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Abstract

The primary objective of separating normal-mode interference spectra (NMISs) is to
extract more fine-grained coherent structures between different pairs of modes in a
shallow water sound field. However, NMISs generally exhibit nonlinear phase frequency
and amplitude frequency relationships in one-dimensional broadband sound intensity
measurements, which poses a challenge for effective separation. To address the difficulty
arising from the nonlinearity of NMISs, this study presents a variational dispersion mode
decomposition (VDMD) method. An innovation of VDMD is to incorporate the physical
model of NMISs into the framework of Variational Nonlinear Chirp Mode Decomposition
(VNCMD). First, it utilizes the waveguide invariant and the interference frequency factor
to characterize the phase function of NMISs. Second, this parameterization of the
nonlinear phase function provides an analytical expression for the gradient of the
objective function in the variational optimization processing of VNCMD, thereby
improving the efficiency of its iterative search and enabling accurate extraction of NMISs.
Finally, experimental results from a Yellow Sea trial demonstrate that the separated
NMISs agree well with the reference modes, validating the effectiveness of our proposed
method.

Keywords: variational dispersion mode decomposition; normal-mode interference
spectrums; waveguide invariant

1. Introduction

In a shallow water waveguide, the underwater acoustic intensity excited by a point
source can be expressed as the superposition of incoherent and coherent components [1-
4]. The incoherent component is the sum of the intensities of different normal modes and
generally varies slowly with frequency and range. The coherent component characterizes
the mutual interference between pairs of normal modes and often exhibits interfering
acoustic intensity fringes in a two-dimensional (2D) frequency-range (r-w) plane. At a
fixed range, the one-dimensional (1D) coherent component (as a function of frequency) is
characterized by a superposition of quasi-periodic fluctuations produced by each pair of
normal modes, especially when the intensities of the modes are comparable [5,6]. In this
1Dcase, we define the sound intensity fluctuation caused by mutual interference of a pair
of normal modes as the normal-mode interference spectrum (NMIS). Previous studies [5-
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10] have shown that NMISs generally exhibit nonlinear phase frequency and amplitude
frequency relationships. While this nonlinearity carries the waveguide dispersion
information, it also makes it more difficult to finely separate and extract the NMIS from
the 1Dcoherent component of the acoustic intensity.

To overcome this difficulty, this article attempts to introduce the constraints of the
physical model of the NMIS into the framework of Variational Nonlinear Chirp Mode
Decomposition (VNCMD) [11] and proposes a variational dispersion mode
decomposition (VDMD) method for NMIS separation. VNCMD is a power tool used to
estimate the increment of instantaneous frequency using arctangent demodulation
technology and regularize the updating process of instantaneous frequency to ensure its
smoothness. The greatest advantage of VNCMD is that it establishes a rigorous
mathematical model based on variational optimization and the alternating direction
method of multipliers (ADMM), transforming signal decomposition into an optimal
demodulation problem, thereby outperforming traditional empirical mode
decomposition (EMD) algorithms—which lack a clear optimization objective and rely on
empirical sifting—in terms of decomposition accuracy, noise robustness, and the ability
to mitigate mode mixing. However, in VNCMD, the phase of the signal model lies in a
high-dimensional parameter space, which makes it sensitive to initialization conditions
and difficult to optimize when dealing with the NMIS separation problem [9]. Fortunately,
it is found that the horizontal wavenumber difference in the NMIS phase function
depends on the waveguide invariant [12-14]. This prior knowledge from the NMIS
physical model provides a physical basis for the initialization and reduces the model
dimension of the optimization problem. In addition, the parameterization of the
horizontal wavenumber difference provides an analytic form of the gradient of the
objective function, which leads to a more definite direction of optimization in the
iterations. Simulations and experimental results verify that VDMD has better convergence
performance and separation accuracy for NMIS separation than VNCMD. The
experimental acoustic data analyzed in this study were acquired using a Type 8106
hydrophone (Briiel & Kjeer, Neerum, Denmark), and all numerical simulations and data-
processing procedures were performed using MATLAB R2023b (MathWorks, Natick, MA,
USA).

This article consists of the following sections. Section 2 introduces the NMIS and
some related notions. Section 3 presents the principle and steps of the proposed VDMD
method. Sections 4 and 5 present simulation analysis and experimental verification,
respectively. Section 6 presents the conclusions.

2. Preliminary
2.1. The Model of NMIS

According to normal-mode theory, the coherent component of the underwater
broadband sound intensity excited by a point sound source at depth z; and angular
frequency w and received at depth z after propagating through a long distance r can
be expressed as follows [3]:

(@) = Z Z I (@) = i z A Ay c05{ [l (@) = len (@)1}

n=1m>n n=1m#n (1)

—am(w)r

VEn(0)r
where N represents the propagation normal-mode number excited by the sound source,
Imn(w) is the NMIS between the mth and nth normal modes, ¥, and k,, represent the

Ay = ¥ (25, 0) ¥ (2, w)
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vertical modal function and horizontal wavenumber of the m th normal mode,
respectively, and a,, is the attenuation factor of the mth normal mode.

When the frequency of interest is far from the cutoff frequency, the horizontal
wavenumber difference between modes m and n can be expressed as follows [2]:

km(w) — ky(w) = Ymnw_l/ﬂm"' )

where ¥, is a constant determined by the mth and nth modes; f,,, which describes
the dispersion characteristic of the ocean waveguide, is the waveguide invariant for the
mth and nth modes. It is worth noting that the VDMD proposed in this paper is based on
Equation (2), so its applicable frequency band must be kept away from the cutoff
frequency. Substituting Equation (2) into Equation (1), I.(w) can be reformulated as
follows:

L
(@) = ) Bicos(fi07V/") ©
=1

NN—1) is the total

where symbol | replaces symbols m and n for convenience, L =
number of NMISs, ¢ =y,r is defined as the interference frequency factor, and B, =
A, A, is the amplitude of [th NMIS. B, is mainly affected by the depth of the source and
hydrophone and is weakly dependent on the angular frequency.

We define the interference frequency as follows:

1 |d[kn(@) = ka(@)] | |G0~VA|
— r| = (4)
2 | dw 2nf |

Generally, the interference frequency of an NMIS is a smooth function that varies
much more slowly than the phase function. Thus, an NMIS can be considered an

filw) =

amplitude-modulated and frequency-modulated broadband non-stationary signal. The
phase function of the NMIS is parameterized by the waveguide invariant §; and the
interference frequency factor §;, which provides a physical constraint basis for the NMIS
separation method proposed later in this paper.

2.2. VNCMD
VNCMD s a recently introduced method for nonlinear chirp signal decomposition
that has aroused notable attention in various fields [11]. We consider the signal g(t)
sampled at t = t,,...,tp_; in the following equation:
Q t
95 = )" a(®) cos( 2nf fi(s)ds + ¢))
0

i=1

()

Q

= Z u;(t) cos (27r ftfl-(s)ds> + v;(t) sin (27r ftfl-(s)ds>
. 0 0

i=1

where Q is the number of nonlinear chirp modes; u;(w) and v;(w) aretwo demodulated
signals:

u;(t) = a(t) cos (27‘[1; (fi(s) — fi(s))ds + ¢1>
¢ (6)
v;(t) = —a(t) sin <27Tf0 (ﬁ(s) - fi(s))ds + ¢z>

where f; represents the instantaneous frequency of the demodulation operators
cos (Zn fot fi(s)ds) and sin (27‘[ fot fi(s)ds). The two demodulated signals will have the
narrowest band corresponding to the bandwidth of the amplitude a(t) if £;(s) = fi(s).
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The idea of VNCMD is to solve the mode separation problem by minimizing the
bandwidths of the demodulated signals:

Q
min Z(nnuin% + v l12)
i=1

upvifi

s.t. //g - [2?=1Aiui + Bivi]//z <e

)

where |||, stands for the I, norm, A4; = diag [cos (27‘[ fotofi(s)ds),...,cos (27‘[ fOtN_lfi(

T , . to . tN-1 Z T .
s)ds)] andB; = diag [sm (27‘[ fo ﬁ(s)ds),...,sm (27‘[ fo fi(s)ds)] are discrete for
ms of two demodulated signals, u;=[w(ty), .., u;(tp-1)]" and v; =
[vi(to), .., vi(tp—1)]" are discrete forms of two demodulation operators, ¢ is the tole
rance upper bound determined by the noise, the bandwidth is evaluated using th
e square of the I, norm of the second-order derivate, and 2 is a second-order dif
ference operator formulated as

[—1 1 0 0]
11 -2 1 0|
n=\: o | (8)
l'o 1 -2 1|
Lo o 1 -l

The constrained optimization problem is solved using the augmented Lagrange
multiplier method and the alternating direction method of multipliers. Two demodulated
orthogonal signals u; and v; are calculated iteratively as follows:

2 - A
u§<+1=(EnT0+A,TA) A] g—ZApup—Zprp—W—E )

p#L P
9
" B . )
v{‘+1=<;.QT.Q+BiTB) B g—ZApup—Zprp—w—a ,
14 p#i

where w is a noise variable, 1 € R"*! is the Lagrangian multiplier, and a« >0 is a
penalty parameter. VNCMD uses the arctangent demodulation technique to obtain the
instantaneous frequency increment:

) 1d O
Afkt ) = - = & v @)
IO ="0w <“T,Ct‘m <u;‘+1(t)>)
o () -l o (v o) (10)

- 2n((uf () + ek 0)°)

VNCMD assumes that the instantaneous frequency is a smooth function, and the
final increment can be corrected by a low-pass filter:

2 B
A+ = (;nm + 1) AffH (11)

It is worth noting that the instantaneous frequency update in VNCMD is a
compromise approach, and if the initial instantaneous frequency differs greatly from the
real value, VNCMD may fail. The detailed VNCMD algorithm is shown in Ref. [11].

3. VDMD

Building upon the physical model of NMISs established in Section 2.1 and the
variational framework of VNCMD reviewed in Section 2.2, we propose a variational
dispersion mode decomposition (VDMD) method to overcome the convergence and
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accuracy issues of VNCMD for NMIS separation. The basic framework of VDMD is the
same as that of VNCMD, which is to achieve modal separation by minimizing the
bandwidth of nonlinear modes. The difference is that VDMD introduces the constraint of
the NMIS model, which is more suitable for solving the NMIS separation problem. As
shown in Equation (4), the nonlinearity of the NMIS interference frequency depends on
the waveguide invariant and interference frequency factor. By using this relationship, the
analytic form of the gradient of the objective function can be given, and the optimization
direction of the interference frequency in the iteration can be determined more precisely.
Demodulation, as shown in Equation (7) and Equation (3), can be expressed as follows:

L
Ie(w) = Z B, cos(§w™1/Ft)
T (12)
=3y cos G ) + v sin Gy

=1
where

w(w) = By cos(§w P — flw‘l/gl),

vi(w) = —B; sin(§w VA — §w™1R), (13)

The two scalars & and f, replace fi, which lies in the high-dimensional parameter
space in Equation (9). The optimization problem of VDMD can be expressed as

L
min 4" (19ul3 + 129113
wvLBL = (14)
st. fle = iza(Ayw + B, < €

where I is I.(w) sampled in the band [wy, Wy, ..., Wy _1]:

u = [ul(wo); "'!ul(wW—l)]T! v = [Ul(wO)! ...,Ul(ww_]_)]T,
- _1/7 - _1/B T
A, =diag [cos (€lw0 Uﬁl) ) ey COS (flwwl_/fl)] ,

B, = diag [sin (flwgl/ﬁz), .., Sin (flwv_vl_/fz)]?

To solve the constrained optimization problem in Equation (16), the corresponding
augmented Lagrangian is expressed as follows:

L
£, v w, G B ) = T, ) + ) (12wl + 12v,1)
=1 (15)

. A 1413
+%/ﬁN—IC + 2l Ay +Blyl)+;//z _2_;

where J¢ (W) is an indicator function. VDMD uses the alternating direction multiplier
method (ADMM) to decompose a complex optimization problem into several separately
updated subproblems. We will address the issue of updating § and f;,, which influence
the interference frequency, in Equation (4). The other variable optimization processes are
the same as in VNCMD. The gradient of the two sub-optimization problems for § and
B, canbe expressed as follows:
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L
5} I A
EL(ul, vy, Ellﬁll w, /1) = a(AlUl - Blul)THg (W - IC + (Alul + Blvl) + E)
l =1

L
d s~ 1
EL(UD vy, El,ﬁl,W, l) = a(AlUl - Blul)THl; (W - IC + (Alul + Blvl) + E)
l =1

(16)

He = diag [w(;l/ﬁl,...,w‘}l_/fl]
where i o VB, .
Hp = diag [ﬁm“ 7 lnwo,...,flww"lﬁlznww_l]

Then the Adaptive Moment Estimation (Adam) algorithm [15] is used to update &
and f;. Adam is an optimization algorithm that can adaptively adjust the learning rate
according to the parameter’s gradient history. Because of the adaptive adjustment of the
learning rate, the Adam algorithm is insensitive to the initial value of the learning rate,
which improves the algorithm’s robustness. Take ¢; as an example:

a
d=—L
0¢;
me = kymft 4+ (1 —ky)d

ve = vt + (1 - ky)d?

flp = % 17
mf—l_Kl ( )
~ Ve

Ue_l—xz

= s Ui .

= -

where m; and v; are the gradient estimations of the first and second moments,
respectively; M; and ¥; are estimations corrected for bias to provide a more accurate
update initially. In this article, x¥; and k, are set to 0.9 and 0.999, respectively, as decay
rates controlling the weighted average of the past gradient and the gradient squared, 7 =
8 x 10%,are used to maintain numerical stability. 7 is a hyperparameter that controls the
step length of each parameter update.

In VNCMD, &, and f§; are replaced by non-parameterized instantaneous frequency
functions, and the instantaneous frequency functions are updated using the arctangent
demodulation technique and regularization (see Equations (12) and (13)). In other words,
VNCMD has a broader application range in nonlinear mode decomposition because it
does not require a prescribed phase model, whereas VDMD is a physics-informed
specialization designed for NMIS decomposition. The additional physical constraint
improves the convergence robustness of VDMD for NMISs, but its applicability depends
on the validity of Equation (4). The complete VDMD algorithm is shown in Algorithm 1.

Algorithm 1 VDMD ~ ~
Initialize: I;a;u; €L Bl Al = diag |cos(Elw=1/F1)|, B = diag [sin(lw1/B1)|, k=0
ul = (2/a Q"Q+ (ADTADHAD I, v = (2/a Q" + (BHTBH) T (BN I, At =0

1
2
3wt = (I - 3 (Afuf + Bfv)) — 4¥/a)

4 for [=1:L do

5wl =(2/a Q"0+ ATA) TAT(I - Sy Apu, — 5, B, v, — WK - AF/a)
6: vt =(2/aQ"Q+BB,) Bl (I, — ¥, A,u, — Y, B, v, — Wkt — 2k /q)
7

8

9

=8 —ne/(Jog + € + g
BIH = B —np/([Op + €) x g

: A+ = diag [cos (EF 10~ 1/BET)
10:  BF*! = diag|sin (&F+1w 1B
11: end for
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. " wl
12:if jjwk + 3 (AR el 4+ BEIVEY) — IjiD > 11112 then

13: Aktl=p

14: for [=1:L do

15: uitt = (2/a QTQ + (AKF1) ARFT) T (AR,
16: Vit = (2/a QTQ + (BFY) BEY) T (BEY)'L,
17: end for

18: end if

19: Ak+l =2k 4+ a(wkﬂ +2 I{(H - Ic)
20: until i+t — 1552 /jinki2 < 5

4. Simulation
4.1. VDMD for NMIS Separation

Specific numerical simulations are used to demonstrate the performance of VDMD
in NMIS separation. Figure 1la shows a simulated waveguide, which has a negative
thermocline at depths of 5-15 m. The source and hydrophone are both located 30 m below
the sea surface. The horizontal distance between the source and receiver is 10 km. The
synthesized acoustic data in the frequency band of interest, 300 Hz to 500 Hz, is calculated
by KRAKEN [16]. The sound field is mainly dominated by normal modes 1-4, and their
group velocity and phase velocity are shown in Figure 1b. It is worth noting that the
frequency band of interest is far from the cutoff frequency, which satisfies the assumption
of Equation (2). Figure 1c plots the vertical modal function of the first to fourth normal
modes in 400 Hz, and the black dashed line represents the depth of the source and
hydrophone. Gaussian white noise is added to the data and the signal-to-noise ratio (SNR)
is 20 dB. Figure 1d shows the coherent component of broadband intensity with noise, the
reconstruction waveform and the modes separated by VDMD. The separated modes
respectively correspond to 1-2, 1-3, 1-4, and 2-4 pair NMISs. The good consistency
validates the effectiveness of VDMD. The 2-3 and 3-4 pair NMISs are submerged in noise
because the amplitude of the third normal mode is minimal, as shown in Figure 1c.

It should be noted that the key advantage of VDMD over the existing VNCMD
algorithm lies in its use of the physical characteristic constraints of the NMIS to improve
the iterative search efficiency of the objective function, thereby effectively avoiding the
problems of sensitivity to initial values and susceptibility to local minima when separating
NMISs. Therefore, in the simulation example of Figure 1, we do not present a direct
comparison between VDMD and VNCMD; instead, we provide a statistical comparison
in the subsequent analysis of issues such as initial values, convergence, and signal-to-
noise ratio.

60

1490

1580
——Phase speed
1560 — — Group speed
1520, z<5m 1540
c(mfs)=41520-2(=—5), Sm<z<15m \E
1500. =>15m = 1520 \
3
o \ 1
|5
1500 L — = ———————
PP R E it -]
. L - - -
pml65 glem® ¢ ~1565 ms 1480 Vo PR
o, =0.3 dB/A AN
. . . . 1460 . n
1500 1510 1520 1530 1540 1550 100 200 300 400 500
Sound speed (m/s) Frequency (Hz)
(a) (b)
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350 400
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(d)

Normalized Amplitude

Normalized Amplitude ~ Normalized Amplitude

Normalized Amplitude

® NMIS of 1-2 pair
separated mode by VDMD

350 400 450 500
Frequency (Hz)
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350 400 450 500
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® NMIS of 24 pair
separated mode by VDMD

® NMIS of 3-4
separated mode by VDMD

350 400 450 500
Frequency (Hz)

pair

300

350 400 450 500
Frequency (Hz)

Figure 1. (a) Simulation environment schematic diagram. (b) The group velocity and phase velocity

of normal modes 1-4. The shaded area is the frequency band of interest. (c) The vertical modal

functions of normal modes 1-4 from 300 Hz to 500 Hz. (d) The coherent component of broadband

intensity with noise, the reconstruction waveform and the modes separated by VDMD.

4.2. Initialization of B; and &

The theoretical and experimental values of f; are approximately equal to one in the
ideal Pekeris waveguide [1], so we suggest setting ! =1 in the initialization. The
initialization of &} can be estimated by the interference frequency peaks using the Fourier

transform. Assuming the frequency corresponding to the [ th peak is flpeak , and the

center angular frequency of the interested frequency band is w,, it can be obtained

according to Equation (4):

=

2n_fipeak B'll
wc—l/ﬁl—1

k
= 2K w2

(18)

Here, we use the interference frequency at the center angular frequency w. to

approximate the peak frequency to obtain the initialization of &!. It is worth noting that

there is a coupling relationship between B, and ¢, in representing the interference
frequency. The relative error (RE) is defined as follows:

https://doi.org/10.3390/jmse14141335
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ga,—l/t?—l S;w—l/ts’—1|

. IFER-reEnl H g B |
REGH =——remn, - [ E o)
B

2

where € and f§ are the estimated values; B, and ¢, denote the real values. Considering
a typical 1-3 NMIS with nonlinear phase frequency and amplitude frequency
relationships in Figure 1d and setting a search interval for ¢ and f, the REs calculated
over the interval are shown in Figure 2a. In Figure 2a, the real §; and ¢; of the NMIS are
located in the position of the two white dashed lines. There is a curved band with a low
RE from the upper left to the lower right of the true positions, which indicates that the
interference frequency can be represented by many combinations of ¢ and f, and there
is a coupling relationship between & and f. Although the estimates of §, and §, may be
different from their true values, this does not affect the representation of the interference
frequency. Figure 2b and Figure 2c, respectively, draw the RE curves with the fixed real
B, and &, corresponding to the RE on the two white dashed lines in Figure 2a. It can be
seen that the RE is more sensitive to the change in 5. Therefore, we suggest that a small
update step of  should be selected, which is conducive to the algorithm’s stability.

13 x10* 6

Figure 2. (a) The RE of interference frequency in the prior search interval; the intersection of the two
white dashed lines is the true position of f§; and ¢&;. (b) RE along the line with the real ;. (c) RE
along the line with the real f;.
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4.3. Convergence of the VDMD

To measure the accuracy of modal reconstruction, we define the convergence degree
as follows:

e (@)l ) 0)

”Ic(w) - ic(w)uz
where I.(w) and I.(w) represent the real and estimated NMISs. Firstly, the convergence

of the VDMD is verified by the single NMIS in Figure 2a. We generate 100 randomly
generated initial £' values:

Caeg = 20 log10<

E'=¢-(1+0.5¢,), (21)

where e, belongs to a normal distribution function with a mean of 0 and a variance of
one. In the absence of noise, the convergence performance of VDMD and VNCMD is
tested using the above 100 random initial £ values. As is shown in Section 4.2, the initial
value of waveguide variance f' is set to one. Here, the initial {' and §! have been
converted to the same initial frequency function in VNCMD. The penalty factors for both
VDMD and VNCMD are set to 0.01, and the maximum number of iterations is set to 200.
Figure 3a plots the final convergence degree of VDMD and VNCMD. It can be seen from
Figure 3a that VDMD has a higher convergence degree than VNCMD in the trials. Two
typical convergence curves of VDMD and VNCMD are shown in Figure 3b. It can be seen
from Figure 3b that, for the representative trial shown here, VDMD converges faster and
reaches the prescribed termination tolerance, whereas VNCMD converges to a stationary
solution with a relatively large reconstruction error. This behavior can be attributed to the
different optimization strategies of the two methods. In VNCMD, the instantaneous
frequency curve is updated as a non-parametric function in a relatively high-dimensional
optimization space. Consequently, when the initial instantaneous frequency curve
deviates substantially from the true curve, the iteration may converge to a local stationary
solution that minimizes the demodulated bandwidth but does not represent the physical
NMIS phase. In contrast, VDMD restricts the interference frequency curve to the
physically motivated form in Equation (4), thereby reducing the dimension of the search
space and providing an analytical gradient for updating the phase-related parameters.

Nevertheless, the comparison in Figure 3 should not be interpreted as indicating that
VNCMD necessarily converges to a local minimum in every nonlinear mode
decomposition problem. VNCMD can converge accurately when the initial instantaneous
frequency curves are sufficiently close to the true ones, the nonlinear modes are well
separated, and the SNR is sufficiently high. In particular, when the NMIS phase
nonlinearity is weak over a relatively narrow frequency band, VNCMD and VDMD may
achieve comparable reconstruction accuracy. However, inaccurate initialization, close
interference frequency curves, weak component amplitudes, and noise can increase the
susceptibility of the non-parametric instantaneous frequency update to a local stationary
solution. VDMD reduces this susceptibility by restricting the interference frequency curve
to a physically motivated parametric form. Thus, the advantage observed here is specific
to NMIS decomposition under the tested conditions and does not imply that VDMD
universally outperforms VNCMD for all nonlinear chirp signals.

https://doi.org/10.3390/jmse14141335
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0
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Trials Iterations
(@) (b)

Figure 3. (a) Final convergence degrees of VDMD and VNCMD for 100 randomly generated initial
interference frequency curves. (b) Representative convergence curves of VDMD and VNCMD

under the same initialization condition.

4.4. Denoising Performance

Next, we will test the performance of the VDMD under different signal-to-noise
ratios (SNRs). We set the maximum number of iterations to 500 and the convergence
tolerance to le-8. In this example, the errors of the initial interference frequency are 38%
and 85%. In the case of the above initialization, we test the algorithm 100 times with the
single NMIS in Figure 2a at different SNRs, and the success rate is shown in Figure 4.
Here, we consider the test successful only if the RE of the estimated interference frequency
is less than 5%. Figure 4 shows that VDMD maintains a relatively high success rate at low
SNRs (e.g., SNR = 0 dB) when the initial interference frequency RE is 38%. Under the two
initialization error conditions considered here, the overall success rate of VNCMD is lower
than that of VDMD, particularly at low SNRs and for a larger initialization error. This
result indicates that the physical parameterization adopted by VDMD improves its
robustness to the combined effects of noise and initialization uncertainty in the present
NMIS decomposition problem. It should be noted that the performance of VNCMD also
depends strongly on the accuracy of the initial instantaneous frequency curve. With
sufficiently accurate initialization and well-separated components, VNCMD may achieve
a success rate comparable to that of VDMD. Therefore, Figure 4 does not imply that
VNCMD is intrinsically less noise-resistant in all nonlinear mode decomposition
applications.

Success rate

—@— Initial RE 38% in VNCMD | |
Initial RE 85% in VNCMD

—®— Initial RE 38% in VDMD

—@— Initial RE 85% in VDMD

0 5 10 15 20
SNR (dB)

Figure 4. Success rates of VDMD and VNCMD at different SNRs and initial interference frequency
REs. Each result was calculated from 100 independent noise realizations, and a trial was regarded

as successful when the RE of the estimated interference frequency was less than 5%.
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Finally, we provide another example of NMIS separation for multimode
superposition in a Pekeris waveguide. The water depth, source depth, and receiver depth
are 30 m, 15 m, and 20 m, respectively. The distance between the source and receiver is 10
km. The sound speed in water is 1510 m/s. The sound speed, density, and attenuation of
the bottom are 1700 m/s, 1.7 g/cm? and 0.1 dB/A, respectively. Figure 5a shows the
interference frequency curves of three NMISs resulting from interference among the first
three normal modes. Gaussian white noise with an SNR of 10 dB was added to the signal,
after which both VNCMD and VDMD were applied to decompose the three NMISs. As
shown in Figure 5b, for the separation results above 300 Hz corresponding to the NMIS
between two and three normal modes, the VNCMD results exhibit a significant deviation
from the theoretical true values. In this case, VDMD achieves better mode separation
performance than VNCMD. For this example, the VNCMD iteration converges to a
stationary solution that deviates from the theoretical interference frequency curve above
300 Hz, indicating local convergence under the adopted initialization and parameter
settings. In contrast, VDMD incorporates the physical dispersion model of the NMIS and
therefore obtains a more accurate separation result. This example illustrates the greater
convergence robustness of VDMD when the NMIS components have relatively close
interference frequencies, but it does not imply that VNCMD fails under all initialization
conditions.

Interference frequency of 12 pair
Interference frequency of 1-3 pair
Interference frequency of 2—3 pair

Interference frequency

=
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Figure 5. (a) The interference frequency curves of three NMISs in a Pekeris waveguide. (b) The
separated NMISs with VNCMD and VDMD.
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5. Experimental Results

In December 2011, an underwater acoustic propagation experiment was carried out
in an area of the Yellow Sea. The seafloor in the test area is flat and the depth of the sea is
about 60 m. The SSP is shown in Figure 6a, and the sound speed is roughly uniform. The
hydrophone was laid on the seabed. The sound source circulates a linear frequency
modulation signal with a center frequency of 380 Hz and a bandwidth of 100 Hz at a depth
of 5 m. One can obtain the distance between the source and the receiver through the data
recorded by GPS. Figure 6b shows a 2.56 s signal received by a single hydrophone at a
horizontal distance of 1.92 km from the source. The one-dimensional broadband sound
intensity with the trend term removed is shown in Figure 6c, and obvious fluctuations can
be observed. To achieve sufficient frequency resolution, we extract a 10 s data segment
that includes the signal and the ambient ocean noise both preceding and following it, and
then compute the power spectrum. The NMISs are separated using VDMD, and the sum
of the separated NMISs is shown in Figure 6¢c. Compared with the simulated NMISs using
the test sound speed profile and geoacoustic inversion model [17], the separated NMISs
respectively correspond to 5-8, 2-7, 3-7 and 2-5 pair normal modes. It can be seen from
Figure 6¢ that the separated NMISs show good agreement with the reference results, with
correlation coefficients for all NMISs exceeding 0.95. This result validates the effectiveness
of using VDMD to separate NMISs. For comparison, VNCMD was also applied to the
same experimental data, as shown in Figure 6c. Although the sum of the VNCMD
components approximately reproduces the main large-scale fluctuations of the measured
coherent component, its individual components corresponding to the 5-8, 2-7, and 3-7
mode pairs exhibit evident deviations from the reference NMISs. The 2-5 component is
reasonably recovered by VNCMD, but its agreement with the reference NMIS is still less
accurate than that obtained by VDMD. In contrast, all four components separated by
VDMD closely follow the corresponding reference NMISs, with correlation coefficients
exceeding 0.95. This comparison further demonstrates the advantage of incorporating the
physical NMIS dispersion constraint into VDMD for component-level separation of the
experimental data. It should be noted that the seabed affects the experimental mode
structure through its reflection and absorption properties. In the present analysis, these
effects were included in the KRAKEN normal-mode calculation using the measured
sound-speed profile and the geoacoustic model obtained from the inversion results in Ref.
[17]. The corresponding bottom parameters influence the modal wavenumbers, modal
attenuation, and the reference NMISs shown in Figure 6c. The water depth was
approximately 60 m, while the acoustic wavelength in the analyzed 330-430 Hz band was
approximately 3.5-4.5 m, giving a depth-to-wavelength ratio of approximately 13-17. This
ratio supports multiple propagating waterborne modes but does not by itself determine
the fraction of energy coupled into the seabed. Quantitative acoustic-to-seismic
conversion also depends on the elastic and stratified properties of the bottom. Because
shear-wave parameters were not measured during this experiment, explicit elastic seabed
coupling is beyond the scope of the present NMIS separation study.

One possible application of NMIS separation is typical guide-source ranging [18].
This paper presents preliminary results of sea trial data processing. A detailed analysis
will be reported elsewhere. Suppose there is a broadband [wg, wy—1] guide source with
the same depth as the target source and a distance 7; from the hydrophone. The
broadband fluctuation number T,/ of the Ith NMIS from the broadband guide source can
be expressed as

T’ =

f T 9w dw‘ 22)
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Depth(m)

where f,?(w) is the [th interference frequency of NMIS from the guide source.
According to Equation (4), T/ is proportional to the horizontal distance, and the distance
1, between the source and the hydrophone can be estimated through the following;:
=X,
79 T 2 (23)
[ X

Ul

L

* .
J =arg min Z
x =1

where y € R* and T/ is the broadband fluctuation number of the [th NMIS from the
source. We assume that the guide source is 1.92 km away from the hydrophone, and the
signal in Figure 6b is excited by a guided source. The distance of the other four sites can
be estimated by the above method, where T is estimated using VDMD. For the four
experimental ranges of 1, 3, 4, and 5 km, the preliminary range estimates obtained using
this guide-source approach have a mean relative error of 7.6%. This result is provided
only as an illustrative application of the separated NMISs and should not be interpreted
as the general ranging accuracy of VDMD. In this work, we assumed that the normal-
mode numbers corresponding to the NMIS are known. When multiple NMISs are
observable, how to obtain their corresponding mode numbers remains an issue worthy of
future attention, for example, using the mode-matching method.
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Figure 6. (a) The sound-speed profile in the experiment area. (b) A 2.56 s signal received by a single
hydrophone at a horizontal distance of 1.92 km from the source. (c¢) The measured coherent
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component and the NMIS separation results obtained by VDMD, with VNCMD included as a
comparison. The black dots denote the simulated reference NMISs for the 5-8, 2-7, 3-7, and 2-5

mode pairs.

6. Conclusions

In this paper, a VDMD method for NMIS separation based on VNCMD and
waveguide invariant theory is presented. By incorporating the physical model and
dispersion characteristics of NMISs, VDMD improves both separation accuracy and
convergence performance compared to VNCMD. Under the initialization and noise
conditions considered in the numerical examples, the statistical results indicate that
VDMD has a faster convergence rate, a higher successful-decomposition rate, and better
reconstruction accuracy than VNCMD for NMIS decomposition. These improvements
result from the physical parameterization of the interference frequency curve, which
reduces the dimension of the optimization space and alleviates the sensitivity to
initialization. Experimental results from the 2011 Yellow Sea campaign verified the
effectiveness of our proposed VDMD. Moreover, a preliminary guide-source ranging
example demonstrates that the separated NMISs retain physically meaningful range-
dependent interference information. This example is intended only to illustrate a potential
application of NMIS separation, while the development and evaluation of a dedicated
source-ranging method are beyond the scope of the present study. Future work will focus
on more experimental validation and on applying NMIS separation results to passive
source ranging or waveguide invariant estimating.
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