bm, BN+m],

Bm =
L

∑
ℓ=1

ηℓ cos ψmℓ, BN+m =
L

∑
ℓ=1

ηℓ sin ψmℓ.
(A12)
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In cases with short-peak waves, the condition number of matrix A often becomes
large, leading to potential issues with inversion. To mitigate this, Tikhonov regularization
is applied, optimizing an adjusted error function:

min
(
||Amn pn − Bn||2 − ξ2||pn||2

)
, (A13)

with ξ chosen through generalized cross-validation (GCV) to ensure reliability in the
observations. The optimal regularization parameter ξ corresponds to the minimal value of
the GCV function. After determining the wave parameters, the phase-resolved wave field
zr is reconstructed, which is crucial for computing the task loss as per Equation (A4).

Figure A1 illustrates the comparison between actual and reconstructed ocean waves,
showcasing the effectiveness of the variational method in reproducing waves with minimal
discrepancies, thus serving as reliable inputs for further processing.
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Figure A1. Comparison of actual and reconstructed waves: (a) actual wave, and (b) recon-
structed wave.
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