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Abstract: This paper proposes a decentralized robust constrained cost fuzzy controller (DRCCFC)
design for nonlinear descriptor interconnected systems (DIS) with uncertainties. The considered
nonlinear DIS is modeled using Takagi-Sugeno fuzzy model (T-S FM) with fuzzy rules and strong
interconnections. To derive sufficient stability conditions, the quadratic Lyapunov function (QLF)
and free-weighting function (FWF) are defined. In contrast to the existing control approaches, the
proportional-derivative feedback (PDF) control is introduced in this paper. Using the PDF control
techniques, the regular and causal problems of the system can be solved easily. Based on the PDF
control technique and constrained cost control (CCC) function, a set of fuzzy controllers are de-
signed to effectively control the Takagi-Sugeno descriptor interconnected systems (T-S DIS). Then,
the proposed sufficient conditions for the T-S DIS are derived in the form of linear matrix inequali-
ties using the Schur complement technique. Finally, two simulation examples are provided to
demonstrate the validity of the proposed control scheme.

Keywords: nonlinear descriptor interconnected systems; Takagi-Sugeno fuzzy model; constrained
cost fuzzy control

1. Introduction

The engineering and social systems that exist today are often described by high-di-
mensional and complex mathematical models, such as communication networks, power
systems, and transportation. Describing and understanding these systems often necessi-
tate the use of sophisticated mathematical models. These high-dimensional models cap-
ture the intricate interactions between various components and factors. Analyzing the sta-
bility of such systems is a daunting challenge due to the enormous amount of information
that needs to be processed. To address this complexity, researchers have proposed an ap-
proach called the interconnected systems (IS) [1,2]. By using IS, the complexity of message
processing can be effectively reduced. In recent years, many experts and researchers have
made great efforts toward the development of IS [3-5]. They explore various applications
and domains aiming to exploit the potential of this paradigm. For example, the applica-
tion of disturbance observer-based control in IS has been thoroughly studied [6]. In an-
other study [7], the authors delved into the analysis of wind farms using the IS method.
Furthermore, the detectability of cyber attacks in interconnected systems has been exten-
sively studied [8]. To further improve the accuracy and completeness of physical model-
ing, the concept of an interconnected system has been extended to include the descriptor
interconnect system (DIS). The use of descriptor systems allows for a more precise and
comprehensive description of bodily behavior [9]. However, it is important to note that
analyzing the stability of descriptor systems presents unique challenges, such as
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addressing regularity and causality issues [10]. Despite these challenges, researchers have
made remarkable progress in the field of DIS. Several important discoveries and contri-
butions have been reported, elucidating important aspects of stability and stability [11],
sliding mode control [12], and decentralized static output tracking control [13], among
other important developments.

On the other hand, most physical systems are nonlinear forms, which brings great
difficulties in analyzing the stability of the system. Over the past few years, T-S FM [14,15]
has been considered to be one of the most effective techniques for effectively transforming
a nonlinear system into a set of linear subsystems. The T-S FM divides a complex system
into a set of smaller subsystems, with each subsystem represented by an if-then rule. These
rules consist of two parts: the antecedent, which describes the system inputs using fuzzy
sets, and the consequent, which represents the mathematical function of the system out-
puts. By using fuzzy logic and fuzzy rules, the T-S fuzzy model can effectively capture the
nonlinear relationships and uncertainties present in real-world systems. Many important
results of T-S FM have been presented. For example, the authors of [16] studied the fuzzy
tracking control of unmanned surface vehicles. Fuzzy integral sliding mode control of
multi-area power systems was investigated in [17]. The swarm trajectory tracking control
of the unmanned aerial vehicle was considered in [18]. Moreover, the T-5 DIS is proposed
because it can not only describe a physical model more accurately than the T-S fuzzy reg-
ular system but also reduce the computational complexity of the method. The application
of T-S DIS is diverse and spans various industries, such as robotics, smart grids, autono-
mous vehicles, and many other areas that involve complex and interconnected processes.
The ability to model, control, and optimize these systems using T-S fuzzy modeling and
control techniques opens up new possibilities for automation, efficiency, and performance
improvement. In addition, some results of the T-S DIS are given. For instance, the robust
decentralized static output-feedback control for a T-S DIS was investigated in [19]. The
passive control techniques for T-S DIS were proposed in [20]. Recently, decentralized
multi-performance control for T-S DIS was considered in [21].

Among all methods of controlling T-S DIS, one approach is through decentralized
control strategies. The decentralized control is a control paradigm that distributes the de-
cision-making authority among multiple components or subsystems in a system. Unlike
centralized control, where a single controller oversees the entire system, decentralized
control allows individual entities to make autonomous decisions based on local infor-
mation and objectives. The fundamental principle of decentralized control is local decision
making. Each component or subsystem is equipped with its own controller, which oper-
ates independently based on local measurements and objectives. This autonomy enables
individual entities to respond to local changes and uncertainties without relying on a cen-
tralized authority. However, decentralized control also presents challenges that need to
be addressed. One of the primary challenges is achieving coordination among decentral-
ized controllers. Since each controller operates independently, ensuring consistent and
coherent actions across the system requires effective coordination mechanisms. Decentral-
ized control has found applications in various domains. In robotics, decentralized control
enables the coordination of multiple robots to perform collaborative tasks efficiently. In
manufacturing, decentralized control optimizes production processes by allowing indi-
vidual machines or workstations to make local decisions while coordinating with neigh-
boring entities. In transportation, decentralized control can be applied to traffic manage-
ment, autonomous vehicles, and intelligent transportation systems to enhance safety and
optimize traffic flow.

Another important aspect of control in T-S DIS is the limit of the descriptor matrix.
The descriptor matrix may cause regular and impulse-free problems in the system, which
can lead to systems that cannot effectively analyze stability issues. To tackle this problem,
a PDF control scheme was developed in [22]. The PDF control scheme is a widely used
control strategy that can effectively address both regular and impulse-free problems in
control systems. Regular problems in T-S DIS refer to situations in which the control
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system exhibits steady-state errors or lacks sufficient stability. The proportional compo-
nent of the PDF control scheme plays a crucial role in solving regular problems by reduc-
ing steady-state errors. It produces an output signal that is proportional to the error be-
tween the desired and actual states, driving the system toward the desired setpoint. The
proportional gain determines the strength of the response to the error. By appropriately
tuning the proportional gain, the steady-state error can be minimized or eliminated, re-
sulting in improved control accuracy and precision. Impulse-free problems in T-S DIS in-
volve the elimination of sudden or unexpected disturbances or impulses in the system.
The PDF control scheme is effective in addressing impulse-free problems due to its deriv-
ative action. The derivative term enables the control system to respond to the rate of
change in the error, allowing it to quickly counteract sudden disturbances or impulses. By
incorporating the derivative action, the PDF control scheme can effectively dampen the
impact of disturbances, minimizing their effect on the system’s output and ensuring sta-
bility and accurate control in T-S DIS. In the past few years, many efforts have been made
to study PDF control problems for descriptor systems [23,24]. In [25], a study on decen-
tralized control with the PDF control method for the T-S DIS was proposed.

In addition, CCC s a critical concept in the field of control theory aimed at optimizing
the performance of dynamical systems while ensuring stability [26]. This approach in-
volves designing control strategies that minimize a predefined cost function, providing a
quantitative measure of system performance, while simultaneously guaranteeing specific
performance requirements. In many practical systems, cost optimization is a crucial con-
sideration. Whether it is minimizing energy consumption in a manufacturing plant, re-
ducing response time in a robotic system, or optimizing resource allocation in an eco-
nomic model, ensuring efficient performance is of paramount importance. However,
solely focusing on cost reduction may lead to instability or the violation of critical con-
straints. CCC addresses this challenge by incorporating stability guarantees while opti-
mizing the cost function. To implement CCC, one must first define a suitable cost function
that quantifies the desired system performance. This cost function typically considers fac-
tors such as energy consumption, control effort, error minimization, or other relevant sys-
tem-specific objectives. The next step is to identify performance requirements and con-
straints. These can include bounds on the system states, control inputs, or other opera-
tional limitations. CCC finds applications in various fields. In engineering, it is used to
optimize the control of complex systems, such as aircraft, power grids, and chemical pro-
cesses, ensuring efficient operation while considering constraints. In robotics, CCC is em-
ployed to optimize the motion planning, trajectory tracking, and energy efficiency of ro-
botic systems. It is also extensively used in economics and finance, where the control of
economic models and investment portfolios can benefit from performance optimization
with stability guarantees [27,28].

The main contributions of this study are given as follows: (1) This study considers
nonlinear DIS with uncertainties expressed by T-S FM. (2) Based on the CCC method, the
decentralized control method, and the PDF control, the fuzzy controller can be designed
for T-S DIS. (3) The proposed conditions are expressed as linear matrix inequalities (LMIs),
and feedback gains can be obtained by solving the LMIs. (4) The proposed controller de-
sign method is applied to the nonlinear tripled inverted pendulum (TIP) system to show
that the obtained results are valid and feasible.

The structure of the paper is outlined as follows. The problem formulation is pre-
sented in Section 2. In Section 3, the DRCCFC is designed for T-S DIS. In Section 4, two
examples are provided to demonstrate the efficacy of the proposed control method. The
conclusions of this study can be found in Section 5.

Notations: Z' and Z' are the matrix transposition and matrix inversion of a ma-
trix Z . diag{Z} denotes diagonal matrix Z; Sym{Z} =Z+7Z"; * is the symmetric

item in matrices.
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2. Problem Formulations

The representation of N as nonlinear subsystem can be expressed using the T-S DIS
as follows:

Plant Rule ®':IF z,(k) is X/, and, -, z,(k) is X, THEN
~ N _—
El% (t)=Alx (t)+Blu, (t)+ > Alx, (¢ 1)

h=1,h#i

where i={1, 2N}, 1={1, 2,1} , and X;j (#=1,2,...g) are fuzzy sets;
z,(k).z,(k),...z, (k) are the premise variables. For the i-th nonlinear subsystem, %'
denotes the /-th. Fuzzy inference r, is the number of inference rules. x, (k)e®R"™ and
u,(k)eR™ are the system state and control input, respectively. In the matrices
E =E+AE/, A'=A/+AA!, and B/ =B/+AB/, A’ and B! denote the /-th local model;
E; denotes the descriptor matrix. The descriptor matrix provides mathematical models

that explicitly capture non-generic behavior. Traditional models often fail to represent
complex systems accurately, as they assume generic behavior. The descriptor system
models incorporate singularities and non-generic behavior explicitly, enabling a more ac-
curate representation of complex system dynamics. A/, represents the interconnection

matrix between the nonlinear subsystems i-th and the #- th

! 1 1
According to [25], for the matrices Hi Ref R}, and R , the uncertainties of AE,
1
, A and AB, can be represented as follows:
[AEL AA! AB{]=HA/()[R, R, R,] @

where A;(f) is a matrix with unknown time-varying elements that satisfy the following

inequality:
AT ()AL (2) <1 (3)

where I denotes the identity matrix with appropriate dimensions.
By applying a center average and the defuzzifier method [25], the overall model of
the DIS with uncertainties can be expressed as follows:

Z#’El Zﬂ{ 0+ B, (0)+ Y A, } @)

h=1,h=#i

with 4 =4 (z,(¢))= IT. iy (2, ( /zg IT5. 5, (2, (1)), where 4,(z,(t)) denotes

the grade of membership of z,(¢) in #,, and we know 1 (z,(t))20, Iz}:lu,.’ (z.(1))=
=1

Based on the decentralized control scheme and PDF control method, the following
controllers can be designed to stabilize the system (4):

ZﬂlFé, 7 Zﬂ,’Ff, X, )

where F! and F) are controller gains.
By incorporating controller (5) into the system (4), we obtain

N

E, ()% (t)=A, )+ 2 Ay (u)x, (¢ 6)

h=1,h=#i

where
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E, (1) = S ul [E+BIFL),
I=1 j=1

i

A ) =33l (AL +BIFL), )

=1 j=1

Kih (/“i) = Zluzleh
=

Remark 1. The limitations and definitions for PDF control methods and descriptor system have
been discussed in detail in [20]. The PDF can regulate the dynamics of differential variables in a
descriptor system. By utilizing the error signal and its derivatives, PD control can efficiently re-
spond to system dynamics, providing stability and performance improvement for differential vari-

ables. It is easy to know that system (6) exists if unique and impulse-free det(sE—A)=0.

In addition, the cost function is defined as follows:
To= [ ()R, (60 (6) 2y (1) +5T (1) 2,5 (1)t ®)

where Z,, Z,,and R, are the given positive definite matrices.
The definition of CCC can be defined in the following way with the cost function (8).

Definition 1 [21]. For all derivative matrix E, () if the system is invertible, the system (6) is
asymptotically stable and satisfies CCC with PDF controller (5) if there exists a positive scalar 4,
and the following inequality holds:

J. < min (4) )

where A, is the minimization of output energy.

In this paper, we consider inequality (9) to optimize the control signal and minimize
the output energy. These techniques involve formulating an optimization problem that
includes energy consumption as part of the cost function. By solving this optimization
problem, the control signal can be calculated to achieve the desired control objective while
minimizing the output energy.

Before presenting the main findings, we will use the following lemmas throughout
the proof to support our analysis:

Lemma 1 [21]. The following inequality holds if there exists real vectors ¢ and p , and a positive
matrix Z .

2'p<LTZCHp 2 p (10)

Lemma 2 [21]. With 7 =r—r1, +1, the following inequality holds if there exists a positive sem-

idefinite symmetric matrix. W € R™" and two positive integers r and r, satisfying r>r, 21.

= (r)]Tw[ix,-m}ﬁixT (W(1) e

k=n, k=ry k=r,

The presence of an interconnect matrix in the system can present challenges when
attempting to translate stability conditions into LMI form. However, using the above two
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lemmas can effectively promote the transformation of the interconnection matrix, thereby
simplifying the steps of the subsequent stability analysis and making it more convenient.

Based on the given closed-loop system (6), there are three main control problems to
be addressed as follows:

Problem 1. Finding suitable control gain matrices that guarantee the stability of the entire closed-
loop large system. The goal is to design control gains that ensure the system remains stable and
does not exhibit any unstable behavior.

Problem 2. Developing a DRCCEC strategy that maintains system stability even in the presence
of uncertainties. The aim is to design a robust control approach that can handle external uncertain-
ties and still keep the system stable and well-behaved.

Problem 3. Design the DRCCEC strategy in a way that satisfies the CCC conditions outlined in
Definition 1. The CCC conditions effectively constrain the output energy of the system. The objec-
tive is to incorporate these constraints into the control design process to ensure that the output
energy remains within acceptable limits.

By addressing these three control problems, we can achieve a comprehensive solu-
tion that guarantees system stability, robustness, and adherence to the prescribed output
energy constraints.

3. Main Results

In this section, the T-S FM, QLF, and FWF are employed to design the PDF controller.
Theorem 1. For the given positive definite matrices R, , Z,, Z, and, if there exists Q,,
&>0, L, L, L,, F,, F/, F,,, F,,and the following conditions hold, the fuzzy controller

(5) is considered to be the CCC for system (6) with [ =1---r, and 1< j=1---1,.

0" <0 12)
0/+0/ <0 (13)
-min(4) * 0 u
<
5(0)  —Q, (14)
where
Sym(L“) * * % % % % |
YZII Yzl2 * * * * *
Kii _Klzf Rt_ll * * * *
e'=| Q, 0 0o -z, * * *
Lil Lz2 0 0 _Zi_zl * *
Lg 0 0 0 0 -1/2 *
L A, Q, 0 0 0 0 0 Xes
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Sym(L,l ) % % % % % %
Yzj] Yzjz * * * * *
K{i _Klzi _R;ll * * * *
e'= q 0 0 L A
Li] Li2 0 0 _Z;zl * *
L, 0 0 0 0 -I/2 x
A,Q, 0 0 0 0 0 X,

L) =-QS,S,, L,=He(L,)+2L,L] +2d,,
LT =-S,, L, =L}, +L}, ,
L-{3 :S;Qi’ Q =P :

Yzll =L; _AiQi +E11'Li1 _BIKL ’ Yzjl =L; _AiQi +E£Li1 _BfK{z ’

Y, =1+ He(EL, +BK) ), Y}, =1+He(EL,+BK}),

. . -1
K] —F Q; Fd: i’ K[ FszZ’ i/i =FJ-Q FJILMK, =F,L X[“:—Z(N—l) &,

divi2/

A, =[A]-AL AL with h=i, e=diag[l,,-1,].
- = N —

NI N-1

Proof. Considering the QLF defined in [20], the time derivative of QLF can be obtained as
follows using FWEF:

SV (3 (1) = 225 ()R (0)+2[ 7 (08, +37 (18, ], (15)

i=1 i=1

where S, and S,, are free-weighting matrices and the following FWF can be defined
with a closed-loop system (6):

S - z{[ 08, +1! (I)Sz]{E(,ul)x+A 0)x z (), (¢ }}Eo 16)

i=1 i=l1

According to [20], one can obtain the following inequalities with Lemma 1 and
Lemma 2.

5ot (08, 3 Rl (0}
< g{(xf (1)8,8%x, (1)) +L zﬁ A, () (t)] L Z A, (u)x (t)}} v
and
i{zxj (8% z A, (u)x, (z)}
(18)
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Then, Equation (15) may be rewritten as follows using (17), (18), and some simplifi-

cations.
N N
DV(x (1)< EES
i=1 i=1
where " =[x (1) ()], ® =(N-1) 3 AIA,,
h=1,h#i
- Sym(silAi(ﬂi))J’_SilS;—’_zq)i *

T P-E!(4)SI4S,A, (1)  —Sym(S,E, (4))+S,.Sh

From cost function (8), we have

J - jzv (5. (0)) e =7 (31, )) 2+ (0) R, (1) 57 ()23, (1) 47 (1) 2, (1)

where

J. = iV (x, (6)+ ! (£) Ry, (1) 4" (¢) Zyyx, (1) + 1 (1) Z,,% (1)

i

Substituting (5) and (19) into (23), we then obtain

i - {N ) }
“ Ni2 Ni3
N, =Z, +Sym(S,A, (1)) +S,S} +2®, +F,'R,F.,
where (N, =P, _EiT (:ui )Sle +8,A; (/ui ) - Fc;;'TRilstr:’
N, =Z,-Sym(S,E, (1))+S,S, +F;'R,F,
Pre- and post-multiplying (24) by the W and W, it follows that

r_ {Qf LE}
i T
where 0 Ly ,
K{i = FslrQ: - FZHL:'I
K{ =F;Q, -F;L
K12i = szrisz

K/, = F/L

di~i2

il
7

Nil =L,+QZ,Q,+ L];IZiZLi] + KiiTRilK{i
Niz = Li5 - Ai (/’li )Q, + Ei (/li )Lil + L—£2Zi2Lil _KlziTRflKii ’
Ni} =I1+Sym (Ei (ﬂi )Lil ) + L];ZZiZLiZ + KIZiTRilKIZi

L-:'-l = _Qisilsi_Z] , Ly = Sym(L“ ) + 2Lf3LT3 + Zd)kﬂ
L{Z = _S;zl’ L;= sz + L{3 >
L{3 = Sfo’ Q = P;I

(19)

(20)

20

(22)

(23)

(24)

(25)
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Then, according to (7), (25), and by extracting the membership functions, the cost
function (24) is obtained as follows:

J < ZN:{Z u ZTE'z + z w5 {2+ }i} (26)

where
él.l = _Li4 +QiZilQi +L-li-lZi2Lil +KiiTRilKii * | (27)
l Y211 + L]f.zzszn - KlZiTRilKji Yzlz + Ll;ZZi2Li2 + Kl2iTRilK[2i |
ﬁ'{i — _Li4 +QiZi1Qi +L—£1Zi2Lil +K1jiTRilKlji * | (28)
I Y2/l +L’£2Zi2Lil _KéiTRilKlji YZJZ +L—li-2Zi2Li2 +KéiTRilK£i_
Y2ll =L; _AiQi +E11‘Li1 _ﬁiKii ’ Yzjl =L _AjQi +EﬁLi1 —]~3fo1 ’
Y, =1+Sym(EL, +BK},), Y}, =1+Sm(E]L, +BK],).
From (27), we know that
E =Al+A+A] (29)
where
All _ Li4 * A” _ KiiT R [KI —KI ] A” _ Qi L—fl Zil 0 ] Qi 0
N Y VA L B "I e S CEL N N 0 Z.,||L, L,|
21 22 L 2i i2 i2 | il i2
Then, by using the Schur complement, inequality (29) is equivalent to
[Sym(L,) * * * * * x ]
Yzll Y2’2 * * * * *
Ki_ _K/I _Rfll * * * *
E'=l Q 0 0o -z * ¥k (30)
Lil LiZ 0 0 _Z;zl * *
L., 0 0 0 0o -I/2 *
| A,Q, 0 0 0 0 0 X

~ —_ — — T —
where A, :[AIT[...A;’_ ---Af\,,.] with h#i, X, =-2(N-1) "¢ and & =diag[l,,---1,,].
-——— -
N-1 N-1
Similarly, we can rewrite (28) as

_Sym(L[l) % * % * * %
Yzj1 ijz * * * % *
K|, -K,, -R; * * * *
= q 0 0o -z * * * (31)
Lil L[Z 0 O Z721 * *
L, 0 0 0 0 -I/2 *
| A,Q, 0 0 0 0 0 X

If the inequality in (12) and (13) holds, the matrices E' <0 and éf’ <0 are also sat-

isfied, and then J « <0 is obtained from (26). In addition, if J « <0 is guaranteed, we
know that
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M=

. Vo (x, (£)) + ] ()R, (£) ] (¢) Zyyx, (£) + %7 (¢) Z,%, (£) < O (32)

1

Integrating (32) from 0 to ¢, ityields

. <J (33)

N

s ) = 3 5,) (3 (0) =+ 012250
where =1

If the inequality in (33) holds, the system is stable with CCC performance. However,
the inequalities in (12) and (13) provide the CCC performance. The following inequality
presents a method of selecting a controller that minimizes the upper bound of the guar-
anteed cost (8). By applying Schur complement to (14), it yields

Jo =j0°°{

i

37 (0)Px, (0)—min(4 ) <0 (34)
or
x! (0)Px, (0) <min(4) (35)
Based on (35), one can obtain
J, <min(4) (36)

Thus, if the conditions in (12), (13), and (14) are satisfied, the designed controller sat-
isfies the CCC performance, which also ensures the minimization of the guaranteed cost
for the system. The proof is completed. o

However, the stability conditions given in Theorem 1 exist in time-varying matrices,
which cannot be solved using the LMI toolbox. Therefore, the LMI conditions are given
by the following theorem.

Remark 2. It is worth emphasizing that Equations (12) and (13) cannot be classified as linear
matrix inequalities due to the presence of the uncertainties term, which introduces nonlinearity
and complicates the analysis. However, when the uncertainties term is not considered, Theorem 1
is the stability condition of the system and satisfies the CCC performance.

Robust control techniques play a crucial role in ensuring the stability and perfor-
mance of fuzzy systems in the presence of uncertainties and disturbances. Robust control
aims to design controllers that can maintain system stability and desired performance,
even in the presence of uncertainties. Fuzzy systems inherently possess the ability to han-
dle imprecise and uncertain information, making them suitable for dealing with real-
world complexities. However, uncertainties in the system parameters, measurement
noise, and external disturbances can still affect the performance of fuzzy systems. Robust
control techniques provide a framework to systematically address these uncertainties and
enhance the robustness of fuzzy control systems. In the following section, we will extend
the robust control approach in the control design procedure.

Theorem 2. For the given positive definite matrices R, Z,, Z, and, if there exists Q,,
&>0, 4>0, L, L,, L,, F., F,, F,., FJ, and the following conditions hold, the fuzzy
controller (5) is considered to be the CCC for system (6) with | =1---r, and I<j=1---r.

0'<0 (37)

0" +0" <0 (38)
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{_mi“()ﬂf) *J<o (39)

X; (0 -Q,
where
Sym(L.l) * * * * * * * ]
X, XLeEHHT o+ ok ks s
Ki ) _K12 ) _Rfll * * * * *
& Q, 0 0 _Zlfll * * * *
l Lil Li2 0 0 _Z;ZI * * *
L, 0 0 0 0 -I/2 * *
A,Q, 0 0 0 0 0 X, *
X X, 0 0 0 0 0 -
i Sym (L | ) * * * * * * * ]
Xh o X +EHET x xR x
Klji _Kéi _lell * * * * *
@{j _ Qi 0 0 _Zlfll * * * *
I Lil L12 0 0 _Z;zl * * *
Lg 0 0 0 0 -1/2 * *
A,Q, 0 0 0 0 0 X
Xﬁ7 . Xﬁn 0 0 0 0 0 =< |

Xi’2l =L; - AﬁQi+E§Lil _le‘Kii’ Xzl'22 = I+He(EiLi2 +Bz['K12i)’

X =L - AﬁQi+Ezl‘Lil _Bll'Klji ’ X{ZZ = I+He(EﬁLi2 +B5K£i)’

J
i21

X, =-R,Q,+R.L, -R, K|, X/, =R/L,+R, K/, .

eiil i72 ei~i2

Proof. Considering the uncertainties from (2), it follows from (30) that

E' = Al + AA! (40)
where
B Sym(L“) * * % % % * |
X/_21 X’_22 * * * * *
K, K, -R; * x x
A= Q 0 0o -z * * * (41)
Lil LiZ 0 0 _Z;zl * *
LL 0 0 0 0 -1/2 *
| ALQ, 0 0 0 0 X6
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0 * * % %k % x|
Xﬁ2l X£22 * * * * *
0 0 0 * * * *
AA'=[0 0 0 0 * * * (42)
0 0 00 0 * *
0 0 0 0 O *
10 0 0 0 O 0]
XﬁZl =L; - AﬁQi +EﬁLil - BﬁKii ’ le‘zz =1+ He(EiLiz + BII'KIZi) 4
Xﬁle_AAﬁQi +AEﬁLiI _ABiK{i/ Xﬁzz = He(AEf.LI.Z +ABKS, )
By referring to Equation (42), we obtain
AR! =LA, (6) T} +(TA] (0)T))' (43)

where

m=[o H" 0000 0], r'=[x, X, 0000 0],

i71

Xﬁ7l = _szin‘ +R,L, - RlbiKii ’ Xﬁ72 = RLiLiZ + R;n'Klzi :

ei~il

According to Lemma 3 from [20], if there exists scalar & >0, Equation (43) can be
written as follows using (33).

E <Al +emm + &' (44)

By applying the Schur complement to (44), it yields
l Fh@EET*}
S 1 1 1 1

[

T’ £
" Sym(L,,) * * * * * x x]
le'21 XiZZ + §IH5 HfT * * * * * *
! _K! _R! * * * * *
Kli I;Zi l;il Z71 . . . . (45)
< Qi Rt
L, L, 0 0 _Z;zl * * *
L, 0 0 0 o -I/2 * *
A,Q, 0 0 0 0 0 X, *
Xﬁﬂ X§72 0 0 0 0 0 _é i
Similarly, we also have the following inequality from (31).
[ Sym(L,) * * * * * * 0 x]
X}, X/, + ;HinT * * * * * *
K] Ky R e
. ) 0 0 7.7 * * * *
el @ o (46)
L, L, 0 0 ~Z, * * *
L., 0 0 0 o -I1/2 * *
A,.Q, 0 0 0 0 0 X, *
Xiﬂ Xll'72 0 0 0 0 0 - d




Machines 2023, 11, 666

13 of 21

where X/, =L, -A!Q,+EL, -B/K/, X/

iHit i = I+He(Ele.2 +B£K£i) -

By analyzing Equations (45) and (46), it is clear that the conversion from BMI to LMI
is successfully achieved. As described in this section, this transformation allows the deri-
vation of sufficient conditions to ensure CCC performance and robust control. Therefore,
the proof is considered complete.

Based on the aforementioned design process, the design of DRCCFC can be summa-
rized as follows:

Design Procedure:

Step 1: Develop a set of fuzzy rules as outlined in Equation (1). These rules can effec-
tively describe nonlinear systems and assist in the design of DRCCFC.

Step 2: Given the performance matrices Z,, Z,,,and R, employ the LMI Toolbox
in Matlab to solve the stability condition stated in Theorem 2. This procedure can find the
control gains and minimum output energy values.

Step 3: Utilize the control gains obtained from Theorem 2 to construct the DRCCFC
(5), the configuration of which ensures the incorporation of the identified control param-
eters in the control system design.

Step 4: Substitute the calculated J, and 4, into inequality (9) to confirm whether
the system satisfies CCC.

Following the above design procedures, DRCCFC can be effectively designed, and
the system is stable and satisfies CCC.

i1’ i1’

4. Example

Example 1. Considering a nonlinear DIS with two subsystems, which can be represented by the
T-S FM with uncertainties in the form of (6), the parameters are given as follows:

For subsystem 1:
| , |3 0 .12 , |1 - 0 0
Al = ’ Al = ’ Bl = 4 Bl = , AlZ = 4
0 -2 1 -3 1 1 0.3 0.01
— 0 0 1o 11
Aj, = , B = , B =
0.02 0.01 11 01
For subsystem 2:
| , |-1 0 . 1047 , 1047 - 0 0
A, = ;A= , B = , B = ;A= ’
0 -3 0 -1 1 0.8 003 0
- 0 0 . |1 01 , |10
A= , E, = , Ey=
005 0 0 1 0 1

The uncertainties for Example 1 have been defined as follows:

0
i=l=1,2.

Hf:{o'l}, A (k)=sin(k) , R, =[05 0], R, =[0.1 0] , Rj =[0.1] with

With the membership function (Figure 1) and by solving the proposed conditions
from Theorem 2, one can obtain the following controller gains with initial conditions

1
% (0)=[3 _3]T , % (0)=]2 —5]T and performance matrices Z”:{OO 0(.)1} ,
0.05 0

=

and R, =0.1.
0 0.05
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F! =[-1.5431 0.2612]
Fl, =[0.5228 0.4490]
F2 =[-1.5431 0.2637]
F2 =[0.5226 0.4495]

For subsystem 1:

and
F,, =[-0.4303 -1.0575]
F), =[0.2069 0.4779]
F}, =[-0.4297 —0.9395]
F, =[0.2140 0.4212]

The state responses are shown in Figures 2 and 3. In addition, the following scalar
value is calculated to verify the CCC performance:

For subsystem 2:

J, =2.6021; 4 =3.0596; J, =2.7051; A, =2.8779

According to Definition 3, inequality (9) is satisfied with the above parameters, which
implies that the CCC performance is well guaranteed under the minimization of output
energy /..

Rule i2 Rule il Rule i2

1 A
7N\

-5 0 5
x, (1)

Figure 1. Membership function for Example 1.

—X11
3 - --x12

Subsystem 1
o

0 2 4 6 8 10
Time(s)

Figure 2. The state responses correspond to subsystem 1 in Example 1.
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Based on the observations in Figures 2 and 3, it is evident that the state trajectory
gradually converges to zero over time. This convergence indicates that the controller gains
proposed in Example 1 effectively stabilize the system. Furthermore, the system demon-
strates quick and smooth stabilization under the CCC performance. This signifies that the
proposed method delivers satisfactory performance. Figures 2 and 3 validate the objective
and effectively demonstrate the effectiveness of the proposed method.

Subsystem 2

0 2 4 6 8 10
Time(s)

Figure 3. The state responses correspond to subsystem 2 in Example 1.

Example 2. The system under consideration is a nonlinear TIP system connected by two springs,
as described in reference [20]. The nonlinear TIP system is a complex mechanical system that con-
sists of multiple pendulums stacked on top of each other. Unlike a traditional pendulum that has a
single mass attached to a fixed pivot, the TIP system incorporates additional masses and linkages,
resulting in a highly nonlinear and dynamic behavior. In order to clearly demonstrate the proposed
methodology, the control method for a nonlinear TIP system is presented in Figure 4.

2 _mgr . 1_1+k22”2(t)£1 2 1
% (1) : sm(x2) 7 x; 7, +J2 x|+ 2x3
i (1) =x (1)

X3 (t) _IhEr sin(xé)——x3 e () +k—x2
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where x/ (¢) represents the angular displacement of the pendulum i-th from the verti-

cal reference; u,(7) denotes the torque input exerted by a servomotor at its base. All pa-
rameters have been provided in Table 1.

By approximating the subsystems at X,(¢)=0 or +88° with the system form (6),
the following system parameter can be obtained.

. 0 1 5 0 1 . 0 1 5 0 1
A] = 7 A] = 7 A2 = 7 A2 = 7
-9.81 -1 -0.31 -1 -981 -14 -0.31 -14
0 1 0 1 0 0
A'3: ,A§: ,B}=Bf= ,B;:Bgz ,
-9.81 -0.5 -0.31 —0.5 0.5 04

B'=B2= 0 Kl =Kz= 0 0 K] =Kz= 0 0 Z] =K2= 0 0
71033 " R 1 oo 0 T o8 o] Y T los o)

1 0
E’.:[O J with i=1,2, I=1,2,3.

i

Table 1. System parameters for Example 2.

Symbol Parameter Value
m, Masses of the pendulum 2kg
m, Masses of the pendulum 25kg
m Masses of the pendulum 3kg
Ji Moments of inertia 2 kg
Jy Moments of inertia 2.5kg
J; Moments of inertia 3kg
k, Connecting torsional spring 2 N-m/rad
k, Connecting torsional spring 1.5 N-m/rad
r Pendulum height Im
g Gravity constant 9.8 m/s’
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Nonlinear
Descriptor

Interconnected,
Systems

Nonlinear Nonlinear Nonlinear
Subsystem 1 Subsystem 2 Subsystem 3

e Perturbation
Effects

o

J

Interconnection Interconnection
T-S Fuzzy
Modeling P ~ y )
/ T-S / T-S / T-S
Descriptor Descriptor Descriptor
Interconnected, Interconnected, Interconnected,
Systems 1 Systems 2 Systems 3
State Derivative
Signal
i 1
~ - State Signal
/" Fuzzy /" Fuzzy " Fuzzy
guaranteed guaranteed guaranteed

cost controller cost controller cost controller

Decentralized
Control

Figure 4. The proposed control method for a nonlinear TIP system.

The uncertainties have been considered as
AA! = 0 sin(¢)[0.05 0], AE;= 0 sin(¢)[0 0.1] and AB; = 0 sin(#)[0.1]
o1 ' 0 ' o1 o

0.1 0.01
0.01 0.1
solving the conditions presented in Theorem 2, the feedback gains can be derived.
F! =[-58.3057 -35.9537]

F), =[0.5001 5.0006]

F; =[-58.2939 -35.9480]

F;, =[0.5000 4.9994]

F, =[-49.9551 -31.7131]

F}, =[03995 3.9943]

F, =[-49.9454 -31.7081]

F2 =[03995 3.9936]

F! =[-106.0702 -58.5215]

F), =[0.3298 3.2999]

F2 =[-106.0703 —58.5216]

F;, =[0.3297 3.3000]

With the initial conditions, x(0)=[0.2 -0.12]" , x,(0)=[0.1 0.22]" and

Considering the performance matrices Z, =7, ={ } , R, =0.01. Upon
For subsystem 1:

For subsystem 2:

For subsystem 3:

x,(0)=[0.28 0.02]T . The state responses are shown in Figures 5-7. According to the sim-

ulation results, all state responses converge to zero. That is to say, the DRCCFC proposed
in this study can be effectively used in nonlinear DIS. Additionally, the CCC performance
is satisfied for the tripled-inverted pendulum system with the following scalar values:

J,=00402; 4 =0.1113; J, =0.0644; A, =0.1341; J, =03507; A, =0.8151
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0.3

0.2

0.1

Subsystem 1
o

&

-0.3
0 2 4
Time(s)

Figure 5. The state responses correspond to subsystem 1 in Example 2.

0.26

0.2

0.15

=]

Subsystem 2
o
(=]
o

-0.05

015
0 2 4
Time(s)

Figure 6. The state responses correspond to subsystem 2 in Example 2.
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0.3 T T T T

0.2r

01

Subsystem 3
: =]
= o

o
n

\

04T
i
¥

05 . . .
0 2 4 6 8 10
Time(s)

Figure 7. The state responses correspond to subsystem 3 in Example 2.

According to the state-response plot in the simulation results (Figures 2, 3, and 5-7),
there are some general guidelines to assess the quality of a state response:

1. Stability: In a stable system, the state variables should converge to a steady state or
equilibrium over time.

2. Transient Response: Evaluate how quickly the system reaches a steady state or de-
sired condition. A faster transient response, where the state variables reach their
desired values more rapidly, is often preferable. However, it is essential to balance
speed with stability and avoid excessive overshoots or oscillations.

3. Overshoot and Damping: Assess whether the state response exhibits an overshoot,
where the variables exceed their desired values before settling. Excessive overshoot
can lead to instability, oscillations, or even system failure if it persists or grows un-
controllably.

4.  Settling Time: Settling time is an important parameter, as it provides information
about the system’s dynamic behavior and the speed at which it can achieve the de-
sired state. A shorter settling time is generally better, as it indicates a faster system
response and stability. However, too fast a settling time may cause overshoot in the
system, so designing a controller with a faster settling time and reduced overshoot
has always been a major problem in the field of control systems.

5. System Constraints: Consider any constraints or limitations specific to the system.
For example, in control systems, there may be limitations in the control effort or
actuator movements. A better state response adheres to these constraints while
achieving the desired performance.

According to the simulation results, O represents the equilibrium point in the system.
In the case of setting different initial state conditions, we can see that all states have con-
verged to 0. This means that the designed controller can effectively control and stabilize
T-S DIS. In addition, we can see that each state converges to 0 smoothly, which also means
that the system does not have excessive overshoot when it is under control. Ultimately,
CCC is a constraint that we choose to ensure that the total output energy of the system
remains within predefined ranges or limits. From the calculated valuesof J, and 4, we
can conclude that the inequality in (36) is satisfied, which also means that the simulation
results meet the conditions of CCC. As a further explanation, in Figures 2, 3, and 5-7, since
two different states are included, we designed different initial conditions to demonstrate
the effectiveness of the controller. However, the initial evolution of the system will also
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have different results due to the different initial conditions, system matrices, and control-
ler gains.

5. Conclusions

This paper studied the problem of CCC for nonlinear DIS with uncertainties. By con-
structing the QLF and FWF, sufficient stability conditions can be obtained based on the
PDF control method and CCC function. In addition, the minimum value is also proposed
to ensure that the system performance degradation is less than the upper bound. The pro-
posed sufficient conditions for system stability can be cast into the LMI problems. Finally,
we have provided two examples and simulation figures, which show the effectiveness and
advantages of the proposed results. Based on the simulation results, it is evident that all
states converge to 0, which indicates that the designed controller effectively regulates the
T-S DIS and ensures its stability. Furthermore, the smooth convergence of each state to 0
signifies that the controlled system does not exhibit an excessive overshoot. This high-
lights the ability of the controller to maintain stable and controlled behavior without sig-
nificant oscillations. In addition, the CCC is implemented as a constraint to ensure that
the total output energy of the system remains within predefined limits or ranges. In fact,
the system considered in this paper can be extended to the time-delay system, which could
be the focus of our future work.
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