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Abstract

Global ocean models at non-eddying resolutions currently used for subseasonal to seasonal
to decadal (S2S2D) prediction suffer from a severe deficit in internal variability. In ensemble
data assimilation (DA), this can lead to under-dispersed ensembles that require inflation
schemes. However, inflation corrections do not persist into the forecast phase, causing en-
semble spread to collapse at longer lead times. This study evaluates an alternative approach:
addressing the variability deficit directly within the model physics using a “Backscatter
Package” (BackPack) consisting of the stochastic Stanley, stochastic GM+E, and Leith+E
backscatter parameterizations. Implemented within a global MOM6/CESM framework at
nominal 2/3◦ resolution using the DART ensemble DA package, the BackPack’s impacts
are compared against cutting-edge adaptive inflation. The results demonstrate that the
BackPack substantially increases internal variability and ensemble spread, successfully
lowering the amount of required inflation. While reductions in ensemble-mean state errors
are modest, the BackPack significantly improves ensemble calibration, assessed using a
novel spread–error calibration ratio metric. Although this study only addresses the data as-
similation phase, we expect that physics-based BackPack schemes may provide a physically
sustainable pathway to maintain spread during the subsequent forecast phase.

Keywords: data assimilation; backscatter; inflation

1. Introduction
The ability to predict environmental conditions from subseasonal to seasonal to

decadal (S2S2D) timescales has emerged as a cornerstone of modern Earth system sci-
ence, guiding strategic decisions regarding food security, water resource management, and
disaster risk reduction. Improving skill across these timescales requires a global, coupled
modeling approach that integrates complex interactions between the atmosphere, ocean,
land surface, and cryosphere. The use of global models is essential because, on S2S2D
horizons, regional variability is increasingly shaped by teleconnections, where remote
climate drivers and large-scale oscillations exert a dominant influence on local conditions.

As in weather forecasting, the accuracy of forecasts on S2S2D timescales depends
strongly on the accuracy of the initial conditions. As the forecast horizon lengthens from
subseasonal to seasonal to decadal, the accuracy of the predictions depends more and more
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strongly on the more slowly evolving components of the system, particularly the ocean.
Initial conditions are commonly generated by data assimilation (DA), which encompasses a
vast range of methods for combining forecast models with observations to estimate the state
or parameters of a system. Modern coupled systems typically use some form of ensemble
Kalman filter (EnKF) to generate state estimates, which are used to initialize forecasts or to
produce coupled reanalyses [1–10].

The computational cost of global coupled ensemble simulations for data assimilation
is such that many groups are currently unable to afford to use cutting-edge kilometer-scale
models. Particularly for the ocean, which provides memory, and thus predictability on
longer timescales, many prediction systems, including CESM [5], SPEAR [6], CAFE60v1 [7],
and NorCPM [9,10], use models with non-eddying resolutions on the order of 1/2–1◦.
Ocean models at this resolution have unrealistically low levels of variability [11–15]. These
unrealistically low levels of variability translate into low ensemble spread. In the context
of ensemble prediction, this leads to poorly calibrated forecasts. In the context of data
assimilation, this leads to poorly estimated initial conditions, because the degree to which
EnKFs adjust the ensemble towards the observations depends on the relative magnitudes
of the ensemble spread and the observation errors—when the ensemble spread is low, the
EnKF tends to ignore the observations.

Because low ensemble spread is a common problem in EnKF data assimilation, meth-
ods to account for low spread are nearly as old as the EnKF itself [16]. These methods
typically ‘inflate’ the ensemble either by multiplying ensemble perturbations (i.e., differ-
ences between an ensemble member and the ensemble mean) by inflation factors, or by
adding inflation increments to the ensemble members. The prediction systems cited above
all use some form of inflation to mitigate the under-dispersion of their ensembles. The
old adage that ‘an ounce of prevention is worth a pound of cure’ suggests that it might be
worthwhile to pursue strategies to fix the models, so that they exhibit realistic variability,
rather than attempting to make up for this variability deficit after the fact.

The real ocean exhibits variability in many physical variables and on many time and
length scales, much of which is associated with mesoscale eddies. Ocean mesoscale eddies
have widths on the order of 100 km [17–19], which is too small to be resolved by the non-
eddying models commonly used in global coupled ensemble simulations. As a result, these
models unavoidably lack a significant component of real-world variability [11–15]. Even
on larger scales that the models are theoretically capable of resolving, they consistently
underestimate variability. In the real ocean, some of this missing large-scale variability is
driven by mesoscale eddies, whose effects are parameterized in low-resolution models.
However, classical turbulent viscosity and mixing parameterizations typically remove
energy from the resolved scales, failing to drive large-scale variability at all.

More recently, parameterizations have been developed for these models that are de-
signed (among other things) to generate large-scale variability. While there are many param-
eterizations designed to increase the kinetic energy and variability of eddy-permitting ocean
models, there are fewer targeting ocean models at non-eddying resolutions. The stochastic
parameterizations of Brankart [20] and Stanley et al. [21] address errors in the computation
of density, and have been shown to increase variability in non-eddying models [13,22,23].
The generic approach to stochastic parameterization by perturbing parameterization ten-
dencies or parameters, developed by Buizza et al. [24] for weather prediction, has also
been applied in non-eddying ocean models to increase variability [22,25–28]. Finally,
backscatter schemes, which inject energy into the resolved scales from the unresolved scales
thereby enhancing variability, have recently been developed for targeting ocean models at
non-eddying resolutions [15,29,30].
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In this paper we explore the potential for backscatter parameterizations to enhance
ensemble spread and improve performance in global ocean data assimilation, leaving for
future work an investigation of the effects of backscatter in the forecast phase of S2S2D
prediction. A model without backscatter is used as a point of comparison, where the lack
of ensemble spread is addressed using adaptive inflation. Comparisons between inflation
and backscatter have appeared elsewhere in the literature. Whitaker and Hamill [31], for
example, compared the effects of a stochastic kinetic energy backscatter (SKEB) parameteri-
zation [32] to their relaxation-to-prior spread (RTPS) and relaxation-to-prior perturbations
(RTPP) inflation schemes in an idealized two-layer atmospheric model, and concluded

Tests replacing additive inflation with SKEB in the data assimilation show that it
is surprisingly hard to improve upon additive inflation.

Grooms et al. [33] compared stochastic backscatter schemes to inflation in a two-
layer QG model and found that the stochastic schemes were superior to tuned, non-
adaptive covariance inflation. Ha et al. [34] compared the aforementioned SKEB stochas-
tic backscatter parameterization to the adaptive inflation scheme developed by Ander-
son [35,36] using the WRF model for atmospheric mesoscale forecasts over the continen-
tal United States. They found that

Explicitly accounting for model uncertainty led to a better-tuned ensemble spread,
a more skillful ensemble mean, and higher probabilistic scores, as well as signif-
icantly reducing the need for inflation. In particular, the stochastic backscatter
scheme consistently outperformed . . . the control run with adaptive inflation over
almost all levels of the atmosphere both deterministically and probabilistically.

Dufee et al. [37] compared a stochastic parameterization scheme to a tuned, non-
adaptive inflation scheme in an idealized sQG model, and found that the stochastic scheme
led to better accuracy and calibration than the inflation scheme. These four prior studies
show that backscatter parameterizations can lead to improved ensemble data assimilation
performance compared to inflation, but that whether backscatter is superior to inflation de-
pends strongly on the backscatter scheme, the inflation scheme, and the model in question.
In the specific configurations used here, we find that backscatter does not lead to significant
improvements in the accuracy of state estimates as compared to adaptive inflation, but that
it does lead to better uncertainty quantification via a better-calibrated ensemble.

Although the focus of this investigation is on model variability and ensemble spread,
it bears noting that model bias is another major barrier to the skill of S2S2D forecasts [38,39].
Backscatter parameterizations can have a rectified effect on a model’s mean state, thereby
impacting (and hopefully reducing) model bias [15,23,40], while alternative methods
also exist to account for biases both in the context of data assimilation and subsequent
forecasting [41–45].

The remainder of the paper is organized as follows. Section 2 presents the details of
the ocean model configuration and of the assimilation system, i.e., the experimental setup.
The results are presented in Section 3, and discussed in Section 4.

2. Materials and Methods
2.1. Model Configuration

We use the Modular Ocean Model version 6 (MOM6) ocean model [46] in the CESM2
framework [47] with active ocean and sea-ice components. Except as noted below, the
configuration is the same as used by Grooms et al. [15].

The horizontal grid has a nominal 2/3◦ spacing with meridional refinement to 1/4◦ in
an equatorial band. The vertical coordinate is z∗ [48], with a vertical grid of 75 levels with
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thicknesses from 1.8 m at the surface to 505 m at depth. The Redi [49] tracer diffusivity
κKHTR and the GM [50,51] coefficient κKHTH are parameterized following [52]:

κKHTH = κKHTR = αep1
1
H

∫ 0

−H

N(z)
M2(z)

dz (1)

where e is the unresolved mesoscale eddy kinetic energy, α = 0.09, H is the local ocean
depth, and

N2(z) = − g∂zρ

ρ
, M2(z) = − g|∇ρ|

ρ
, (2)

where ρ is the density and g is the acceleration due to gravity. The GM and Redi coefficients
decay with depth following the profile of the first surface mode p1(z) as described by
Grooms et al. [15]. The evolution of e is parameterized using the prognostic formulation
of Jansen et al. [53]; their Equation (12). The lateral diffusivity of e is set to 75% of the
rate for tracers κKHTR, following the findings of Grooms [54]. Mixed-layer restratification
by submesoscale baroclinic instability is parameterized following [55] as described by
Grooms et al. [15].

We use two configurations of the model: a Control case with no backscatter or stochas-
tic parameterizations; and a case with three parameterizations that increase the variability—
the Backscatter Package, or BackPack. The MOM6 parameter settings that differ between
the two cases are summarized in Table 1, and discussed below. The first component of
the BackPack is the Stanley parameterization of errors in the equation of state [21]. In
both the Control and BackPack configurations, the Stanley coefficient cStanley (defined in
Equation (25) of Stanley et al. [21]) is set to 0.5 (i.e., the STANLEY_COEFF option in the MOM6
implementation is set to 0.5). Based on offline analysis, Stanley et al. found cStanley = 0.17.
Following Kenigson et al. [23] and Agarwal et al. [13], we find it beneficial to use a larger
value in online simulations. The Control configuration uses the deterministic version of
the Stanley parameterization (i.e., the STANLEY_A option in the MOM6 implementation
is set to 0), while the BackPack configuration uses the stochastic version as described by
Equation (49) of Stanley et al. [21] (i.e., the STANLEY_A option in the MOM6 implementation
is set to 1). The Stanley parameterization’s correction to density is only used in (i) the
computation of the hydrostatic pressure (cf. [23]) and (ii) the Bodner parameterization of
mixed-layer restratification by submesoscale baroclinic instability (cf. [13]). In the latter, the
Stanley density correction is used in the computation of both the mixed-layer-averaged
lateral buoyancy gradient ∇b

z
and the mixed-layer depth H that appear in Equation (27) of

Bodner et al. [55]. The lower panel of Figure 1 shows the time-mean density correction at the
surface arising from the Stanley parameterization from the BackPack reference simulation
(described below), averaged over calendar year 2011. The Stanley parameterization only
impacts density in regions where there is a large lateral temperature gradient, including off
the southeast coast of Greenland, at the Brazil–Malvinas confluence, and in the Kuroshio
extension and North Atlantic currents (cf. Figure 1 of Kenigson et al. [23]).

Table 1. A summary of MOM6 parameters that differ between the Control and BackPack
model configurations.

Parameter Name Control BackPack

STANLEY_COEFF 0.5 0.5
STANLEY_A 0 1

SKEB_GM_COEF 0 0.75
LEITHY_CK 0 1
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Figure 1. (Left) The stochastic GM+E backscatter amplitude at the surface [m/s]. (Right) The
Leith+E harmonic viscosity coefficient at the surface [m2/s]. (bottom) The Stanley parameterization’s
density correction at the surface [kg/m3]. All are averaged over calendar year 2011 of the BackPack
reference simulation.

The second component of the Backscatter Package is the stochastic GM+E parameteri-
zation [15]. This scheme introduces stochastic backscatter to the model’s lateral momentum
budget, where the backscatter rate is proportional to the rate at which the GM parameteri-
zation removes resolved potential energy. The configuration used here follows [15] with
the following adjustments. First, the stochastic forcing is constructed using spherical har-
monics with T192 resolution and a characteristic length scale of 300 km (i.e., N = 192 and
Lstoch = 300 km in Equation (10) of Grooms et al. [15]). The spherical harmonic resolution
is lower than in Grooms et al. [15], which slightly reduces the computational cost of the
parameterization; the length scale of 300 km is between the 240 km and 360 km scales tested
by Grooms et al. [15], striking a balance between having a stronger impact on variability
in the northern hemisphere than the 240 km scale and yet staying small compared to the
scale over which the backscatter amplitude varies. Second, the backscatter rate is set to 75%
of the GM work rate (i.e., c = 0.75 in Equation (15) of [15], and SKEB_GM_COEF = 0.75 in
the MOM6 implementation). Of the three values tested by Grooms et al. [15] (25%, 50%,
and 75%), a backscatter rate of 75% produces the strongest response. The left panel of
Figure 1 shows the stochastic GM+E backscatter amplitude at the surface from the BackPack
reference simulation (described below), averaged over calendar year 2011.

The third component of the Backscatter Package is the Leith+E parameterization [56,57],
which combines a biharmonic 2D Leith viscosity with a negative Laplacian backscatter.
As described by Grooms et al. [56], the coefficients of these two terms are set by the
following requirements:

1. The dissipation scale for the forward enstrophy cascade should be resolved on the
model grid.

2. The rate of backscatter by the negative Laplacian term should be a prescribed fraction
of the rate of energy dissipation by the biharmonic term.

Both the Control and BackPack configurations use this scheme, but in the Control sim-
ulation the backscatter coefficient is set to zero (i.e., cK = 0 in Equation (24) of Grooms [56];
LEITHY_CK = 0.0 in the MOM6 implementation), leaving only a 2D Leith biharmonic
viscosity [58,59]. In the BackPack configuration the backscatter term is set to backscatter at
the same rate that the biharmonic term is damping, resulting in no net energy dissipation
(i.e., cK = 1 in Equation (24) of Grooms [56]; LEITHY_CK = 1.0 in the MOM6 imple-
mentation). The nondimensional Leith coefficient Υ from [56] is set to 901/6 (i.e., the
LEITH_BI_CONST option in the MOM6 implementation is set to 90). This value is slightly
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higher than the value of 75 used by Yassin et al. [57], which further enhances variability in
the tropics.

As described by Grooms [56] and Yassin et al. [57], Leith+E backscatter is only ac-
tive when the biharmonic coefficient predicted by the Leith closure is larger than some
background level, which is 1012 m4 / s in these configurations. The biharmonic coefficient
predicted by the Leith closure scales with the grid spacing to the sixth power. In the
implementation here, the ‘grid spacing’ is taken to be the larger of the spacings in the zonal
and meridional directions. Since the grid spacing decreases with latitude, the result is that
the Leith+E backscatter is primarily active in the tropics. The right panel of Figure 1 shows
the Leith+E backscatter coefficient at the surface from the BackPack reference simulation
(described below), averaged over calendar year 2011.

All simulations presented in this paper are forced using the JRA55-do v1.5 data set [60].
The JRA55-do forcing data begins in calendar year 1958. We ran two reference simulations,
one using the Control configuration and one using the BackPack configuration, initialized
from rest and using temperature and salinity fields from WOA18 [61,62].

Figure 2 shows the differences in SST (left) and SSS (right) between the Control and
BackPack simulations, averaged over calendar year 2011. The backscatter package clearly
impacts not only the variability, but also the mean state. Unpacking the dynamical origins
of these differences is beyond the scope of the current investigation (see [13,15,23,57] for
more discussion).

Figure 2. Difference between the Control and BackPack reference simulation sea surface temperatures
[◦C] (left) and sea surface salinity [psu] (right). Both are averaged over calendar year 2011.

Figure 3 shows the differences in the standard deviation of SST anomalies between
the Control reference simulation and the OISST version 2.1 observational product [63]
(top); between the BackPack and Control reference simulations (middle); and between
the BackPack reference simulation and OISST (bottom). All results are for calendar year
2011. We compute SST anomalies at each spatial location by removing the projection of the
SST time series onto the span of a constant (the mean) plus four Fourier harmonics of the
annual period.

In order to ensure an apples-to-apples comparison, the daily OISST data set, which
is available on a regular latitude/longitude grid at a resolution of 1/4◦, is first low-pass
filtered to remove length scales that are not resolvable on the grid used by the models.
We use an anisotropic diffusion-based filter from [64] as implemented in the gcm-filters
Python package ([65], [version 0.5.1]). We use the Gaussian filter shape with filter scale
equal to twice the local model grid scale, anisotropically in each local grid direction. We
compute SST anomalies for the filtered data set on the native grid, then compute standard
deviations of the anomalies, then interpolate to the model grid for comparison.

The top panel of Figure 3 shows that the Control reference simulation lacks SST
variability, even on length scales that it should in principle be able to resolve. (The excess
variability in model SST compared to OISST around Antarctica may be related to the fact
that SST is unobserved under sea ice, and OISST uses proxy values there.) The middle
panel shows that the Backscatter Package significantly increases SST variability compared
to the Control case, especially in the Tropical Atlantic and Pacific Oceans. The bottom
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panel of Figure 3 shows that although the Backscatter Package improves the variability, the
BackPack configuration still lacks variability.

Figure 3. Difference between the standard deviation of SST anomalies in calendar year 2011 be-
tween various data sets [◦C]. (Top) Control minus OISST; (middle) BackPack minus Control;
(bottom) BackPack minus OISST.

2.2. Experimental Design: Data Assimilation

The choice of experimental design in this paper was complicated by the realism of
the model. Of the four previous comparisons of inflation to backscatter mentioned in
the Introduction, three used idealized two-layer or sQG models [31,33,37]. These three
investigations used a single reference case from a simulation at higher resolution than
the ensembles. The remaining previous investigation [34] used a realistic model with real
observations. The downside of using real observations is that there is no reference case
available for verification, so [34] used a subset of withheld observations for verification.

The model configurations we adopt here are realistic, and the computational cost
of using a high-resolution reference case, as adopted by Whitaker and Hamill [31] and
Grooms et al. [33], is prohibitive. We could alternatively assimilate real observations, but
such an approach is not without drawbacks. Using one set of observations for assimilation
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and another set for verification requires a sufficiently large number of observations for both
assimilation and verification. While there were sufficient observations in the atmosphere
for this approach to be used by Ha et al. [34], it is not clear if there are enough subsurface
observations in the ocean. In addition, the use of real observations requires a model of
representation error that accounts for the errors in the assimilating model; performance
strongly depends on the model of representation error, but there is no single best-practice
approach to modeling representation error for non-eddying ocean models [66]. There are
also ocean representation errors associated with uncertainty in the physical meaning of a
model’s temperature and salinity variables [67].

Faced with a choice between imperfect options, we opt to use a symmetric experimen-
tal design, where we generate synthetic observations from both the Control and BackPack
reference cases, and assimilate these synthetic observations with both Control and BackPack
ensembles. We therefore perform four OSSEs covering calendar year 2011, as summarized
in Table 2. The OSSEs are denoted using two-letter sequences CC, CB, BC, BB, where the
first letter denotes the model configuration used for the ensemble, and the second letter
denotes the model configuration used to generate synthetic observations. All ensembles
have 40 members, and the ensemble members are initialized on 1 January 2011, using
the restart files from the corresponding reference case on 1 January of years 1971 through
2010. In the context of actual prediction systems, the performance is sensitive to model
initialization, and an alternative initialization approach might be used [68].

Table 2. Ensemble and reference model configurations for each OSSE label.

OSSE Label Ensemble Model Configuration Reference Model Configuration

CC Control Control
CB Control BackPack
BC BackPack Control
BB BackPack BackPack

The synthetic observations are generated by evaluating temperature and salinity in
the reference cases at the same spatial locations as in situ observations of temperature
and salinity from the World Ocean Database (WOD). These synthetic observations are
then perturbed by adding samples from a centered Gaussian distribution with variance
0.25, with units of degrees kelvin squared for temperature, and practical salinity units
squared for salinity. The magnitude of the errors in the synthetic observations is larger
than the instrument error of typical observing platforms because the observation error for
models at this resolution is dominated by representation error [66]; the value chosen here
is in the range of values used in other published studies [68–70]. To be clear, we do not
use the actual observational values of temperature and salinity from the WOD; we only
generate synthetic observations at the locations of observations in the WOD. These synthetic
observations are then grouped into consecutive windows of length 5 days, with the first
window centered at midnight on 5 January 2011. Each five-day window contains on the
order of 250,000 observations. All observations in a window are assimilated simultaneously
at the central time of the window. A window length of five days is in the range of other
investigations using low-resolution ocean models (e.g., Ref. [7] uses a month-long window
while Refs. [2,5] use one-day windows). Binning of observations into windows can lead
to temporal representation errors, though this is mitigated here by the fact we perform
OSSEs with models that do not include fast mesoscale and submesoscale features. Figure 4
illustrates the locations of temperature observations from six different observing platforms
on 10 January 2011.
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Figure 4. The locations of observations of temperature on 10 January 2011, from six different
observing platforms.

The JRA55-do atmospheric forcing is not statistically stationary, so the ensembles
on 1 January are biased compared to the reference cases. Figure 5 shows the SST bias
between the ensemble means and the reference cases. There are broad-scale patterns of
initial ensemble-mean SST bias shared across the four cases that result from their shared
atmospheric forcing and shared method of constructing the initial ensemble. The cases
with a BackPack reference case (CB and BB) display extra small-scale structure associated
with the increased variability of the BackPack reference case. The CB and BC cases have the
largest initial bias, since they combine biases from the initialization scheme with differences
between the ensemble and reference model configurations (cf. Figure 2).

Figure 5. Difference between the initial ensemble-mean SST and the initial value of the reference case
for the four OSSEs [◦C]. Left to right: CC, CB, BC, BB.

The synthetic observations are assimilated using the Data Assimilation Research
Testbed (DART) [71]. DART assimilates observations serially. Each observation is as-
similated in a two-step process [72]. The first step applies an EAKF [73] in observation
space, while the second step uses regression to convert the update in observation space
to an update of the model state vector. Wang and Shen recently explored using deep
neural networks in the second step [74]; here, we use the simple linear regression model
from [72]. Observations of temperature and salinity are used to update the model’s tem-
perature, salinity, and lateral velocity fields only, for the sake of simplicity. Operational
configurations typically update more variables, including variables related to sea ice and
mixed-layer depth.

Several adaptive inflation algorithms are available in the literature [31,35,36,75–78]. All
experiments here use the adaptive inflation algorithm of Gharamti [77], which adaptively
sets multiplicative inflation factors for each physical variable at each location in space and
time. Anderson developed an adaptive inflation scheme based on innovation statistics
in [35], and updated it by making it Bayesian in [36], with a Gaussian prior on the inflation
factors. Gharamti updated the method from [36] by using an inverse-gamma prior on
the inflation factors, as described in [77], which ensures non-negative inflation factors
(factors less than one—implying deflation—are allowed). From one assimilation cycle to
the next the inflation factors are damped back towards a value of (1), using the default
damping parameter of 0.9, as described by Gharamti [77]. We only apply inflation to
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the forecast ensemble, though it can alternatively be applied to the analysis ensemble, or
both, before and after assimilation [79]. The use of adaptive inflation in all simulations,
rather than turning it off in the OSSEs (BC and BB) that use a BackPack ensemble, is
not inconsistent: Inflation is needed to counteract the effect of finite ensemble size in the
BackPack experiments. Since the inflation is adaptive, we track the inflation factors and
expect the BackPack simulations to need less inflation than the Control simulations.

The state increments are horizontally localized using the Gaspari–Cohn localization
function with a cutoff of 0.08 radians (≈510 km) for OSSEs with a Control ensemble (CC
and CB), and 0.04 radians (≈255 km) for OSSEs with a BackPack ensemble (BB). (The ‘cutoff’
is half of the distance from the observation to the nearest location that is not affected by the
observation.) No localization was used in the vertical direction. Guided by localization
cutoffs reported in the literature [2,5,7,80], preliminary tests used the same localization
cutoff (0.08) for BackPack and Control ensembles, but found that the BackPack ensembles
were unstable with the longer cutoff. Further investigation revealed that the ensemble
correlations are frequently shorter in the BackPack ensemble, so a large localization ra-
dius allows state-variable updates associated with spurious correlations, which can lead
to instability.

This is illustrated in Figure 6, which shows ensemble correlations between SST cen-
tered at 140◦ W, 60◦ S (other centers display similar behavior) and other locations on
30 April 2011, for the CC (left) and BB (right) experiments. The black solid line shows
the wider localization used in the CB and CC cases while the blue dashed line shows the
narrower localization used in the BC and BB cases. Both ensembles display correlations at
long ranges that are probably spurious, i.e., the result of sampling errors at a finite ensemble
size. The range of realistic correlations in the BB OSSE appears to be smaller than in the CC
OSSEs, which is consistent with the use of a narrower localization with the BB OSSE.

Figure 6. Ensemble correlations between SST at the location labeled with a star (140◦ W, 60◦ S) and
other locations on 30 April 2011, for the CC experiment (left) and the BB experiment (right). The
black solid line shows the wider localization used in the CB and CC cases while the blue dashed line
shows the narrower localization used in the BC and BB cases.

Note that no formal tuning was performed to arrive at these filter parameters. The
initial value 0.08 was chosen to be in the range of values previously reported in the
literature [2,5,7,80], with the lower value of 0.04 consistent with values used in models with
higher resolution [81]. Practitioners might use one of the adaptive localization schemes
available in the literature to avoid having to manually tune a localization radius [82–84].

A final detail of the assimilation setup involves the treatment of sub-freezing seawater
temperatures. A free run of the ocean model typically does not produce temperatures below
the local freezing point; instead, temperatures below freezing result in the formation of sea
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ice. Data assimilation increments can produce sub-freezing temperatures though, which
can lead to instability in a model run. To combat this, we adjusted the temperatures between
the end of an assimilation and the beginning of the next forecast to remove sub-freezing
temperatures. Specifically, whenever the temperature T falls locally below −0.054S, where
S is the local salinity, we replace the sub-freezing value of T by −0.054S + 0.01.

3. Results
3.1. BackPack and Spread

To demonstrate the effect of BackPack on the ensemble spread, we ran free (non-
assimilating) year-long 40-member ensemble simulations for both the Backpack and Control
model configurations. Figure 7 shows the temporal evolution of the spatially averaged
ensemble spreads in SSS (left) and SST (right) for both configurations. Ensemble spread
is defined here as the square root of the spatial mean of the ensemble variance. Early on,
both configurations exhibit comparable spread, which gradually decays since the ensemble
members see the same atmospheric forcing. Over time, however, the BackPack ensemble
maintains greater spread in both variables compared to the Control. This demonstrates
the capacity of BackPack to sustain ensemble variance in a free run, which is consistent
with the higher temporal variability observed in its single-member free run relative to the
Control configuration (Figure 3).

Figure 7. Spread of ensemble SSS [psu] (left) and SST [◦C] (right) for two ensemble simulations with
no DA using the Control and BackPack model configurations. The value plotted here is the square
root of the spatial mean of the ensemble variance of SSS or SST.

3.2. Inflation

Figure 8 shows the adaptive inflation factors for SST averaged in space as a function of
time for the four OSSEs. The inflation factors for SSS are similar. All experiments begin with
an biased ensemble (cf. Figure 5). The BB and BC cases require less inflation to overcome
this initial bias, in contrast to the CC and CB cases which both start with higher inflation
values. Once the initial bias has been largely erased, the CC and BB experiments have no
further differences between their reference and ensemble, and inflation primarily acts to
account for sampling errors.

In contrast, the CB and BC cases have a mismatch between ensemble and reference
cases throughout their runs. The CB case requires considerably more inflation than all other
cases throughout the run to deal with this ensemble–reference mismatch, whereas the BC
case, which has the same ensemble–reference mismatch, requires about the same amount
of inflation as the CC and BB cases. The CC case eventually requires less inflation than the
BB and BC cases, but the CC case is not a good proxy for real operational data assimilation
because the smooth Control model lacks realistic variability, artificially making the data
assimilation problem easier.
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Figure 8. Spatially averaged adaptive inflation factors for SST as a function of time for the four OSSEs.

Figure 9 shows maps of the adaptive inflation factors for SST averaged in time from
April through December for the four OSSEs. The salinity inflation factors are extremely
similar. In all cases, inflation is high in the Tropical Pacific, reflecting the adaptive inflation’s
efforts to maintain spread, countering the spread-reducing effect of the dense observing
system associated with the TAO/TRITON array. Inflation factors are also elevated in all
cases in regions of enhanced variability, like the Southern Ocean and western boundary
current extensions.

Figure 9. Time-averaged inflation factors for SST for all four OSSEs. The averaging window is April
through December to avoid the effects of the initial ensemble bias.

The CB case has much higher inflation than the other cases throughout the tropics
and in western boundary currents, presumably because of the difference between the
ensemble and reference model configurations, which is large in these regions (Figure 2). It
is interesting to note that the BC case, which has the same difference between ensemble
and reference model configurations, does not require extra inflation compared to the
BB case in these regions, because the BackPack model configuration leads to sufficient
ensemble spread.

To underscore that these results are not confined to the surface, in Figure 10 we plot
the horizontal-mean inflation factors for temperature as a function of depth and time for
the four OSSEs. The results are qualitatively consistent with the results for SST in Figure 8:
the CB case requires by far the most inflation. Both at and below the surface, the BC case
requires less inflation than the BB case, presumably because the BC case is assimilating
observations from a smooth model, which are easier to match than observations from
a more variable model. Differences in inflation factors between the cases with Control
and BackPack ensembles may also be related to the different localization radii used in
these configurations.
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Figure 10. Horizontally averaged inflation factors for temperature as a function of depth and time for
the four OSSEs.

3.3. Accuracy

To evaluate the accuracy of the states produced by the assimilation, this section shows
the RMSE for the four OSSEs. We begin with Figure 11, which shows RMSEs for SST and
SSS, computed as the square root of the spatial mean of the squared error between the
reference case and the ensemble mean. The CC and BB cases have initially biased ensembles
(cf. Figure 5) but no systematic model bias. Figure 11 shows that this initial bias is largely
erased in the first month in the CB, BC, and BB cases, and in the first two to three months
in the CC case. After this initial adjustment period, we find that although the BB case has
the largest SST errors, only slightly larger than the CB and BC cases, the CB case has worse
SSS errors than all the other cases. For both SST and SSS, the CC case, which is a perfect
model with limited variability, has the lowest RMSE.

Figure 11. Horizontally averaged RMSE for SST [◦C] (top) and SSS [psu] (bottom) from the
four OSSEs.
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The spatial structure of the RMSE at the surface is shown in Figure 12, averaged
from April through December to avoid the effects of the initial ensemble bias. The BB
and BC cases exhibit larger SST errors in the Southern Ocean than the other two cases,
reflecting the increased spatial variability of the BackPack model in that region, generated
primarily by the stochastic GM+E component of the backscatter package. This increased
RMSE may reflect a ‘double-penalty’ effect, where a model that has a small-scale feature
in the wrong place exhibits higher error than a model that completely lacks the small-
scale feature [85–88]. This also suggests that the in situ observing system is insufficient to
completely resolve the BackPack model’s variability in the Southern Ocean. The double-
penalty effect may also explain why the SST RMSE is lower for the BC case than the BB case
in Figure 11: the BB case is penalized for having a small-scale feature in the wrong place
and for lacking a small-scale feature in the right place, while the BC case is only penalized
for having a small-scale feature where there is not one in the reference case. Increased
temperature and salinity RMSEs in the Tropical and North Atlantic Ocean in the CB case
probably reflect the systematic difference between the Control and BackPack models in that
region shown in Figure 2.

Figure 12. Time-averaged RMSE for SST [◦C] (top) and SSS [psu] (bottom) from the four OSSEs. The
averaging window is April through December to avoid the effects of the initial ensemble bias.

To illustrate the subsurface behavior, in Figure 13 we show the horizontally averaged
RMSE for temperature (top row) and salinity (bottom row) for the four OSSEs. Below the
surface, at around 100–200 m depth, the temperature RMSE for the BB case is generally
lower than for the CB and BC cases, which reverses the behavior at the surface shown
in Figure 11. The CB case evidently has an initial bias in both temperature and salinity
at around 1 km depth that takes some time to resolve. This bias is associated with the
fact that the CB case has a mismatched ensemble and reference model, and not with the
construction of the initial Control ensemble, since this feature at 1 km depth is not seen in
the CC case. The BC case resolves this bias more effectively than the CB case. As at the
surface (Figure 11), the salinity RMSEs for the BB case are generally lower than for the CB
and BC cases.

3.4. Spread–Error Calibration

To assess the quality of the uncertainty quantification provided by the BackPack and
Control ensembles we consider spread–error calibration. Spread–error calibration is gener-
ally only a necessary but not a sufficient condition for perfect ensemble calibration, which
occurs when the true state is statistically indistinguishable from the ensemble members [89].
A more complete probabilistic verification of ensemble calibration might include evaluation
of the continuous ranked probability score (CRPS [90]), rank histograms [91], and reliability
diagrams [92].
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Figure 13. Horizontally averaged RMSE for temperature [◦C] (top) and salinity [psu] (bottom) from
the four OSSEs.

Let x(s, t) denote a quantity of interest, e.g., temperature or salinity, at some location
(s, t) in space and time. The true value of x(s, t) is obtained from the reference case, and
is denoted x0(s, t). The ensemble produces a set of values {xn(s, t)}N

n=1, where in all our
experiments N = 40. The ensemble mean x̄(s, t) and standard deviation (spread) s(s, t) are

x̄(s, t) =
1
N

N

∑
n=1

xn(s, t), s(s, t) =

[
1

N − 1

N

∑
n=1

(xn(s, t)− x̄(s, t))2

]1/2

. (3)

The traditional approach to assessing spread–error calibration computes the ratio of average
spread to average error, defined as

[
⟨s(s, t)2⟩

⟨(x0(s, t)− x̄(s, t))2⟩

]1/2

(4)

where ⟨·⟩ denotes an average in space or in time. Sometimes correction factors are included
in the ratio to account for finite sample-size effects [93]. Values less than one are commonly
interpreted as implying an under-dispersed ensemble, while values greater than one imply
an over-dispersed ensemble.

The theory behind the traditional approach is based on modeling the ensemble and
the truth as realizations of random variables [93]. For an unbiased ensemble of infinite
size, the expected value of the variance equals the expected value of the squared error
in the ensemble mean. But the variance of both quantities could be large, so that the
ensemble variance and squared error in the mean computed at a single location or time
might differ drastically from each other, even at the limit of infinite ensemble size. The
spatial or temporal average ⟨·⟩ that appears in the traditional ratio is intended to decrease
this variance, but it does not necessarily achieve this reliably. Averages, whether in space
or in time, are sensitive to outliers, so that both ⟨s(s, t)2⟩ and ⟨(x0(s, t)− x̄(s, t))2⟩ could be
dominated by small regions with large errors or large spread.
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To address this limitation of the traditional approach, we develop here a novel measure
of spread–error calibration. We denote the local error–spread ratio as

r(s, t) =
x0(s, t)− x̄(s, t)

s(s, t)
, (5)

and define the spread–error calibration ratio (SECR) to be

CR =

[
γ

⟨r2(s, t)⟩

]1/2
(6)

where

γ =
N − 1
N − 3

(
1 +

1
N

)
. (7)

The factor of
√

γ, which is approximately 1.04 at N = 40, accounts for finite sample-
size effects, while inverting after averaging produces an easily interpretable result: CR

values equal to one suggest a well-calibrated ensemble, while values above and below one
indicate over-dispersed and under-dispersed ensembles, respectively. The finite-sample-
size correction is determined by the following theorem.

Theorem 1. Let {Xn}N
n=1 be independent random variables with normal distribution N (µe, σ2

e ),
and let X0 be independently distributed as N (µt, σ2

t ). Define

X̄ =
1
N

N

∑
n=1

Xn, V =
1

N − 1

N

∑
n=1

(Xn − X̄)2, R2 =
(X0 − X̄)2

V
. (8)

For N > 3, the expected value of R2 is

N − 1
N − 3

(
σ2

t + (µt − µe)2

σ2
e

+
1
N

)
. (9)

The proof can be found in Appendix A. Insight can be gained by examining
special cases.

• In the case of a perfectly calibrated ensemble, which has population mean µe equal
to the true mean µt and population variance σ2

e equal to the true variance σ2
t , the

expected value of R2 equals N−1
N−3

(
1 + 1

N

)
, which justifies the sample correction factor

γ in the definition of CR.
• In the case of an unbiased ensemble, the expected value of R2/γ reduces to

1 + N σ2
t

σ2
e

1 + N
. (10)

When the ensemble is under-dispersed (σ2
e < σ2

t ), the expected value of R2/γ is greater
than one, and vice versa, which naturally results in a CR value less than one, matching
our intuitive definition of under-dispersion.

• All else being equal, the expected value of R2 is larger for a biased ensemble than
for an unbiased ensemble. The effect of a biased ensemble is therefore qualitatively
similar to the effect of having an under-dispersed ensemble, as it produces CR values
less than one.

• If the ensemble is perfectly calibrated but non-Gaussian, then the expected value of
R2/γ may deviate from unity.
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To further motivate the SECR, consider that we can compute r2(s, t)/γ at a location
in space and time using the ensemble and true state, but we can only regard this as a
realization of a random variable R2(s, t)/γ whose expected value would equal unity if the
ensemble were Gaussian and perfectly calibrated. The variance of this random variable
could be large, in which case the computed value r2(s, t)/γ could be far from one even
for a perfectly calibrated Gaussian ensemble. Computed values r2(s, t) at single points of
space and time are therefore not reliable indicators of ensemble calibration.

We resort to spatial or temporal averaging to reduce the variance in individual com-
puted values of R2(s, t). The intuition that averaging reduces variance can be justified by
the law of large numbers. There are many laws of large numbers that differ in their assump-
tions and in the precise nature of their conclusions; they all conclude that the arithmetic
mean of a set of random variables converges to the arithmetic mean of the expected values
of those variables [94]. On this basis, we expect that for a perfectly calibrated Gaussian
ensemble the variance of the spatial or temporal mean ⟨R2(s, t)⟩ should decrease to zero
as the domain of averaging increases to infinity, unless some improbable and pernicious
correlation structure prevents the law of large numbers from applying. Practically speaking,
we presume that for a sufficiently large averaging domain, computed values ⟨r2(s, t)⟩/γ

far from unity reliably indicate poorly calibrated ensembles.
To connect with the intuition that values less than unity correspond to under-

dispersion, the SECR considers the inverse value γ/⟨r2(s, t)⟩, and to connect with tra-
ditional metrics of spread vs. error (rather than variance vs. squared error), the SECR takes
the square root. From a theoretical standpoint, the computed value CR should be regarded
as a realization of the random variable

√
γ/⟨R2(s, t)⟩. Jensen’s inequality indicates that

CR is a realization of a random variable whose expected value is larger than one, though
the Jensen gap is small when the variance of ⟨R2(s, t)⟩/γ is small:

1 =

[
γ

E[⟨R2(s, t)⟩]

]1/2
≤ E

[(
γ

⟨R2(s, t)⟩

)1/2
]

. (11)

Practically speaking, this means that the computed CR for a perfectly calibrated ensemble
might exhibit a slight positive bias (yielding values slightly greater than 1), but that this bias
becomes negligible as the averaging domain grows and the variance of ⟨R2(s, t)⟩ shrinks.

An advantage of the SECR is that by taking the ratio before averaging the result it is not
overly sensitive to small regions with large errors. An advantage of the traditional approach
over the SECR is that it does not involve any assumption of Gaussianity. The newly
proposed SECR is derived under an assumption of Gaussianity, and should therefore not be
used for variables like sea-ice concentration or precipitation, whose distributions are often
non-Gaussian. We apply it here to ocean temperature and salinity, whose distributions are
consistent with Gaussianity. Both approaches only provide a necessary, but not sufficient,
condition for the ensemble to be well-calibrated [89].

Figure 14 plots the spatial-mean spread–error calibration ratio CR for SST (top) and
SSS for the four OSSEs. In all four experiments the ensembles are under-dispersed, though
the spread–error calibration is better for salinity than for temperature. The BB and BC cases
are both better calibrated than the CB and CC cases, which are comparable to each other.
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Figure 14. Horizontally averaged spread–error calibration ratios CR for SST (top) and SSS (bottom)
from the four OSSEs. Values above 1 are over-dispersed, while values below 1 are under-dispersed.

Figure 15 shows maps of the time-mean spread–error calibration ratio CR for SST (top)
and SSS (bottom) for the four OSSEs. The averaging window is April through December
to avoid the effects of the initial ensemble bias. Whereas the spatial-mean spread–error
calibration ratios show that the ensembles are significantly under-dispersed on average
globally, the spatial maps show that the ensembles, though still not over-dispersed, are well
calibrated in some regions. The BB experiment is clearly the best calibrated in terms of both
SST and SSS, with the Backscatter Package leading to improved spread–error calibration
primarily in the tropics and Southern Ocean, and also to a lesser extent in the North Atlantic
and North Pacific. Even the BB ensemble remains significantly under-dispersed in the
subtropical South Pacific and subpolar North Pacific; this is consistent with Figure 1, which
shows that neither the stochastic GM+E nor the Leith+E backscatter schemes are active in
those areas.

Since the SECR is a novel measure of spread–error calibration, we provide for compar-
ison the traditional ratio Equation (4) in Figure 16, where the averaging window is April
through December to avoid the effects of the initial ensemble bias. The results are broadly
similar to the SECR results shown in Figure 15, except that the ensembles all appear less
under-dispersed using the traditional metric. This suggests that the new approach provides
a more stringent test of spread–error calibration than the traditional approach. Differences
in inflation factors between the cases with Control and BackPack ensembles may also be
related to the different localization radii used in these configurations.
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Figure 15. Time-averaged spread–error calibration ratios CR for SST (top) and SSS (bottom) from
the four OSSEs. The averaging window is April through December to avoid the effects of the initial
ensemble bias.

Figure 16. Traditional spread-to-error ratio (Equation (4)), computed using a time average, for SST
(top) and SSS (bottom) from the four OSSEs. The averaging window is April through December to
avoid the effects of the initial ensemble bias.

4. Discussion
In this paper we explore the potential for backscatter and stochastic parameterizations

to increase ensemble spread and improve performance in global ocean data assimilation,
targeting initialization for global coupled prediction systems on S2S2D timescales and
global coupled reanalyses. These applications commonly use ocean models at non-eddying
resolutions, and such models are often woefully deficient in terms of their variability. This
lack of variability can be mitigated in a data assimilation context (for producing reanalyses
or initial conditions for S2S2D forecasts) using inflation schemes, of which there are many.
Alternatively, the lack of variability can be addressed within the model itself through the
addition of stochastic parameterizations and backscatter schemes.

There are few previous investigations comparing inflation to stochastic parameteriza-
tions, and none of them target global ocean models at non-eddying resolutions. Previous
investigations have been performed in the context of atmospheric synoptic scales [31] and
mesoscales [34], and of oceanic mesoscales [33,37], with inflation schemes from simple
tuned multiplicative inflation [33,37] to spatio-temporally varying and adaptive multi-
plicative and additive inflation schemes [31,34]. The results are mixed. In some cases
variance-increasing parameterizations are clearly superior, while in other cases there is no
apparent benefit compared to inflation. Clearly the decision depends on the parameteriza-
tions and inflation schemes in question.

The investigation here uses the MOM6 ocean model in the CESM framework at a
nominal 2/3◦ resolution, forced by an atmospheric reanalysis product. We investigate
the effects of three combined parameterizations, which we call the Backscatter Package
(BackPack):
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1. A stochastic correction to the model density, applied in the computation of the hydro-
static pressure and in the mixed-layer eddy restratification scheme [21];

2. The stochastic GM+E backscatter scheme [15];
3. The Leith+E backscatter scheme [56,57].

We use the DART data assimilation package with synthetic observations of tempera-
ture and salinity, whose times and locations are taken from in situ observations in the WOD.
The assimilation scheme uses the adaptive inflation method of Gharamti [77] applied to the
forecast ensemble. Future work might explore applying inflation to the analysis ensemble
or to both the forecast and analysis, following Gharamti et al. [79].

We find that using the BackPack model configuration clearly increases variability and
ensemble spread, leading to lower inflation factors. The BackPack leads to reduced errors
in the ensemble mean state, especially in salinity, but the difference compared to adaptive
inflation without the BackPack is modest at best. The BackPack’s main benefit is that it
significantly improves model calibration, which we measure using a novel metric called
the spread–error calibration ratio. Although all of the experiments conducted here have
under-dispersed ensembles, the BackPack simulations have much larger spread and hence
much better spread–error calibration.

All experiments exhibit under-dispersion. One might initially suspect this to result
from model errors, but both the CC and BB experiments exhibit under-dispersion even
in the absence of model errors. It is possible that in some regions the initial bias in the
ensemble (cf. Figure 5) might not be fully corrected by the end of the first year, perhaps due
to the sparsity of the in situ ocean observing system, resulting in under-dispersion despite
a lack of model errors. Errors in the data assimilation scheme, especially those associated
with spurious correlations, which tend to excessively reduce ensemble spread, might also
play a role. In particular, under-dispersion in these experiments could be related to lack of
localization in the vertical direction; the use of vertical localization would result in smaller
updates to the state variables, and hence smaller reductions in ensemble spread.

The experiments using a Control ensemble use a larger horizontal localization radius
than the experiments using a BackPack ensemble, and thus (in principle) allow for more
spurious updates and as a result more spurious ensemble deflation than the BackPack
experiments. This could also partially explain why the experiments with a Control ensemble
are more under-dispersed than the experiments with a BackPack ensemble. However,
Figure 6 suggests that the Control ensemble simply has longer-range correlations than the
BackPack ensemble, and thus leads to more state-variable updates and greater reductions
in ensemble spread at each assimilation cycle. Tighter localization radii might mitigate this
effect in future investigations: in addition to removing long-range correlations associated
with sampling errors, localization might also be used to remove long-range correlations
stemming from model errors.

Modelers considering adopting the BackPack may wish to know which component
is most responsible for the improvements. Figure 1 shows that the three components of
the BackPack are relatively separated in space, suggesting that improvements in any given
region are driven by whichever component of the BackPack is active in that region. That
said, the three components may have nonlinear interactions along energy pathways (for
example, after Leith+E modifies the vorticity field in the tropics, it may affect the mean
flow in GM+E-active regions through wave propagation or teleconnections), leading to an
effect from the combined BackPack that may be greater than the sum of its parts. In the
future, single-scheme experiments could be used to isolate the effect of each component
and to identify any interactions between components.

Although we do not perform S2S2D ensemble forecasts, we expect that an ensemble
initialized using data assimilation with a BackPack ensemble would have a larger and
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better-calibrated spread during the forecast phase, providing better uncertainty quantifi-
cation than an ensemble without the BackPack (cf. [25]). The spread in the non-BackPack
ensemble would have been, during the data assimilation phase, supported by the adaptive
inflation algorithm, but during the forecast phase this adaptive inflation would not be
active and we would expect the ensemble spread to slowly decay, leading to increasingly
poor calibration of the forecast at longer lead times. In contrast, the spread of the BackPack
ensemble is primarily supported by the BackPack parameterizations, which do not switch
off in the transition from data assimilation to S2S2D forecasting. We expect an ensemble
S2S2D forecast performed using the BackPack parameterization suite might be better cal-
ibrated than a forecast without the BackPack. Results from non-assimilating ensemble
simulations suggest that the BackPack ensemble does maintain a higher spread than the
Control ensemble at lead times up to one year (Figure 7). Verifying these expectations
experimentally is a topic for future investigation.

Although the BackPack suite clearly helps increase the internal variability and en-
semble spread of the ocean model, even the BackPack ensemble remains significantly
under-dispersed in our experiments, despite the use of adaptive inflation. Future work
might attempt to further reduce the variability deficit through the development of stochas-
tic parameterizations targeting processes and areas not covered by the methods in the
BackPack suite. Figure 15 shows, for example, that ensemble SST remains significantly
under-dispersed in many regions, including the eastern and subpolar North Atlantic, the
Mediterranean, the Arabian Sea and the Bay of Bengal, the southwestern and northeastern
North Pacific, and the subtropical South Pacific. Ensemble SSS is also under-dispersed,
though to a lesser extent, in these locations. One option to enhance surface variability could
be to use stochastic and machine learning parameterizations of air–sea fluxes [95–99].
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The following abbreviations are used in this manuscript:

APB Autonomous pinniped bathythermograph
CAFE60v1 Climate Retrospective Analysis and Forecast Ensemble system, version 1
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DART Data Assimilation Research Testbed
EAKF Ensemble adjustment Kalman filter
EnKF Ensemble Kalman filter
GM Gent and McWilliams
MOM6 Modular Ocean Model, version 6
NorCPM Norwegian Climate Prediction Model
OSSE Observing System Simulation Experiment
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RTPP Relaxation-to-prior perturbations
RTPS Relaxation-to-prior spread
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SKEB Stochastic kinetic energy backscatter
SPEAR Seamless System for Prediction and Earth System Research
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SST Sea surface temperature
TAO Tropical atmosphere ocean
TRITON Triangle Trans-Ocean Buoy Network
WOA18 World Ocean Atlas 2018
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WRF Weather Research and Forecasting
XBT Expendable bathythermograph

Appendix A
Proof of Theorem 1. The proof is closely related to standard analysis of hypothesis testing
using Student’s t-distribution. The sample mean X̄ is distributed as

X̄ ∼ N
(

µe,
σ2

e
N

)
. (A1)

The scaled sample variance,

U =
N − 1

σ2
e

V (A2)

is independent of X̄ and has a chi-square distribution with N − 1 degrees of freedom.
Consequently, the quantity

T =
X̄ − µ√

V/N
(A3)

has a Student’s t-distribution with N − 1 degrees of freedom.
Rearranging this expression yields

X̄ = µe + T

√
V
N

(A4)

which allows us to express R as

R =
X0 − µt√

V
− T√

N
+

µt − µe√
V

. (A5)
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By assumption, X0 is independent of both T and V. Therefore, the expected value of R2 is

E
[

R2
]
= E

[
(X0 − µt)2 + 2(X0 − µt)(µt − µe) + (µt − µe)2

V

]
− 2√

N
E
[
(X0 − µe)T√

V

]
+

1
N
E[T2].

(A6)

Independence of X0 from T and V implies both that the second term is

E
[
(X0 − µt)T√

V

]
= E[X0 − µt]E

[
T√
V

]
= 0, (A7)

and that the first term is

E
[
(X0 − µt)2 + 2(X0 − µt)(µt − µe) + (µt − µe)2

V

]
=

(
σ2

t + (µt − µe)
2
)
E
[

1
V

]
. (A8)

Because U ∼ χ2
N−1, its multiplicative inverse has an inverse chi-square distribution, with

E[U−1] = 1/((N − 1)− 2) = 1/(N − 3). Thus,

E
[

1
V

]
=

N − 1
σ2

e
E
[

1
U

]
=

N − 1
σ2

e (N − 3)
(A9)

and therefore the first term in Equation (A6) simplifies to

N − 1
N − 3

σ2
t + (µt − µe)2

σ2
e

. (A10)

Finally, recognizing that E[T2] = Var[T] = (N − 1)/(N − 3) for a t-distribution with N − 1
degrees of freedom, we obtain the expected value of R2:

E
[

R2
]
=

N − 1
N − 3

(
σ2

t + (µt − µe)2

σ2
e

+
1
N

)
. (A11)
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