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Abstract

Time-varying mesh stiffness (TVMS) is a primary contributor to gear noise, vibration and
harshness (NVH). Accurate implementation of the lubrication effect on the TVMS is often
neglected. This work presents a numerical lubricated contact stiffness extraction method
by combining the lubricant film and elastic compliances through rigid-body separation
for spur gears. A deformation datum for infinite line contacts is defined using Weber’s
local elastic deformation of gear teeth, resolving inconsistent treatments in the literature.
A novel apparent transient damping coefficient is extracted using transient multigrid
elastohydrodynamic (EHL) simulations. At high load and low speed, the EHL contact
stiffness approaches the analytical local elastic stiffness, whereas at low load and high
speed, it deviates by up to an order of magnitude. The stiffness linearisation is compared
directly against fixed-separation EHL solutions, and force reconstruction confirms recovery
of the full transient contact force. The results show that lubricant film compliance can
significantly alter the EHL contact stiffness under low-load/high-speed conditions, which
is relevant to dynamic mesh force fluctuations in high-speed transmissions. Thus, accurate
lubricant effects must be included for reliable NVH predictions in such cases.

Keywords: elastohydrodynamic lubrication; line contact; spur gear; contact stiffness;
contact damping; numerical method

1. Introduction
Gear vibration and noise are governed by time-varying mesh stiffness (TVMS), time-

varying mesh damping (TVMD) and backlash of the engaging teeth. Established analytical
TVMS formulations such as those based on the Ishikawa method [1,2], Weber potential
energy method [3,4] and other potential energy methods (e.g., Yang et al. [5], Tian [6],
Wu et al. [7], Sainsot et al. [8]) accounts for bending, shear, axial, fillet and local elastic
deformations of the teeth. These formulations assume that the lubricant film is much stiffer
than the elastic bodies such that its compliance can be neglected when the components
are summed in series. This is a valid assumption in fully developed elastohydrodynamic
lubrication (EHL) regimes under high loads and low speeds where the changes in film
thickness are much less than changes in local elastic deformation. However, in lower-load,
higher-speed cases and during regime transitions that periodically occur through a meshing
cycle [9], the lubricant film stiffness becomes comparable in magnitude to the other series
components and can no longer be ignored.
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Numerically, EHL film stiffness can be extracted by comparing the converged EHL
contact solutions between two load states in a load increment method. Three variants
are common. The “global” method treats the film as a set of parallel springs across the
contact and sums their individual stiffness calculated by dividing nodal force increment by
nodal film thickness increment [10,11]. He et al. [10] restrict the summation to the Hertzian
region, whereas Jian et al. [11] suggest defining a contact inlet and exit based on pressure.
This may be more suitable for low-load/high-speed contacts where the pressure build-up
occurs ahead of the Hertzian contact patch but is inherently arbitrary and domain-choice-
dependent. Furthermore, it is anticipated that the EHL pressure spike may cause issues if it
moves between nodes on fine grids due to the load increment, as the stiffness contribution
of these nodes would be significant due to large changes in nodal pressure.

The “average” method divides the load increment by the mean change in lubricant
film thickness across the domain [12–16]. In this case, the value of stiffness is dependent on
the chosen domain size; as domain size increases, the stiffness tends to the change in rigid-
body displacement with force, since deformation is small outside the contact. However, as
with the “global” method, this, to some extent, can be mitigated through the definition of
arbitrary contact patches (e.g., Hertzian or other).

The “central” method uses the change in central film thickness alone [17]. This method
can yield discontinuous or even negative stiffnesses at low load and regime transitions
when the pressure spike traverses the central node upon load increment. Analytical central-
film expressions can replace the numerical extraction (Mughal et al. [9]) but are limited
in that different stiffnesses must be defined for different lubrication regimes, and the
film thicknesses, and thus film stiffnesses, are not well-defined around the boundaries
of the regimes (i.e., for regime transitions). Jian et al. [4] found that the “average” and
“global” methods to agree closely, which is to be expected when a specific domain is
chosen since in the contact zone, the majority of the contact has a film thickness equal to
the central film thickness, and thus the average film thickness tends to the central film
thickness value.

Two approaches are then used to include the film stiffness in dynamic models. The
first combines a separately extracted film stiffness in series with analytical tooth stiffnesses
derived from the Ishikawa [13,15] or the Weber [10] method. In this case, the local elastic
component is already accounted for by Yang and Sun’s linearised Hertzian stiffness [18]
or with an elastic stiffness derived from dry loaded-tooth-contact analysis (LTCA) [19].
Mughal et al. [9] follow this approach with the potential energy method and the use of
well-established regime-based (central) film stiffnesses relationships. The second approach
combines the numerically obtained film and elastic stiffnesses in series and inserts the
results into the TVMS in place of the local contact term, as performed by Qin et al. [17]
and Li et al. [16]. It can be shown that, for every variant (global, average and central),
the series combination of the separately extracted film and elastic stiffnesses is identically
equal to the stiffness obtained from the increment of the rigid-body displacement (∆F/∆h0)
(Appendix A). The determination of contact stiffness through this approach bypasses
the difficulties of calculating separate oil and local elastic stiffnesses, for which values
for the different methods vary. Instead, the EHL contact stiffness calculated using the
rigid-body displacement holds a single value for the whole domain and is easily extracted
from the solution. This approach has been employed by Pei et al. [20], Fang et al. [21],
Tian et al. [22] and Lu et al. [23] and is most applicable to gear dynamics, as it physically
relates to the displacement of the rigid body, which is coupled in dynamics simulations. Re-
cently, Carrer et al. [24] implemented a rigid-body displacement-based calculation method
of stiffness, damping and force offset terms using offline curve-fitted extraction and lookup
tables for low-cost application to gear dynamics.
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Extracting a contact stiffness from the rigid-body displacement, and indeed any lo-
cal elastic stiffness, requires the deformation to be defined consistently. For an infinite
line contact, this is not trivial, as the elastic deformation integral contains an undefined
additive constant. The rigid-body displacement and deformation terms are only mean-
ingful once this deformation datum has been fixed. The literature treats this constant
inconsistently. Pei et al. [20] omit the constant, such that h0 incorrectly accounts for both
the rigid-body approach and the reference deformation contribution. Fang et al. [21]
acknowledge the constant, but it does not appear in their dimensionless film thickness
equation, as is also the case for Tsuha et al. [25]. Tian et al. [22] subtract a correction obtained
from the difference between the approximate Hertzian deformation of a cylinder between
two flat plates based on the empirical expression of Palmgren [26,27] and the half-space
deformation under Hertzian pressure. This correction, however, appears to be missing
a logarithmic term (Appendix B.3), so that part of the half-space offset remains within
h0 even after the correction has been applied. Lu et al. [23] adopt a similar and equally
inconsistent correction.

Cooley et al. [28] describe two methods for meshing stiffness using average slope
and local slope methods with finite element analysis (FEM). The local slope is the incre-
mental stiffness for small perturbation about a loaded operating point, i.e., the gradient
of the tangent of the force–displacement graph at the operating point. In the present
study, the local slope is referred to as the tangent stiffness. The average slope is the stiff-
ness for the total deflection measured from the unloaded state. For dynamic analysis,
the local slope method is preferred. Furthermore, when using the rigid-body approach
stiffness method, the local slope must be used since h0 does not represent the total local
deformation relative to an unloaded state, unlike in dry contact, where δ = 0 is well-
defined at zero load. The force model used in dynamic analyses changes depending on
the choice of average slope or local slope; a linearisation about the loaded equilibrium
is required when using the local slope method. Appendix B.4 presents a selection of
the local contact deformation and stiffness models commonly used in gear modelling
and characterisation.

Gear contacts operate under highly transient conditions. Load, speed and con-
tact curvature all vary in time across the meshing cycle and have a subsequent im-
pact on the EHL contact conditions. Of these, load is a particular cause of con-
tact variations due to the jump in load in transition between single and double
contact [29]. Thus, damping arising from the squeeze film effect of the lubricant must also
be considered.

Despite the extent of literature in this field, tribodynamics still lacks a cohe-
sive framework for spur gear contact stiffness that incorporates the lubricant film
with a consistent deformation reference, together with treatment of lubricant damp-
ing effects (Table 1). This paper presents a quasi-static EHL contact stiffness extrac-
tion method based on the rigid-body separation h0, which combines the lubricant
film and local elastic compliances in series using a consistent deformation datum de-
fined from Weber’s local deformation of spur gears. A transient EHL force residual
is projected onto the rigid-body approach velocity to obtain an apparent damping
coefficient, with direct fixed-separation EHL checks used to assess the local lineari-
sation and transient force reconstruction. The method is applied to two spur gear
pairs across two extreme load-speed operating conditions to establish the importance
of including lubricant film effects in gear dynamic simulations, particularly during
regime changes.

https://doi.org/10.3390/lubricants14090336

https://doi.org/10.3390/lubricants14090336


Lubricants 2026, 14, 336 4 of 36

Table 1. Comparison of EHL contact stiffness and damping extraction methods.

Ref/Author Numerical/Analytical Contact Stiffness Damping Datum Treatment

He et al. [10] Numerical Global film stiffness
(in series with Hertzian) None Not required

Xiao et al. [15] Numerical Average film stiffness Film rate method Not required

Mughal et al. [9] Analytical Central film stiffness
(no local elastic stiffness) Analytical film damping Not required

Pei et al. [20] Numerical Rigid-body displacement None Constant omitted

Fang et al. [21] Numerical Rigid-body displacement
Transient residual → equation

of motion → damping
(multiple extra solves)

Constant acknowledged
but absent from film
thickness equation

Tian et al. [22] Numerical Rigid-body displacement None Palmgren-based correction
(incomplete)

Carrer et al. [24] Numerical Rigid-body displacement
(curve fit + lookup)

Transient residual → equation
of motion → damping
(multiple extra solves)

Not documented

Wiegert et al. [30] Semi-analytical Series hydrodynamic + elastic Hydrodynamic squeeze +
elastic damping

Johnson cylinder
deformation datum

Present study Numerical Rigid-body displacement
(tangent)

Transient residual → apparent
damping (single extra solve)

Weber local elastic
deformation

2. Methodology
2.1. Gear Mesh Model

Figure 1 shows the spur gear mesh scheme employed in this work. The gear
mesh contact is defined with s as the distance along the line of contact from the pitch
point. The line of action is tangent to both base circles (of radii Rb,1 and Rb,2). The
contact begins where the outer radius of the gear (Ro,2) intersects the line of action
at point A, passes through the pitch point P and ends at point B where the outer
radius of the pinion (Ro,1) intersects the line of action. The pressure angle α is the
angle between the tooth centreline and the tangent point of the line of action on the
base circle.

Figure 1. Schematic of spur gear meshing adapted from Townsend [31]. The dash-dotted lines
represent the pitch circles of the meshing gear pairs.
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For a spur gear pair, the normal contact force always acts along the line of action that
is at a tangent to the base circle. The relationship between the normal force and applied
torque is, therefore,

F =
T1

Rb1
(1)

When more than one tooth pair is in contact, the normal force is distributed be-
tween the tooth pairs using the load distribution model of Pedrero et al. [32]. The local
contact between the meshing teeth is represented as an equivalent EHL line contact
with local radii of curvature of R1 and R2, which can be reduced to a single radius R
(Figure 2). The normal pressure distribution p(x, t) supports the applied normal load,
while the rigid-body separation h0 defines the normal approach of the undeformed
tooth surfaces.

Figure 2. Local EHL line contact representation of spur gear contact. The dashed line represents the
undeformed elastic body.

2.2. Numerical EHL Solver

For infinitely long contacting bodies, the non-dimensionalised transient Reynolds
equation is given by

∂

∂X

(
ξ

∂P
∂X

)
−UT

∂(ρH)

∂X
− ∂(ρH)

∂T
= 0 (2)

where ξ = ρH3

ηλ
with λ = 12um0η0R2

b3 ph
, UT = um(t)

um0
and P, H, T, X, ρ and η are the dimensionless

pressure, film thickness, time, spatial coordinate in the direction of entraining motion,
density and viscosity, respectively, given by

P =
p

ph0
, H =

hR0

b2
0

, T =
t um0

b0
, X =

x
b0

, ρ =
ρ

ρ0
, η =

η

η0
(3)

The maximum Hertzian pressure, ph0, and Hertzian contact half-width, b0, at reference
condition are given by

ph0 =
2F0

πLb0
b0 =

√
8F0R0

πLE′ (4)

where F0 is the normal load at reference condition, L is the contact length, R0 is the
equivalent radius at reference condition given by

1
R0

=
1

R1
+

1
R2

(5)

and E′ is the equivalent elastic modulus given by

2
E′ =

1 − ν2
1

E1
+

1 − ν2
2

E2
(6)
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The Reynolds boundary condition is applied such that P = 0 at the inlet and exit. In
addition, considering the Reynolds cavitation boundary conditions, the pressure gradient
is also set to be equal to zero at the contact outlet. The inlet should be taken as sufficiently
large to ensure no numerical/artificial starvation occurs for fully flooded simulations.
This is particularly important for low-load and high-speed cases, where inlet lengths of
~100 times the Hertzian half-width may be required.

The dimensionless film thickness equation of Messé and Lubrecht [33] is mod-
ified to include the time-varying curvature and load parameters and deformation
constant term:

H(X) = H0 + GTX2 − 1
π

∫ ∞

−∞
ln

∣∣X − X′∣∣P(X′) dX′ +
WT

2
ln|X0| (7)

where GT and WT are time-varying curvature and load parameters respectively:

GT =
R0

2R(T)
, WT =

F(t)
F0

(8)

and WT
2 ln|X0| is the additional constant term to fix the datum of the deformation.

H0 is the dimensionless rigid-body separation (or equivalent separation of the
undeformed bodies) and can be positive (low-load/high-speed) or negative (high-
load/low-speed). Of note here is how the deformation term (including the X0 term)
is considered.

The deformation of two cylinders in contact is given by [34]

δ = − 4
πE′

∫ xmax

xmin

p
(
x′
)
ln
∣∣x − x′

∣∣dx′ + C (9)

To determine the value of the constant C, Weber’s solution for the Hertzian contact
of a gear pair is taken (see Appendix B.1) [3,4]. Wiegert et al. [30] use a similar constant-
determination approach but using Johnson’s deformation of cylinders in contact and the
approximation of identical bodies (see Appendix B.2). The analysis results in a reference
length, X0, which can be thought of as the point in x-direction where deformation is
zero for a Hertzian pressure profile loading. The reference length is calculated at every
point in the meshing cycle as

X0 =
x0

b
=

1
b

exp

{
E′

2

[
1 − ν2

1
E1

(
ln

2k1

b
− ν1

2(1 − ν1)

)
+

1 − ν2
2

E2

(
ln

2k2

b
− ν2

2(1 − ν2)

)]
− ln

(
2
b

)
− 1

2

}
(10)

where k1 and k2 are distances from the point of contact to the tooth centreline along the line
of action of the force. For equal materials, this reduces to

X0 =
x0

b
=

√
k1k2

b
exp

(
−1

2
− ν

2(1 − ν)

)
(11)

Many prior studies do not consider the contribution of the constant term in the defor-
mation equation. This is acceptable when the only features of interest are film thickness
and pressure profiles, since in the associated relaxation procedures, the constant term is
absorbed by H0. However, at this point, H0 no longer represents the exact rigid-body
separation, and thus careful consideration must be made when using this approach for
stiffness calculations (Figure 3).
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Figure 3. (a) Example deformation in EHL contact showing how the constant raises the deformation
such that it is positive throughout the contact. Negative deformations are non-physical. (b) Example
film thickness in EHL contact illustrating how the rigid-body separation can be isolated through
correct application of the deformation constant.

The elastic deformation integral can be discretised to provide the following relationship
for the film thickness:

H(X) = H0 + GTX2 − 1
π

j=n

∑
j=0

Khh
ij Pj +

WT
2

ln|X0| (12)

The coefficients Kij are defined by [35]

Kij =
∫ Xj+dX/2

Xj−dX/2
ln

∣∣Xi − X′∣∣ dX′ (13)

This is obtained analytically as

Kij =
(
Xp

)(
ln

∣∣Xp
∣∣− 1

)
− (Xm)(ln |Xm| − 1) (14)

where
Xp = Xi − Xj +

dX
2

Xm = Xi − Xj −
dX
2

(15)

and dX is the grid spacing.
The dimensionless force balance equation is given by∫ ∞

−∞
P(x)dX =

π

2
WT (16)

Roelands’ viscosity–pressure relationship [36] and the Dowson and Higginson
density–pressure relationship [37] are employed in this investigation and are given as
follows, respectively:

η = exp

{
ln
(

η0

ηr

)[(
1 +

ph
pr

P
)Z

− 1

]}
(17)

ρ =

(
1 +

C1 phP
1 + C2 phP

)
(18)

https://doi.org/10.3390/lubricants14090336

https://doi.org/10.3390/lubricants14090336


Lubricants 2026, 14, 336 8 of 36

where the constants ηr, pr, C1 and C2 are 6.31 × 10−5 Pa s, 1.9609 × 108 Pa, 0.6 × 10−9 Pa−1

and 1.7 × 10−9 Pa−1, respectively [36,37]. The constants ρ0 and η0 are lubricant density
and dynamic viscosity at atmospheric pressure and reference temperatures (usually at
15.6 ◦C for density and at 40 and 100 ◦C for viscosity). It is noted here that the reference
lubricant density has no impact on the solution. The Roelands’ piezo-viscosity index, Z,
can be found from

Z =
αpv pr

ln
(

η0
ηr

) (19)

where αpv is the lubricant’s piezo-viscosity coefficient.
The governing equations are solved using a multigrid coarse grid correction cycle

algorithm with a hybrid Gauss-Seidel and Jacobi dipole relaxation scheme to ensure a fast
and stable solution [38,39]. A discrete convolution and FFT (DC-FFT) method similar to that
of Liu et al. [40] was used for fast calculation of deformation. Domain sizes were suitably
chosen to avoid numerical starvation and grid resolution. Relaxation parameters were also
tuned to ensure satisfactory convergence on the finest grid. Convergence is ascertained
using the discretisation error for pressure and force balance:

εdisc,p =

1
3 ∑i

∣∣∣p f
i − Ih pc

i

∣∣∣
N f − 2

(20)

εdisc,FB =
1
3

∣∣∣Ff − Fc

∣∣∣ (21)

where p f
i is the fine grid solution and pc

i is the next coarsest solution interpolated into the
fine grid using Ih, the interpolation operator. Likewise, Ff and Fc are the forces calculated
from summated pressures on the finest grid and next coarsest grid respectively. If conver-
gence is not achieved, the relaxation parameters are manually modified. For more detail on
the selection of relaxation parameters, multigrid cycle parameters and domain size, refer to
established multigrid literature [38,39,41].

2.3. EHL Contact Force Model

Nonlinear dissipative force models are widely used in multibody dynamic systems
with dry clearance joints and contact-impact events [42–44]. These models usually describe
the normal force through solid body indentation, with energy loss represented using hys-
teretic damping and commonly a coefficient of restitution [45]. While the dissipative models
can be adapted to the study of lubricated contacts [46], a more complete representation of
the EHL contact force is given by the three-term reduced-order model comprising local
tangent quasi-static stiffness term ( kδ), apparent damping term (capp

.
δ) and force offset

(∆ f ) [24]. Here, the nonlinear nature of the contact is accounted for through the local
tangent extraction at each operating point, such that the stiffness varies with load, speed,
curvature and lubrication state. The primary energy loss mechanism is through the squeeze
film damping phenomena as opposed to hysteretic damping during impact.

FEHL ≈ kQSδ + capp
.
δ + ∆ f (22)

where δ is the negative of rigid-body approach (δ = −h0). The quantities kQS, capp and ∆ f
in Equation (22) are operating-point-dependent coefficients extracted from numerical EHL
solutions at each mesh position, rather than prescribed constants. Their values vary with
instantaneous normal load, entrainment speed and contact curvature. The procedure for
determining the three coefficients is detailed in Sections 2.4–2.6.
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The force offset is the intercept of the local force-approach tangent. This corresponds
to the value at which the linearised force extrapolates at zero approach (δ = 0). It is,
therefore, better understood as a geometric intercept than a physical force, since it can hold
negative values due to the stiffening nature of elastic contacts (Figure 4). Despite this, the
linearisation holds accurate provided the force is evaluated near to the operating point.

Figure 4. Tangent contact stiffness and force offset.

The contact force model in this study only considers the normal force. The lubricated
contact would also contribute a tangential force from the viscous and frictional properties
of the lubricating oil and the gear teeth surfaces. Inclusion of these effects is beyond the
scope of the present study and is proposed as an extension for future work.

2.4. Stiffness Extraction Method

In this study, a quasi-static numerical tangent contact stiffness extraction method
is proposed using the h0 stiffness method, which combines the effect of lubricant and
elastic body stiffnesses in series. The extraction comprises two stages: a base solve and an
increment solve. The quasi-static base solve uses the instantaneous load, speed and radii
of curvature to obtain the converged state {Pn, Hn, H0,n} at time step n by satisfying the
dimensionless forms of the Reynolds (with squeeze film term set to zero), film thickness
and force balance equations:

∂

∂X

(
ξ

∂Pn

∂X

)
−UT

∂(ρH)n
∂X

= 0 (23)

Hn(X) = H0,n + GTX2 − 1
π

∫ ∞

−∞
ln

∣∣X − X′∣∣Pn
(
X′) dX′ +

WT,n

2
ln|X0,n| (24)

∫ ∞

−∞
Pn(x)dX =

π

2
WT,n (25)

For the increment solve, the load is raised to WT,n + ∆WT and the squeeze film term
is again set to zero. Thus, the governing equations are expressed as follows:

∂

∂X

(
ξ

∂Pinc
n

∂X

)
−UT

∂(ρH)inc
n

∂X
0 (26)

Hinc
n (X) = Hinc

0,n + GTX2 − 1
π

∫ ∞

−∞
ln

∣∣X − X′∣∣Pinc
n

(
X′) dX′ +

WT,n + ∆WT

2
ln
∣∣∣Xinc

0,n

∣∣∣ (27)

∫ ∞

−∞
Pinc

n (x)dX =
π

2
(WT,n + ∆WT) (28)

The load increment step ∆WT must be chosen small enough to ensure linearity but
not too small such that noise effects dominate. In this paper, a +1% load increment is used.
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A load increment sensitivity assessment is included in Section 3.6 to justify the selection of
this value.

Stiffness is then extracted by dividing the increment in force by the resultant increment
in the rigid-body displacement (h0):

k =
∂F
∂δ

∣∣∣∣ .
δ=0

≈ − ∆F
∆h0

∣∣∣∣ .
δ=0

(29)

This provides the quasi-static tangent contact stiffness associated with the lubricant-
film and elastic-body compliances, while transient departures from this quasi-static solution
are treated separately in the apparent transient residual.

2.5. Force Offset Extraction

Once the stiffness has been calculated, the force offset can simply be extracted using

∆ f = FQS − k·δQS (30)

where δQS is the negative of the quasi-static rigid-body approach (δQS = −h0,QS).

2.6. Apparent Transient Damping Extraction Method

The stiffness extraction described in Section 2.4 is performed using the quasi-static
Reynolds equation, with the transient squeeze-film term omitted. This provides the instan-
taneous tangent contact stiffness of the load-controlled EHL contact about the quasi-static
operating point. To obtain a corresponding transient force contribution, an additional tran-
sient EHL solution is carried out in which the squeeze-film term is retained. This transient
base solve uses the instantaneous load, speed, radii of curvature and histories of film thick-
ness and density for the squeeze film term to obtain the converged state {Pn, Hn, H0,n}
at time step n by satisfying the dimensionless Reynolds, film thickness and force
balance equations:

∂

∂X

(
ξ

∂Pn

∂X

)
−UT

∂(ρH)n
∂X

−
∂(ρH)n

∂T
= 0 (31)

Hn(X) = H0,n + GTX2 − 1
π

∫ ∞

−∞
ln

∣∣X − X′∣∣Pn
(
X′) dX′ +

WT,n

2
ln|X0,n| (32)

∫ ∞

−∞
Pn(x)dX =

π

2
WT,n (33)

Now, a transient solution (h0,T(t), FT(t)) and a quasi-static solution (h0,QS(t), FQS(t))
at the same imposed load (FT(t) = FQS(t) = FLoad(t)) exist.

The total contact response may be interpreted as the sum of an instantaneous quasi-
static contribution and a transient residual contribution:

FT(t) = FQS(t) + Ftr(t) (34)

where Ftr denotes the transient EHL residual. In the present work, this residual is repre-
sented using an apparent velocity-proportional term (Equation (35)). Methods employed
by Fang et al. [21] and Carrer et al. [24] present similar treatments of total force as a
steady-stiffness contribution and damping remainder.

Ftr(t) = −capp(t)
.
h0,T(t) (35)

It is important to note that Ftr should not be interpreted as a pure lubricant-material
damping force. It represents the departure of the transient pressure-film solution from the
instantaneous quasi-static solution. This departure is expected to be dominated by the

https://doi.org/10.3390/lubricants14090336

https://doi.org/10.3390/lubricants14090336


Lubricants 2026, 14, 336 11 of 36

squeeze-film contribution in the transient Reynolds equation but may also include effects
associated with transient pressure redistribution, coupled elastic deformation response and
variation in the quasi-static tangent contact stiffness between the quasi-static and transient
rigid-body separations.

The quasi-static force corresponding to the transient rigid-body separation may be
written as

FQS(h0,T , t) (36)

where the time dependence denotes the instantaneous operating condition, comprising
load, curvature, velocity and lubricant properties. The transient residual force can therefore
be expressed as

Ftr(t) = FT(t)− FQS(h0,T , t) (37)

Direct evaluation of FQS(h0,T , t) would require an additional quasi-static EHL solution
at the transient rigid-body separation. This would increase computational cost and require
an EHL solver reformulated in a displacement-controlled form. To retain a load-controlled
and computationally efficient extraction framework, FQS(h0,T , t) is evaluated using a local
Taylor expansion about the quasi-static operating point h0,QS:

FQS(h0,T , T) ≈ FQS(h0, QS)− ∂F
∂h0

∣∣∣∣
h0,QS

(
h0,t − h0,QS

)
+

1
2

∂2F
∂h2

0

∣∣∣∣∣
h0,QS

(
h0,t − h0,QS

)2
+ O

[(
h0,t − h0,QS

)3
]

(38)

Using the quasi-static tangent contact stiffness definition,

kQS(t) = − ∂F
∂h0

∣∣∣∣
h0,QS

and retaining only first-order terms, one can determine FQS(h0,T) as

FQS(h0,T) ≈ FQS
(
h0,QS

)
− kQS

(
h0,T − h0,QS

)
(39)

The neglected second-order term represents the effect of local curvature in the quasi-
static force-separation relation, or equivalently, the variation in tangent contact stiffness over
the separation excursion between the quasi-static and transient states. This approximation
assumes that the quasi-static force-separation relation is locally linear over the small
difference h0,T − h0,QS.

Since the transient and quasi-static base solutions are obtained at the same imposed
load (FT(t) = FQS

(
h0,QS, QS

)
), the first-order transient residual becomes

Ftr(t) = kQS
(
h0,T − h0,QS

)
(40)

Subsequently, the apparent damping coefficient is defined as

capp(t) =
Ftr(t)

.
δ(t)

= − Ftr(t)
.
h0,T(t)

= −
kQS

(
h0,T − h0,QS

)
.
h0,T(t)

(41)

where
.
h0,T(t) is the time derivative of the transient base trajectory. In order to be consistent

with application to gear dynamics simulations,
.
h0,T(t) is calculated using the second-order

backward finite difference:

.
h

n
0 ≈

1.5 hn
0 − 2hn−1

0 + 0.5hn−2
0

∆t
(42)
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The extracted capp(t) should not be interpreted as a material property of the lubricant
or as a unique contact damping constant. It is an apparent coefficient obtained by projecting
the transient force residual onto the selected state velocity

.
h0,T .

For a quasi-static linearisation check of FQS(h0,T) (Equation (39)), the EHL solver
was operated in a fixed-h0 mode, in which the rigid-body separation was prescribed, the
force-balance relaxation was disabled, and the resulting quasi-static load was obtained
by integrating the converged pressure field, with the deformation datum X0 updated
consistently from the generated load at each relaxation step. This yields a direct numerical
computation of FQS(h0, T), which can be compared with the first-order estimate. The results
of this linearisation check are presented in Section 3.6.

The computational procedure for extracting the stiffness (kQS), apparent damping
(capp) and force offset (∆ f ) is detailed in Figure 5.

Figure 5. Flowchart for stiffness (kQS), apparent damping (capp) and force offset (∆ f ) extraction. The
dashed box indicates the ‘EHL Convergence Check’ sub-process which is conducted after each EHL
numerical solution.
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3. Results and Discussion
3.1. Parameter Inputs

This research investigates the stiffness and damping characteristics of a spur gear pair.
Two gear pairs are considered, with gear ratios of 1:1 and 2:1, respectively. The geometry
follows that of Blankenship and Kahraman [47], with the remaining relevant parameters
taken from Mughal et al. [9] (Tables 2 and 3).

Table 2. Gear geometrical and material parameters.

Parameter, Symbol Gear Pair 1 Gear Pair 2 Units

Number of teeth on pinion z1 50 25 -
Number of teeth on wheel z2 50 50 -

Pressure angle α 20 20 ◦

Module m 3 3 mm
Face width B 20 20 mm

Young’s modulus of elasticity E 207 207 GPa
Poisson’s ratio ν 0.3 0.3 -

Table 3. Lubricant properties.

Parameter Value Unit

Dynamic viscosity at ambient temperature (η0) 0.048 Pa s
Piezo-viscous coefficient (αpv) 2.2 × 10−8 Pa−1

In this work, a single gear mesh cycle is considered, comprising a tooth pair traveling
through its full contact. The load distribution model of Pedrero et al. [32] is used to
approximate the load share between teeth pairs during meshing, resulting from alternating
single and double contact. Figure 6 shows the load distribution profile for gear pairs 1 and
2 for an input torque of 100 Nm and 300 Nm. Here, s is the distance along the contact path
from the pitch point.

Figure 6. Load distribution profiles for (a) Gear Pair 1; (b) Gear Pair 2.

This study considers two load-speed combinations (Table 4): 100 Nm at 4200 RPM
(low-load/high-speed) and 300 Nm at 720 RPM (high-load/low-speed). Mughal et al. [9]
identified these as operating conditions where piezo-viscous rigid and piezo-viscous elastic
regimes occur, respectively [17]. The numerical solver parameters must be tuned to ensure
there is no artificial starvation due to domain truncation across the whole mesh cycle
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and that the solution converges to below the discretisation error. A multigrid scheme
comprising 7 levels with 1921 nodes on the finest level is used. The mesh cycle is discretised
into 300 time steps to strike a balance between computational efficiency and capturing
detailed transient physics of the gear contact.

Table 4. Calculated parameters.

Parameter Case 1 (100 Nm 4200 RPM)
(Gear Pair 1/Gear Pair 2)

Case 2 (300 Nm 720 RPM)
(Gear Pair 1/Gear Pair 2)

Maximum Hertzian Pressure 0.338 GPa/0.609 GPa 0.586 GPa/1.055 GPa
Maximum Moe’s M parameter 0.705/2.581 5.111/18.699
Maximum Moe’s L parameter 22.746/23.428 14.636/15.075

3.2. EHL Contact Stiffness

Based on Weber’s relationship for deformation [3], Equation (43) is derived in this
study to provide the closed-form tangent Weber local elastic (Hertzian) stiffness for
identical materials:

kW =
πBE

4(1−ν2)
E

(
ln 2

√
k1k2
b − 1

2(1−ν)

) (43)

Figure 7 compares the EHL contact stiffness with the Weber local elastic stiffness for
both gear pairs and operating conditions. The difference between Weber’s local elastic and
EHL stiffness model predictions is the highest for the Gear Pair 1 operating under low-load
and high-speed conditions (Figure 7a), while the predictions from both models converge
in the case of Gear Pair 2 operating under high-load, low-speed conditions (Figure 7d).
This correlates with the maximum Hertzian contact pressures in each case since the former
has the lowest whilst the latter has the highest maximum Hertzian pressure (Table 4). At
high load and low speed, corresponding to high Moe’s M, the lubricant film thickness
in the contact becomes largely invariant to changes in load, and thus the lubricant film
stiffness is high. The elastic deformation changes are more appreciable than lubricant film
changes, and thus the elastic stiffness dominates in series and the combined EHL contact
stiffness tends towards the Weber value. Conversely, at a lower load and higher speed,
the lubricant film becomes more compliant, and the EHL stiffness subsequently deviates
from the elastic stiffness. Here, the lubricant film is more sensitive to load, and it deforms
more significantly compared to the elastic deformation upon load perturbation. Since the
film compliance acts in series with the elastic compliance, the total EHL contact stiffness
decreases and deviates from the Weber dry contact stiffness. This is illustrated in Figure 8.
Two intermediate cases, Gear Pair 1 at high load, low speed (Figure 7b) and Gear Pair 2
at low load, high speed, show notable but comparable deviations. This is consistent with
their comparable maximum Hertzian contact pressures (0.5 and 0.6 GPa, respectively).

This deviation is of practical importance in gear dynamics models, where EHL con-
tact stiffness acts in series with the structural tooth stiffnesses. Since the softest element
dominates in series stiffnesses, the lubricant is expected to dominate the mesh behaviour
at low-load and high-speed conditions. Representing the contact by its dry elastic stiff-
ness alone would therefore overpredict the mesh stiffness in these conditions, altering the
predicted dynamic response.

The elastic (Weber) stiffness provides the equivalent dry contact stiffness. For the unity
gear ratio (Gear Pair 1—Figure 7a,b), the stiffness profile is symmetric about the pitch point.
The higher load case gives a higher stiffness, highlighting the nonlinear (load-dependent)
nature of contact stiffness. For a non-unity gear ratio (Gear Pair 2—Figure 7c,d), asymmetry
in the stiffness profile occurs, due to the unequal contributions of reference depths, k1 and
k2, and asymmetric variation in contact half-width, b, along the line of contact. The gear

https://doi.org/10.3390/lubricants14090336

https://doi.org/10.3390/lubricants14090336


Lubricants 2026, 14, 336 15 of 36

ratio thus affects the elastic stiffness through both variations in the load and geometry
through the meshing cycle.

Figure 7. Quasi-static EHL contact stiffness and Weber contact stiffness for (a) Gear Pair 1 at 100 Nm
and 4200 RPM; (b) Gear Pair 1 at 300 Nm and 720 RPM; (c) Gear Pair 2 at 100 Nm and 4200 RPM
(points A-E are mesh locations of interest); (d) Gear Pair 2 at 300Nm and 720 RPM.

Figure 8. Conceptual series compliance representation of local gear contact stiffness in dry contact
conditions, which is represented by a single analytical stiffness, and lubricated contact conditions
with elastic and film stiffnesses in series. The EHL stiffness extracted in the present study is the series
sum of elastic and film stiffnesses (Appendix A).
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An interesting feature presents itself in Figure 7c, where the EHL contact stiffness rises
above the Weber elastic stiffness. This coincides with the contact transitioning out of the
typical piezo-viscous-elastic EHL regime, as shown by the quasi-static film thickness and
pressure profiles in Figure 9A–D. As the load decreases, the tall, concentrated pressure
distribution and its outlet spike give way to a low, broad pressure hump, and the flat,
elastically deformed film is replaced by a smooth, almost undeformed one. The feature
represents a shift from deformation-dominated to film-dominated load response across the
transition between lubrication regimes. This highlights the necessity of applying numerical
methods to capture the true physics of EHL contact stiffness in different lubrication regimes
and in the transition between lubrication regimes.

  

  

  
  

 

Figure 9. Steady-state pressure and film thickness profiles for mesh locations (A–E) for Gear Pair 2 at
low-load/high-speed operating conditions (100 Nm and 4200 RPM).
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3.3. Apparent EHL Contact Damping

Figure 10a shows the extracted EHL contact damping for Gear Pair 1 (50:50) at 100 Nm
and 4200 RPM. Two distinct features produce sharp excursions in the damping coefficient,
arising from different mechanisms. The first occurs at the load transitions and can be
seen in Figure 10b–d. Here, the imposed load changes abruptly and results in a large (in
magnitude) rigid-body approach velocity (

.
h0). Figure 10b shows a zoomed-in plot of the

damping coefficient, with vertical lines plotted at the point when the damping first departs
from the smooth section (i.e., after the load jumps) for comparison purposes. Figure 10c
confirms that these departures directly correspond to spikes in rigid-body velocity,

.
h0.

At the instant of the jump, the large velocity drives the damping coefficient toward zero.
The trailing positive spikes following the abrupt change in

.
h0 are attributed to the use of

second-order backwards finite difference for the velocity, which is poorly conditioned for
the near-discontinuous change in h0 at the jump and over-represents the resulting velocity
transient. Figure 10e shows the apparent damping coefficient extracted using the first-order
backwards difference, in which the trailing positive spikes are markedly reduced while the
dip at the load transition remains. The second-order backward finite difference scheme is
retained throughout this study for consistency with the backward-difference discretisation
of the squeeze-film term in Reynolds’ equation and because it is the more appropriate
choice for the smoothly varying loading of a live dynamic simulation.

The second feature arises from the transient response to the prescribed step change in
load. Following each step, the rigid-body approach overshoots and relaxes towards the
quasi-static value. At the turning points of h0,T , the rigid-body velocity is zero (

.
h0 ≈ 0), and

the difference in transient and quasi-static rigid-body displacement
(
h0,T − h0,QS

)
is near a

local maximum; thus, the transient residual force does not vanish. Therefore, this results
in a series of singularities in the damping coefficient, one at each velocity reversal of the
relaxing transient, which are intrinsic to the definition of a velocity-proportional coefficient
(i.e., undefined at

.
h0 = 0). Figure 11a,b show the damping coefficient for Gear Pair 2 (25:50)

at 300 Nm and 720 RPM. Two singularities are highlighted by vertical lines, and it can be
seen in Figure 11c,d that these correspond to the rigid-body velocity reversal points and
where

(
h0,T − h0,QS

)
experiences a local maximum.

Figure 11a,b also show that the extracted damping coefficient becomes negative over
part of the mesh cycle. This occurs when

.
h0 and

(
h0,T − h0,QS

)
hold the same sign. A nega-

tive value cannot represent squeeze-film dissipation and is attributed here to the state used
in the extraction. The energy-loss mechanism of squeeze-film damping is governed by the
rate of change in the lubricant film thickness, whereas the present extraction method relates
damping to the rigid-body approach h0, which combines both film and elastic-deformation
contributions. The rate

.
h0 therefore does not map directly onto the film-thickness rate to

which analytical squeeze-damping formulations [48,49] are referred. It is hypothesised that,
during the post-jump relaxation, the lubricant film and deformation contributions to h0

evolve out of step (deformation is near-instantaneous, film is lagged), so that the inferred
transient residual force is no longer proportional to

.
h0 directly and a negative apparent

coefficient results. This interrelationship is complex and would be difficult to assess fully,
owing to the difficulty of separating the lubricant-film and deformation contributions to

.
h0,

the same obstacle noted for stiffness-extraction methods reviewed in the introduction. This
does not compromise use of the extracted damping coefficient, however. The transient EHL
residual force Ftr = −capp

.
h0 remains bounded and continuous through both the velocity

reversals and the negative-coefficient regions, and it is this product, not the coefficient in
isolation, that enters the reconstructed force. The features described above are present in
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the extracted damping coefficients for both gear pairs under both operating conditions; the
complete set is provided in Appendix C.

Figure 10. Gear Pair 1 at 100 Nm and 4200 RPM: (a) Apparent damping coefficient across whole
mesh cycle; (b) apparent damping coefficient across central part of mesh cycle; (c) rigid-body velocity
(

.
h0) and difference in transient and quasi-static rigid-body displacements (h0,T − h0,QS) across central

part of meshing cycle; (d) transient rigid-body displacement (h0,T) and quasi-static rigid-body dis-
placement (h0,QS) across central part of meshing cycle; (e) apparent damping coefficient across whole
mesh cycle calculated using first-order backward difference for rigid-body velocity in Equation (42).

https://doi.org/10.3390/lubricants14090336

https://doi.org/10.3390/lubricants14090336


Lubricants 2026, 14, 336 19 of 36

Figure 11. Gear Pair 2 at 300 Nm and 720 RPM: (a) apparent damping coefficient across whole mesh
cycle; (b) apparent damping coefficient across central part of mesh cycle; (c) rigid-body velocity
(

.
h0) and difference in transient and quasi-static rigid-body displacements (h0,T − h0,QS) across cen-

tral part of meshing cycle; (d) transient rigid-body displacement (h0,T) and quasi-static rigid-body
displacement (h0,QS) across central part of meshing cycle.

3.4. Contact Force Reconstruction

The EHL contact force is reconstructed using the extracted stiffness, damping coef-
ficient and force offset alongside the state variables δ and

.
δ (Figure 12). Importantly, the

discontinuities in the damping coefficient have no effect on the reconstructed force. The
physically meaningful quantity is the transient force residual (Ftr), which remains bounded
and smooth through the velocity reversals. The damping force remains of small magni-
tude across the mesh cycle, with variations at the load jumps, as expected. The stiffness
contribution largely follows the trend of the rigid-body approach, since they are directly
multiplied except when the change in stiffness outweighs the trend in rigid-body approach
(Figure 12a).

The force offset term is positive across the mesh cycle in Figure 12a–c but is negative
for part of the meshing cycle, as shown in Figure 12d. This is ascribed to the aforementioned
local tangent linearisation. The force offset should be interpreted as the intercept of the
local tangent force–approach relationship. Since the EHL contact response is nonlinear,
the local tangent line does not pass through the origin. The offset is required such that the
reduced-order linear representation passes through the quasi-static operating point. The
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stiffening nature of the EHL contact at a higher load steepens the tangent, lowering the
zero-approach intercept, and resulting in a negative force offset.

Figure 12. Reconstructed EHL contact force, actual contact force, stiffness contribution, damping
contribution and force offset for (a) Gear Pair 1 at 100 Nm and 4200 RPM; (b) Gear Pair 1 at 300 Nm
and 720 RPM; (c) Gear Pair 2 at 100 Nm and 4200 RPM; (d) Gear Pair 2 at 300Nm and 720 RPM.

The discontinuous features in the apparent damping coefficient may have an impact
on the numerical stability of practical gear dynamic simulations. The present study has
not implemented integration of the proposed approach with dynamics; however, a few
comments can be made. In an implicit scheme such as Newmark-β, the damping coefficient
contributes to the effective dynamic stiffness. Very large or rapidly varying values of
capp near rigid-body velocity reversals may therefore introduce numerical stiffness, poor
conditioning and potential numerical instability. A sufficiently small timestep should be
used to capture the smooth evolution of displacement, velocity and dynamic mesh force
across the mesh cycle. The raw apparent damping coefficient may remain ill-conditioned
near velocity reversals. For practical implementation, smoothing, limiting or velocity
regularisation of capp may therefore be required.

3.5. Load Increment Sensitivity

The stiffness extraction method presented in this study requires a load perturbation to
approximate the local tangent contact stiffness. The increment in load must be sufficiently
small to represent the local force-separation gradient but sufficiently large that the resulting
change in rigid-body separation is not dominated by numerical noise. The sensitivity study
for Gear Pair 2 at 300 Nm and 720 RPM is presented here, since it produces the largest
contact stiffness magnitude and is the case most likely to show numerical noise at small load
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increments. Figure 13 shows the extracted contact stiffness for load increments ranging from
−3% to +3%. A load increment of +1% represents a perturbation that is large enough to not
produce numerical noise but small enough to approximate the local tangent stiffness to within
0.14% of a central reference obtained from a ±0.005% perturbation. Larger load increments
can pose issues with numerical instability of the EHL solver. The same 1% load increment
was therefore used for both gear pairs and operating conditions in the present study.

Figure 13. Load-increment sensitivity of the extracted quasi-static EHL contact stiffness for Gear Pair
2 at 300 Nm and 720 RPM.

3.6. Quasi-Static Linearisation Check

As detailed in the presented methodology, the EHL solver was operated in a fixed-h0

mode in order to obtain the quasi-static force corresponding directly to the rigid-body sepa-
ration of the transient case, h0,T . This yields a direct quasi-static reference force, Fdirect

QS (h0,T),
against which the first-order local linear estimate can be tested. The linearisation is consid-
ered accurate when

Fdirect
QS (h0,T) ≈ Flin

QS(h0,T) (44)

where Flin
QS(h0,T) = FQS

(
h0,QS

)
− kQS

(
h0,T − h0,QS

)
.

The linearisation error is then defined as

ε lin =
Flin

QS(h0,T)− Fdirect
QS (h0,T)

Fdirect
QS (h0,T)

× 100 (45)

Figure 14 shows the linearisation error across the mesh cycle for Gear Pair 1 at 100 Nm
and 4200 RPM. This case was selected because it produced the largest difference between
h0,T and h0,QS, and therefore represents the most demanding case for local linearisation.
The error remains small (<0.5%) over much of the mesh cycle, indicating that the local
tangent approximation gives a close estimate of the quasi-static force at transient rigid-body
separation. Larger errors occur near load-transition regions, where the transient separation
excursion is largest. Even in these regions, the maximum error remains below 3%.

The apparent damping coefficient can be extracted using Fdirect
QS (h0,T) and compared

with the original apparent damping coefficient from linear approximation. The error
between the apparent damping coefficient using the direct quasi-static force (cdirect

app ) and
that using the first-order linear approximation (clin

app) is calculated using

εcapp =

∣∣∣∣∣ clin
app − cdirect

app

cdirect
app

∣∣∣∣∣× 100 (46)
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Figure 14. Linearisation error across mesh cycle for Gear Pair 1 at 100 Nm and 4200 RPM.

Figure 15 shows that clin
app closely follows cdirect

app across the mesh cycle, including the
main trends and sharp excursions associated with load transitions. The error remains small
over most of the cycle, with the larger local errors occurring near the same transition regions
identified in the force linearisation check. This indicates that the first-order approximation
captures the dominant behaviour of the apparent damping coefficient. Hence, the first-
order method is retained in the present study due to its computational efficiency (one less
EHL solution) and the numerical complexity of a fixed-h0 EHL solver while preserving the
main apparent damping behaviour.

Figure 15. Comparison of apparent damping coefficients obtained using the direct quasi-static
force evaluation and the first-order local linearisation for Gear Pair 1 at 100 Nm and 4200 RPM.
The direct coefficient cdirect

app is calculated from Fdirect
QS (h0,T), while clin

app is calculated from the tangent
approximation kQS

(
h0,T − h0,QS

)
.

3.7. Computational Cost

Computational time for the numerical extraction of stiffness and damping using a
multigrid solver with 1921 points on the finest grid and 300 time steps per mesh cycle takes
between 675 and 1035 s per mesh cycle on a 1.3 GHz Intel Core i5 processor, depending on
the gear pair and operating conditions selected. This timing includes the quasi-static base,
quasi-static load increment and transient EHL solutions required at each time step for the
proposed extraction method (Figure 5).
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4. Conclusions
This work presents a perturbation-based extraction method for gear contact stiff-

ness, apparent damping and force offset terms including lubricant film effects for future
application to gear dynamics studies. From the results, the following conclusions can
be drawn:

(1) The lubricated contact stiffness is obtained from the rigid-body separation, combining
the film and elastic compliances in series through a deformation datum defined from
Weber’s local elastic deformation of the gear teeth. This resolves the inconsistent
datum treatments in existing rigid-body displacement methods.

(2) The lubricated contact stiffness tends towards the closed-form Weber local elastic
stiffness at high loads where lubricant film is very stiff and contributes negligibly to
the series sum of film and elastic stiffnesses.

(3) At low loads, the EHL contact stiffness deviates from the Weber contact stiffness by
up to an order of magnitude for the conditions tested in the present study. This is
expected to affect the TVMS in gear dynamic models and, consequently, the predicted
noise and vibration response.

(4) The transient EHL residual force is extracted from a local linearisation of the stiffness
force across the difference between the quasi-static base solution and the transient
solution. The extracted apparent damping coefficient exhibits singularities at rigid-
body velocity reversals, reflecting the definition of a velocity-proportional constant
and use of rigid-body approach as the reference state. The transient EHL residual
force remains bounded across the mesh cycle.

(5) The extracted force offset represents a geometric intercept of the local force-approach
tangent and does not reflect a physical force at zero approach. It may take a negative
value at a high load where a steeper tangent intercepts below zero.

(6) The stiffness linearisation across the transient separation excursion is validated directly
against fixed-separation EHL solutions with agreement to within 3%. While this has a
minor effect on the apparent damping coefficient, the linearised method is retained as
it reduces computational cost and complexity.

(7) Force reconstruction confirms recovery of the full transient contact force across
the mesh cycle. This highlights the method’s application potential to spur gear
dynamic models.

Some limitations of the proposed approach are noted:

(1) The stiffness extraction is based on a first-order local linearisation of the quasi-
static force-separation response about the instantaneous operating point. Higher-
order approximations may provide more accurate results but would be more
computationally expensive.

(2) It is assumed that EHL contact stiffness is a quasi-static coefficient. All transient effects
are contained within the transient force residual.

(3) It is assumed that the transient force residual is dominated by squeeze film effects.
The extracted apparent damping coefficient is a state-dependent coefficient rather
than a unique material or lubricant property.

(4) The present model is restricted to the normal EHL contact response.

The principal direction for future work is the development of a fully coupled tribody-
namic model, applying the numerically extracted stiffness, apparent damping and force
offset within the equations of motion. EHL contact stiffness would be combined in series
with structural tooth stiffness formulations. This would enable the assessment of lubricant
effects on vibrational characteristics and their nonlinearity and offer validation against
experimental datasets. A wider parametric study could be completed to fully assess the
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impact of changing operational conditions and gear geometry on the extracted coefficients.
Finally, the model could be extended to include additional phenomena such as tangential
friction, thermal and mixed lubrication effects.

The significance of this work is in bridging the gap between high-fidelity tribological
numerical modelling and reduced-order gear dynamic analysis. These fields have remained
largely separate because of a persistent narrative of high computational cost associated
with EHL numerical modelling. The study has shown that this is not necessarily the case
and that it is possible to extract operating-point-dependent stiffness and apparent damping
coefficients efficiently, providing an approach for lubricant film effects to be incorporated
into gear dynamics workflows. Quantification of the computational cost in coupled system-
level simulations remains a subject of future work. The finding that the lubricant film
deviates from dry contact stiffness under low-load, high-speed conditions has a direct
impact for engineering practice, particularly in the assessment of electric vehicle (EV) gear
trains in which these conditions are prevalent. As such, modelling methods currently in
use in industry may misrepresent the dynamic response in the operating regimes most
relevant to high-speed EV transmissions. The approach presented here, therefore, offers a
route to account for the lubricant effect in gear noise and vibration prediction, supporting
the development of quieter and more efficient transmissions.
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Nomenclature

Roman symbols
B Contact length/gear face width (m)
b Hertzian contact halfwidth (m)
C Constant in elastic deformation expression (m)
C* Modified deformation constant (m)
C1,C2 Dowson–Higginson density coefficients (Pa−1)

capp
Apparent damping coefficient obtained by projecting the transient
residual force onto rigid-body approach velocity (Ns/m)

dX Grid spacing in dimensionless coordinate X
E Young’s Modulus of Elasticity (Pa)

E’ Equivalent elastic modulus ( E’ = 2E*
)

(Pa)

E* Reduced elastic modulus ( E* = E’/2
)

(Pa)

E12 Palmgren’s equivalent modulus (Pa)
F Normal contact force (N)
F0 Reference normal load (N)
FEHL Total EHL force (N)

https://doi.org/10.3390/lubricants14090336

https://doi.org/10.3390/lubricants14090336


Lubricants 2026, 14, 336 25 of 36

Fload Applied load (N)
FQS Quasi-static force (N)
Ftr Apparent transient EHL residual force (N)
FT Transient force (N)
fi Nodal force (N)
∆f Force offset (N)
GT Dimensionless curvature parameter
g(x) Geometrical term in film thickness (m)
H Dimensionless film thickness
H0 Dimensionless rigid-body separation
h Film thickness (m)
h0 Rigid-body separation (m)
hc Central film thickness (m)
hi Nodal film thickness (m)
Kij Discrete deformation kernel coefficient
k Generic contact stiffness (N/m)
ke Elastic stiffness (N/m)
kf Film stiffness (N/m)
kh0 Rigid-body displacement (total equivalent) stiffness (N/m)
klocal Tangent contact stiffness (N/m)
kaverage Average contact stiffness (N/m)

kQS
Reference depths for gears teeth 1 and 2 measured as distance from point
of contact to tooth centreline along the line of action of the contact force (m)

k1, k2 to tooth centreline along the line of action of the contact force (m)
L Moe’s Dimensionless Parameter
M Moe’s Dimensionless Parameter
m Gear module
N Number of nodes
P Dimensionless pressure
p Pressure (Pa)
ph Maximum Hertzian pressure (Pa)
ph0 Reference maximum Hertzian pressure (Pa)
pr Roeland’s reference pressure (Pa)
R Equivalent radius of curvature (m)
R0 Reference equivalent radius (m)
R1,R2 Principal radii of curvature of contacting gear teeth (m)
Rgeom Elastically-weighted geometric mean radius (m)
s Distance along the line of contact from pitch point (m)
T Dimensionless time
t Time (s)
UT Dimensionless speed parameter
um Mean entrainment speed (m/s) um = (u1 + u2)/2

uz
Half-plane displacement from logarithmic kernel with zero arbitrary
constant (m)

v(x) Elastic deformation term in film thickness (m)
WT Dimensionless load parameter
X Dimensionless spatial coordinate in direction of entraining motion
X0 Dimensionless deformation reference length
Xi, Xj Dimensionless nodal coordinates
Xm, Xp Auxiliary kernel variables
x Spatial coordinate in direction of entraining motion (m)
x0 Deformation reference length (m)
Z Roeland’s pressure-viscosity index
z1, z2 Number of gear teeth
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Greek symbols
α Pressure angle (rad or ◦)
αpv Piezo-viscosity coefficient (Pa−1)

δ

Rigid-body approach (m) (δ = −h0)
In Appendix B only, δ denotes local dry-contact elastic deformation in
the cited Weber, Palmgren and Johnson formulae

.
δ Approach velocity (m/s)
δWeber Weber deformation (m)
∆ Increment/change operator
εlin Quasi-static force linearisation error (%)
εcapp Apparent damping coefficient error (%)
εdisc,p Pressure discretisation error
εdisc,FB Force-balance discretisation error
η Dynamic viscosity (Pa s)
η0 Reference viscosity
ηr Roeland’s reference viscosity
λ Dimensionless parameter in Reynolds equation
ν Poisson’s ratio
ν1, ν2 Poisson’s ratio of contacting bodies
ξ Coefficient in Reynolds equation
ρ Density
ρ0 Reference density
Ω Integration domain
Subscripts/Superscripts
app Apparent
av Average
direct Direct fixed-h0 quasi-static evaluation
c Central
e Elastic
EHL Elastohydrodynamic
f Film
geom Geometric
gl Global
h Hertzian
i, j Node indices
inc Incremented solution
lin First-order linearised estimate
local Local/tangent
n Current timestep
p, m Plus/minus auxiliary indices
QS Quasi-static
tr Transient residual
T Transient
W Weber
0 Reference condition
Abbreviations
EHL Elastohydrodynamic lubrication
EV Electric eehicle
FEM Finite element method
TVMD Time-varying mesh damping
TVMS Time-varying mesh stiffness
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Appendix A
The series combination of separately extracted EHL film stiffness, k f , and elastic

stiffness, ke, are identically equal to the rigid-body displacement stiffness, kh0 :

k f = −dF
dh

, ke =
dF
dv

, kh0 = − dF
dh0

(A1)

The (simplified) film thickness equation reads

h(x) = h0 + g(x) + v(x) (A2)

where h0 is the rigid-body displacement, g(x) is the geometrical term and v(x) is the
local elastic deformation of the solid surfaces. A load increment ∆F results in a change in
the rigid-body displacement, ∆h0, a change in film thickness, ∆h, and a change in elastic
deformation, ∆v. This results in an expression for the change in film thickness:

∆h(x) = ∆h0 + ∆v(x) (A3)

Appendix A.1. Global Method

The global method treats the contact zone as a discrete network of parallel springs
distributed across individual nodes i. At any node i, the local force increment is ∆ fi, where
the total load increment is the sum of the nodal increments: ∆F = ∑ ∆ fi. At each node, the
film thickness relation holds:

∆hi = ∆h0 + ∆vi (A4)

Dividing by the local nodal force increment yields nodal compliance (inverse
of stiffness):

∆hi
∆ fi

=
∆h0

∆ fi
+

∆vi
∆ fi

(A5)

Rearranging leads to

−∆h0

∆ fi
= −∆hi

∆ fi
+

∆vi
∆ fi

(A6)

Taking the sum across the domain results in

−∆h0

∆F
= −

∑
i

∆hi

∆F
+

∑
i

∆vi

∆F
(A7)

which can be expressed as
1

kh0

=
1

k f ,gl
+

1
ke,gl

(A8)

Thus, the series sum of the film and elastic components is equal to the equivalent
stiffness using rigid-body displacement. This is a tangent stiffness.

Appendix A.2. Average Method

Integrating the film thickness equation across the domain, Ω, yields

1
N

∫
Ω

∆h(x)dx =
1
N

∫
Ω

∆h0dx +
1
L

∫
Ω

∆v(x)dx (A9)

Since ∆h0 is a uniform rigid-body shift and independent of x, its average is simply itself:

∆h = ∆h0 + ∆v (A10)
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Dividing by the total force increment yields the compliances:

∆h
∆F

=
∆h0

∆F
+

∆v
∆F

(A11)

This can be expressed in terms of stiffnesses as

− 1
k f ,av

=
∆h0

∆F
+

1
ke,av

(A12)

Therefore,

−∆h0

∆F
=

1
k f ,av

+
1

ke,av
=

1
kh0

(A13)

Again, the series sum of the film and elastic components is equal to the equivalent
stiffness using rigid-body displacement.

Appendix A.3. Central Method

From the film thickness expression at the centre of the contact:

∆hc = ∆h0 + ∆vc (A14)

Dividing by the force increment gives compliance:

∆hc

∆F
=

∆h0

∆F
+

∆vc

∆F
(A15)

This can be expressed in stiffnesses as

− 1
k f ,c

=
∆h0

∆F
+

1
ke,c

(A16)

Therefore,

−∆h0

∆F
=

1
k f ,c

+
1

ke,c
=

1
kh0

(A17)

Again, the series sum of the film and elastic components is equal to the equivalent
stiffness using rigid-body displacement.

Appendix B
Appendix B.1

A logarithmic Green’s function results in a displacement field whose absolute vertical
value is not unique, requiring the specification of a datum or reference condition. Here, the
datum is defined by equating the deformation at the centre to that of Weber’s deformation
of gear teeth in contact.

The deformation for a line contact is given by

δ(x) = − 4
πE′

∫ xout

xin

p
(
x′
)
ln
∣∣x − x′

∣∣dx′ + C (A18)

For a line contact, the Hertzian pressure profile is given as

p
(
x′
)
=

2F
πBb

√
1 − x′2

b2 , −b ≤ x ≤ b (A19)
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Substituting into the deformation equation gives

δ(x) = − 8F
π2BE′b

∫ b

−b

√
1 − x′2

b2 ln
∣∣x − x′

∣∣dx′ + C (A20)

Letting x′ = bs and dx′ = bds,

δ(x) = − 8F
π2BE′

∫ 1

−1

√
1 − s2ln|x − bs|ds + C (A21)

Concerning the deformation at the centre of the contact (i.e., where x = 0),

δ(0) = − 8F
π2BE′

∫ 1

−1

√
1 − s2ln|bs|ds + C (A22)

Evaluating the integral,

∫ 1

−1

√
1 − s2ln|bs|ds =

∫ 1

−1

√
1 − s2(ln b + ln|s|) ds =

π

4
(2ln(b)− 2ln(2)− 1) (A23)

Substituting into Equation (A22) gives

δ(0) = − 8F
π2BE′

π

4
(2ln(b)− 2ln(2)− 1) + C (A24)

which then simplifies to

δ(0) =
2F

πBE′ (2ln(2)− 2ln(b) + 1) + C (A25)

Weber gives the local deformation of two gear teeth in contact as [3]

δWeber =
2F
πB

{
1 − ν2

1
E1

[
ln
(

2k1

b

)
− ν1

2(1 − ν1)

]
+

1 − ν2
2

E2

[
ln
(

2k2

b

)
− ν2

2(1 − ν2)

]}
(A26)

where k1 and k2 are the distances on the pinion and the gear between the point of contact
and the tooth centrelines along the line of action of the force (Figure A1). The approach
outlined by Cornell [50] is applied in the calculation of k1 and k2. The values of k1 and k2

are the reference depths at which the deformation is considered to be zero. For unity gear
ratios, k1 and k2 are symmetric across the pitch point, whereas for non-unity gear pairs,
asymmetry in k1 and k2 manifests as asymmetry in the deformation, and thus stiffness
profiles across the mesh cycle.

Equating Equations (A25) and (A26) gives: (E′ = 2E∗)

2F
πBE′ (2ln(2)− 2ln(b) + 1) + C =

2F
πB

{
1 − ν2

1
E1

[
ln
(

2k1

b

)
− ν1

2(1 − ν1)

]
+

1 − ν2
2

E2

[
ln
(

2k2

b

)
− ν2

2(1 − ν2)

]}
(A27)

Rearranging for C gives

C =
2F
πB

{
1 − ν2

1
E1

[
ln
(

2k1

b

)
− ν1

2(1 − ν1)

]
+

1 − ν2
2

E2

[
ln
(

2k2

b

)
− ν2

2(1 − ν2)

]
− 1

E′

[
2ln

(
2
b

)
+ 1

]}
(A28)

This can be expressed as

C =
4F

πBE′ (ln x0) (A29)
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where x0 is given by (A13) for unequal materials and (A14) for equal materials:

x0 = e
E′
2 [

1−ν2
1

E1
[ln (

2k1
b )− ν1

2(1−ν1)
]+

1−ν2
2

E2
[ln (

2k2
b )− ν2

2(1−ν2)
]]−ln ( 2

b )−
1
2 (A30)

x0 =
√

k1k2 e−
1
2−

ν
2(1−v) (A31)

Figure A1. Illustration of the how k1 and k2 vary across the mesh cycle. The arrows represent the
normal contact force.

Appendix B.2

Johnson gives the deformation of two cylinders in contact as

δ1 =
F
B

1 − ν2
1

πE1

(
2ln

(
4R1

b

)
− 1

)
δ2 =

F
B

1 − ν2
2

πE2

(
2ln

(
4R2

b

)
− 1

)
(A32)

The total deformation is therefore given by

δ1 + δ2 = δ =
F

πB

[
2

2

∑
i=1

1 − ν2
i

Ei
ln
(

4Ri
b

)
− 1

E∗

]
(A33)

This can then be represented by

δ =
F

πBE∗

[
2ln

(
4Rgeom

b

)
− 1

]
(A34)

where Rgeom is an elastically weighted geometric mean radius given by

Rgeom = R1
E∗ 1−ν2

1
E1 ·R2

E∗ 1−ν2
2

E2 (A35)

For cylinders of identical materials, this reduces to

Rgeom = R1
1
2 R2

1
2 =

√
R1R2 (A36)

Equating the two gives: (E′ = 2E∗)

2F
πBE′ (2ln 2 − 2ln b + 1) + C =

2F
πLE′

(
2ln

(
4Rgeom

b

)
− 1

)
(A37)

Rearranging for C gives

C =
4F

πBE′
(
ln 2 + ln Rgeom − 1

)
(A38)
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This can be expressed as

C =
4F

πBE′ (ln x0)where : x0 = 2Rgeome−1 (A39)

Appendix B.3

Returning to the equation for the deformation of the centre of contact according to the
elastic half-space approximation,

δ(0) =
2F

πBE′ (2ln 2 − 2ln b + 1) + C (A40)

If we just consider the half-plane displacement from the logarithmic kernel with zero
arbitrary constant as uz(0),

uz(0) =
2F

πBE′ (2ln 2 − 2ln b + 1) (A41)

Since 2F
πBE′ =

b2

4R , this simplifies to

uz(0) =
b2

4R
(2ln 2 − 2ln b + 1) (A42)

And can be represented in the form of Tian et al. [22] as

b2

R

(
1
2

ln 2 − 1
2

ln b +
1
4

)
≈ b2

R

(
0.597 − 1

2
ln b

)
(A43)

Note that there is an extra − 1
2 ln b term in the equation compared to Tian et al.’s [22]

0.597b2/R. Therefore, this can be considered as being absorbed into the constant as

δ(0) =
b2

R

(
1
2

ln 2 +
1
4

)
+ C∗ (A44)

where

C∗ = C − b2

2R
ln b (A45)

However, Tian et al. [22] do not account for this extra term in the constant and only ac-
count for the 0.597 b2/R term. The remaining logarithmic term ( ln b) is not treated explicitly
and is therefore absorbed (or remains within h0), even after the correction has been applied.
Therefore, Tian et al.’s [22] correction factor, obtained by subtracting 0.597 b2/R from Palm-
gren’s empirical Hertzian deformation, does not by itself fully specify the displacement
reference. In Tian et al.’s formulation, h0 must therefore accommodate the remaining offset,
even after the correction has been applied. It is thus not consistent with the present paper’s
reference choice, in which h0 remains equal to the rigid-body displacement rather than
absorbing part of the half-space displacement offset.

Appendix B.4

Here, some common local contact stiffness formulations are provided. The Weber [3,4]
and Johnson [51] formulations are based on Hertzian contact theory with different reference
depths and stress contributions taken respectively. Palmgren’s approach [26] is empirical.
The local (tangent) stiffness for each approach is determined by performing the partial
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derivative of force with respect to deformation while the average (secant) stiffness is
determined simply by division of the force by the deformation.

klocal =
dF
dδ

(A46)

kaverage =
F
δ

(A47)

Appendix B.4.1. Weber

δ =
2F
πB

{
1 − ν2

1
E1

[
ln
(

2k1

b

)
− ν1

2(1 − ν1)

]
+

1 − ν2
2

E2

[
ln
(

2k2

b

)
− ν2

2(1 − ν2)

]}
(A48)

klocal =
1
2

πB
{

1 − ν1
2

E1

[
ln
(

2k1

b

)
− ν1

2(1 − ν1)

]
+

1 − ν2
2

E2

[
ln
(

2k2

b

)
− ν2

2(1 − ν2)

]
− 1

2

(
1 − ν1

2

E1
+

1 − ν2
2

E2

)}−1

(A49)

kaverage =
1
2

πB

{
1 − ν2

1
E1

[
ln
(

2k1

b

)
− ν1

2(1 − ν1)

]
+

1 − ν2
2

E2

[
ln
(

2k2

b

)
− ν2

2(1 − ν2)

]}−1

(A50)

Appendix B.4.2. Palmgren

δ =
1.275 F0.9

E12
0.9 B0.8

(A51)

klocal = 0.8715 E0.9
12 B0.8 F0.1 (A52)

kaverage = 0.7843 E0.9
12 B0.8 F0.1 (A53)

where B is face-width of gears and E12 is given by [26]

E12 = 2
(

1
E1

+
1

E2

)−1
(A54)

Appendix B.4.3. Johnson

δ =
F

πBE∗

[
2ln

(
4Rgeom

b

)
− 1

]
(A55)

klocal =
πLE∗

2
[
ln
(

4Rgeom
b

)
− 1

] (A56)

kaverage =
πLE∗

2ln
(

4Rgeom
b

)
− 1

(A57)

where Rgeom is given by

Rgeom = R1
E∗ 1−ν2

1
E1 ·R2

E∗ 1−ν2
2

E2 (A58)

Appendix C
The apparent damping coefficients for Gear Pair 1 (50:50) under both operating con-

ditions are given in Figure A2. The apparent damping coefficients for Gear Pair 2 (25:50)
under both operating conditions are given in Figure A3. In Figure A2b,d and Figure A3b,d,
the y-axis has been scaled to the same values for comparison. Of note is that the apparent
damping coefficient in the period of steady load increase before load step is greater for the
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higher-load, lower-speed cases than the lower-load, higher-speed cases. This is attributable
to the thinner lubricant film in the high-load, low-speed cases, where the higher load and
lower entrainment both reduce film thickness. Subsequently, the resistance to squeezing oil
from the contact, and hence the damping, increases strongly as the film thins. Although
the apparent damping coefficient is extracted with respect to the rigid-body approach h0

rather than the film thickness directly, h0 still carries transient squeeze-film behaviour, so
the same trend follows.

Figure A2. Gear Pair 1 at (a) 100 Nm and 4200 RPM; (b) 100 Nm and 4200 RPM with zoomed y-axis;
(c) 300 Nm and 720 RPM; (d) 300 Nm and 720 RPM with zoomed y-axis.

Figure A3. Cont.
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Figure A3. Gear Pair 2 at (a) 100 Nm and 4200 RPM; (b) 100 Nm and 4200 RPM with zoomed y-axis;
(c) 300 Nm and 720 RPM; (d) 300 Nm and 720 RPM with zoomed y-axis.
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