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Abstract 

To improve the accuracy of second-order cell-centered finite volume method in near-
boundary regions for solving the two-dimensional shallow water equations, a numerical 
scheme with globally second-order accuracy was proposed. Having the primary objective 
to overcome the challenge of accuracy degradation in near-boundary regions and to de-
velop a robust numerical framework combining high-order accuracy with strict conserva-
tion, the key research objectives had been as follows: Firstly, a physical variable recon-
struction method combining a vertex-based nonlinear weighted reconstruction scheme 
and a monotonic upwind total variation diminishing scheme for conservation laws was 
proposed. While the overall computational efficiency was maintained, linear-exact recon-
struction in near-boundary regions was achieved. The variable reconstruction in interior 
regions was integrated to achieve global second-order accuracy. Subsequently, a flux 
boundary condition treatment method based on uniform flow was proposed. Conserva-
tive allocation of hydraulic parameters was achieved, and flow stability in inflow regions 
was enhanced. Finally, a series of numerical test cases were provided to validate the per-
formance of the proposed method in solving the shallow water equations in terms of high-
order accuracy, exact conservation properties, and shock-capturing capabilities. The su-
periority of the method was further demonstrated under high-speed flow conditions. The 
high-precision numerical model developed in this study holds significant value for en-
hancing the predictive capability of simulations for natural disasters such as flood prop-
agation and tsunami warning. Its robust boundary treatment methods also provide a re-
liable tool for simulating free-surface flows in complex environments, offering broad pro-
spects for engineering applications. 

Keywords: shallow water equations; numerical modeling; spatial reconstruction; unstruc-
tured FVM; triangular grids; inflow boundary 
 

1. Introduction 
The second-order Godunov-type cell-centered finite volume method (FVM) which 

has efficiency, stability, and accuracy advantages in dealing with complex flow field prob-
lems was widely used for solving shallow water equations (SWEs) in hydraulics, ocean-
ography, and environmental engineering [1–4]. Physical variable reconstruction was 
identified as the critical step to ensure global accuracy in the finite volume method [5]. 
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Gradient reconstruction methods for unstructured grids were mainly classified into two 
categories: the Green–Gauss (GG) method [6,7] and the weighted least squares (WLSQ) 
method [8,9]. For the numerical solution of shallow water equations, the monotonic up-
stream-centered scheme for conservation laws (MUSCL) reconstruction method based on 
the piecewise linear assumption was established as the mainstream approach. MUSCL 
reconstruction was employed by performing linear reconstruction of conserved quantities 
within cells and integrating limiter techniques to suppress numerical oscillations, thereby 
maintaining high resolution while avoiding non-physical phenomena [10,11]. Hou et al. 
[10], Song et al. [12], and Yu et al. [13] have all employed the MUSCL approach to develop 
two-dimensional well-balanced shallow water flow models based on unstructured cell-
centered finite volume methods. However, in their implementations, if a boundary cell 
has one edge on the boundary, the gradient has been computed using the cell centroid 
and two adjacent centroids within the computational domain. For boundary cells with 
two edges on the boundary, the boundary variable values have simply been set equal to 
the cell-centered values. Furthermore, the variable values on boundary faces have been 
constructed using a first-order extrapolation from the boundary cell centroid values 
[10,11]. Therefore, a reduction in the model’s accuracy has been observed in near-bound-
ary regions. 

Only limited research was specifically focused on the performance of gradient recon-
struction algorithms in near-boundary regions [9,14–16]. Inaccurate boundary variable re-
construction leads to at least first-order accuracy loss in boundary regions compared to 
interior domains [17]. Zhang et al. proposed a novel vertex-based solution reconstruction 
method [18]. The vertex-based weighted least squares (VWLSQ) procedure was first em-
ployed, and cell-centered solutions were utilized to calculate the gradients at mesh verti-
ces. Chen et al. proposed a grid-based partially implicit weighted least squares method 
(BIVWLSQ) [9]. This method enhanced the accuracy and efficiency of numerical simula-
tions through an innovative reconstruction strategy. It has been successfully applied to 
transient wave problems and the solution of Euler equations [14,15,19,20]. BIVWLSQ 
demonstrated high efficiency and robustness in handling complex flow problems, partic-
ularly excelling in capturing shocks and discontinuities in these applications. 

To accurately capture shock waves and ensure the robustness of numerical simula-
tions, high-performance slope limiters were typically required [18,21]. Some commonly 
used slope limiters failed to strictly guarantee the monotonicity principle [22]. Therefore, 
nonlinear weighting strategies were extensively employed in spatial reconstruction on 
unstructured grids, in addition to traditional slope limiting strategies [23]. These high-
order methods based on nonlinear weighting strategies primarily followed the weighted 
essentially non-oscillatory (WENO) scheme [24]. Numerical oscillations near discontinui-
ties were effectively suppressed by dynamically adjusting weights and combining 
smoothness indicators from multiple sub-stencils, while high accuracy and resolution 
were preserved in smooth regions [9,15,23]. 

The treatment of boundary conditions was a critical component in two-dimensional 
shallow water flow simulations [25,26]. Two primary approaches have been implemented 
for enforcing boundary conditions in mathematical models: the ghost cell method [25] and 
the direct numerical flux computation method [10–12,26]. The inflow hydrograph was 
typically prescribed; however, the rational allocation of hydraulic parameters at the in-
flow boundary based on cross-sectional discharge became a key research focus for most 
flood propagation simulations. The Manning and Chezy formulas have been utilized by 
Song et al. [12] to calculate weights based on water depth and grid edge length at bound-
aries for discharge allocation. A uniform flow approach has been adopted by Hou et al. 
[25] on inflow boundary grids by determining the longitudinal slope of the channel, 
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through which water levels have been determined and hydraulic parameters across 
boundary grids have been allocated. 

Globally second-order accurate schemes have not been thoroughly investigated for 
the accuracy of the second-order cell-centered finite volume method in solving two-di-
mensional shallow water equations in near-boundary regions. A global second-order 
method that enhances near-boundary accuracy has been proposed in this study based on 
the existing framework [9,12,13]. First, hyperbolic partial differential equations are em-
ployed to create a mesh using triangular cells of arbitrary geometry. Second, a monotonic 
upstream-centered scheme for conservation laws with MUSCL-TVD is adopted for phys-
ical variable reconstruction in interior regions, while BIVWLSQ reconstruction scheme is 
applied in near-boundary regions. This approach maintains overall computational effi-
ciency while achieving linear-exact reconstruction near boundaries. Subsequently, the 
Harten–Lax–van Leer-Contact (HLLC) approximate Riemann solver is selected to com-
pute fluxes at cell interfaces. Finally, a flux boundary condition treatment method based 
on uniform flow theory is designed, which significantly enhances flow stability in inflow 
regions through conservative allocation of hydraulic parameters. A series of numerical 
test cases validate the proposed model, with results compared against existing experi-
mental data. 

2. Governing Equations and Numerical Methods 
2.1. Modified Shallow Water Equations 

The standard two-dimensional shallow water equations are as follows: 𝜕𝑈𝜕𝑡 + 𝜕𝐸𝜕𝑥 + 𝜕𝐺𝜕𝑦 = 𝑆 (1)

where 𝑈 is the vector of conservative variables; 𝐸 and 𝐺 are the convective fluxes in the 
x- and y-directions, respectively; 𝑡 is the temporal variable; 𝑥 and 𝑦 are the spatial co-
ordinates; and 𝑆 is the source term. 

𝑈 = ൥ ℎℎ𝑢
ℎ𝑣൩ ,𝐸 = ൥ ℎ𝑢ℎ𝑢ଶ + 𝑔ℎଶ/2

ℎ𝑢𝑣 ൩ ,𝐺 = ൥ ℎ𝑣
ℎ𝑢𝑣ℎ𝑣ଶ + 𝑔ℎଶ/2൩, 

𝑆 = 𝑆௕ + 𝑆௙ = ൥ 0−𝑔ℎ𝜕𝑏/𝜕𝑥−𝑔ℎ𝜕𝑏/𝜕𝑦൩ + ⎣⎢⎢⎢
⎡ 0−𝑔ℎ ௡మ௨ඥ௨మା௩మ௛ర/య−𝑔ℎ ௡మ௩ඥ௨మା௩మ௛ర/య ⎦⎥⎥⎥

⎤
. 

(2)

where ℎ is the water depth; 𝑢 and 𝑣 are the flow velocities in the x- and y-directions, 
respectively; 𝑔 is the gravitational acceleration; 𝑆௕ and 𝑆௙ are the bed slope source term 
and friction source term, respectively; and 𝑛 is the Manning’s roughness coefficient. 

In this work, sloped-bottom triangular cell grids and a cell-centered bed slope term 
calculation method are adopted. To avoid calculating correction terms, the modified form 
of the governing equations [12] is employed: 𝜕𝑈𝜕𝑡 + 𝜕𝐸𝜕𝑥 + 𝜕𝐺𝜕𝑦 = 𝑆 (3)
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𝑈 = ൥ ℎℎ𝑢
ℎ𝑣൩ ,𝐸 = ൥ ℎ𝑢ℎ𝑢ଶ + 𝑔ሺℎଶ − 𝑏ଶሻ/2

ℎ𝑢𝑣 ൩ ,𝐺 = ൥ ℎ𝑣
ℎ𝑢𝑣ℎ𝑣ଶ + 𝑔ሺℎଶ − 𝑏ଶሻ/2൩, 

𝑆 = 𝑆௕ + 𝑆௙ = ൥ 0−𝑔ሺℎ + 𝑏ሻ𝜕𝑏/𝜕𝑥−𝑔ሺℎ + 𝑏ሻ𝜕𝑏/𝜕𝑦൩ + ⎣⎢⎢⎢
⎡ 0−𝑔ℎ ௡మ௨ඥ௨మା௩మ௛ర/య−𝑔ℎ ௡మ௩ඥ௨మା௩మ௛ర/య ⎦⎥⎥⎥

⎤
. 

(4)

where 𝑏 is the bottom elevation. 

2.2. Time and Space Discretization for SWEs on Triangular Grids 

Within an unstructured cell-centered triangular cell grid, the integral form of Equa-
tion (3) is expressed as න𝜕𝑈𝜕𝑡 𝑑ఆ 𝛺 + න𝜕𝐸𝜕𝑥 + 𝜕𝐺𝜕𝑦 𝑑ఆ 𝛺 = න𝑆𝑑𝛺ఆ  (5)

where 𝛺 is the control volume. By applying Green’s theorem to convert the area integral 
in Equation (5) into a line integral, the governing equation can be rewritten as 

𝐴௜ 𝑑𝑈௜𝑑𝑡 + ෍𝐹௜,௞ଷ
௞ୀଵ 𝑛௜,௞𝑙௜,௞ = 𝐴௜𝑆௜ (6)

where 𝐴௜ is the cell area; 𝑖 is the cell index; 𝑛 is the outward normal vector at the cell 
boundary; 𝑘 and 𝑙 are the edge index and length of cell 𝑖, respectively; and 𝐹௜,௞ is the 
numerical flux, which can be obtained by solving the Riemann problem [27,28]. By em-
ploying a multi-stage Runge–Kutta scheme for temporal discretization of the time deriv-
ative terms in Equation (6) to achieve second-order temporal accuracy, the governing 
equation can be rewritten as 

𝑈௡ାଵ/ଶ = 𝑈௡ + ∆𝑡𝐴௜ ൭−෍𝐹௜,௞ଷ
௞ୀଵ 𝑛௜,௞𝑙௜,௞ + 𝐴௜𝑆௜൱௡ (7)

𝑈௡ାଵ = 12𝑈௡ + 12𝑈௡ାଵ/ଶ + ∆𝑡2𝐴௜ ൭−෍𝐹௜,௞ଷ
௞ୀଵ 𝑛௜,௞𝑙௜,௞ + 𝐴௜𝑆௜൱௡ାଵ/ଶ (8)

where 𝑈௡ାଵ/ଶ is the intermediate variable. 

2.3. MUSCL Reconstruction 

To enhance the spatial accuracy of the scheme, higher-order reconstruction methods 
than piecewise-constant approximations must be adopted to reconstruct the left and right 
interface states when constructing local Riemann problems at cell interfaces. The numeri-
cal flux at the interface is then computed based on these reconstructed variables [10,11,17]. 
The reconstructed values of water depth and flow velocity at the interface are computed 
through linear reconstruction combined with a limiter function: 𝑈௜,௞ = 𝑈௜௖ + 𝛻௜௟𝑟 (9)

where 𝑈௜,௞ is the reconstructed value at the 𝑘-th edge of cell 𝑖; 𝑈௜௖ is the variable value 
at the center of cell 𝑖; 𝑟 is the position vector from the cell center to the 𝑘-th edge center 
of cell 𝑖; and 𝛻௜௟ is the limited gradient, defined as 𝛻௜௟ = 𝑚𝑖𝑛௞ୀଵ,ଶ,ଷሺ𝛼௞ሻ𝛻௜௨௡ (10)
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where 𝛻௜௨௡ is the unlimited gradient and 𝛼௞ is the limiter function, which is computed 
as follows: 

𝛼௞ =
⎩⎪⎨
⎪⎧𝑚𝑖𝑛 ቈ1,𝑚𝑎𝑥൫0,𝑈௜,௞௡௖ − 𝑈௜௖൯𝑈௜,௞௨௡ − 𝑈௜௖ ቉ 𝑖𝑓𝑈௜,௞௨௡ − 𝑈௜௖ > 01 𝑖𝑓𝑈௜,௞௨௡ − 𝑈௜௖ = 0𝑚𝑖𝑛 ቈ1,𝑚𝑖𝑛൫0,𝑈௜,௞௡௖ − 𝑈௜௖൯𝑈௜,௞௨௡ − 𝑈௜௖ ቉ 𝑖𝑓𝑈௜,௞௨௡ − 𝑈௜௖ < 0 (11)

where 𝑈௜,௞௡௖ is the variable value at the center of the neighboring cell sharing the 𝑘-th edge 
with cell 𝑖. 
2.4. BIVWLSQ Boundary Variable Reconstruction 

The well-posedness of the Navier–Stokes equations fundamentally relies on initial-
boundary value conditions, where errors in boundary values directly affect the accuracy 
of the entire flow field. Therefore, the simultaneous acquisition of second-order accurate 
variable values within cells and at boundary face elements is critical to ensuring globally 
consistent second-order accuracy in the finite volume method [9,18]. In this work, an im-
plicit near-boundary gradient reconstruction method is employed, in which boundary 
constraints are fully considered during the gradient reconstruction process. The gradient 
calculation and boundary value computation are integrated into a unified system for solv-
ing. This implicit strategy is further combined with the explicit vertex-based weighted 
least squares method. For gradient computation at mesh vertices, adjacent cells are uti-
lized as stencils, as illustrated in Figure 1. 

 

Figure 1. The BIVWLSQ method template used in the model between variable f and position vector r. 

Assuming 𝑎 vertex is the target for gradient reconstruction, the cell-centered varia-
bles of its adjacent cells are expressed based on the Taylor expansion formula as follows: 𝑓௜ = 𝑓௔ + 𝛻𝑓௔∆𝑟௔௜ + ℎ. 𝑜. 𝑡 ≈ 𝑓௔ + 𝜕𝑓௔𝜕𝑥 ∆𝑥௔௜ + 𝜕𝑓௔𝜕𝑦 ∆𝑦௔௜ (12)

where 𝑓௜  is the cell-centered variable value; 𝑓௔ is the vertex-centered variable value at 
vertex 𝑎; 𝛻𝑓௔ = ቀడ௙ೌడ௫ , డ௙ೌడ௬ ቁ is the gradient at vertex 𝑎; ∆𝑟௔௜ = ሺ∆𝑥௔௜ ,∆𝑦௔௜ሻ் is the position 

vector from vertex 𝑎 to the centroid of adjacent cell 𝑖. If vertex 𝑏 is located on the bound-
ary, additional gradient stencils are supplemented to provide sufficient information for 
gradient reconstruction. The strategy of using ghost cells as supplementary stencils is 
abandoned, and boundary face elements containing the target vertex are incorporated into 
the gradient stencils: 
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𝑓௕௜ = 𝑓௕ + 𝛻𝑓௕∆𝑟௕௕௜ + ℎ. 𝑜. 𝑡 ≈ 𝑓௕ + 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௕௜ + 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௕௜ (13)

where 𝑓௕ is the cell-centered variable value; 𝑓௕௜  is the boundary face-centered variable 
value; 𝛻𝑓௕ = ቀడ௙್డ௫ , డ௙್డ௬ ቁ is the gradient at vertex 𝑏; and ∆𝑟௕௕௜ = ሺ∆𝑥௕௕௜ ,∆𝑦௕௕௜ሻ் is the posi-

tion vector from vertex 𝑏 to the centroid of its adjacent boundary face. 
For the cell-centered finite volume method on unstructured grids, the WLSQ is em-

ployed to solve the unknown grid variables 𝑓௔, 𝑓௕, 𝛻𝑓௔, and 𝛻𝑓௕. The weighted sum of 
squared higher-order residuals from all stencils is obtained: 

𝑓 ൬𝑓௕,𝜕𝑓௕𝜕𝑥 ,𝜕𝑓௕𝜕𝑦 ൰ = ෍𝜔௜ ൬𝑓௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௜൰ଶே೔
௜ୀଵ+ ෍𝜔௕௜ ൬𝑓௕௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௕௜൰ଶே್೔
௜ୀଵ  

(14)

where 𝑁௜ and 𝑁௕௜ are the total numbers of cells and boundary face elements adjacent to 
the target vertex 𝑏, respectively; 𝜔௜ and 𝜔௕௜ are the weights for the corresponding cells 
and boundary face elements, calculated as follows: 𝜔௜ሺ௕௜ሻ = 1𝐿௕௜ሺ௕௕௜ሻ௡ (15)

where 𝐿௕௜  and 𝐿௕௕௜  are the distances from vertex 𝑏  to the adjacent cell and boundary 
face element, respectively; 𝑛 is the exponent. When 𝑛 = 0, it is equivalent to solving an 
unweighted least squares problem. 

To obtain the optimal solution for the unknowns by minimizing the higher-order re-
sidual terms in Equation (14), the following equations are derived: 

𝜕𝑓𝜕𝑓௕ = −෍2𝜔௜ ൬𝑓௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௜൰ே೔
௜ୀଵ −෍2𝜔௕௜ ൬𝑓௕௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௕௜൰ே್೔

௜ୀଵ  

𝜕𝑓𝜕 𝜕𝑓௕𝜕𝑥 = −෍2𝜔௜ ൬𝑓௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௜൰ ∆𝑥௕௜ே೔
௜ୀଵ −෍2𝜔௕௜ ൬𝑓௕௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௕௜൰ ∆𝑥௕௕௜ே್೔

௜ୀଵ  

𝜕𝑓𝜕 𝜕𝑓௕𝜕𝑦 = −෍2𝜔௜ ൬𝑓௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௜൰ ∆𝑦௕௜ே೔
௜ୀଵ

−෍2𝜔௕௜ ൬𝑓௕௜ − 𝑓௕ − 𝜕𝑓௕𝜕𝑥 ∆𝑥௕௕௜ − 𝜕𝑓௕𝜕𝑦 ∆𝑦௕௕௜൰ ∆𝑦௕௕௜ே್೔
௜ୀଵ  

(16)

Equation (16) forms a system of linear equations and can be simplified as 𝐴௕𝑋௕ = 𝐵௕ (17)
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𝐴௕ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ ෍𝜔௜ே೔

௜ୀଵ ෍𝜔௜ே೔
௜ୀଵ ∆𝑥௕௜ ෍𝜔௜∆𝑦௕௜ே೔

௜ୀଵ෍𝜔௜ே೔
௜ୀଵ ∆𝑥௕௜ ෍𝜔௜∆𝑥௕௜ଶே೔

௜ୀଵ ෍𝜔௜∆𝑥௕௜∆𝑦௕௜ே೔
௜ୀଵ෍𝜔௜∆𝑦௕௜ே೔

௜ୀଵ ෍𝜔௜∆𝑥௕௜∆𝑦௕௜ே೔
௜ୀଵ ෍𝜔௜∆𝑦௕௜ଶே೔

௜ୀଵ ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤
 

+
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ ෍𝜔௕௜ே್೔

௜ୀଵ ෍𝜔௕௜∆𝑥௕௕௜ே್೔
௜ୀଵ ෍𝜔௕௜∆𝑦௕௕௜ே್೔

௜ୀଵ෍𝜔௕௜∆𝑥௕௕௜ே್೔
௜ୀଵ ෍𝜔௕௜∆𝑥௕௕௜ଶே್೔

௜ୀଵ ෍𝜔௕௜∆𝑥௕௕௜∆𝑦௕௕௜ே್೔
௜ୀଵ෍𝜔௕௜∆𝑦௕௕௜ே್೔

௜ୀଵ ෍𝜔௕௜∆𝑥௕௕௜∆𝑦௕௕௜ே್೔
௜ୀଵ ෍𝜔௕௜∆𝑦௕௕௜ଶே್೔

௜ୀଵ ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎤
, 

𝐵௕ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡ ෍𝜔௜𝑓௜ே೔

௜ୀଵ + ෍𝜔௕௜𝑓௕௜ே್೔
௜ୀଵ෍𝜔௜𝑓௜∆𝑥௕௜ே೔

௜ୀଵ + ෍𝜔௕௜𝑓௕௜∆𝑥௕௕௜ே್೔
௜ୀଵ෍𝜔௜𝑓௜∆𝑦௕௜ே೔

௜ୀଵ + ෍𝜔௕௜𝑓௕௜∆𝑦௕௕௜ே್೔
௜ୀଵ ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤

,𝑋௕ = ⎣⎢⎢
⎢⎡ 𝑓௕𝜕𝑓௕𝜕𝑥𝜕𝑓௕𝜕𝑦 ⎦⎥⎥

⎥⎤
 

(18)

At each grid vertex, the variable gradient is obtained by solving the linear equation 
given in Equation (17). The cell gradient is then approximated using the vertex gradients. 
Inspired by the WENO scheme, the BIVWLSQ method proposed in this work employs a 
nonlinear weighted averaging approach to approximate the cell gradients [9,23,24]. 

The WENO scheme on unstructured grids employs the sum of squares of the partial 
derivatives of all orders for a 𝑘th-order polynomial describing the local variable distribu-
tion as a smoothness indicator to quantify the local flow field smoothness [20]. Taking cell 𝑖 as an example, where vertex 𝑏 belongs to this cell, the smoothness indicator 𝐼௕ for var-
iable 𝑓 at vertex 𝑏 in a second-order spatial scheme can be simplified as 𝐼௕ = ቈ൬𝜕𝑓௕𝜕𝑥 ൰ଶ + ൬𝜕𝑓௕𝜕𝑦 ൰ଶ቉ × 𝐴௜ (19)

where 𝐴௜ is the area of the current cell; the nonlinear weights for each grid point in the 
target cell can be expressed as 𝛾௟ = 1𝐿௟௠ , 𝛾௟෥ = 𝛾௟ሺ𝜀 + 𝐼௕ሻଶ ,𝜔௕ = 𝛾௕෦∑ 𝛾௟෥ேೡ௟ୀଵ  (20)

where 𝐿௟ is the distance from the grid point to the cell center; 𝛾௟ is the inverse distance 
weighting coefficient; and 𝜀 is a small positive constant (typically ranging from 10−6 to 
10−2; 10−4 is adopted in this paper) to prevent division by zero. The cell gradient is approx-
imated by reconstructing the grid point gradients as follows: 

𝛻𝑓௜ = ෍𝜔௕𝛻𝑓௕ேೡ
௕ୀଵ  (21)
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The iterative near-boundary variable reconstruction algorithm with nonlinear 
weighting proceeds as follows: 

(1) Initialize the inner boundary variable value 𝐹଴଴ based on boundary conditions; 
(2) Compute the cell gradient ∇𝑓௜௠ at the current time step using Equations (18)–(21); 
(3) Calculate the updated inner boundary value 𝐹଴௠ and evaluate the convergence cri-

terion. 

ብ𝐹଴௠ − 𝐹଴௠ିଵ𝐹଴௠ିଵ ብ ≤ ℶ,𝑚 ≤ 𝑁 (22)

where ℶ and 𝑁 are the maximum allowable error and maximum number of iterations 
for the inner iteration termination criteria, respectively. 

(4) If either condition is met, the iteration terminates; otherwise, Steps (2) and (3) are 
repeated until the criteria are satisfied. 

2.5. HLLC Flux Calculation 

The Harten–Lax–van Leer-Contact (HLLC) scheme is adopted to resolve these Rie-
mann problems due to its computational efficiency and sufficient accuracy for simulation 
purposes [3,10]. The HLLC scheme satisfies the entropy condition and adapts to wet–dry 
interface computations when wave speeds are appropriately estimated. The structure of 
the Riemann solution and the corresponding computational formulas are shown in Figure 
2 and expressed as follows: 

 

Figure 2. Riemann solution structure between left wave 𝑆௅, contact wave 𝑆ெ, right wave 𝑆ோ, flux 
F, Water depth h, and flow velocity u. 

𝐹 = ⎩⎨
⎧ 𝐹௅ 𝑖𝑓 0 ≤ 𝑆௅𝐹∗,௅ 𝑖𝑓 𝑆௅ < 0 ≤ 𝑆ெ𝐹∗,ோ 𝑖𝑓 𝑆ெ < 0 ≤ 𝑆ோ𝐹ோ  𝑖𝑓 𝑆ோ < 0  (23)

where 𝑆௅, 𝑆ெ, and 𝑆ோ are the wave speeds of the left wave, contact wave, and right wave, 
respectively; 𝐹௅ and 𝐹ோ are the numerical fluxes on the left side of the left wave and the 
right side of the right wave, respectively; and 𝐹∗,௅ and 𝐹∗,ோ are the numerical fluxes on the 
left and right sides of the contact wave, respectively. 𝐹௅ and 𝐹ோ are calculated as follows: 

𝐹 = ቎ ℎ𝑈ୄ
ℎ𝑢𝑈ୄ + 0.5𝑔ሺℎଶ − 𝑏ଶሻ𝑛௫
ℎ𝑣𝑈ୄ + 0.5𝑔ሺℎଶ − 𝑏ଶሻ𝑛௬቏ (24)
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The numerical fluxes on the left and right sides of the contact wave, denoted as 𝐹∗,௅ 
and 𝐹∗,ோ , are calculated using Equation (25) and Equation (26), respectively. 

𝐹∗,௅ = ቎ 𝐹∗,ଵ𝐹∗,ଶ𝑛௫ − 𝑢∥,௅𝐹∗,ଵ𝑛௬𝐹∗,ଶ𝑛௬ + 𝑢∥,௅𝐹∗,ଵ𝑛௫቏ (25)

𝐹∗,ோ = ቎ 𝐹∗,ଵ𝐹∗,ଶ𝑛௫ − 𝑢∥,ோ𝐹∗,ଵ𝑛௬𝐹∗,ଶ𝑛௬ + 𝑢∥,ோ𝐹∗,ଵ𝑛௫቏ (26)

where 𝐹∗,ଵ and 𝐹∗,ଶ are the first and second components of the normal numerical flux cal-
culated using the HLL scheme, respectively. 𝐹∗ = 𝑆ோ𝐹 ,௅ − 𝑆௅𝐹 ,ோ + 𝑆ோ𝑆௅൫𝑞ୄ,ோ − 𝑞ୄ,௅൯𝑆ோ − 𝑆௅  (27)

where 𝐹  and 𝑞ୄcan be evaluated with Equations (28) and (29) as 

𝐹 = ቎ ℎ൫𝑢𝑛௫ + 𝑣𝑛௬൯ℎ൫𝑢𝑛௫ + 𝑣𝑛௬൯ଶ + 12𝑔ሺℎଶ − 𝑏ଶሻ቏ (28)

𝑞ୄ = ൤ ℎℎ൫𝑢𝑛௫ + 𝑣𝑛௬൯൨ (29)

This study adopts the double rarefaction wave assumption and incorporates dry bed 
conditions to compute left and right wave speeds. The intermediate state is approximated 
via Roe averaging under the double rarefaction wave assumption, following Einfeldt’s 
wave speed estimation formula [12]. 

𝑆௅ = ቊ 𝑢ୄ,ோ − 2ඥ𝑔ℎோ 𝑖𝑓 ℎ௅ = 0𝑚𝑖𝑛൫𝑢ୄ,௅ − ඥ𝑔ℎ௅,𝑢ୄ,∗ − ඥ𝑔ℎ∗൯ 𝑖𝑓 ℎ௅ > 0 (30)

𝑆ோ = ቊ 𝑢ୄ,௅ + 2ඥ𝑔ℎ௅ 𝑖𝑓 ℎோ = 0𝑚𝑎𝑥൫𝑢ୄ,ோ + ඥ𝑔ℎோ ,𝑢ୄ,∗ + ඥ𝑔ℎ∗൯ 𝑖𝑓 ℎோ > 0 (31)

𝑆ெ = 𝑆௅ℎோ൫𝑢ୄ,ோ − 𝑆ோ൯ − 𝑆ோℎ௅൫𝑢ୄ,௅ − 𝑆௅൯ℎோ൫𝑢ୄ,ோ − 𝑆ோ൯ − ℎ௅൫𝑢ୄ,௅ − 𝑆௅൯  (32)

where the Roe-averaged values of 𝑢ୄ,∗ and ℎ∗ can be given as follows: 𝑢ୄ,∗ = ඥℎ௅𝑢ୄ,௅ + ඥℎோ𝑢ୄ,ோඥℎ௅ + ඥℎோ ,ℎ∗ = 12 ሺℎ௅ + ℎோሻ (33)

2.6. Source Term Treatment 

2.6.1. Slope Source Term Treatment 

Since the improved form of the two-dimensional shallow water equations is adopted 
in this work, the harmonized model does not require any correction terms. A cell-centered 
approximation method is employed to handle the bed slope term [12]: 𝑆௜,௕௫ = −න 𝑔ሺℎ + 𝑏ሻ 𝜕𝑏𝜕𝑥 𝑑𝛺ఆ = −𝑔ሺℎ + 𝑏ሻ𝐴௜ 𝜕𝑏𝜕𝑥ฬ௜ (34)

𝑆௜,௕௬ = −න 𝑔ሺℎ + 𝑏ሻ 𝜕𝑏𝜕𝑦 𝑑𝛺ఆ = −𝑔ሺℎ + 𝑏ሻ𝐴௜ 𝜕𝑏𝜕𝑦ฬ௜ (35)
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2.6.2. Friction Source Term Treatment 

Balancing stability and computational efficiency, this study employs the semi-im-
plicit scheme proposed by Wylie and Streeter for handling friction source terms [12]. 𝑆௜,௙௫ = −න𝑔ℎ𝑛ଶ𝑢ඥ𝑢ଶ + 𝑣ଶ/ℎସ/ଷ𝑑𝛺ఆ = −𝑔𝑛ଶඥ𝑢ଶ + 𝑣ଶ/ℎସ/ଷሺℎ𝑢ሻ௡ାଵ (36)

𝑆௜,௙௬ = −න𝑔ℎ𝑛ଶ𝑣ඥ𝑢ଶ + 𝑣ଶ/ℎସ/ଷ𝑑𝛺ఆ = −𝑔𝑛ଶඥ𝑢ଶ + 𝑣ଶ/ℎସ/ଷሺℎ𝑣ሻ௡ାଵ (37)

2.7. Boundary Conditions 

This study employs the direct numerical flux computation method to handle bound-
ary conditions [10,11,25]. Assuming the physical variables on the left side of the boundary 
are computed using the BIVWLSQ method, the physical variables on the right side are 
constructed through boundary conditions. 

2.7.1. Solid Wall Boundary Condition 

For the no-slip boundary condition, both normal and tangential velocities are set to 
zero, while the water surface elevation and bed elevation on both sides of the boundary are 
equal. Thus, the physical states on the right side of the boundary are constructed as follows: ℎோ = ℎ௅,𝑢ୄ,ோ = −𝑢ୄ,௅,𝑢∥,ோ = −𝑢∥,௅ (38)

2.7.2. Free Outflow Boundary Condition 

For the free outflow boundary condition, disturbances at this boundary do not affect 
the flow regime within the computational domain. Therefore, the physical quantities on 
the right side of the boundary are directly assigned the values from the left side. The for-
mulations are defined as follows: ℎோ = ℎ௅,𝑢ୄ,ோ = 𝑢ୄ,௅,𝑢∥,ோ = 𝑢∥,௅ (39)

2.7.3. Water Level Boundary Condition 

For the water level boundary condition, the temporal variation in the water level is 
typically prescribed at the boundary. Since the physical variables on the left side of the 
boundary are known, the right-side variables can be determined using the method of char-
acteristics: ℎோ = 𝐻ሺ𝑡ሻ,𝑢ୄ,ோ = 𝑢ୄ,௅ + 2ඥ𝑔ℎ௅ − 2ඥ𝑔ሺ𝐻ሺ𝑡ሻ − 𝑏௅ሻ,𝑢∥,ோ = 𝑢∥,௅ (40)

2.7.4. Flow Velocity Boundary Condition 

For the flow velocity boundary condition, the normal velocity component 𝑢ୄ,ோ  is 
typically specified on the right side of the boundary. Since the physical quantities on the 
left side of the boundary are known, they can be determined via the method of character-
istics: ℎோ = 14𝑔 ൫𝑢ୄ,௅ + 2ඥ𝑔ℎ௅ − 𝑢ୄ,ோ൯ଶ (41)

2.7.5. Unit-Width Discharge Boundary Condition 

For the unit-width discharge boundary condition, the outward normal unit-width 
discharge 𝑞ୄ,ோ = 𝑞ሺ𝑡ሻ  is typically prescribed at the boundary based on the method of 
characteristics: 
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2𝑐ோଷ − 𝑐ோଶ൫𝑢ୄ,௅ + 2𝑐௅൯ + 𝑔𝑞ୄ,ோ = 0 (42)

where 𝑐௅ and 𝑐ோ are defined as ඥ𝑔ℎ௅ and ඥ𝑔ℎோ, respectively. The value of 𝑐ோ is solved 
iteratively using the Newton–Raphson method, and the normal flow velocity is subse-
quently determined from the known unit-width discharge. 

2.7.6. Flow Boundary Condition 

This study employs a uniform flow approach for inflow, determines the water levels 
at the boundaries, distributes hydraulic parameters across the boundary grids, and cou-
ples them into the flux computation component of the model [25]. The flow rate for each 
grid is expressed as: 𝑄ୄ,௜ = 𝐴௜𝐶ඥ𝑅௜𝐽 = 1𝑛 𝑙௜ℎ௜ହ/ଷ𝐽ଵ/ଶ = 1𝑛 𝑙௜ሺ𝑧 − 𝑧௕ሻହ/ଷ𝐽ଵ/ଶ (43)

where 𝐴௜ is the flow area, 𝐶 is the Chezy coefficient, and 𝐽 is the average slope. The total 
cross-sectional flow rate is given by 

𝑄ୄ = 1𝑛 𝐽ଵ/ଶ෍𝑙௜ሺ𝑧 − 𝑧௕ሻହ/ଷ௠
௜ୀଵ  (44)

The binary search method is employed to iteratively approximate the solution of 
Equation (44), enabling the determination of water levels along the inflow boundary and 
subsequent derivation of water depths at this boundary. Flow distribution is implemented 
through Chezy’s formula and Manning’s formula. The formulation is defined as follows: 

𝑄ୄ,௜ = 𝑄ୄ𝑙௜ℎ௜ହ/ଷ∑ 𝑙௞ℎ௞ହ/ଷ௠௞ୀଵ  (45)

Given the known water level and discharge, unit-width discharge and flow velocity 
are calculated using Equation (46). 

𝑞ୄ,௜ = 𝑄ୄℎ௜ହ/ଷ∑ ൫𝑙௞ℎ௞ହ/ଷ൯௠௞ୀଵ ,𝑢ୄ,௜ = 𝑞ୄ,௜ℎ௜  (46)

2.8. Stability Criterion 

As an explicit scheme is adopted to solve the shallow water equations, the time step 
is constrained by stability criteria to ensure numerical stability. The formulation is defined 
as follows: 

𝑁௖௙௟ = ∆𝑡𝑚𝑎𝑥൫ඥ𝑔ℎ + √𝑢ଶ + 𝑣ଶ൯𝑚𝑖𝑛൫𝑑௖,௅ோ൯  (47)

where 𝑑௖,௅ோ is the distance from the cell center to the cell boundary center. When the 𝑁௖௙௟ 
number is too large, the propagation speed of physical information will exceed the capture 
capability of the numerical method, resulting in severe non-physical oscillations in the 
computational results. When the 𝑁௖௙௟ number is much smaller than 1, it implies the use 
of extremely small time steps, which will significantly increase computational time and 
resource consumption. According to reference [10,13], 𝑁௖௙௟ is the Courant number speci-
fied in the range 0 < 𝑁௖௙௟ ≤ 1, and 𝑁௖௙௟ = 0.5 is adopted in this work. 

3. Test Cases 
This section employs a series of benchmark validations comprising analytical solu-

tions, experimental datasets, and field-scale dam-break scenarios with recorded measure-
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ments to verify the proposed model. For steady-state simulations, the numerical conver-
gence is evaluated through the global relative error metric. This error metric, formulated 
by Zhou et al. [29], incorporates volume-weighting for unstructured grids. The formula-
tion is defined as follows: 

𝑅ሺ𝑞ሻ = ඩ∑ ቈ𝐴௜ ൬𝑞௡ − 𝑞௡ିଵ𝑞௡ ൰ଶ቉ே಴௜ ∑ 𝐴௜ே೎௜  
(48)

where 𝐴௜ is mesh cell area and 𝑁஼ is number of mesh cells. The numerical solution is 
deemed to have converged to a steady state when 𝑅ሺℎሻ < 10ି଺ is satisfied. 

3.1. Preservation of Still Water Over a Two-Dimensional Bump 

This test case represents a two-dimensional hydrostatic problem with a dry–wet in-
terface over non-flat terrain, aiming to verify that the model exhibits favorable C-property 
[10,12,30]. The bottom elevation in the test case is 𝑏ሺ𝑥,𝑦ሻ = 𝑚𝑎𝑥[0,0.25 − 5ሺሺ𝑥 − 0.5ሻଶ + ሺ𝑦 − 0.5ሻଶሻ] 0 ≤ 𝑥,𝑦 ≤ 1 (49)

The computational result is depicted in Figure 3, demonstrating static water levels 
and a flow rate of 0 m2/s throughout the simulation. These findings confirm that the pro-
posed model achieves robust C-properties in scenarios involving non-flat riverbeds and 
dry–wet interfaces. 

 

Figure 3. Comparison of analytical and numerical solutions of water level and unit width discharge 
at convergence in the y = 0.5 m cross-section. 

3.2. Oblique Water Leap for Supercritical Flow 

The two-dimensional shallow water equations model developed in this study is val-
idated using a classic oblique hydraulic jump test case. This validation aims to assess the 
model’s convergence performance and capability in simulating discontinuities within 
high-velocity flows [13]. The computational domain is illustrated in Figure 4. The initial 
conditions are specified as follows: water depth = 1 m, inflow velocity = 8.57 m/s, and 
outflow boundary condition is set as free discharge. Previous studies [30] demonstrate 
that the angle between the oblique front of the jump and the inflow direction approxi-
mates 30°, with the water depth on the upper surface of the jump measuring approxi-
mately 1.5 m while the lower surface remains at 1 m. The water depths before and after 
the jump satisfy the following equation: ℎଶℎଵ = 12 ቀඥ1 + 8𝐹௥ଶ 𝑠𝑖𝑛ଶ 𝛽 − 1ቁ (50)
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where ℎଵ is the pre-jump water depth, ℎଶ is the post-jump water depth, and 𝐹௥ is the 
pre-jump Froude number. 

The steady-state results demonstrate an oblique hydraulic jump water depth of ℎ =1.499 m (mean absolute error < 0.001) with angle 𝜃 = 30°, which aligns closely with the-
oretical and analytical solutions. The corresponding simulation results after stabilization 
are shown in Figure 5. Compared to Yu et al.’s [13] result of 1.498 m, the model reduces 
the mean absolute error by 50%. 

 

Figure 4. Experimental configuration for oblique water leap for supercritical flow. 

 

Figure 5. Water depth contour plot of the oblique hydraulic jump at convergence. 

3.3. Stoker Dam-Break Test Case 

The Stoker dam-break test case simulates water flow under flat-bed, resistance-free as-
sumptions. Its theoretical solution, originally derived by Stoker in 1957, is widely adopted 
for hydrodynamic model validation due to its explicit analytical formulation [13,14]. This 
study validates the proposed model capability in handling unsteady flow through a rectan-
gular channel measuring 1000 m in length and 100 m in width. A zero-thickness virtual dam 
is positioned at 𝑥 =  500 m, with initial upstream and downstream water depths set at 5 
m and 0.2 m, respectively. Instantaneous dam failure occurs at 𝑡 =  0 s. 

Numerical and theoretical solutions for water depth and velocity at t = 20 s, 40 s, and 
60 s are compared in Figure 6. The comparative analysis demonstrates strong agreement 
between model predictions and theoretical benchmarks. Minor numerical oscillations are 
observed near shock fronts in velocity profiles, though with minimal amplitude. These 
results confirm the model’s robust accuracy in resolving shock waves and flow disconti-
nuities. 
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Figure 6. Comparison of numerical and theoretical solutions (a) 20 s, (b) 40 s, and (c) 60 s. 

3.4. Two-Dimensional Symmetric Dam-Break Case 

Experimental data from the symmetrical dam-break flume tests conducted by Frac-
carollo and Toro [31] are widely used to validate the accuracy of two-dimensional hydrody-
namic models [32]. The computational domain is illustrated in Figure 7a. Initial water depths 
in the upstream and downstream regions are 0.6 m and 0 m, respectively. A 2 m long dam 
with a symmetrical 0.4 m long central breach connects the reservoir and floodplain, allowing 
water discharge into the downstream region. The floodplain boundaries employ free outflow 
conditions on three sides, with the exception of the solid-wall boundary at the dam. 

Numerical and experimental water depths at different measurement points are com-
pared in Figure 7. The relative errors at each measurement point are as follows: 7% at point 
−5A, 6% at point C, 11% at point 4, 6% at point 0, and 18% at point 8A. During the initial 
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phase following dam failure, the flow near the breach exhibits strong three-dimensional 
characteristics dominated by non-hydrostatic pressure effects. These phenomena cannot be 
fully captured by the two-dimensional shallow water equations, resulting in slightly under-
estimated water depths at measurement points 4 and 0 within the first 2 s. Overall, the 
model demonstrates good agreement with measured water depths across other locations. 

 

  

   

Figure 7. Experimental model and comparison of numerical and experimental solutions (a) model 
computational domain, (b) −5A, (c) C, (d) 4, (e) 0, (f) 8A. 

3.5. Dam-Break Flow in an L-Shaped Channel 

This test case involves a two-dimensional dam-break experiment in an L-shaped 90° 
curved channel [33,34]. The experimental area comprises a 1.40 m × 1.40 m square reser-
voir and a 7.25 m long L-shaped 90° curved channel containing six measurement points. 
The system features flat topography with a Manning coefficient of 𝑛 = 0.0095 𝑠/𝑚ଵ/ଷ. 

Numerical and experimental solutions are shown in Figure 8. The relative errors at 
each measurement point are as follows: 0.9% at point P1, 10% at point P2, 8% at point P3, 
9% at point P4, 21% at point P5, and 7% at point P6. As demonstrated in Figure 8a–c, 
measurement points P2, P3, and P4 exhibit two distinct rapid water level rises. The first 
surge results directly from the abrupt water release following dam failure, while the sec-
ond arises from flow-blocking effects at the channel’s right-angle bend. Measurement 
points P5 and P6, located beyond the influence of the bend-induced hydraulic resistance, 
display only a single rapid water level increase. The model accurately predicts the arrival 
timings of both flood surges, with numerical solutions at all measurement points showing 
strong consistency with experimental measurements. 
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Figure 8. Comparison of numerical and experimental solutions (a) P1, (b) P2, (c) P3, (d) P4, (e) P5, (f) P6. 

3.6. Toce Urban Inundation Case 

To investigate urban flood propagation characteristics, the Italian CESI (Centro 
Elettrotecnico Sperimentale Italiano) conducted a series of urban flood simulation experi-
ments [35], which have been widely adopted to validate model applicability in urban ar-
eas [36–38]. This study selects a regular urban building layout and low inflow conditions 
for numerical flood simulation to evaluate the capability of the proposed two-dimensional 
hydrodynamic model in resolving flood dynamics within densely built urban environ-
ments. Buildings are treated using the solid-wall boundary method [36]. The upstream 
inflow and water level conditions derived from the proposed discharge boundary treat-
ment are illustrated in Figure 9a, which exhibit consistent trends. 

The entire experimental domain is initially dry. Numerical simulations are per-
formed for 60 s using the proposed model, with results compared against experimental 
measurements [35] and Yu et al.’s [13] unstructured triangular grid-based solutions. Val-
idation focuses on four measurement points: two upstream of buildings (P3 and P4), one 
between buildings (P9), and one downstream of buildings (P10), as shown in Figure 9. 
Error analysis employs three metrics: mean absolute error (MAE), mean squared error 
(MSE), and root mean squared error (RMSE). 

Comparison results at the four measurement points demonstrate strong agreement 
between the proposed model, experimental data, and literature values. However, due to 
the model’s second-order accuracy limitations and the inherent constraints of shallow wa-
ter equations in resolving short-wave dynamics, neither the proposed model nor existing 
models [13,36–38] fully capture rapid water level fluctuations during abrupt discharge 
reduction and surge phases, a common limitation shared by other two-dimensional shal-
low water equation-based models [37]. 

Excluding measurement point P10, the proposed model significantly outperforms 
the Yu model [13], with overall reductions of 0.2573 cm in MAE, 0.4741 cm in MSE, and 
0.2763 in RMSE. Compared to the Yu model, relative improvements reach 12.98% in MAE, 
31.67% in MSE, and 12.08% in RMSE. Notably, the absolute error decreases substantially 
during rapid discharge reduction phases after 40 s. 
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Figure 9. Inflow curve and comparison of numerical and experimental solutions (a) inflow curve, 
(b) error comparison, (c) P3, (d) P4, (e) P5, (f) P6. 

4. Conclusions 
This study resolved the low-accuracy challenge of the second-order cell-centered finite 

volume method in solving two-dimensional shallow water equations near boundaries. An 
iterative near-boundary reconstruction method with a nonlinear weighting strategy was de-
veloped, coupled with MUSCL-TVD reconstruction in interior regions. A uniform flow-
based flux boundary treatment was proposed to ensure conservative allocation of hydraulic 
parameters, eliminating the need for iterative unit-width discharge calculations. Numerical 
results demonstrated that the combined BIVWLSQ and MUSCL-TVD reconstruction 
achieved linear-exact gradients in both interior and near-boundary regions. By integrating 
a nonlinear weighting strategy inspired by WENO scheme, the method exhibited enhanced 
shock-capturing capabilities. A uniform flow approach was adopted for dry-bed channels 
to achieve conservative allocation of hydraulic parameters. This method enhanced flow sta-
bility in the inflow region and eliminated the need for iterative unit-width discharge calcu-
lations. The computational efficiency was demonstrated to be superior to traditional unit-
width discharge calculation methods. The proposed model possessed robust positivity-pre-
serving properties, effectively handled dry-wet interfaces, and maintained strict mass con-
servation during steady-state convergence. It enabled accurate, stable, and efficient simula-
tions of complex flows over irregular topography in intricate basins. This study still employs 
classical approaches in temporal discretization schemes and flux calculation methods, and 
has not yet achieved coordinated optimization across dimensions such as temporal discreti-
zation and flux computation. Future work will focus on exploring advanced numerical 
schemes compatible with these aspects and integrating GPU acceleration technologies to 
comprehensively enhance the model’s computational performance. 
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