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Abstract 

To address the issues of local high temperatures, thermal stress concentration, and the 
susceptibility to spalling of homogeneous ceramic coatings in disc brakes under high-fre-
quency thermal–mechanical cyclic loading, this paper proposes a surface design scheme 
incorporating a functionally graded material (FGM) coating along the thickness direction. 
A three-dimensional thermal frictional contact model of a graded coated brake disc with 
continuously varying material properties (silicon carbide/gray cast iron) along the thick-
ness direction is established by developing user subroutines on the Abaqus finite element 
platform. The effects of exponential, power-law, and trigonometric gradient distributions 
on the transient temperature and stress fields are systematically compared. The results 
indicate that the high thermal conductivity silicon carbide coating significantly reduces 
the disc surface temperature; however, a homogeneous coating induces interfacial ther-
mal stress concentration due to a sudden stiffness mismatch. The graded design effec-
tively mitigates the stress concentration through a smooth transition of material proper-
ties. Taking the power-law function (n = 1.5) as an example, this design not only signifi-
cantly reduces the maximum disc surface temperature but also limits the residual equiv-
alent stress at the end of braking to 245 MPa, which is approximately 24.8% lower than 
that of the homogeneous coating (325.8 MPa). The study demonstrates that the gradient 
function exerts a stronger regulatory effect on the stress field than on the temperature field, 
meaning the two cannot be simultaneously optimized. Nevertheless, exponential func-
tions and power-law functions with small exponents can achieve a favorable balance of 
thermal–mechanical performance. This research reveals the mechanism by which thick-
ness-direction gradient distributions regulate thermal–mechanical coupling behavior, 
providing a theoretical basis for the gradient design of thermal fatigue-resistant friction 
components. 

Keywords: functionally graded materials; disc brake; thermo-mechanical coupling stress 
field; contact mechanics 
 

1. Introduction 
The brake is a critical component for vehicle safety, subjected to severe thermal–me-

chanical cyclic loads during service. The braking process converts the vehicle’s kinetic 
energy into frictional heat, and the transient injection of high-density heat flux causes 
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rapid temperature rise, thermal expansion, and significant thermal stress in the brake disc. 
Uneven heat distribution can lead to localized hot spots and non-uniform expansion, re-
sulting in stress concentration and the initiation of fatigue cracks, which seriously threat-
ens the reliability of the braking system [1].Therefore, enhancing the thermodynamic ser-
vice performance of brake discs through surface modification has become a research 
hotspot. 

The brake disc must simultaneously meet requirements such as structural strength, 
stiffness, a stable friction coefficient, good thermal conductivity, and a low coefficient of 
thermal expansion [2–4]. SiC ceramic is an ideal friction coating material due to its high 
rigidity, high temperature resistance, wear resistance, and high thermal conductivity [5–
8]. However, the elastic modulus of a homogeneous ceramic coating is significantly higher 
than that of the metal substrate, which can cause an abrupt change in surface contact stiff-
ness, leading to severe stress concentration and interfacial delamination [9]. Won et al. [10] 
established a multi-scale friction model revealing the influence of surface micro-topogra-
phy on frictional heat generation and contact stress, indicating that rational surface and 
interfacial design is crucial for regulating braking performance. 

With the advancement of materials science and surface engineering, metal matrix 
composites, bimetallic composite brake discs, and laser-clad coatings have been widely 
utilized to enhance the service reliability of brake discs under extreme thermal-mechanical 
conditions [11–14]. Functionally graded materials (FGMs) eliminate macroscopic physical 
interfaces by continuously varying the volume fraction of constituent materials along a 
specific spatial direction, thereby significantly alleviating stress concentration caused by 
material property mismatches [15,16]. In the field of braking systems, Hernik and 
Ganczarski [17] were among the first to propose the use of FGMs for brake discs; Gupta 
and Talha [18] reviewed the mechanical behavior of FGM structures in thermal environ-
ments, noting that gradient index optimization is a key design factor. Yevtushenko et al. 
[19,20] derived partial analytical solutions for frictional heat generation in FGMs. Peng et 
al. [21] proposed an integral equation method to solve the thermoelastic problem of FGM 
rotating disks with arbitrary radial gradients and variable thickness. Attia and Shanab [22] 
established a nonlinear analysis model to reveal the coupled regulation mechanism of 
thickness distribution on the thermal stress field. Bayat et al. and Shahzamanian et al. 
[23,24] investigated the contact response and steady-state thermal behavior of brake discs 
with radially varying material parameters using the finite element method. Madan and 
Bhowmick [25] further fabricated functionally graded disks with a radially varying vol-
ume fraction of reinforcing particles using powder metallurgy. 

However, existing studies have predominantly focused on the radial gradient varia-
tion in material properties in brake discs. During actual braking, the temperature differ-
ence and thermal stress gradient along the thickness direction (i.e., the normal depth di-
rection) are much steeper and more critical to failure. Gradient structural design along the 
thickness direction holds significant potential for regulating heat dissipation and alleviat-
ing surface shear stress, yet its underlying regulation mechanism remains insufficiently 
investigated. To address this gap, this paper establishes a full-scale three-dimensional 
thermomechanical coupled finite element model based on the ABAQUS software 
(ABAQUS2019). This is achieved by developing user subroutines that define key param-
eters such as elastic modulus, coefficient of thermal expansion, and thermal conductivity 
as functions of the thickness-direction coordinate. The influence of different gradient func-
tions on the thermomechanical coupling behavior of brake discs is systematically studied, 
revealing the synergistic regulation mechanism of gradient distribution on temperature 
and stress. 
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2. Material Model and Theoretical Basis 
2.1. Theoretical Governing Equations 

As shown in Figure 1, the composite brake disc studied in this study consists of gray 
cast iron and a functionally graded (FGM) surface coating with a thickness of h. During 
vehicle braking, the brake disc rotates with the wheels at an initial angular velocity and is 

subjected to a symmetrically applied axial normal contact pressure ( ),p r t
 from the 

brake pads on both sides. To emphasize the influence of the thickness-direction gradient 
on the multi-field coupling response and to simplify computational efforts, a three-dimen-
sional axisymmetric thermal friction contact model is established. It is assumed that the 
brake disc decelerates at a constant angular deceleration until it completely stops, and the 
centrifugal inertia effect is neglected. The kinetic energy of the system is converted into 
thermal energy through friction at the rough interface. According to tribological contact 
theory, the transient heat flux generated by frictional work on the coating surface (z = 0) 
can be defined by the following equation: 

( ) ( ) ( )q r,t fp r ,t r tη ω=  (1)

where η  is the heat partition coefficient, f is the interface friction coefficient, ( ),p r t
 is 

the normal contact pressure, ( )tω  is the time-decaying instantaneous angular velocity, 
and r is the radial coordinate on the disc surface. In the present model, the heat partition 
coefficient is set to 0.25. This value is determined based on the significant thermal capacity 
and conductivity differences between the high-conductivity disc (metallic substrate with 
SiC coating) and the organic-based brake pads, which assigns 25% of the generated fric-
tional heat to the pads, with the remaining 75% entering the disc [26]. 

 

Figure 1. Schematic diagram of the brake disc during braking. 

In addition to the frictional heat flux input on the contact area, the non-contact sur-
faces (such as the inner hole walls and outer cylindrical surface) undergo convective heat 
exchange with the ambient medium (T0 = 20 °C). The convective heat transfer intensity 
between the fluid and the solid is generally described by the convective heat transfer co-
efficient. For disc brake problems, the empirical formula for convective heat transfer coef-

ficient convH  is given as 
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(2)

where ak is the thermal conductivity of air, a aRe Lρ υ μ=  is the Reynolds number 
[26–28]. Since the characteristic fluid velocity υ  varies with the radius, the velocity at the 
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average of the inner and outer radii is taken as the characteristic fluid velocity. 𝐿 is the 
characteristic length of the fluid, i.e., the outer diameter of the brake disc D. Thus, the 
formula is transformed into 

a

a

R DRe ω ρ
μ

=  (3)

where ω  is the angular velocity of the brake disc, aρ  is the air density, 𝑅 is the aver-

age of the inner and outer radii of the brake disc, and aμ  is the dynamic viscosity of air. 
In this model, the convective heat transfer coefficient is not a constant but a function of 
the Reynolds number. This approach is adopted to accurately capture the transient cool-
ing effect as the angular velocity of the disc continuously decrease to zero during braking, 
which a linear constant convection law would fail to reflect 

For the composite brake disc structure consisting of the aforementioned FGM coating 
and the substrate, the transient heat conduction equation can be expressed as 

1 i i i
i i i i

T T Tk r k c
r r r z z t

ρ∂ ∂ ∂∂ ∂   + =   ∂ ∂ ∂ ∂ ∂     
(4)

where the subscripts 1,2i =  refer to the FGM coating and the substrate, respectively; iT 

is the temperature field; and i iik c ρ、 、
 represent the corresponding thermal conduc-

tivity, specific heat capacity, and density, respectively. 
The thermal boundary condition on the coating surface (z = 0) of the brake disc is 

governed by the frictional heat flux input: 

( )1
1 ,Tk q r t

z
∂− =
∂  

(5)

At the coating–substrate interface (z = −h), the continuity conditions for the tempera-
ture field and heat flux density are satisfied: 

( ) ( )1 2, , , ,T r h t T r h t− = −
 

(6)

1 2
1 2

T Tk k
z z

∂ ∂=
∂ ∂  

(7)

In the cylindrical coordinate system (r, θ, z), neglecting the influence of body forces, 
the three-dimensional axisymmetric thermoelastic equilibrium equation for the composite 
structure is 

0

0

rrrr rz

rz zz rz

r z r

r z r

θθσ σσ σ

σ σ σ

−∂ ∂+ + =
∂ ∂

∂ ∂+ + =
∂ ∂  

(8)

The thermoelastic constitutive relations are 

( ) ( ), , 2 3i i i
rri i i i i i i i

u u wr z T KT
r r z

σ λ μ λ α∂ ∂ = + + + − ∂ ∂   
(9)

( ) ( ), , 2 3i i i
zzi i i i i i i i

w u ur z T K T
z r r

σ λ μ λ α∂ ∂ = + + + − ∂ ∂   
(10)

( ), , i i
rzi i i

u wr z T
r z

σ μ ∂
∂ ∂ = + ∂ ∂   

(11)
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where ( )( )/ 1 1 2i i i i iv E v vλ = + −
 and ( )/ 2 1i i iE vμ = +

 are Lamé constants, 

( )/ 3 1 2i i iK E v= −
 is the bulk modulus, and iu and iw

 are the displacements in the 
r- and z-directions, respectively. 

At the coating-substrate interface z = −h, the displacement continuity and stress con-
tinuity conditions are satisfied: 

2 1 2 1,u u w w= =  (12)

2 1 2 1,zz zz rz rzσ σ σ σ= =  (13)

2.2. Material Parameters and Distribution Functions of the Graded Coating 

In this model, a high-thermal-conductivity silicon carbide (SiC) ceramic graded coat-
ing is applied to the surface of a gray cast iron brake disc. The substrate is made of gray 
cast iron, and the outermost coating surface is pure SiC ceramic. The specific material pa-
rameters are listed in Table 1. To isolate the core influence of the spatial gradient function 
on the thermodynamic response, this model assumes that the material properties vary 
primarily with the thickness coordinate, temporarily neglecting the thermal softening ef-
fect of material properties with temperature. 

Table 1. Thermo-mechanical properties of the brake disc materials. 

Material 
Thermal Conduc-
tivity (W/(m·K)) 

Specific 
Heat 

(J/(kg·K)) 

Coefficient of Ther-
mal Expansion 

(10−5/K) 

Density 
(kg/m3) 

Elastic Modulus 
(GPa) 

Poisson’s 
Ratio 

(Substrate) 57 460 1.085 7250 138 0.28 
SiC ceramic coating 250 640 0.44 3200 466 0.2 

To investigate the influence of the coating material’s gradient variation, a field vari-
able dependent on the spatial coordinate is introduced via the Abaqus user subroutine 
USDFLD. This enables the continuous definition of material properties along the thickness 
direction (z-direction). The thickness coordinate z is defined as z = 0 at the coating surface 
and z = −h at the coating-substrate interface, where h is the coating thickness. Let P(z) 
denote an arbitrary material property (elastic modulus, coefficient of thermal expansion, 
or thermal conductivity), with P1 representing the SiC parameter and P2 representing the 
substrate parameter. The gradient distribution functions are given as follows: 

(1) Exponential function distribution: 

( ) 1
2

2

exp ln Pz hP z P
h P

 +=  
   

(14)

(2) Power-law function distribution (with n as the gradient index): 

( ) 2 1 2( )( )nz hP z P P P
h
+= + −

 
(15)

(3) Sine function distribution: 

( ) ( )
2 1 2( )sin

2
z h

P z P P P
h

π + 
= + −  

   
(16)

(4) Cosine function distribution: 

( )
2 1 2( ) ( ) 1 cos

2
z h

P z P P P
h

π + 
= + − −  

     
(17)

 



Lubricants 2026, 14, 259 6 of 13 
 

https://doi.org/10.3390/lubricants14070259 

2.3. Finite Element Model Establishment and Validation 

This study utilizes a full-scale three-dimensional brake disc model for calculation to 
avoid the artificial, sudden changes in thermal stress that may occur at the symmetry 
boundaries of a quarter model. Braking energy input is simulated by applying a time-
varying heat flux density based on the theoretical conversion of frictional power genera-
tion. Key simulation parameters include an initial braking angular velocity ω0 = 300 rad/s, 

a braking time t = 4 s, and axial normal contact pressure ( ),p r t
 = 1.3 MPa, a friction 

coefficient f = 0.35, and ambient temperature T0 = 20 °C. 
To ensure both accuracy and computational efficiency, a mesh independence test was 

conducted. A mesh independence curve (Figure 2) was obtained by monitoring the con-
vergence relationship between the maximum surface stress and the number of elements. 
The results indicate that the calculated values stabilize when the characteristic mesh size 
is between 1 and 2 mm. The final model consists of 139,452 three-dimensional eight-node 
thermomechanically coupled hexahedral elements (C3D8T). The established finite ele-
ment model is depicted in Figure 3. 
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Figure 2. Mesh independence verification curve. 

 

Figure 3. Finite element model of the brake disc. 

To validate the reliability of the model, this paper reproduced the operating condi-
tions described by Habtamu Dubale et al. [1] (Figure 4). It is worth noting that the litera-
ture results show an extremely high stress zone near the bolt holes connecting the brake 
disc and the hub. Analysis indicates that this phenomenon is caused by singular stresses 
induced by an overly rigid artificial mechanical fixation boundary, rather than the true 
thermoelastic response under actual service conditions. During the reproduction process, 
a kinematic coupling treatment was applied to the inner hole boundary to increase flexible, 
thereby releasing the over-constraint conditions. Following this improvement, the tem-
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perature field (maximum value approximately 211 °C vs. 214 °C) and thermal stress dis-
tribution characteristics in the frictional working zone of the disc surface demonstrate ex-
cellent agreement with the literature, thus verifying the accuracy of the present model for 
high-gradient thermomechanical coupling calculations. 

  
(a) 

  
(b) 

Figure 4. Comparison of temperature and stress fields between the present results (a) and those in 
the literature (b). 

3. Results and Discussion 
3.1. Performance Analysis of the Brake Disc with an Exponentially Graded Coating 

Figure 5 illustrates the time-history responses of the maximum temperature and 
stress for brake discs featuring either a homogeneous SiC coating or an exponentially 
graded coating. The homogeneous ceramic coating achieves a notable cooling effect—re-
ducing the maximum temperature by approximately 10—due to its high thermal conduc-
tivity. However, the abrupt interface of this hard coating/soft substrate configuration 
leads to sharp increase in disc surface stress, reaching a maximum stress of 346.6 MPa 
during braking. The FGM exponentially graded coating effectively mitigates this issue; 
while providing a considerable cooling effect, it efficiently suppresses the peak stress to 
235.8 MPa through a smooth transition of the elastic modulus. 
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Figure 5. Effect of the coating on the surface temperature (a) and stress (b) of the brake disc. 

Figure 6 shows the effect of coating thickness on the maximum surface temperature 
and stress of the brake disc with an exponentially graded coating. Increasing the coating 
thickness further reduces the disc surface temperature and stress during the initial stage. 
However, when the thickness exceeds 1 mm, the marginal benefit of temperature im-
provement decreases significantly. According to the interface cracking criterion in contact 
mechanics, an excessively thick coating is more prone to delamination failure under ther-
mal cycling due to its high overall stiffness [29]. Therefore, the optimal coating thickness 
is set to 1 mm for subsequent investigations in this study. 
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Figure 6. Effect of coating thickness on the surface temperature (a) and stress (b) of the brake disc. 

3.2. Sensitivity Analysis of Material Properties on Contact Mechanical Behavior 

To isolate the independent effects of coating material parameters on the thermo-me-
chanical coupling behavior of the brake disc, a sensitivity analysis was conducted by in-
dividually varying the elastic modulus, thermal conductivity, and coefficient of thermal 
expansion of the coating, using the gray cast iron substrate as a reference. As shown in 
Figure 7, variations in the elastic modulus and coefficient of thermal expansion have a 
negligible influence on the transient temperature field distribution of the disc surface but 
significantly impact the thermal stress field. In contrast, thermal conductivity not only 
directly determines the rate of heat dissipation into the substrate-thus affecting the tem-
perature field-but also effectively improves the macroscopic stress field by smoothing the 
thermal gradient. 
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Figure 7. Effects of coating material properties on maximum surface temperature and stress of the 
brake disc: (a) temperature and (b) stress varying with elastic modulus; (c) temperature and (d) 
stress varying with thermal conductivity; (e) temperature and (f) stress varying with the coefficient 
of thermal expansion. 

These analyses indicate that the sharp increase in disc surface stress induced by the 
ceramic coating is mechanically driven by the material’s extremely high elastic modulus. 
This high modulus causes a sudden increase in local contact stiffness at the surface layer, 
leading to mechanical stress concentration in the contact region. Therefore, in practical 
gradient design, priority should be given to optimizing the elastic modulus gradient to 
minimize stress, followed by optimizing the thermal conductivity gradient to control tem-
perature. 
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It should be emphasized that the decoupled sensitivity analysis presented above 
serves strictly as a numerical parametric study to isolate the independent contribution of 
each material property. In a physically fabricated functionally graded coating, however, 
the effective elastic modulus, thermal conductivity, coefficient of thermal expansion, and 
strength are inherently coupled through the underlying microstructure (e.g., SiC volume 
fraction and porosity). Independent variation in a single property cannot be achieved in 
practice without simultaneously altering other properties. 

3.3. Performance Analysis of Brake Disc with Power-Law Function Gradient Coating 

By adjusting the gradient index n of the power-law gradient coating, the evolution of 
the transient temperature field and stress response on the brake disc surface can be ob-
served, as shown in Figure 8. As the gradient index n increases, the maximum temperature 
of the disc surface shows a significant decreasing trend, while the maximum thermal 
stress increases monotonically, highlighting an obvious mutual restriction relationship 
between the two. 
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Figure 8. Influence of the power-law gradient index n on the surface temperature (a) and stress (b) 
of brake disc. 

The physical essence of this inverse evolution between temperature and stress lies in 
the fact that the gradient index n dictates the gradient distribution form of the material 
properties within the coating along the thickness direction. When n is small (e.g., n = 0.1), 
the material physical properties present a concave distribution along the thickness. In the 
shallow region close to the coating surface, the high elastic modulus and high thermal 
conductivity of ceramic materials decay rapidly. From a contact mechanics perspective, 
this rapid attenuation of elastic modulus forms a flexible buffer layer within the coating, 
which effectively reduces the local contact stiffness of the surface layer, thereby greatly 
relieving thermal stress. From a heat transfer perspective, however, the sharp decrease in 
thermal conductivity increases the local thermal resistance within the coating. This hin-
ders the rapid conduction of frictional heat to the substrate, resulting in a relatively high 
peak temperature. 

Conversely, when the gradient index n increases (e.g., n = 1.5), the distribution of 
material properties transforms into a convex pattern, causing the ceramic-dominated re-
gion with high thermal conductivity and high rigidity to extend deeper into the coating. 
This effectively broadens the heat conduction path, achieving a significant temperature 
reduction. However, the thicker surface layer with a high elastic modulus inevitably en-
hances the overall rigid constraint of the structure, ultimately leading to a remarkable in-
crease in macroscopic thermal stress at the interface. 
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3.4. Regulation Mechanism of Gradient Function Form on Thermo-Mechanical Response of 
Coated Brake Disc 

To evaluate the comprehensive influence of different coating gradient forms on brake 
discs performance, Tables 2 and 3 summarize the surface temperature and stress data dur-
ing the braking process under different distribution functions, when a large-exponent 
power-law function (n = 1.5) is adopted, the brake disc exhibits an optimal cooling effect 
due to the large proportion of high-thermal-conductivity ceramic materials in the surface 
layer. Its maximum temperature during braking and the temperature at the end of braking 
are effectively suppressed to 186.4 °C and 133.9 °C, respectively. Nevertheless, this distri-
bution inevitably enhances the mechanical constraint of the surface layer, causing the 
maximum thermal stress on the disc surface to rise to 302.7 MPa. Therefore, n = 1.5 can be 
considered an upper-bound design where cooling performance is prioritized, accepting a 
moderate increase in thermal stress compared to smaller exponents. 

Table 2. Surface temperatures of the brake disc with different coating gradient forms (℃). 

Gradient Form 
Exponential 

Function 
Uniform 

Layer 
Power Law 

(n = 0.1) 
Power Law 

(n = 0.5) 
Power 

Law (n = 1) 

Power 
Law (n = 

1.5) 
cos sin 

Maximum temperature 
during braking 

197 178.9 210.7 198 190.3 186.4 190.3 197.7 

Temperature at braking 
termination 141.4 130.5 148 142.3 136.4 133.9 136.4 140.6 

Table 3. Surface stresses of the brake disc with different coating gradient forms (MPa). 

Gradient Form 
Exponential 

Function 
Uniform 

Layer 
Power Law (n 

= 0.1) 
Power Law 

(n = 0.5) 
Power 

Law (n = 1) 
Power Law 

(n = 1.5) 
cos sin 

Maximum stress dur-
ing braking 

235.8 346.6 214.6 244.3 274.5 302.7 275.3 243.6 

Stress at the end of 
braking 203.1 325.8 166.5 194.5 226.8 245 227.2 193.6 

In contrast, when the small-exponent power-law function (n = 0.1) is applied, the 
flexible buffer layer formed by the rapid decrease in elastic modulus effectively releases 
the interfacial contact stress. Consequently, its maximum stress during braking (214.6 
MPa) and residual stress at the end of braking (166.5 MPa) drop to the lowest levels among 
all gradient models. However, this comes at the cost of diminished heat transfer perfor-
mance. The reduction in high-thermal-conductivity pathways in the surface layer in-
creases thermal resistance, pushing the maximum surface temperature to 210.7 °C, the 
highest among all gradient designs. 

This quantitative comparison concludes that, in gradient coating design, extreme op-
timization of either the temperature field or the stress field alone leads to a significant 
deterioration in the other. In practical engineering applications, it is necessary to consider 
the specific failure tolerance of the braking system (i.e., prioritizing thermal fade re-
sistance versus fatigue cracking resistance) to achieve a coordinated balance of thermo-
mechanical performance across various gradient distribution forms. 

4. Conclusions 
This study establishes a thermo-mechanical coupled finite element model of an FGM 

gradient coating for high-heat friction components and systematically analyzes the influ-
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ence of coating gradient distribution forms on contact behavior. The main conclusions are 
as follows: 

(1) Applying high-thermal-conductivity ceramic materials to the brake disc surface ef-
fectively reduces the disc surface temperature. However, material stiffness mismatch 
and abrupt changes in interfacial properties significantly aggravate the local thermal 
stress concentration. 

(2) The implementation of a gradient design greatly reduces the interfacial contact stress 
while maintaining the cooling effect. A coating thickness of 1 mm provides optimal 
comprehensive performance. 

(3) The physical properties of coating materials exhibit distinct sensitivity mechanisms 
to multi-field coupling. Thermal conductivity acts as the dominant factor governing 
temperature field evolution, while the elastic modulus gradient configuration is crit-
ical for regulating peak contact stress. Consequently, a specific design priority is pro-
posed: optimizing the modulus gradient first to reduce stress, followed by the ther-
mal conductivity gradient to control temperature. 

(4) Constrained by the physical coupling mechanism of material properties, simultane-
ously optimizing the disc surface temperature and stress field is highly challenging. 
Comprehensive quantitative comparisons indicate that gradient coatings featuring 
an exponential function, a small-exponent power-law function, or a sine function dis-
tribution achieve an excellent thermo-mechanical balance, successfully alleviating in-
terfacial thermal stress while controlling the surface temperature rise. For instance, a 
power-law exponent in the range of n = 0.5 to 1.0 yields an optimal balance, while n 
= 1.5 can be considered an upper bound where cooling performance is prioritized, 
accepting a moderate increase in thermal stress compared to smaller exponents. 
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