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Abstract: Traditional revolute clearance joints assume that the shape of the contact surface
of the joint is regular and ignores the effects of wear, which reduces the prediction accuracy
of dynamics models. To accurately describe the collision behavior of the motion pair,
an Archard formula was applied to construct a wear clearance model. Based on the
absolute node coordinate method, multi-body dynamics modeling, wear prediction, and
chaotic identification analysis methods for a flexible multi-link mechanism with clearance
considering wear effects were proposed. The research results indicate that wear exacerbates
the irregularity of the clearance surface contours, leading to increased instability in the
dynamic response and the reduced motion accuracy of the mechanism. Compared with
clearance size, driving speed has a more significant impact on the chaotic behavior of the
system. For high-speed conditions, maintaining the clearance size within approximately
0.1 mm is beneficial for system stability, although this requirement poses challenges for cost
control in manufacturing. This study provides a theoretical foundation for wear prediction
and stability optimization of high-precision multi-link mechanisms.

Keywords: wear; flexibility; multi-body dynamics; chaos identification

1. Introduction
In practical mechanical systems, clearance inevitably originates from design, manu-

facturing, wear, and assembly. The presence of clearance exacerbates the impact between
components, resulting in severe vibration, friction, noise, wear, and elastic deformation,
leading to chaotic characteristics [1–3]. The coupled degradation mechanism originating
from progressive wear and component flexibility presents exceptional complexity, serving
as a critical contributor to mechanical system failures [4–7]. Consequently, a systematic
investigation of the wear–flexibility coupling mechanism becomes essential for the pre-
cise prediction of motion states and dynamic behaviors, particularly in understanding its
influence on nonlinear dynamic responses.

Clearance seriously affects dynamic characteristics of mechanisms. While most schol-
ars have regarded clearance in motion pairs as regular and constant, analyzing its effects
on dynamic characteristics [8,9], the reality shows more complex behaviors. Guo et al. [10]
demonstrated that rotational speed increases peak responses and vibration frequencies in
rudder loops, while larger clearances reduce vibration frequencies but increase response
errors. An increase in clearance value increases response errors but reduces vibration fre-
quency. Bai et al. [11] built clearance models for both rotating and translational pairs, and
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discussed the coupling effect of these two clearances on the dynamics of crank slider mech-
anisms. Zhang et al. [12] studied the dynamics of a vehicle shear door mechanism with
various clearances. Chouaibi et al. [13] analyzed the impact of clearance on the accuracy of
RAF robots and DELTA robots, and found that RAF robots have a greater sensitivity to clear-
ance. Korayem et al. [14] investigated the maximum load capacity of robotic manipulators
by considering the flexible joint under various base positions and predefined trajectories.
Song et al. [15] investigated the comprehensive coupling effects of component flexibility,
various clearances between motion pairs, and lubrication on dynamical behaviors in mech-
anisms. Wang et al. [16] revealed the influence of clearance size, crankshaft speed, and
lubricant viscosity coefficients on the dynamic behavior of the mechanism under lubrica-
tion and dry friction conditions. Jiang et al. [17] investigated bifurcation maps of vehicle
shimmy systems considering clearance joints. Wu et al. [18] evaluated the chaotic system
behavior of crank slider mechanisms corresponding to different clearance sizes and crank
speeds through bifurcation analysis. The issue of system reliability degradation caused by
clearances has also attracted significant attention from researchers, Yang et al. [19] applied
an improved PSO algorithm to optimize the parameters of the manipulator, reducing
the effect of clearance on the accuracy of the mechanism. Cheng et al. [20] proposed a
time-varying motion reliability methodology that comprehensively considers clearance and
random variables, and applied it to typical four bar mechanisms and single crank double
rocker mechanisms to verify its effectiveness. Jiang et al. [21] proposed a dynamic analysis
approach for robot mechanisms considering interval parameters and studied the effects of
clearance and uncertainties on their dynamics. Jia et al. [22] studied the reliability analysis
of parallel mechanisms containing clearances and uncertainties. These studies have ad-
vanced the understanding of nonlinear dynamic characteristics in mechanical systems with
clearances, yet they have largely overlooked the essential fact that clearances are inherently
dynamic in nature.

Mechanical equipment needs to run many motion cycles during use, and joints in-
evitably wear out, resulting in uneven clearance between motion pairs, which has attracted
the attention of scholars [23–25]. Mukras et al. [26] used the Archard model to itera-
tively predict the wear of joints, and compared the theoretical wear prediction results
with the wear results on the crank slider experimental platform to verify the accuracy of
the prediction. Lopez-Lombardero et al. [27] proposed a wear simulation approach for
rotating joints in a crank slider mechanism considering the flexibility of the connecting
rod. Wang et al. [28] took the classic four bar mechanism as an example to discuss the
irregular wear law of pairs. Ordiz et al. [29] put forward a simplified method to analyze
the influence of clearance wear on the service life of machines. Li et al. [30] applied a con-
tact surface discretization approach to reconstruct the surface of a motion pair after wear.
Jiang et al. [31] proposed a reliability methodology for motion mechanisms considering
multiple wear joints. Zhao et al. [32] developed a model for flexible components using
the Absolute Nodal Coordinate Formulation (ANCF) and investigated wear phenomena
in the revolute joints of flexible multibody systems. Gao et al. [33] proposed an immune
algorithm optimization approach to reduce the influence of wear on dynamics of crank
slider mechanisms. Zhuang et al. [34] conducted motion reliability analysis on a planar
mechanism with a wear pair, and verified wear prediction approach through experimental
testing. Zhuang et al. [35] conducted a reliability analysis for dual axis drive mechanisms
with wear clearance. Liu et al. [36] took linkage motion mechanisms on industrial assembly
lines as an example, and studied the wear process and failure model of a multi-body
mechanism considering wear and plastic deformation. Hou et al. [37] built a dynamic
model of a 3RSR parallel mechanism with spherical wear clearance, and analyzed wear
effect caused by long-term operation. As a typical source of nonlinearity, the impact effects
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induced by clearances render systems with clearances distinctly nonlinear. Particularly, the
nonlinear characteristics arising from time-varying clearances have become a crucial factor
that cannot be overlooked in this research field

Previous studies have predominantly been based on two critical assumptions re-
garding the constancy and regularity of clearance values along with the ideal rigid-body
behavior of system components. However, these assumptions fail to adequately account
for the impact of irregular clearance variations caused by wear on motion accuracy, as well
as vibration issues resulting from the elastic deformation of components, leading to signifi-
cant deviations in dynamic analysis. In particular, existing approaches often overlook the
coupled effects of wear evolution and component flexibility on system chaos characteristics.
Addressing these limitations, this study proposes an innovative methodology that enables
a synergistic analysis of wear prediction and chaos identification in flexible mechanisms.
This approach not only provides more accurate predictions of mechanical system opera-
tional states but also establishes a novel theoretical framework for investigating dynamic
characteristics of complex mechanical systems.

The specific arrangement of this article is as follows: Section 2 establishes the irregular
wear model; Section 3 builds a flexible beam model; Section 4 establishes a dynamic model
of a flexible mechanism considering irregular wear clearance; Section 5 analyzes the effects
of wear clearance on the dynamic and chaos characteristics of the mechanism and studies
the influence of initial clearance values and driving speeds on the dynamic and chaos
characteristics of the mechanism; and Section 6 provides the conclusion.

2. Establishment of Irregular Wear Model
2.1. Establishment of Ideal Revolute Clearance Model

As displayed in Figure 1, the eccentricity vector between the shaft and bearing is

e = ro
1 − ro

2 (1)

where ro
1 and ro

2 are the position vectors of the center of the bearing and shaft, respectively,
and the length of eccentricity vector is [38]

e =
√

eTe (2)

The amount of deformation generated by collisions is as follows [39]:

δ = |Q1Q2| =
∣∣∣rQ

1 − rQ
2

∣∣∣ = e − c (3)

where rQ
1 and rQ

2 are position vectors of contact points Q1 and Q2, and c is the clearance
joint value. According to deformation, the contact state of the shaft is determined. The
shaft has three motion states in the bearing, as shown in Figure 1.

According to the actual contact state of the pair elements, the clearance contact sur-
face could be represented by the contact force of the shaft in the bearing based on L–N
contact theory [40] {

Fn = Kδ1.5 + D
.
δ, δ ≥ 0

Fn = 0, δ < 0
(4)

where K is the stiffness coefficient, δ and
.
δ are the penetration depth and relative normal

contact velocity, and D is the hysteresis damping factor.
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The stiffness coefficient can be expressed as [5,11]

K =
4E∗

3

(
R1R2

R1 − R2

) 1
2

(5)

where the Young’s modulus E* is related to the elastic moduli E1 and E2 of the bearing and
shaft, as well as the Poisson’s ratios υ1 and υ2, which can be expressed as

E∗ = 1
/[(

1 − υ2
1

)/
E1 +

(
1 − υ2

2

)/
E2

]
(6)

Hysteresis damping factor D is determined by the material’s recovery coefficient ce

and
.
δ; it can be written as

D =
3K
(
1 − c2

e
)
δn

4
.
δ
(−)

(7)

Due to the frequent changes in tangential velocity at the hinge, to overcome the
unstable numerical solution of the Coulomb model, a dynamic correction coefficient was
introduced to obtain the Ambrosio friction force model, which can be written as [18]

Ft = −c f cdFn
vt

|vt|
(8)

where c f is the coefficient of friction, cd is the dynamic correction coefficient, and its
expression is

cd =


0 , |vt| < v0

|vt| − v0

v1 − v0
, v0 ≤ |vt| ≤ v1

1 , |vt| > v1

(9)

where v0 and v1 are given a speed limit value.
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2.2. Establishment of the Wear Clearance Model

When collision and wear occur on the surface of the motion pair elements, it is easy
to cause sliding deformation and mutual compression in the motion pair. The Archard
wear model establishes a theoretical framework where wear volume is proportional to
normal load and sliding distance while being inversely proportional to material hardness,
with a wear coefficient accounting for factors such as interface temperature and material
properties. The loss can be calculated as

V
s
=

kFn

H
(10)

where V, s, and k represent wear volume, slip distance, and wear coefficient, respectively.
For the convenience of measuring relevant wear parameters, divide both sides of

Equation (10) by the contact area between the shaft and bearing, use wear depth instead of
wear volume, and use normal load instead of normal collision force. Equation (10) could
be expressed as [41]

h
s
=

kp
H

(11)

During the movement of the mechanism, the contact force, contact position, and
sliding distance between shaft and bearing are constantly varying. Introducing wear rate
dh can facilitate the calculation of accumulated wear, and Equation (11) can be written as

dh
ds

=
kp
H

(12)

where dh and ds represent wear depth and slip distance per unit time, respectively.
According to Figure 2a, the contact area between shaft and bearing are

Aw = 2a × L (13)

where L is the axial contact length of hinge and a is the contact half width, which can be
expressed as

a = R2 sin(π − θ) (14)
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treatment.

To achieve numerical calculations, based upon the finite element method, the surface
area of the pair was discretized, as shown in Figure 2b. Based upon wear depth, the
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geometric surfaces of the worn axle and bearing could be obtained, and the total amount of
wear depth is

h = ∑ hn (15)

where n is discrete area code, and hn is the wear depth within the discrete area code n.
The curvature radius at the discrete region n of the bearing is defined as R∗

1 , and the
curvature radius at the discrete region n of the shaft is defined as R∗

2 . Clearance size at
discrete region n could be written as

c∗(n) = R∗
1(n)− R∗

2(n) (16)

When the shaft moves in the bearing, the relative embedding depth δ of any potential
collision point is a function of the clearance size. Therefore, the relative embedding depth
at the discrete region n after wear is marked as δ∗(n). The normal collision force of the
contact point after wear is expressed asF∗

n = K∗(n)[δ∗(n)]n + D∗(n)
.
δ
∗
(n), δ∗(n) ≥ 0

F∗
n = 0, δ∗(n) < 0

(17)

where the stiffness coefficient and hysteresis damping factor after wear are

K∗(n) =
4E∗

3

(
R1

∗(n)R2
∗(n)

R1
∗(n)− R2

∗(n)

) 1
2

(18)

D∗(n) =
3K∗(n)

(
1 − c2

e
)
[δ∗(n)]n

4
[ .
δ
∗
(n)
](−)

(19)

When the shaft wears due to movement in the bearing, friction force at clearance is
as follows

F∗
t = −c f cdF∗

n
vt

|vt|
(20)

3. Establishment of Flexible Beam Element Model
The Absolute Nodal Coordinate Formulation (ANCF) possesses a constant mass

matrix and can accurately describe large rotations, large deformations, and cross-sectional
deformations of flexible bodies, making it extensively applicable in the study of flexible
multibody systems. Based on ANCF, a model of flexible components was established,
and a schematic diagram of the flexible component structure is shown in Figure 3. The
absolute position vector r of any point on the element could be derived by the absolute
node coordinates ef and the shape function S of the nodes at both ends of the element

r =
[
r1 r2

]T
= Se f (21)

where r1 and r2 are coordinate components of any point along the X and Y axes, respectively.
S can be written as

S =

[
s1 0 s2l 0 s3 0 s4l 0

0 s1 0 s2l 0 s3 0 s4l

]
(22)
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where l is the unit length, and si(1, 2, 3, 4) can be expressed as [42]

si =


s1

s2

s3

s4

 =
[
1 ξ ξ2 ξ3

]
1 0 0 0
0 1 3 0
−3 −2 0 −1
2 1 −2 1

 (23)

where ξ = x/l, x is the local coordinate of any point before deformation, x ∈ [0, 1].
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Figure 3. Flexible member model.

Generalized coordinates of flexible elements can be expressed as

e f =
[
e1 e2 e3 e4 e5 e6 e7 e8

]T
(24)

where e1 = ri1, e2 = ri2, e3 = ∂ri1/∂x, e4 = ∂ri2/∂x, e5 = rj1, e6 = rj2, e7 = ∂rj1/∂x,
e8 = ∂rj2/∂x.

The mass matrix of elastic beam elements can be expressed as

Me = ρAl
∫ l

0
STSdξ (25)

where ρ and A represent density and the cross-sectional area of the flexible element.
The stiffness matrix of the beam elements can be expressed as

Kl =
∫ l

0
EAε lSldx (26)

Kt =
∫ l

0
EIS′′ TS′′ dx (27)

where Kl and Kt represent the tensile and compressive stiffness and bending stiffness of the
unit, respectively, Sl = S′TS′, I is the moment of inertia of the section, and ε l is strain.

The strain of the flexible element is as follows

ε l =

[√
(e5 − e1)

2 − (e6 − e2)
2 − l

]/
l (28)

The elastic force of a flexible beam element is the vector sum of the axial elastic force
and bending elastic force

Fe = Klqe + Ktqe (29)

The dynamic equation of the flexible element is as follows

Me
..
e f + Fe = Qe (30)

where Qe is the generalized force of the flexible beam element.
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4. Dynamic Model for Mechanism with Irregular Wear Clearance
A schematic diagram of the six bars mechanism is displayed in Figure 4. It has

five active components, namely L1, L2, L3, L4, and S5. L1 is crank, L2 is triangle plate, L3 and
L4 are rods, and S5 is slider. Due to the longer length of rods 3 and 4, they are more prone
to elastic deformation compared with other components. Therefore, flexible treatment is
applied to rods 3 and 4. Rotating pair A is an important motion pair connecting the entire
driving component of the mechanism. Therefore, considering clearance A can better reflect
the impact of the clearance on the mechanism.
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4.1. Establishment of Dynamic Model for Mechanism with Irregular Wear Clearance

Since components 1, 2, and 5 are considered rigid components, and components 3 and
4 are considered flexible components, the generalized coordinates of each component are
as follows 

q1
r =

(
x1 y1 θ1

)T

q2
r =

(
x2 y2 θ2

)T

q3
r =

(
x3 y3 θ3

)T

q4
f =

(
x41 y41

∂x41

∂x
∂y41

∂x
x42 y42

∂x42

∂x
∂y42

∂x

)T

q5
f =

(
x51 y51

∂x51

∂x
∂y51

∂x
x52 y52

∂x52

∂x
∂y52

∂x

)T

(31)

Therefore, the generalized coordinates of the entire system are

q =
(

qr q f

)T
(32)

where qr is the generalized coordinate of the system’s rigid components, qr =
(

q1
r q2

r q3
r

)
,

and q f is the generalized coordinate of the flexible components, q f =
(

q4
f q5

f

)
.
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Constraint equation of mechanism can be written as

Φ(q, t) =



x1 − 0.5L1 cos θ1

y1 − 0.5L1 sin θ1

x7 − Ls23 cos(θ2 + β3)− x32

y7 − Ls23 sin(θ2 + β3)− y32

x31 − Hx

y31 − Hy

x7 + Ls22 cos(θ2 + β + β2)− x41

y7 + Ls22 sin(θ2 + β + β2)− y41

x5 − x42

y5 − y42

x5 − Hx

θ5 − 1.5π

θ1 − ωt − 5.3



= 0 (33)

where ω is the angular velocity of the crankshaft.
The velocity constraint equation could be obtained by taking the first derivative of

Equation (33) with respect to time

Φq
.
q = −Φt ≡ υ (34)

where Φq is the Jacobian matrix, Φt =
∂Φ

∂t
=
[
01×12 −ω

]T
.

The Jacobian matrix can be represented as

Φq =
(

Φqr, Φq f

)
(35)

where Φqr is the derivative of the constraint equation with respect to the generalized coor-

dinates of the rigid components, Φqr =

(
∂Φ

∂q1
r

,
∂Φ

∂q2
r

,
∂Φ

∂q3
r

)
, and Φq f is the derivative of the

constraint equation with respect to the generalized coordinates of the flexible components,

Φq f =

(
∂Φ

∂q4
f
,

∂Φ

∂q5
f

)
.

The acceleration constraint equation can be obtained by taking the first derivative of
Equation (34) with respect to time

Φq
..
q = −

(
Φq

.
q
)

q
.
q − 2Φqt

.
q − Φtt ≡ γ (36)

where
..
q is the generalized acceleration vector of the system, Φqt = 013×25, Φtt = 013×1.

The dynamic model of the system could be represented as [43][
Mr 0
0 M f

][ ..
qr..
q f

]
+

[
ΦT

qr

ΦT
q f

]
λ =

[
Qr

Q f − Fq

]
(37)

where Mr and Qr are the mass matrix and total external force of the rigid components, λ

is the Lagrange multiplier, M f , Q f , and Fq are the mass matrix, total external force, and
elastic force of the flexible components, respectively.
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To solve problems of default and calculation divergence when solving equations,
Baumgarte proposes a default stabilization algorithm that incorporates displacement
and velocity constraints into the acceleration constraint equation to improve solution
stability [22,32]. The objective of the Baumgarte method is to replace the acceleration con-
straint equations (Equation (36)) with γ − 2αΦ − β2ΦMr 0 ΦT

qr

0 M f ΦT
q f

Φqr Φq f 0




..
qr..
q f

λ

 =

 Qr
Q f − Fq

γ − 2α
.

Φ − β2Φ

 (38)

where α and β are the Baumgarte feedback parameters.

4.2. Establishment of Chaos Characteristics Identification Model

The maximum Lyapunov exponent (MLE) is one of the key indicators for identifying
chaotic systems. By calculating the maximum Lyapunov exponent, we can quantitatively
assess the degree of chaos in a system and distinguish deterministic chaos from external
noise or topological complexity. The Lyapunov exponent quantitatively describes the rate
at which two initially close trajectories diverge over time. If the maximum Lyapunov
exponent of a system is positive, the system is defined as chaotic. In this study, we use
the Wolf algorithm [44] to compute the maximum Lyapunov exponent. By calculating
the dynamic model considering irregular wear clearance, motion states at clearance are
obtained, which are components of the eccentricity vector between the shaft and bearing in
the X and Y directions. Based on the eccentricity vector between the shaft and bearing in
the X and Y directions, we can calculate the average period, time delay, and embedding
dimension corresponding to these data, and use the method of reconstructing phase space.
This series of data can be represented as

Y(ti) = [X(ti), X(ti + τ), · · · , X(ti + (m − 1)τ)], (i = 1, 2, · · · , N) (39)

where m is the embedding dimension and τ is the time delay, which can be estimated by
the C-C method.

Take the starting point as Y(ti) and take any point near the starting point as Y0(ti),
and the length between the two points is L = |Y(ti)− Y0(ti)|. As time goes by, the
distance between these two points also changes again. When the value between the
two points is greater than the specified value ε(ε > 0) at time t1, and the length is
L′

0 = |Y(t1)− Y0(t0)| > ε, then Y(t1) is retained and another point Y1(t1) is found near
Y(t1), making L1 = |Y(t1)− Y1(t1)| < ε and minimizing the angle between the two points.
Repeat the above process until the endpoint N of the time series is reached. MLE can be
obtained by the following formula [40]

σ =
1

tM − t0

M

∑
i=0

ln
L′

i
Li

(40)

where M is the total number of iterations, tm is the time corresponding to the Mth iteration,
and t0 is initial time.

5. Dynamic Analysis of Mechanical System
In actual working conditions, the motion pairs with irregular contours formed by wear

affect the force and motion transmission between moving components, ultimately leading
to a decrease in the motion accuracy and dynamics of the mechanism. The main purpose
of this section is to explore changes in dynamic performance caused by irregular wear
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clearances and the evolution law of the contour surface of clearance pairs. The research
content includes comparing and analyzing the dynamic characteristics of mechanisms
containing irregular wear clearances and dry friction clearances and conducting chaos
identification. The influence of clearance value and motion speed on dynamic response
and the chaotic characteristics of mechanisms with irregular wear clearances were studied.
To reduce calculation time, the mechanism first ran 100 cycles to obtain the wear depth
of the clearance motion pair, and then expanded the data of 100 cycles to 10,000 times for
wear analysis, to more clearly see the impact of wear on the surface of the motion pair and
its dynamic response.

5.1. Simulation Parameters

The simulation parameters of the flexible multi-link mechanism with irregular wear
joints are displayed in Table 1. Simulations were carried out using MATLAB (MATLAB
R2018b), with the fourth-order Runge–Kutta method employed to solve the differential
equations. The integral tolerance was set to 1 × 10−6, and the integral step size was related
to the motion period, with each period divided into 10,000 steps, i.e., (2π/ω)/10,000.

Table 1. Simulation parameters of a flexible multi-link mechanism with irregular wear clearance joint.

Parameter Values Parameter

Mass of crank 1 (m1/kg) 0.738 Moment of inertia of crank 1 (J1/kg·m3) 1.977 × 10−9

Mass of triangle plate 2 (m2/kg) 21.483 Moment of inertia of triangle plate
2 (J2/kg·m3) 1348.94 × 10−9

Mass of rod 3 (m3/kg) 4.708 Moment of inertia of rod 3 (J3/kg·m3) 546.91 × 10−9

Mass of rod 4 (m4/kg) 3.663 Moment of inertia of rod 4 (J4/kg·m3) 69.26 × 10−9

Mass of slider 5 (m5/kg) 0.922 Moment of inertia of slider 5 (J5/kg·m3) 1.059 × 10−9

Length of crank 1 (L1/mm) 75 Dimensions of the rack (Hx/mm) 350

Length of triangle plate 2
(L21/mm) 555.14 Dimensions of the rack (Hy/mm) 60
(L22/mm) 985 Second moment of area (I/m4) 3.33 × 10−8

(L23/mm) 473.66 Cross section area (A/m2) 0.05 × 0.02
Length of rod 3 (L3/mm) 584 Density (ρ/kg/m3) 780
Length of rod 4 (L4/mm) 450 Wear coefficient (k) 1.827 × 10−13 [23]
Bearing radius (R1/mm) 15 Axial contact length of joint (L/mm) 11
Restitution coefficient (ce) 0.9 Baumgarte feedback parameter α 50

Poisson ratio (ν1, ν2) 0.3 Baumgarte feedback parameter β 50
Friction coefficient (cf) 0.15 [22] Integral tolerance 0.00001 [43]

Elastic modulus (E1, E2/GPa) 207 Integral step/s (2π/ω)/10,000

5.2. Solution Flowchart

A flowchart for solving the dynamic equation is shown in Figure 5.
The steps of the flowchart for solving dynamic equations in the mechanism can be

summarized as follows:

1. Start simulation with given initial values of system for positions q(t=0) and velocities
.
q(t=0).

2. Define the geometric parameters, clearance parameters, and flexible parameters of
the system to ensure the model accurately reflects the physical characteristics of the
mechanism.

3. Determine whether the contact exists between the joint element. If there is contact,
calculate the contact force Fn and friction force Ft, further compute the wear depth,
and update the parameters of the clearance joint. If no contact exists, set the contact
force Fn and friction force Ft to zero.

4. Solve the dynamic response of the system based on Equation (38).
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5. Determine whether the current time exceeds the end time. If yes, terminate the
computational process, if no, update the current time to t = t + ∆t and obtain the new
generalized positions and velocities of the system in the next step.
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5.3. Comparative Analysis of Mechanism Dynamics Before and After Wear

This section analyzes the dynamic characteristic curves of the mechanism before and
after wear, assuming the driving speed of the crankshaft is 150 rpm and the clearance
value is 0.2 mm. In this study, ANCF was employed to model 2D beam elements, with
rods 3 and 4 discretized into varying element counts as detailed in Table 2. Maximum
strain calculations were performed on rods 3 and 4 to verify mesh convergence, while
maintaining an optimal balance between computational accuracy and efficiency. Based
on these considerations, each flexible component was discretized into 16 elements. Beam
element model diagram divided into 16 units are shown in Figure 6.

Table 2. Mesh convergence test.

Parameter 4 8 12 16 20 24

Strain of rod 3 (µm) 33.17 42.41 46.20 43.41 45.38 44.26
Strain of rod 4 (µm) −22.02 −15.14 −12.23 −13.33 −12.50 −13.56
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When the mechanism operates for 100 cycles, the center trajectory map at the clearance
and embedding depth map are obtained, as shown in Figures 7 and 8. By expanding
the wear depth obtained from these 100 cycles by 10,000 times, we reconstructed the
bearing surface based on this, and obtained an approximate wear depth of the mechanism
running for 1 million cycles, as shown in Figures 8 and 9, respectively. According to
Figures 8 and 10, the frequent collision area of the shaft in the bearing is the main wear
area, and it was found that the wear of the bearing was not uniform. The wear area
was mainly concentrated in [75◦, 132◦] and [252◦, 310◦]. The maximum wear depths in
these two areas were 6.617 × 10−5 m and 1.204 × 10−5 m, respectively. This non-uniform
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wear pattern is associated with localized contact stress concentrations and dynamic load
distribution, reflecting the nonlinear evolution characteristics of the clearance surface
profile during long-term operation.
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The peak dynamic response before and after wear is shown in Table 3. According to
Figures 11 and 12, the motion characteristic curves are displacement, displacement error,
velocity, and velocity error, respectively. According to the displacement error curve, there
is a certain increase in displacement error after wear, with an approximate rise of 1 mm.
From the velocity error curve, it can be inferred that wear exhibits significant sensitivity to
high-frequency dynamic characteristics, which is likely attributed to the transient collision
forces at the clearance exciting the system’s high-frequency modes. As a result of wear,
the velocity error has increased by 57.3%. The collision force, embedding depth, and
driving torque curves are displayed in Figures 13 and 14. The collision force increased by
14 kN, while the embedding depth and driving torque rose by 0.06 mm and 321.2 N·m,
respectively. The increase in embedding depth after wear significantly amplifies the peak
collision force, thereby driving a synchronous rise in the driving torque. This alteration in
the energy transfer chain exacerbates the elastic deformation of the flexible rod, resulting in
a strong synchronization between the strain curve and the collision force. Additionally, the
rise in peak strain may accelerate the degradation of the material’s fatigue life. As shown
in Figure 15, the strain curves of flexible rods 3 and 4 before and after wear are consistent
with the collision force curve. Due to the intensified system impact caused by wear, rod
3 is more prone to deformation, with its strain increasing by 53.7 µm, while rod 4 shows
a slight strain increase of 9.3 µm. According to Figure 16, it is noteworthy that wear also
accentuates the nonlinear behavior of the system, as the chaotic nature of the clearance
center trajectory reflects a change in the structure of the phase space attractor. Moreover,
due to the increased vibration frequency and peak value of collision force after wear, the
embedding depth of the shaft and bearing significantly increases.

Table 3. Maximum value of dynamic before and after wear.

Parameter Displacement
Error (mm)

Speed Error
(m/s)

Contact
Force (kN)

Embedding
Depth(mm)

Strain of
Rod 3 (µm)

Strain of
Rod 4 (µm)

Driving Torque
(N·m)

Before wear 2.771 0.3825 9.182 0.0803 43.41 −13.33 −478.5
After wear 3.765 0.6016 23.33 0.146 97.14 −22.6 −799.7

Before and after wear, the nonlinear characteristics of the motion state of the shaft in
the bearing were studied based on motion state at the clearance, mainly including a phase
diagram, Poincaré mapping diagram, and maximum Lyapunov exponent (MLE) diagram.
The phase diagram and Poincaré mapping diagram displayed in Figures 17–19 show that,
compared with the before-wear condition, the after-wear trajectory becomes significantly
scattered and complex, with the dispersion of Poincaré mapping points notably increasing,
particularly in the X direction. Overall, the phase trajectory occupies a larger distribution
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space in the X direction compared with the Y direction, and the Poincaré mapping points
also exhibit a broader distribution range, indicating higher sensitivity of the X direction to
the wear behavior of the kinematic pair. This is primarily attributed to the uneven clearance
distribution caused by wear, where localized clearance increases lead to variations in
nonlinear contact stiffness and intensified impact vibrations. The expanded distribution
area and enhanced irregularity of the after-wear phase trajectory are directly correlated,
further reflecting a decline in system stability and a significant rise in chaotic behavior.
To quantitatively assess the nonlinearity of the system, the MLE of the center trajectory
time series was calculated, Parameter values for nonlinear characteristic evaluation are
shown in Table 4. The results show that the MLE values in the X-direction before and
after wear are 0.001 and 0.0042, respectively, while those in the Y-direction are −0.01 and
0.0047. The significant increase in MLE values after wear indicates a notable enhancement
in the system’s nonlinearity and chaotic behavior. The dominant frequency was calculated
using the power density spectrum, and the results are shown in Figure 20. After wear, the
dominant frequencies in both the X and Y directions were 2.5 Hz.
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Table 4. Parameter values for nonlinear characteristic evaluation.

Parameter Status Time Delay Embedding Dimensions MLE

X direction
Before wear 24 5 0.001
After wear 24 6 0.0042

Y direction
Before wear 10 11 −0.01
After wear 12 10 0.0047
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5.4. Influence of Different Clearance Sizes on Dynamics

This section investigates the effects of clearance values on the mechanism, with the
selection of 0.1 mm, 0.2 mm, and 0.5 mm, respectively, and the driving speed of the selected
mechanism is 2π rad/s. Based upon wear depth obtained from the operating mechanism
for 100 cycles, we increased it by 10,000 times to approximate the wear depth obtained from
the operating mechanism for 1 million cycles. The wear depth and reconstructed bearing
surface corresponding to various clearance values are displayed in Figures 21 and 22. It was
found that the wear was mainly concentrated in two areas, and the wear depth increased
with the increase in clearance value. The maximum wear depths corresponding to the initial
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clearance sizes of 0.1 mm, 0.2 mm, and 0.5 mm were 5.179 × 10−6 m, 2.29 × 10−6 m, and
1.501 × 10−6 m, respectively. It can be observed that as the clearance value increases, the
distribution range of the worn surface profile expands to some extent, particularly within
the interval of [202◦, 325◦]. Furthermore, the deterioration of the surface profile of the
kinematic pair does not follow a linear trend but exhibits a nonlinear intensification pattern.
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Figure 22. Reconstruction of bearing surface.

Based on the worn surface of the pair, the motion characteristics and dynamic response
are solved and analyzed separately. Figures 23 and 24 show the motion characteristics,
including displacement, displacement error, velocity, and velocity error. It was found
that clearance size has a relatively small impact on displacement, and the sensitivity of
speed to the size of clearance is greater than displacement. As clearance size increases,
displacement error and velocity error also increase. As displayed in Figures 25 and 26,
contact force, embedding depth, and driving torque indicate that, as the clearance value
increases, the embedding depth of the shaft in bearing also increases, leading to an increase
in the maximum size of collision force response. As the magnitude of collision force at
the clearance directly affects the motion state of the driving component, this leads to an
increase in the maximum value of driving torque. The strain curves of rod 3 and rod 4 vary
with the clearance value are shown in Figure 27. As clearance size increases, collision force
at clearance increases, which further increases the deformation of the flexible rod. And
as shown in Figure 28, as clearance value increases, the movement trajectory of the shaft
becomes more chaotic, and the depth of the shaft’s insertion into the bearing also increases.
The maximum values of each dynamic response are displayed in Table 5. The main reason
for the above is that the larger the clearance value, the greater the collision force at the
clearance pair, which increases the wear depth of the moving pair, leading to an acceleration
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of the vibration frequency of the response curve and an increase in the response peak. As
shown in Figure 29, the increase in clearance value deepens the wear depth at the joint
containing clearance motion, which excites high-frequency vibrations, accelerating the rise
in frequency and peak values of the response curves, and ultimately leading to a decline in
the stability of the mechanism. As shown in Figure 30, with the increase in clearance size,
the MLE for both the X and Y directions rise, indicating an increase in the degree of chaos
within the system. The MLE for the X direction increases more slowly when the clearance
size is greater than 0.2 mm, with a maximum value of 0.0027.

Table 5. Maximum value of dynamic with different clearance size.

Parameter Displacement
Error (mm)

Speed Error
(m/s)

Contact
Force (kN)

Embedding
Depth (mm)

Strain of
Rod 3 (µm)

Strain of
Rod 4 (µm)

Driving
Torque (N·m)

0.1 mm 1.917 0.1316 2.441 0.031 −12.49 −2.419 −100.5
0.2 mm 3.124 0.2317 3.846 0.045 −21.03 −5.662 173.7
0.5 mm 6.532 0.3655 6.853 0.066 −33.31 −10.51 −357.3Lubricants 2025, 13, x FOR PEER REVIEW 21 of 33 
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Phase diagram and Poincaré mapping diagram displayed in Figures 31 and 32 are
used to research the effects of three various clearance sizes on motion state at clearance,
which are 0.1 mm, 0.2 mm, and 0.5 mm, respectively. The distribution area of the phase
trajectory lines in the phase diagram and the discrete area of mapping points in the Poincaré
map show that, as clearance size increases, embedding depth at clearance deepens, leading
to an increase in collision force at clearance, thereby making the motion state of the shaft in
the bearing more chaotic.
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This section investigates the influence of different driving speeds on wear character-
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5.5. Influence of Various Driving Velocities on Dynamics

This section investigates the influence of different driving speeds on wear charac-
teristics and nonlinear dynamics, with driving speeds selected as 30 rpm, 90 rpm, and
150 rpm, respectively. The selected clearance value at clearance pair is 0.2 mm. Based upon
the wear depth obtained from operating the mechanism for 100 cycles, we increased it
by 10,000 times to approximate the wear depth obtained from operating the mechanism
for 1 million cycles. The wear depth and shaft surface reconstruction maps correspond-
ing to three various driving speeds are displayed in Figures 33 and 34. The visible wear
area is mainly concentrated in two areas, mainly because the main collision of the shaft
in the bearing is concentrated in these two areas, and as driving speed increases, wear
depth increases and the wear area expands. The maximum wear depths corresponding
to driving speeds of 30 rpm, 90 rpm, and 150 rpm are 8.59 × 10−8 m, 7.884 × 10−6 m,
and 6.617 × 10−5 m, respectively. This wear pattern indicates that the local contact stress
concentration effect becomes more pronounced under high-speed operation, leading to
nonlinear growth in wear depth and area. Furthermore, the evolution of the clearance
surface profile further reveals the cumulative effect of wear: as the driving speed increases,
surface roughness rises, and the non-uniformity of the microscopic morphology intensifies,
thereby accelerating the expansion and deterioration of wear.
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Figure 34. Reconstruction of shaft surface.

As shown in Figures 35–42, the displacement error, velocity error, collision force,
driving torque, strain of component 3, strain of component 4, embedding depth at clearance
joint, and center trajectory at clearance correspond to the driving speed increasing from
30 rpm to 90 rpm and 150 rpm, respectively. As the driving speed increases, collision in the
clearance motion pair intensifies, leading to a deeper embedding depth. Ultimately, peak
dynamic response increases (including displacement error, velocity error, collision force,
driving force moment, strain of component 3, and strain of component 4). Simultaneously,
the motion trajectory of the shaft within the bearing becomes more chaotic, indicating a
transition from periodic to chaotic motion. Maximum values of dynamic response under
various driving speeds are displayed in Table 6. The trend of wear depth at clearance with
a variation in driving speed is displayed in Figure 43. This trend reflects the intensification
of local contact stress concentration under high-speed operation and the positive feedback
mechanism between wear and dynamic response, where an increase in driving speed leads
to enhanced collision forces, which in turn deepen wear, further worsen dynamic responses,
and ultimately reduce system stability. As shown in Figure 44, similar to the case with
constant clearance, the MLE for both the X and Y directions increase with the driving
velocity. However, the rate of increase slows down beyond 60 rpm, with the highest MLE
values for the X and Y directions being 0.0042 and 0.0047, respectively.
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Table 6. Maximum value of dynamic with different driving speed.

Parameter Displacement
Error (mm)

Speed Error
(m/s)

Contact
Force (kN)

Embedding
Depth (mm)

Strain of
Rod 3 (µm)

Strain of
Rod 4 (µm)

Driving
Torque (N·m)

30 rpm 1.607 0.011 2.14 0.0305 −9.086 1.283 116.9
90 rpm 3.216 0.23 6.12 0.0538 24.57 −7.623 219.1

150 rpm 3.765 0.6016 23.33 0.146 97.14 −22.6 −799.7
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As shown in Figures 45 and 46, the phase diagram and Poincaré mapping diagram of
motion pairs with variations in driving speed of 30 rpm, 90 rpm, and 150 rpm, respectively.
As driving speed increases, the distribution area and degree of disorder of the phase
trajectory at the clearance joint strengthen, and the distribution range of mapping points
becomes larger and more chaotic.
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6. Conclusions
To investigate the wear characteristics of clearance joints, the Archard wear theory

was integrated into the dynamic framework of multi-link mechanisms with clearance joints.
Building upon this foundation, a comprehensive dynamic model for flexible multi-link
mechanisms was established, incorporating the effects of irregular wear patterns and
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flexible rod dynamics. This model enables a detailed analysis of the nonlinear behavior of
the system. The specific research framework comprises the following components:

(1) A 2D beam element model was developed using the ANCF, integrating the Archard
wear model to characterize irregular wear patterns, thereby establishing a flexible
multibody dynamics framework for multi-link mechanisms with clearance joints. This
framework enables systematic chaos identification and nonlinear dynamic analysis.

(2) A comparative analysis of before and after wear dynamic responses revealed localized
wear concentration in the [75◦, 132◦] and [252◦, 310◦] intervals of kinematic pairs,
attributed to stress concentration and dynamic load redistribution. After wear, the
maximum contact force amplitude of the joint increased by 1.54 times.

(3) This study investigated the nonlinear effects of wear-induced clearances in rigid–
flexible coupled systems under varying operational conditions. The results indicate
that enlarged clearances accelerate the transition from periodic to chaotic motion due
to intensified wear. System dynamics exhibit higher sensitivity to driving speed varia-
tions than clearance size, with rotational speeds below 90 rpm effectively suppressing
wear severity and stabilizing motion.
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Nomenclature

a contact half width
Aw contact area
c clearance joint value
ce material’s recovery coefficient
cd dynamic correction coefficient
cf coefficient of friction
c∗(n) clearance size at discrete region n
D hysteresis damping factor
D∗(n) hysteresis damping factor after wear
e eccentricity vector
ef absolute node coordinates
E1, E2 elastic modulus of the bearing and shaft
E* Young’s modulus
Fe elastic force of a flexible beam element
Ff elastic force of flexible components
Fn contact force
F∗

n contact force at clearance joint after wear
F∗

t friction force at clearance joint after wear
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h wear depth
hn wear depth within discrete area code
k wear coefficient
K stiffness coefficient
Kl compressive stiffness of the unit
Kt bending stiffness of the unit
K∗(n) stiffness coefficient after wear
l unit length
L axial contact length of hinge
M total number of iterations in the calculation of Lyapunov exponent
Me mass matrix of elastic beam elements
Mr mass matrix of the rigid components
Mf mass matrix of flexible components
q generalized coordinates of entire system
qf generalized coordinate of flexible components
qr generalized coordinate of the system’s rigid components
Qe generalized force of the flexible beam element
Qf total external force of flexible components
Qr total external force of the rigid components
Q1, Q2 contact points
r absolute position vector of any point on element
rQ

1 , rQ
2 position vectors of contact points

R∗
1 , R∗

2 curvature radius at the discrete region n of the bearing and shaft
s slip distance
S shape function
v0, v1 speed limit value
V wear volume
x local coordinate of any point before deformation
X(ti) time series
Y(ti) time series reconstructed from phase space
α parameter of Baumgarte stabilization algorithm
β parameter of Baumgarte stabilization algorithm
γ right side of acceleration constraint equations
δ penetration depth
.
δ relative normal contact velocity,
δ∗(n) elative embedding depth at the discrete region n
εl strain of unit
λ Lagrange multiplier
υ right side of velocity constraint equations
υ1, υ2 Poisson’s ratios of bearing and shaft
σ maximum Lyapunov exponent
Φ constraint equation of mechanism
Φq Jacobian matrix of constraint equation
Φqr derivative of constraint equation with respect to generalized coordinates of

rigid components
Φqf derivative of constraint equation with respect to generalized coordinates of

flexible components
Φt differentiation of the constraint equation with respect to time
ANCF Absolute Nodal Coordinate Formulation
L-N Lankarani and Nikravesh
MLE maximum Lyapunov exponent
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