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Abstract: In this study, static and dynamic analyses of a spur gear pair with linear tip relief and
longitudinal crowning were performed. Dynamic experiments were conducted to compare and verify
the dynamic analysis results. On the basis of the theory of gearing, the mathematical model of a
modified spur gear pair was established. In addition, a finite element mesh generation program was
developed according to the mathematical model. Finite element analysis was applied to calculate the
contact stress, contact patterns, and mesh stiffness of the gear pair. Moreover, a dynamic analysis was
performed to predict the dynamic transmission error (DTE) at various speeds and loads. Dynamic
experiments were performed on the spur gear pair by using a gear dynamic tester. Accelerometers
were mounted on the gear pair to record the vibrations during gear meshing. The experimental
DTE was calculated and compared with the simulated DTE to verify the prediction of the vibration
performance of the spur gear pair under different rotational conditions.

Keywords: gear dynamic; loaded tooth contact analysis; contact stress; dynamic transmission error

1. Introduction

Gear pairs are widely used in transmission systems. The load capacity and operating
life of the gear meshing in transmission systems are crucial considerations, and gear
vibration during high-speed operations is also a vital concern. With the development of
precision machinery applications, the requirements related to the alleviation of vibration
and noise generated by gear meshing are becoming increasingly stringent. Gear pair
transmission errors are directly related to vibration and noise [1]. Many factors contribute
to transmission errors, such as assembly errors, manufacturing errors, thermal deformation,
and tooth surface deviations. Gear vibration and noise can be reduced through appropriate
tooth surface modifications [2]. How to design tooth surface modifications to retain gear
transmission capacity and resolve vibration and noise problems has become an important
research topic.

An involute cylindrical gear pair without modifications is insensitive to center distance
errors and yields high transmission efficiency. However, such a gear pair is highly sensitive
to axial assembly errors, which cause edge contact and markedly high contact stress on the
tooth surface. In practice, the tooth surface should be modified (e.g., through tooth profile
modification, lead crowning modification, tip relief modification, or end-relief modification)
to avoid edge contact or tooth tip interference [3–5]. Edge contact and tooth tip interference
cause discontinuous transmission errors and a rapid increase in local contact stress, leading
to gear vibration, noise, scratches, damage to the tooth surface, gear cracks, and reduced
service life. Therefore, on the basis of the theory of gearing [6,7], mathematical models
were established for various tooth surface modifications to perform tooth contact analysis
(TCA). Moreover, gear–tooth contact behavior was analyzed [8,9].

To analyze the dynamic response of a gear pair, a gear dynamic model was developed
to simulate the dynamic characteristics of a gear pair. Parker et al. [10] employed a finite
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element/contact mechanics approach with a single-degree-of-freedom dynamic model to
analyze the dynamic behavior of gear pairs. Tamminana et al. [11] developed a dynamic
model for gear systems with time-varying mesh stiffness and transmission errors to explore
the dynamic transmission error (DTE) of different gear parameters, and they verified the
applicability of their model through experiments. Faggioni et al. [12] proposed using
the finite element method to calculate mesh stiffness, substituting mesh stiffness into the
dynamic equation of the gear system, and employed a self-written optimization algorithm
to determine the optimum parameters for gear design with the smallest DTE value.

Many researchers have investigated the dynamic behavior of gear systems. Umezawa
et al. [13] discussed the relationship between the contact ratio of gear pairs and the dynamic
characteristics of gear systems. Ogawa et al. [14] studied the relationship between different
lead modifications of spur gear pairs and their dynamic characteristics and proved that
parabolic lead modification can reduce gear pair vibration during transmission. Using
synchronous averaging, Houjoh et al. [15] studied dynamic signals, performed tooth sur-
face measurements, and verified the correlation between tooth surface geometry and gear
meshing vibrations. Du et al. [16] studied the dynamic characteristics of the high-speed
gear transmission system of battery electric vehicles. The parabolic profile modification
and parabolic axial modification were optimized to suppress the vibration acceleration
at full working conditions. Masoumi et al. [17] analyzed the dynamic behaviors of plane-
tary gears using a lumped-mass model, which considered the time-varying stiffness and
backlash of the gear system. They found that the bearing stiffness compliance affects the
natural frequency combinations of the gear system. The chaotic regions may be enlarged,
and the system was prone to dynamic imbalance. Gelman et al. [18] used the wavelet
spectral kurtosis technique and its variants for early gear–tooth fault diagnosis. A three-
stage decision-making technique based on a weighted majority rule was used for the final
diagnosis decision. An experiment was also carried out to verify the feasibility of the pro-
posed method. Ambarisha et al. [19] studied the nonlinear dynamic behaviors of planetary
gears based on a lumped-parameter model and a finite element model. Qualitative and
quantitative comparisons of the dynamic responses of the two models were successfully
carried out. Bahk et al. [20] studied the nonlinear behavior of a planetary gear with equally
spaced planet gears. The obtained analytical results compared well with numerical in-
tegration, finite element, and harmonic balance methods. Amabili et al. [21] proposed
a single-degree-of-freedom dynamic model, considering the time-varying stiffness and
viscous damping. The influences of stiffness, contact ratio, and damping ratio on the
transition curves separating stable and unstable regions were discussed.

Kahraman et al. [22] established a dynamic model by considering the time-varying
mesh stiffness and bearing stiffness of a gear transmission system and observed the dy-
namic characteristics of the gear system through spectrum analysis. Kahraman et al. [23]
built a dynamic test machine and studied the influence of different tip relief modification
parameters on the dynamic characteristics of a gear system. They performed dynamic
experiments at various speeds and loads and plotted the RMS of DTE curves to investigate
the influence of tip relief modifications on vibration at different speeds and loads. They
concluded that each set of tooth tip relief parameters corresponded to the torque associated
with its most suitable operation wherein the DTE (i.e., the amount of vibration) was the
lowest. In addition, Hotait et al. [24] used a dynamic tester to simultaneously conduct
vibration and strain experiments in order to study the correlation between DTE and the
dynamic factor (DF); they found that DTE and DF were linearly related. Inalpolat et al. [25]
discussed the influence of indexing errors on the dynamic behavior of spur gears. They
measured long-period quasi-static transmission errors (quasi-STEs) to predict the dynamic
behavior of spur gears. Benatar et al. [26] presented STE and DTE data for helical gears with
different profiles and lead modifications under various loads and speeds. They revealed
that the amplitudes of DTEs were almost proportional to STEs. Bruyere et al. [27] combined
different tooth profiles and lead modification parameters and determined the optimal
design parameters of narrow-faced helical gears with minimum transmission error. Villalba
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et al. [28] reviewed the research related to the vibration of gear transmission systems in
the past twenty years. Mesh stiffness and STE are considered principal variables for gear
design considering vibration reduction. Furthermore, in a previous study [29], a helical
gear set with linear tip relief was studied to improve its static and dynamic characteristics.
A simulation method for dynamic analysis was established, and static and dynamic charac-
teristics were improved by altering the tip relief modification parameters. However, only
simulations were conducted; no experimental verification was performed.

According to the reviewed literature, there were few studies that analyzed the dynamic
characteristics from the mathematical model of gears based on rack-cutter design and the
generating mechanism. The finite element models and mesh generation were rarely built
by considering the contact position calculated by TCA. Therefore, in this study, a mesh
generation program was developed based on the derived mathematical model of modified
spur gears as well as the contact points during gear meshing from the TCA results. In
addition, in terms of experiments, there were few studies that performed the dynamic
experiments with accelerometers mounted on the gears to measure the torsional vibration
during gear meshing. Therefore, the signal–noise ratio of the acquired vibrational signals
in our experiments were relatively higher than other signals acquired from bearing seats.
Moreover, a frequency-domain integration with several band-pass filters in the frequency
domain was proposed to convert acceleration signals into displacement signals. Only the
components related to the meshing frequencies of the gear pair was retained and compared.
Consequently, the experimental dynamic characteristics of the gears were transformed and
expressed in the time domain, which demonstrated and validated the correctness of the
simulation results.

The present study aimed to develop an analysis method for predicting the static
and dynamic performance of a spur gear pair with tip relief and longitudinal crowning
modification. Dynamic experiments were conducted to verify the dynamic simulations.
According to the reviewed references, the gear model construction for the dynamic analysis
based on the theory of gearing and practical manufacturing has rarely been considered
and investigated. First, a mathematical model of a modified spur gear pair was established
according to the rack-cutter geometry and the theory of gearing. Based on the derived
mathematical model, the TCA program was developed to calculate the STE and contact
points under various rotational angles with no load [6–8]. Then, a self-developed mesh
generation program was established to build the finite element model according to the con-
tact points under different rotational angles from the results of TCA. Loaded tooth contact
analysis (LTCA) was performed to determine the contact stress and mesh stiffness based
on finite element analysis (FEA) and the self-developed mesh generation program. Sub-
sequently, the simulated DTE under various rotational speeds and loads was determined
based on the established spur gear dynamic model. In addition, a gear dynamic tester
was built to perform dynamic experiments under various operating conditions. Adequate
signal processing was applied to the measured vibrations to calculate the experimental
DTE. Simulated and experimental DTEs were consistent, verifying the proposed dynamic
analysis method for a modified spur gear pair.

2. Simulations of the Modified Spur Gear Pair
2.1. Mathematical Model

On the basis of differential geometry and the theory of gearing, a modified spur
gear with linear tip relief and longitudinal crowning modifications was developed [29].
Figure 1 shows the linear tip relief, longitudinal crowning modifications, as well as the cor-
responding parameters. Ca and La denote the amount and length of tip relief modification,
respectively. E and W denote the amount of longitudinal crowning and the face width,
respectively. The parameters of the spur gear set used in this study are listed in Table 1.
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Figure 1. Gear modification parameters.

Table 1. Design parameters of the spur gear set.

Parameters Pinion Gear

Normal module 2.5 mm 2.5 mm
Number of teeth 60 60

Normal pressure angle 20◦ 20◦

Face width 20 mm 20 mm
Amount of tip-relief (Ca) 6 µm 6 µm

Length of tip-relief (La) 1.16 mm
(short)

1.16 mm
(short)

Amount of longitudinal
crowning (E) 10 µm −

Root fillet radius 0.625 mm 0.625 mm
Pitch diameter 150 mm 150 mm
Root diameter 143.75 mm 143.75 mm

Materials and heat treatment SCM420 with carburization
Hardening grade HRC 55

2.2. LTCA

Based on the derived mathematical model of the modified spur gear, TCA was con-
ducted to compute the STEs and contact points under various rotational angles. The STEs
and contact points were subsequently used in the dynamic model and mesh generation
program, respectively. For the LTCA, a finite element mesh generation program was devel-
oped based on the contact points from the TCA results. The mesh was fixed, and the nodes
were located at the instantaneous contact points of each rotational angle on the pinion and
gear–tooth surfaces. Then, FEA was performed to predict the contact stress, contact pattern,
and time-varying mesh stiffness of the modified spur gear set under various loads, i.e.,
from 10 to 100 N-m at an increment of 10 N-m. Figure 2 illustrates the analysis process
including TCA, LTCA, and dynamic analysis.
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2.2.1. Contact Stress and Contact Pattern

The maximum contact stress on the pinion under various loads during meshing is
plotted in Figure 3. The contact stress fluctuated near the starting point of the tip relief, and
a higher load induced higher contact stress. The maximum contact stress at 100 N-m was
approximately 762 MPa, which is acceptable.
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Figure 3. Contact stress under various loads.

The simulated contact patterns under different loads during a complete meshing
through one gear–tooth flank were predicted using LTCA; these patterns are displayed in
Figure 4. The contact patterns in Figure 4 were obtained by superimposing the stress distri-
bution at every one-degree rotation of the pinion based on the post-processing subroutine
of the finite element package Abaqus. Hence, the contact patterns may appear irregular in
Figure 4. Even when the load was 100 N-m, the length of contact patterns only accounted
for approximately two-thirds of the tooth width, which is acceptable in common practice.
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2.2.2. Mesh Stiffness

The normal contact force on the tooth surface and the elastic deformation at the contact
points under different loads were determined using LTCA, enabling us to determine the
mesh stiffness, as shown in Figure 5.
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Figure 5. Mesh stiffness under different loads.

Mesh stiffness is an important parameter for determining the dynamic characteristics
of gear systems. Mesh stiffness curves show the variations in the meshing tooth pairs and
load sharing of gear teeth during meshing. Fluctuations in mesh stiffness curves correspond
to single- and double-tooth contact regions during meshing. In the single-tooth contact
region, only one pair of gear teeth bears the entire load, leading to higher contact stress
and elastic deformation than in double-tooth contact regions. Therefore, mesh stiffness in
double-tooth contact regions is higher than that in single-tooth contact regions.
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2.3. Dynamic Analysis

A dynamic model of a spur gear pair was developed for dynamic analysis. This model
was established based on the following assumptions: (1) The gear pair was assumed to have
ideal lubrication during operation; thus, the effect of friction was ignored. (2) The axial and
radial components were not included in this dynamic model. Figure 6 shows the schematic
of the dynamic model; Tp and Tg represent the torque acting on the pinion and the gear,
respectively. rp and rg represent the base circle radii of the pinion and the gear, respectively;
θp and θg are the rotational angles of these gears. K(t) and c represent the equivalent mesh
stiffness and equivalent damping of the system during meshing, respectively. According to
the literature [30], the damping ratio used in this study was set as a constant, 0.06. e is the
STE of the gear pair. The mesh stiffness and the STE can be calculated using our TCA and
LTCA simulations.
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Consequently, the dynamic equation of the gear pair can be written as:

meq
..
x + c

.
x + K(t)x(t) = F − meq

..
e(t), (1)

where meq and F represent the system equivalent mass and equivalent loading, respectively.
The displacement x(t) along the line of action can be represented by Equation (2), and the
DTE is determined using Equation (3).

x(t) = rpθp(t) + rgθg(t)− e(t) (2)

DTE(t) = rpθp(t) + rgθg(t) (3)

The dynamic equations were solved to obtain the DTE using Runge–Kutta fourth-
order method with MATLAB codes; then, the RMS value xRMS of the DTE was calculated
as follows:

xRMS =

√
∑n

i=1 x2
i

n
(4)

where xi and n represent the calculated DTE and the time duration, respectively.

3. Dynamic Experiments
3.1. Experimental Framework

A dynamic gear tester was built for the dynamic experiments, as shown in Figure 7.
Powered by a servo motor, the rotational speed can reach up to 4000 rpm, and the load
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is provided by an eddy current brake. In addition, two accelerometers were mounted on
the driving and driven gears, respectively, and a pair of slip rings enabled us to transmit
the acceleration signals from the accelerometers to the data acquisition system and PC. A
granite platform was used as the base of the dynamic tester. Figure 8 shows the test gear
set manufactured according to the parameters listed in Table 1.
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Figure 9 illustrates the arrangement of four accelerometers mounted on the adapter
attached to the gear pair. The acceleration along the line of action during meshing can be
calculated using the following equations:

..
θp(t) =

1
2ρ

[a3(t) + a4(t)], (5)

..
θg(t) =

1
2ρ

[a1(t) + a2(t)], (6)
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..
x(t) = rp

..
θp(t)− rg

..
θg(t), (7)

where ρ is the mounting radius of the paired accelerometers; a1(t)–a4(t) denote the mea-
sured acceleration signals from the four accelerometers;

..
θp and

..
θg represent the angular

acceleration of the pinion and the gear, respectively; and
..
x denotes the acceleration of the

transmission error between two gears along the line of action. The acceleration was numer-
ically integrated twice to determine the displacement in order to obtain the experimental
DTE signals. A series of experiments were performed to obtain the experimental DTE
under various loads and rotational speeds.
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Figure 9. Illustration of the four mounted accelerometers.

3.2. Experimental DTE

Herein, the acceleration signal measured under 1000 rpm and 40 N-m is used as an
example to explain the subsequent signal processing of the experimental accelerations. The
acquired acceleration signal in the time domain is shown in Figure 10a. The DTE in the
time domain was calculated by numerically integrating the acceleration twice, as shown in
Figure 10b.
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Furthermore, a fast Fourier transform (FFT) was applied to obtain the spectrum of
acceleration, as shown in Figure 11. For the gear pair, the meshing frequency at 1000 rpm
was 1000 Hz. The three major spikes seen in Figure 11 correspond to the meshing frequency
of 1000 Hz and its multiples, 2000 and 3000 Hz. The experimental spike that appears at
1003 Hz, instead of the theoretical meshing frequency of 1000 Hz, results from the deviation
of the motor speed variation during the experiment.
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Various noise sources are present at these main characteristic frequencies, which affect
the subsequent calculation of dynamic characteristics. Therefore, filtering was applied to
remove unnecessary noise. First, in the time domain, a band-pass Butterworth filter with a
lower cutoff frequency of 100 Hz and a higher cutoff frequency of 5000 Hz was applied to
filter out the noise of the original acceleration signals. Then, the time-domain signal was
converted into frequency-domain by using FFT. In addition, the gear meshing frequencies
under every rotational speed were calculated. Various band-pass filters were designed
with different center frequencies of one to ten times the meshing frequency and with a
bandwidth of 2 Hz. Then, the spectrum of filtered acceleration signals in the frequency
domain was obtained; it is shown in Figure 12.
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A frequency-domain integration with various band-pass filters was used to convert
acceleration signals into displacement signals by inverse FFT. Figure 13 shows the obtained
filtered DTE in the time domain. Finally, on the basis of Equation (4), the experimental
RMS of the DTE in the time domain was calculated. In this numerical example, the RMS of
the DTE was calculated as 0.358 µm at 1000 rpm and with a loading of 40 N-m. Then, the
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value of DTE was used as a criterion to judge the level of gear pair vibration at a specific
meshing condition.
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Figure 13. Filtered DTE signal in the time domain.

4. Model Verification and Discussion

Figure 14 shows the RMS curves of the simulated DTE under loads ranging from 10 to
50 N-m and speeds ranging from 50 to 4000 rpm. The abscissa is the meshing frequency
(the same value as the rotational speed of the gear pair), and the ordinate is the RMS of
the DTE. Figure 14 reveals that the maximum value of each curve (fixed load) occurred
at approximately 2000–3000 Hz, which is the natural frequency range of the gear pair
under each operating condition. The peak magnitudes of simulated DTEs at the natural
frequencies for each curve increased as the load was increased from 10 to 50 N-m, indicating
that gear pair vibration increases with load.
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Figure 15 shows the RMS curves of the experimental DTE under various speeds and
loads. Owing to the power limitation of the driving servo motor, the limit of the operating
condition of our gear tester was 2700 rpm and 50 N-m. Therefore, experiments for rotational



Machines 2022, 10, 191 12 of 15

speeds exceeding 2700 rpm at 50 N-m could not be conducted. Figure 15 shows the spikes
near the natural frequencies for the five experimental DTE curves (10–50 N-m).
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Our experimental DTE results for the spur gear pair were highly consistent with
the simulation results, as confirmed by a comparison of the results shown in Figures 14
and 15. Because the influence of backlash was not considered in the dynamic model, the
obtained dynamic responses of simulation results are almost linear, as shown in Figure 14.
In addition, the experimental results shown in Figure 15 also revealed a nearly linear
dynamic response, similar to the simulation results. The simulation results were in good
agreement with the experimental results. Moreover, the simulation and experiments
indicated a general tendency of increased gear vibration with an increase in load from
10 to 50 N-m. The overall natural frequencies of the gear pair in the simulation results
were slightly lower than those in the experimental results. For example, the experimental
natural frequency under a load of 50 N-m was 2600 Hz, whereas the simulated natural
frequency was approximately 2500 Hz, with a deviation of 6.1%. The differences between
the experimental and simulated natural frequencies from 10 N-m to 50 N-m were in the
range of 2–13%. Table 2 summarizes all simulation and experimental results.

Table 2. Dynamic analysis and experimental results.

Load
(N-m)

Natural Frequency RMS of DTE

Simulation
(Hz)

Experiment
(Hz)

Difference
(%)

Simulation
(µm)

Experiment
(µm)

Difference
(%)

10 1950 2200 12.8 1.328 0.866 34.8
20 2150 2300 7.0 2.833 1.619 42.9
30 2300 2350 2.2 3.828 2.276 40.5
40 2400 2450 2.1 4.570 2.682 41.3
50 2500 2600 6.1 4.760 2.906 38.9

The maximum value at the natural frequency represents the extent of gear pair vibra-
tion. Table 2 lists the simulation and experimental results related to dynamic characteristics.
The natural frequencies from the simulation and experiments in Table 2 are taken from
the frequencies where the maximum occurs for each DTE curve in Figures 14 and 15. The
results show that although the simulation values were higher than the experimental values,
the difference under the five loading conditions was approximately 35–43%, and the differ-
ence in each condition was stable. The reason for the difference is that the simulation results
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were obtained directly from the DTE between the gear pairs, whereas the experimental
results were obtained from the acceleration signals measured by the four accelerometers
mounted on the adapter. As such, some energy may have been lost during measurement,
resulting in differences between the simulated and experimental values. However, because
the numerical differences between the two results were stable, the tendencies of the two
results can be regarded as consistent.

The simulation methodology proposed in this study can be used to predict the dynamic
characteristics of the spur gear pair, enabling us to accurately determine the dynamic
behavior in the design stage. Therefore, a reliable and efficient design simulation method
for predicting the static and dynamic behavior of a modified spur gear pair is proposed in
this study.

5. Conclusions

In this study, a simulation methodology was proposed for a modified spur gear pair
with linear tip relief and longitudinal crowning. Simulations for a gear mathematical
model, TCA, finite element mesh generation program, LTCA, mesh stiffness, and DTE
were performed, and the numerical results were presented. In addition, a gear dynamic
tester was constructed, and a series of gear dynamic experiments were performed. The
simulated and experimental results were compared, including the RMS of DTEs and the
natural frequency of the spur gear pair, under five loading conditions and various rotational
speeds. The following conclusions can be drawn:

1. On the basis of the mathematical model developed in this study, mesh generation
codes, FEA, and static LTCA of a modified spur gear pair were performed to predict the
contact stress, contact patterns, and time-varying mesh stiffness under various loads.

2. A dynamic model for a spur gear pair was presented to solve DTEs under various
speeds and loads.

3. For experimental determination of the dynamic characteristics, a parallel-axis gear
dynamic tester was constructed and used for the modified spur gear pair with var-
ious speeds and loads. After signal processing, the experimental DTE signals were
calculated; the experimental RMS of the DTE was also calculated and plotted. The
text continues here.

4. A comparison of the simulation and experimental results revealed that the predicted
natural frequencies were similar to those determined in the experiments. In addition,
the patterns of the simulated and experimental RMS curves were consistent. As the
load was increased, the DTE at the natural frequency gradually increased. In general,
the difference in the natural frequencies between simulation and experimental results
was approximately 2–13%.

5. The simulation methodology presented in this study can predict the dynamic charac-
teristics of the modified spur gear pair under various operational conditions. There-
fore, a reliable and efficient design simulation method for predicting the static and
dynamic behaviors of a modified spur gear pair is proposed in this study. Further
integration of the proposed simulation program with optimization will be performed
in future studies.
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